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The theory of the oscillating cantilever-driven adiabatic reversals (OSCAR) in magnetic resonance
force microscopy (MRFM) is extended for the arbitrary relation between the external and dipole
magnetic fields and for arbitrary location of a single spin. The analytical estimate for the OSCAR
MRFM frequency shift is derived and it is shown to be in excellent agreement with numerical
simulations. The dependence of the frequency shift on the position of the spin relative to the
cantilever has characteristic maxima and minima which can be used for the experimental detection
of the spin location.
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I. INTRODUCTION

The oscillating cantilever driven adiabatic reversals
(OSCAR) technique in magnetic resonance force mi-
croscopy (MRFM) introduced in [1] has been success-
fully implemented for the first detection of a single elec-
tron spin below the surface of a solid [2]. In the OS-
CAR MRFM technique the vibrations of the cantilever
tip (CT) with an attached ferromagnetic particle in pres-
ence of a rf magnetic field cause the periodic reversals of
the effective magnetic field acting on the single electron
spin. If the conditions of adiabatic motion are satisfied
the spin follows the effective magnetic field. The back
action of the spin on the CT causes the small frequency
shift of CT vibrations, which can be measured with high
precision.

The quasiclassical theory of OSCAR MRFM has been
developed in [3]. However, this theory contains two im-
portant limitations. First, it assumes that the external

magnetic field ~Bext on the spin is much greater than the

dipole field ~Bd produced by the ferromagnetic particle.
On the other hand, in real experiments, in order to in-
crease the frequency shift δωc, one has to decrease the
distance between the CT and the spin to values where
the dipole field becomes sometimes greater than the ex-
ternal field[2]. Second, it was assumed in [3] that the spin
is located in the plane of the cantilever vibrations. Thus,
the quasiclassical theory should be extended in order to

describe both an arbitrary relation between ~Bext and ~Bd

and an arbitrary location of the spin. This extension is
presented in our paper.

One can argue that a single spin is a quantum object
and must be described within the quantum theory frame.
The quantum theory of OSCAR MRFM has been devel-
oped in [4] with the same limitations as the quasiclassical
theory. It was found, as may be expected, that the fre-
quency shift δωc in quantum theory may accept only two
values ±|δωc| corresponding to the two directions of spin
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FIG. 1: MRFM setup. The equilibrium position of the spin
and the cantilever with a spherical ferromagnetic particle. ~m
is the magnetic moment of the ferromagnetic particle, ~µ is the

magnetic moment of the spin, ~Bext, ~B
(0)
d and ~B0 are respec-

tively the external permanent magnetic field, the dipole field
on the spin, and the net magnetic field. In general the vectors
~B

(0)
d and ~B0 do not lie in the x − z plane.

1/2 relative to the effective magnetic field. The value
|δωc| in quantum theory is the same as the maximum fre-
quency shift received in the quasiclassical theory (where
it can take any value between −|δωc| and |δωc|). Thus,
for frequency shift computation it is reasonable to use
quasiclassical instead of quantum theory.

II. EQUATIONS OF MOTION

We consider the MRFM setup shown in Fig. 1. The
CT oscillates in the x − z plane. The origin is placed
at the equilibrium position of CT (position of CT means
the position of the center of the ferromagnetic particle).
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Note that here we ignore the static displacement of the
CT caused by the magnetic force of the spin. The mag-
netic moment of the spin, shown by the arrow in Fig. 1,

points initially in the direction of the magnetic field ~B0,
which corresponds to the equilibrium position of CT (see

Eq. (4)). We assume now that the rf magnetic field 2 ~B1

is linearly polarized in the plane which is perpendicu-

lar to ~B0 (later we will discuss an arbitrary direction of

polarization). The dipole magnetic field ~Bd is given by:

~Bd =
µ0

4π

3(~m · ~n)~n− ~m

r3v
, (1)

where ~m is the magnetic moment of the ferromagnetic
particle pointing in the positive z-direction, rv is the
(variable) distance between the moving CT and the sta-
tionary spin, ~n is the unit vector pointing from the CT
to the spin. We put:

rv =
√

(x− xc)2 + y2 + z2, (2)

~n =

(

x− xc

rv
,
y

rv
,
z

rv

)

, (3)

where x, y, z are the spin coordinates, and xc is the CT-
coordinate (i.e. the coordinate of the center of the fer-
romagnetic particle). In the state of equilibrium the net
magnetic field on the spin is given by:

~B0 = ~Bext + ~B
(0)
d , (4)

~B
(0)
d =

3mµ0

4πr5

(

zx, zy, z2 − r2

3

)

, (5)

~Bext = (0, 0, Bext), (6)

where r =
√

x2 + y2 + z2. In the linear approximation

on xc the magnetic field ~Bd changes by the value of ~B
(1)
d :

~B
(1)
d = −(Gx, Gy, Gz) xc, (7)

(Gx, Gy, Gz) =
3mµ0

4πr7
(

z(r2 − 5x2),−5xyz, x(r2 − 5z2)
)

,

(8)
where (Gx, Gy, Gz) describes the gradient of the mag-
netic field at the spin location at xc = 0:

(Gx, Gy, Gz) =

(

∂Bx
d

∂x
,
∂By

d

∂x
,
∂Bz

d

∂x

)

. (9)

(Note that the magnetic field and its gradient depend
on the CT coordinate xc). Next we consider the equation

of motion for the spin magnetic moment ~µ in the system
of coordinates rotating with the rf field of frequency ω

about the magnetic field ~B0 (the z̃ axis of this new system

points in the direction of ~B0). We have:

~̇µ = −γ~µ× ~Beff ,

~Beff = (B1, 0, B0 − (ω/γ) − xc

∑

iGi cosαi) ,

cosαi = Bi
0/B0.

(10)
Here αi, (i = x, y, z) are the angles between the direction

of the magnetic field ~B0 and the axes x, y, z of the lab-
oratory system of coordinates, −γ is the gyromagnetic
ratio of the electron spin (γ is the absolute value of the
gyromagnetic ratio). Note that we ignore the transversal

components of the dipole field ~Bd as they represent the
fast oscillating terms in the rotating system of coordi-
nate. Also we consider only rotating component of the rf

magnetic field.
The equations of motion for CT can be represented as

follows:

ẍc + ω2
cxc = Fx/m

∗, (11)

where ωc andm∗ are the frequency and the effective mass
of the CT, Fx is the magnetic force acting on the fer-
romagnetic particle on CT. Note that we consider CT
oscillations in the laboratory system of coordinates. Ig-
noring fast oscillating terms in the laboratory system, we
obtain:

Fx = −µz̃

∑

i

Gi cosαi. (12)

Next, we will use the following units: for time 1/ωc,
for magnetic moment µB , for magnetic field ωc/γ, for
length the characteristic distance L0 between CT and
the spin, for force kcL0, where kc = m∗ω2

c is the effective
CT spring constant. Using these units, we derive the
dimensionless equations of motion:

~̇µ = −~µ× ~Beff ,

ẍc + xc = Fx,

~Beff = (B1, 0,∆ − βGxc) ,

Fx = −αβGµz̃ ,

∆ = B0 − ω,

G =
1

r7
[z(r2 − 5x2) cosαx − 5xyz cosαy

+x(r2 − 5z2) cosαz].

(13)
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FIG. 2: The OSCAR MRFM frequency shift δωc(z) at the
central resonant surface (∆ = 0), for x > 0. Symbols show
numerical data, lines correspond to estimate (17) for (a) y = 0
(circles), (b) y = x/2 (squares) and (c) y = x (diamond).
Plusses indicate frequency shifts at the spin locations indi-
cated in Fig. 3. In all Figures the coordinates x, y and z are
in units of L0 and the frequencies are in units of ωc.

Parameters α and β are given by:

α =
µBωc

γkcL2
0

, β =
3γµ0m

4πωcL3
0

. (14)

Note that all quantities in Eq.(13) are dimensionless, i.e.
x means x/L0, µ means µ/µB, B0 means γB0/ωc and
so on. In terms of dimensional quantities the parameter

β equals the ratio of the dipole frequency γB
(0)
d to the

CT frequency ωc, and the product αβ equals the ratio
of the static CT displacement Fx/kc to the CT-spin dis-
tance L0. The derived equations are convenient for both
numerical simulations and analytical estimations.

III. OSCAR MRFM FREQUENCY SHIFT

In this section we present the analytical estimate and
the numerical simulations for the OSCAR MRFM fre-
quency shift. When the CT oscillates, the resonant con-

dition ω = γ| ~Bext + ~Bd| can be satisfied only if the spin
is located inside the resonant slice which is defined by its
boundaries:

| ~Bext + ~Bd(xc = ±A)| = ω/γ, (15)

where A is the amplitude of the CT vibrations. For an-
alytical estimate we assume that the spin is located at
the central surface of the resonant slice. In this case in
Eq.(13) ∆ = 0.

To obtain the analytical estimate for the OSCAR
MRFM frequency shift we will assume an ideal adiabatic
motion and put ~̇µ = 0 in Eq.(13). Let the CT start its
motion (at t = 0) from the right end position xc(0) = A.

Then the initial direction (i.e. at t = 0) of the effec-

tive magnetic field ~Beff relative to the magnetic field
~Bext + ~Bd and of the magnetic moment ~µ depends on the

sign of G: ~Beff and ~µ have the same direction for G < 0
and opposite direction for G > 0. Substituting the de-

rived expression for µz̃ ' −Bz
effG/| ~Beff ||G| into Fx we

obtain the following equation for xc:

ẍc + xc

{

1 +
αβ2G|G|

√

B2
1 + (βGxc)2

}

= 0. (16)

We solve this equation as in [3], using the perturbation
theory of Bogoliubov and Mitropolsky[5], and we find the
dimensionless frequency shift (see Appendix):

δωc ' 2

π

αβ2G|G|
√

B2
1 + (βGA)2

{1+

1

2

B2
1

B2
1 + (βGA)2

[

ln
(4

√

B2
1 + (βGA)2

B1

)

+
1

2

]

}

. (17)

In typical experimental conditions we have

B1 � βGA,

and Eq.(17) transforms to a simple expression

δωc =
2

π

αβG
A

. (18)

One can see that the frequency shift is determined by the
ratio of the static CT displacement Fx/kc to the ampli-
tude of the CT vibrations A. We will also present Eq.(17)
in terms of dimensionless quantities:

δωc

ωc
=

2µBG0

πAkc
, (19)

where

G0 =
∑

i

Gi cosαi. (20)

Eqs.(17) and (19) represent an extension of the estimate
derived in [3]. These equations are valid for any point on
the central resonant surface and for any relation between
~Bext and ~Bd. It follows from Eq.(17) that δωc is an even
function of y and an odd function of x.

In our computer simulations we have used the param-
eters taken from experiments [2]:

ω/2π = 5.5 kHz, kc = 110 µN/m, A = 16 nm,

Bext = 30 mT, ω/2π = 2.96 GHz, ω/γ = 106 mT,

|Gz| = 2 × 105 T/m, B1 = 300 µT, L0 ≈ 350 nm.
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FIG. 3: a) and b) shows cross-sections of the resonant slice
for z = −0.1 and z = −1. Dashed lines show the intersection
between the cross section and the central resonant surface.
Plusses indicate spin locations which correspond to the fre-
quency shifts plot in Fig. 2.

The corresponding dimensionless parameters are the
following:

α = 1.35× 10−13, β = 1.07× 106, A = 4.6 × 10−2,

B1 = 1.5×103, Bext = 1.53×105, ω = 5.4×105.

The initial conditions in our simulations are taking as

~µ(0) = (0, 0, 1),

xc(0) = A, ẋc(0) = 0.

Below we describe the results of our computer simu-
lations. Fig. 2 shows the frequency shift δωc as a func-
tion of the spin z-coordinate at the central resonant sur-
face (∆ = 0). First, one can see an excellent agreement
between the numerical data and the analytical estimate
(17). Second, as it may be expected, the maximum mag-
nitude of the frequency shift |δωc| can be achieved when
the spin is located in the plane of the CT vibrations
y = 0. However, for y = x, it has almost the same
magnitude |δωc| (with the opposite sign of δωc). More-
over, for y = x the dependence δωc(z) has an extremum,
which can be used for the measurement of the spin z-
coordinate. If the distance between the CT and the sur-
face of the sample can be controlled, then the “depth”
of the spin location below the sample surface can be de-
termined. (In all Figures, the coordinates x, y and z are
given in units of L0, and the frequency shift is in units
of ωc.)

Fig. 3 shows the cross-sections of the resonant slice for
z = −0.1 and z = −1. The greater distance from the
CT, the smaller the cross-sectional area. The asterisks
in Fig. 3 show the spin locations, which correspond to
the frequency shifts indicated by the asterisks in Fig. 2.

Fig. 4 demonstrates the “radial” dependence of the
frequency shift δωc(rp), where rp = (x2 + y2)1/2. The
value of rp can be changed by the lateral displacement of
the cantilever. As one may expect, the maximum value
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FIG. 4: (a) The OSCAR MRFM frequency shift δωc(rp) in-
side the cross-sectional area of the resonant slice for x > 0.
Solid lines correspond to y = 0, dashed lines correspond to
y = x. Lines are (1), z = −0.1, (2), z = −0.43, and (3),

z = −1. rp = (x2 + y2)1/2. (b) Cross-section of the resonant
slice z = −0.1. Bold segments show the spin locations which
correspond to the lines (1) on (a).

of |δωc| corresponds to the central resonant surface. The
maximum becomes sharper as z decreases. Thus, the
small distance between the CT and the sample surface is
preferable for the measurement of the radial position of
the spin.

Fig, 5 shows the “azimuthal dependence” of the fre-
quency shift δωc(φ), where φ = tan−1(y/x) and the spin
is located on the central resonant surface. Note that for
the given values of z and φ, the coordinates x and y
of the spin are fixed, if the spin is located on the cen-
tral resonant surface. The value of φ can be changed by
rotating the cantilever about its axis. One can see the
sharp extrema of the function δωc(φ). Again, the small
distance between the CT and the sample is preferable for
the measurement of the “azimuthal position” of the spin.

Finally, we consider the realistic case when the direc-

tion of polarization of the rf field 2 ~B1 is fixed in the
laboratory system of coordinate. Now the angle θ be-

tween the direction of polarization of 2 ~B1 and the field
~B0 depends on the spin coordinate as the magnitude and

the direction of the dipole field ~B
(0)
d depend on the spin

location. To describe this case we ignore the component

of 2 ~B1, which is parallel to ~B0, and change B1 to B1 sin θ
in all our formulas. As an example, Fig. 6 demonstrates
the dependence δωc(z) for the case when the rf field is
polarized along the x-axis. One can see that in a narrow
region of z the magnitude of the frequency shift sharply
drops. It happens because in this region the magnetic

field ~B0 is almost parallel to the x-axis. Thus, the effec-
tive field B1 sin θ is small, the condition of the adiabatic

motion γ[B1 sin θ]2 � |d ~Beff/dt| is not satisfied, and the
spin does not follow the effective magnetic field. Dashed
lines in Fig. 6 correspond to the analytical estimate (17)
with the substitution B1 → B1 sin θ: the analytical es-
timate assumes adiabatic conditions, which are violated
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FIG. 5: a) Dependence δωc(φ), with φ = tan−1(y/x) for the
central resonant surface and z = −0.1 (full line); z = −0.43
(dashed line), z = −1 (dotted line). b) solid line shows the
cross-section of the resonant slice for z = −0.1. Dashed line
shows the intersection between the plane z = −0.1 and the
central resonant surface. The plus in (b) shows the spin loca-
tion φ = −0.1. The corresponding frequency shift is marked
by a plus on (a).

for small θ.
The sharp drop of |δωc| could be observed either by the

change of the distance between the CT and the sample
surface or by the change of the direction of polarization
of the rf field.

In any case this effect could be used for independent
measurement of the spin “depth” below the sample sur-
face.

IV. CONCLUSION

We have derived the quasiclassical equations of motion
describing the OSCAR technique in MRFM for arbitrary
relation between the external and dipole magnetic fields
and arbitrary location of a single spin. We have obtained
the analytical estimate for the OSCAR MRFM frequency
shift δωc, which is in excellent agreement with numerical
simulations. We have shown that the dependence δωc

on the position of spin relative to the cantilever contains
characteristic maxima and minima which can be used in
order to determine the position of the spin. We believe
that moving cantilever in three dimensions, rotating it
about its axis and changing the direction of the polariza-
tion of the rf magnetic field, experimentalist eventually
will be able to determine the position of a single spin.
We hope that our work will help to achieve this goal.
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V. APPENDIX

Eq. (16) can be written in the following form:

d2xc

dτ2
+ xc = εf(xc), (21)

where τ = ωct is the dimensionless time,

f(xc) =
βGxc

√

B2
1 + (βG)2x2

c

, (22)

and ε = −αβ|G|.
The approximate solution of (21), can be written as

[5]:

xc(τ) = a(τ) cosψ(τ) +O(ε), (23)

where in the first order in ε, a(τ) and ψ(τ) satisfy the
equations:

da

dτ
= εP1(a) +O(ε),

dψ

dτ
= 1 + εQ1(a) +O(ε),

(24)
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and the functions P1(a) and Q1(a) are given by:

P1(a) = − 1

2π

∫ 2π

0

f(a cosψ) sinψ dψ, (25)

Q1(a) = − 1

2πa

∫ 2π

0

f(a cosψ) cosψ dψ. (26)

On inserting the explicit expression (22) for f(a cosψ)
one gets:

P1(a) = 0, (27)

Q1(a) = − 2βG
π
√

B2
1 + (βGa)2

∫ π/2

0

(1 − sin2 ψ)
√

1 − k2 sin2 ψ
dψ,

(28)
where

k2 =
(βGa)2

B2
1 + (βGa)2 . (29)

Eq.(28) can be written as:

Q1(a) = − 2βG
πk2

√

B2
1 + (βGa)2

[(k2 − 1)K(k) +E(k)],

(30)

where K(k) and E(k) are the complete elliptic integrals
of the first and second kind. When k ' 1 elliptic integrals
can be approximated by:

K(k) ≈ ln
4√

1 − k2
+

1

4

(

ln
4√

1 − k2
− 1

2

)

(1−k2), (31)

E(k) ≈ 1 +
1

2

(

ln
4√

1 − k2
− 1

2

)

(1 − k2). (32)

In the first order approximation the frequency shift is:

δωc ' εQ1(a) =
2

π

αβ2G|G|
√

B2
1 + (βGa)2

{1+

1

2

B2
1

B2
1 + (βGa)2

[

ln
(4

√

B2
1 + (βGa)2
B1

)

+
1

2

]

}

. (33)

In our approximation a = A that gives Eq. (17).
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