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Abstract

We propose a simple model which describes the statistical properties of quantum jumps in a single-spin measurem
the oscillating cantilever-driven adiabatic reversals technique in magnetic resonance force microscopy. Our compute
tions based on this model predict the average time interval between two consecutive quantum jumps and the correlati
be proportional to the characteristic time of the magnetic noise and inversely proportional to the square of the magn
amplitude.
 2005 Elsevier B.V. All rights reserved.
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1. Introduction

The quantum jumps in single quantum systems
widely studied in quantum optics (see, for examp
[1–5]). Experimental analysis of a quantum jumps s
tistics is under the way, in particular for single trapp
ions [2,3]. The spin state readout in semiconduc
quantum dots using quantum jump technique has b
suggested for the purpose of quantum computing[5].

* Corresponding author.
E-mail address: f.borgonovi@dmf.unicatt.it(F. Borgonovi).
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Recent detection of a single spin in magnetic r
onance forse microscopy (MRFM)[6] promises the
measurement of a single spin state in the near futu

One may expect that single spin signal will rep
sent a random sequence of quantum jumps. The
portant problem for the theory is modeling of qua
tum jumps in MRFM and the computation of the
statistical characteristics. In this Letter we propo
a simple model which describes quantum jumps
MRFM single spin measurement. We consider
oscillating cantilever-driven adiabatic reversals te
nique (OSCAR) which has been used for a few sp
and a single spin detection[6,7]. In OSCAR the can-
.
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tilever tip (CT) with a ferromagnetic particle osc
lates, causing the periodic adiabatic reversals of
effective magnetic field on spin. The spin follows t
effective magnetic field causing a tiny frequency sh
of the CT vibrations which is measured.

In Section2 we consider the Schrödinger dynam
of the CT-spin system which underlines our mode
quantum jumps. In Section3 we describe our mode
and present the results of the computer simulations
Section4 we discuss our results.

2. Schrödinger dynamics of the CT-spin system

We consider a vertical cantilever with a ferroma
netic particle attached to the CT and oscillating alo
thex-axis which is parallel to the surface of the sam
(seeFig. 1). The Hamiltonian of the CT-spin system
the system of coordinates which rotates with a cir
larly polarizedrf field can be written as

(1)H = 1

2

(
p2

c + x2
c

) + εSx + 2ηxcSz + ∆(τ)Sz.

Herepc is the effective momentum of the CT,xc is its
coordinate, the first term describes the effective ene
of the CT; the second term describes the interac
between the spin and therf field; the third term de-
scribes the interaction between the CT and the s
and the last term describes the interaction between

Fig. 1. Single spin OSCAR MRFM setup.�Bext is the external per-
manent magnetic field;B1 is the rotatingrf field; �m is the magnetic
moment of the ferromagnetic particle;�s is a spin near the surface o
the sample.
spin and the random magnetic field which causes a
viation of spin from the effective magnetic field whe
the latter passes through the transverse(x–y)-plane
[8,9]. All quantities in(1) are dimensionless:pc and
xc are expressed in terms of the “quantum units”X0
andP0

(2)X0 =
(

h̄ωc

kc

)1/2

, P0 = h̄

X0
.

The dimensionless parametersε, η, and∆(τ) are de-
fined as

ε = γB1

ωc

, η = γ

(
h̄

kcωc

)1/2 |∂Bz(x)/∂x|
2

,

(3)∆(τ) = γ�Bz(τ)

ωc

, τ = ωct.

HereBz is thez-component of the “regular magnet
field” which includes �Bext and the regular dipole
magnetic field produced by the ferromagnetic part
at the location of the spin;�Bz(τ) is thez-component
of the random field with zero average value;γ is the
magnitude of the spin gyromagnetic ratio:kc andωc

are the effective spring constant and fundamental
quency of the CT; andτ is the dimensionless time.

Using the parameters presented in[7]

ωc

2π
= 6.6 kHz, kc = 6× 10−4 N

m
,

(4)B1 = 0.3 mT,

∣∣∣∣∂Bz(x)

∂x

∣∣∣∣ ≈ 4.3× 105 T

m
,

we can estimate all parameters in(1) except of∆(τ):

X0 = 85 fm, P0 = 1.2× 10−21 N s,

(5)η = 0.078, ε = 1270.

To simplify computer simulations we considered t
function ∆(τ) to be a random telegraph signal wi
two values±∆. The time interval between two con
secutive “kicks” of∆(τ) was taken randomly from th
interval (τ0 − δτ, τ0 + δτ), with the average time in
terval,τ0, close to the Rabi periodτR

(6)τR = ωc

(
2π

γB1

)
= 2π

ε
= 4.95× 10−3.

The value of∆ can be estimated as∆ = 2ηxnoise
wherexnoiseis the characteristic amplitude of the the
mal CT vibrations near the Rabi frequency.
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We choose the initial state of the CT to be a c
herent quasiclassical state, and the average spin
pointed along the “regular” effective magnetic fie
with the components(ε,0,2ηxc).

Below we describe briefly the results of our co
puter simulations. Our simulations reveal the form
tion of a Schrödinger cat state for the CT: the proba
ity distribution functionP(x, τ ) ≡ Ψ †(x, τ )Ψ (x, τ )

splits into two peaks. Similar to our previous comp
tations[10–12] one peak corresponds to the avera
spin pointing in the direction of the effective magne
field, while the other one corresponds to the oppo
direction of the average spin. The two peaks oscil
with slightly different periods due to the back action
the spin as expected in the OSCAR technique[13,14].
Unlike our previous papers[10–12], the appearance o
two peaks is not connected with the initial deviation
the spin from the direction of the effective field. It
induced by the action of the random field∆(τ) which
causes this deviation in the process of the spin-CT
namics. It was shown in[11,12] that the interaction
with the environment quickly destroys quantum c
herence between the two peaks: the Schrödinge
state of the CT quickly transforms into a statistic
mixture of the two possible CT trajectories. The C
decoherence timeτD due to the interaction with th
environment can be roughly estimated as[15,16]

(7)τD = ω2
c h̄

2Q

kckBT X2
m

,

whereQ is the cantilever quality factor,T is the tem-
perature,Xm is the CT amplitude. Taking the expe
imental values of parametersT = 200 mK,Q = 5 ×
104, Xm = 10 nm, we obtainτD � 6 × 10−12, which
is neligible compared to all other characteristic tim
in our problem. While the wave function collapse tim
in our problem may be greater than the character
decoherence time, we assume that the statistical p
erties of quantum jumps do not depend on the colla
time. Thus, the random magnetic field∆(τ) causes
the quantum jumps: spin may “jump” to the oppos
direction relative to the effective magnetic field an
correspondingly, the CT may slightly change the
riod of its oscillations.

Unfortunately, our present simulations consu
too much computer time to be able to reveal m
than one spin jump. This approach, clearly, does al
one not to study statistical characteristics of qu
tum jumps. Consequently we developed a simplifi
model which describes statistical properties of the s
jumps.

3. Simple model of quantum jumps

We assume that every “kick” provided by the fun
tion ∆(τ) is followed by the collapse of the wav
function. Before the kick, the spin points in (or o
posite to) the direction of the effective magnetic fie
After the kick there appears the finite angle(�Θ) be-
tween the new direction of the effective field and t
average spin. Let, for example, a kick occurs atτ = τk

and, before the kick atτ = τk − 0 the spin points
in the direction of the effective field�Bef(τk − 0) =
[ε,0,2ηxc(τk) + ∆(τk − 0)].

The directions (the polar angles) of the spinΘspin
and the effective fieldΘef are the same:

Θspin= Θef = tan−1[Bx
ef/B

z
ef(τk − 0)

]
.

After the kick, the direction of the effective fiel
Θ ′

ef is

Θ ′
ef = tan−1[Bx

ef/B
z
ef(τk + 0)

]
.

The value of�Θ is given by

�Θ = Θ ′
ef − Θspin.

The probability for the spin to “accept” the “befor
kick” direction relative to the new effective field
cos2(�Θ/2). The probability to “accept” the oppo
site direction, i.e., the probability of a quantum jum
is sin2(�Θ/2). (It is clear that a significant proba
bility of a quantum jump appears only when the
fective field passes the transversal(x–y)-plane. In the
transversal plane, the effective field has the minim
value.) Thus, after every kick of the random field o
computer code decides the “fate” of the spin in acc
dance with the probabilities of two events: to rest
the previous direction relatively to the effective fie
or to experience a quantum jump. In our model the
experiences harmonic oscillations

(8)x(±)
c (τ ) = xm cos(1± δω)τ,

where(±) correspond to two CT trajectories with th
spin pointing in the direction of (or opposite to) th
corresponding effective field, andδω is the CT fre-
quency shift.
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Fig. 2. (a) Distribution function of time intervals between two co
secutive quantum jumps for∆ = 100 τ0 = 0.01 and 109 kicks; the
solid line is a fit withτd = 32; (b) enlargement of (a).

From the experimental data[7] for the CT ampli-
tude Xm = 10 nm we obtainxm = 1.2 × 105. The
frequency shift,δω, can be estimated as[14]

(9)δω = �ω

ωc

= 2GµB

πXmkc

= 4.2× 10−7.

Note that our model contains two important si
plifications: first, we assume that the wave funct
collapse occurs immediately after the “kick” of th
random field. Thus, we ignore the finite time when
spin-CT system is in an entangled state. Second,
real situation the deviation of the spin from the effe
tive field is a “quasi-resonance” process caused by
cantilever modes whose frequencies are close to
Rabi frequency. In our model this deviation appears
a result of the “kick” of the random field.

Below we describe the results of our simulatio
Fig. 2 demonstrates a typical probability distrib
tion of time intervals,τjump, between two consecutiv
quantum jumps. The probability distribution is a s
quence of sharp peaks atτjump = τn = nπ with the
Poisson-like amplitude

(10)P(τn) ∼ exp(−τn/τd).

(Certainly,P(τjump) = 0 at τ < τ0 − δτ .) The sharp
peak appears as the probability of the quantum jum
significant when the spin passes through the trans
sal plane, i.e., every half-period of the CT oscillati
which is equal toπ . The average value of the time in
Fig. 3. Dependence of the average time intervals between two
secutive quantum jumps onτ0/∆2. The full line corresponds to th
valuexm = 1.2× 10−5, the squares representδω = 4.2× 10−8, the
crossesδω = 4.2× 10−7, the circlesδω = 4.2× 10−6. The dashed
line corresponds to the valuexm = 7.2× 10−5. Data have been ob
tained by varying parameters∆ andτ0 in the ranges: 10< ∆ < 300
and 0.001< τ0 < 1.

terval〈τjump〉 was found to be

(11)〈τjump〉 ≈ τd,

with an error less than 3%. The standard deviatio
equal toτd with the same accuracy

(12)
(〈
τ2

jump

〉 − 〈τjump〉2)1/2 ≈ τd .

We studied the dependence of the average v
〈τjump〉 on the parameters of our model. We ha
found that〈τjump〉 does not depend onδτ or δω. (We
varied δτ from 0 to τ0 and changedδω up to one
order of magnitude.) At a fixed value of the amp
tudexm the value of〈τjump〉 is approximately propor
tional toτ0/∆

2. Fig. 3demonstrates this dependenc
The best fit for the numerical points inFig. 3 is

given by

(13)ln〈τjump〉 = p + q ln
(
τ0/∆

2).
Forxm = 1.2× 105 we havep = 17.9, q = 0.993. For
the six fold valuexm = 7.2×105 we obtained the sam
value ofq andp = 19.743. If we estimate the ampl
tude of the random CT vibrations near the Rabi f
quency as 1 pm, then∆ = 1.8. Puttingτ0 = τR and the
experimental value forτR (6) we obtainωc〈τjump〉 =
2.3 s for x = 10 nm andω 〈τ 〉 = 14.5 s for
m c jump
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Fig. 4. Correlation function of the CT frequency shiftC(τ) for dif-
ferent parameters: circles∆ = 100, τ0 = 10−2, squares∆ = 50,
τ0 = 10−2, triangles∆ = 50, τ0 = 10−1. In all casesδτ = τ0/4.
The dashed curves show the exponential approximation of the
relation function exp(−τ/τc) with τc = 23.91,95.81,1179.15, re-
spectively.

xm = 60 nm. These values are close to the experim
tal characteristic times of 3 and 20 s reported in[7].

Next we computed the correlation function for t
CT frequency shift

(14)C(τ) = 〈(δω(t) − δω )(δω(t + τ) − δω )〉
〈(δω(t))2〉 − δω2

,

whereδω = 〈δω(t)〉 = 0, and〈· · ·〉 indicates an aver
age over time.

In Fig. 4we show the correlation functionC(τ) for
three different values of parameters as indicated in
legend. As one can see, the general behavior is
described by the exponential function (indicated
dashed lines inFig. 4) exp(−τ/τc). The relation be-
tween the correlation timeτc and〈τjump〉 was found to
be〈τjump〉 � 2.5τc.

4. Conclusion

We developed a simple model which describ
quantum jumps of spins in the OSCAR MRFM tec
nique and which allowed us to compute the statist
characteristics of quantum jumps. In our model
average time interval〈τjump〉 between two consecu
tive jumps and the correlation timeτc are proportiona
to the characteristic time of the magnetic noise, a
inversely proportional to the square of the magne
noise amplitude. Using experimental parameters[7]
and a reasonable value for the CT noisy amplitude
obtained the value of〈τjump〉 which is close to the ex
perimental value of the characteristic time of OSCA
MRFM signal.
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