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Abstract

We examine a single-pulse preparation of the uniform superpositional wave function, which includes all basis states, in a spin
quantum computer. The effective energy spectrum and the errors generated by this pulse are studied in detail. We show that,
in spite of the finite width of the energy spectrum bands, amplitude and phase errors can be made reasonably small. 2001
Published by Elsevier Science B.V.

PACS: 03.67.Lx; 03.67.-a; 76.60.-k

1. Both the Shor and the Grover quantum algo-
rithms begin with the preparation of a uniform super-
position of the basis states. In Shor’s algorithm, it is
a superposition in thex-register for the modular ex-
ponentiation:ax(modN). For Grover’s algorithm, it is
a superposition of all possible entries of the unsorted
data. In the language of computer science, the trans-
formation of the ground state of theL-qubit register,

(1)|0L−10L−2 . . .0100〉,
into the uniform superposition of all possible basic
states,

(2)

Ψunif = 1

2L/2
∑

|nL−1nL−2 . . .n1n0〉 (nk = 0,1),
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is provided by the Hadamard transformation [1]. In
physical systems, this transformation can be imple-
mented, for example, using three different methods:

(1) by a selectedπ/2-pulse excitation of each qubit,
(2) by non-selective excitation of all qubits using

a singleπ/2-pulse,
(3) by using complicated composite pulses.

The first method could be used, for example, for
a chain of spins connected by the Ising interaction.
Unfortunately, in this case non-resonant effects disturb
the uniform superposition. The reason is that aπ/2-
pulse acts not only on the chosen resonant spin but also
on all other spins [2]. Besides, this method requires the
application ofL pulses. The second method requires
only a single π/2-pulse and is currently used in
developed statistical ensemble quantum computation
[3–5].
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The third method has a potential to reduce the
errors in the uniform superposition of the basic states.
However it demands much longer pulses compare to
a non-selective excitation. That is why it is important
to analyze the opportunity of reducing errors in the
scope of the second (non-selective) method, which
provides the minimum possible time for the creation
of the uniform superposition of the basic states.

In this Letter, we analyze the errors generated by the
single-pulse non-selective excitation of the Ising spin
chain.

First we discuss the Hamiltonian of the system, then
the effective energy spectrum in the rotating reference
frame and, finally, the error generated by aπ/2-pulse.
We present the results of numerical simulation of
a chain which includes 10 spins. We show that, in spite
of the finite width of the energy spectrum bands, the
amplitude and phase errors can be made acceptably
small.

2. Consider a chain of spin 1/2 nuclei described by
the operatorsIk . Assume that these spins have slightly
different Larmor frequencies,ωk and are connected by
Ising interactions.

This can be realized, for instance, with a suitable
gradient of the magnetic field along the chain axis, in
such a way thatωk = ωk +const. We will refer to such
kind of picture as “effect” due to the inhomogeneous
magnetic field.

In a liquid NMR quantum computation, one utilizes
a statistical ensemble of such chains [3–5]. To prepare
a uniform superposition (2), aπ/2-pulse must be
polarized along the(−y)-axis of the rotating reference
frame (if initially the nuclear spins point in the positive
z-direction). The Hamiltonian of the system in the
rotating frame is, for̄h= 1 [2],

(3)H =
L−1∑
k=0

[−(ωk −ω)Izk +ΩI
y
k

] − 2J
L−2∑
k=0

I zk I
z
k+1,

where,Ω is the amplitude of the pulse in the frequency
units (the Rabi frequency),ω is the frequency of the
pulse, andJ is the constant of the Ising interaction.
In the non-selective regime to choose the values of
parameters, we assume that the following inequalities
are satisfied for our spin quantum computer,

(4)J � |ωk+1 −ωk| �Ω � ωk.

AssumingJ/2π ∼ 0.1 kHz,(ωk+1−ωk)/2π ∼ 1 kHz,
ωk/2π ∼ 100 MHz, we shall consider values ofΩ/2π
up to 10 MHz.

3. Next, we shall discuss the effective energy spec-
trum described by the Hamiltonian (3). To understand
the behavior of the energy spectrum, we first analyze a
system containing two spins only. When the inhomo-
geneity and the Ising interaction are absent, the energy
spectrum consists of three lines:E0 = −Ω , E1 = 0,
andE2 = Ω . The first level corresponds to the state,
|00〉−y , where the index “−y” indicates that both spins
point in the(−y)-direction ((−y)-representation).The
twice degenerate level,E1, corresponds to the states,
|01〉−y and|10〉−y , and the energy levelE2, refers to
the state|11〉−y . First, we consider the effect of in-
homogeneity when the Ising interaction is absent. As-
sume, for example, thatω = ω0 andω1 = ω0 + �ω.
Then, the effective field for one spin in the frequency
units is,Ωeff = √

Ω2 +�ω2. The energy levels are
given by the expressions,

E0 = −(Ω +Ωeff)

2
, E1 = Ω −Ωeff

2
,

(5)E′
1 = Ωeff −Ω

2
, E2 = Ω +Ωeff

2
.

The main effect is the splitting of the central line into
two lines with the energy separation,

�E =E′ −E ≈ (�ω)2

2Ω
.

Let us stress the importance of the 1/Ω dependence
for �E.

Let us consider the error generated by a non-
resonant spin. If the initial state of this spin is|0〉z,
then with linear accuracy,�ω/Ω , the wave function
of the spin,Ψ (t), can be written as,

Ψ (t)= [
cos(Ωt/2)+ i(�ω/Ω)sin(Ωt/2)

]|0〉z
+ sin(Ωt/2)|1〉z.

After aπ/2-pulse (Ωt = π/2), we have:

Ψ

(
π

2Ω

)
≈ 1√

2

(
ei�ω/Ω |0〉z + |1〉z

)
.

Thus, in first order in�ω/Ω , the inhomogeneity
generates only a phase error which decreases as 1/Ω .
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Now, we consider the effect of the Ising interaction
when the inhomogeneity is absent. At first sight,
the Ising interaction produces an additional “effective
field” in thez-direction, and its influence on the energy
spectrum must also decrease asΩ increases.

In this case the ground state energy is given by
E0 = −√

Ω2 + (J/2)2. The central energy splits into
two levels±J/2, which correspond to symmetric and
antisymmetric superpositions of the states|01〉−y and
|10〉−y , and E2 = −E0. When the Rabi frequency,
Ω , increases, the influence of the Ising interaction
on the energy levels,E0 andE2 decreases. But the
splitting between the central energy levels does not
change asΩ increases:�E1 = J . One might expect
that this splitting will generate an error which does
not decrease asΩ increases. Fortunately, it does not
happen. If both spins point initially in the positive
z-direction, the wave function,Ψ (t), can be written as,

Ψ (t) ≈ 1

2

[
eiΩt |00〉−y − e−iΩt |11〉−y

+ ieiJ t/2
(|01〉−y + |10〉−y

)]
,

where we neglected the terms∼ (J/Ω)2. At the end
of theπ/2-pulse, we have,

Ψ

(
π

2Ω

)
≈ i√

2

[|00〉−y + |11〉−y

+ eiπJ/4Ω
(|01〉−y + |10〉−y

)]
.

For J = 0, we have a uniform superposition of the
basis states (in both(−y)- andz-representations). For
J �= 0, to first order inJ/Ω , the Ising interaction (sim-
ilar to the inhomogeneity) generates only a phase er-
ror which decreases as 1/Ω . The non-vanishing band-
width,�E1 = J , does not cause a non-vanishing error.
This happens because the phase error is proportional
to the duration of aπ/2-pulse which is proportional to
1/Ω .

4. Next, we present the results of numerical simu-
lations withL = 10 qubits. These simulations require
operations on a digital computer in the Hilbert space
with dimensionD = 210 = 1024. Numerical results
have been obtained by computing the wave function
after oneπ/2-pulse via the eigenvalues and eigenvec-
tors from Hamiltonian (3).

Fig. 1. The energy spectrum as a function ofΩ for J = 0.1,L= 10,
ωk −ω = k − 4.5.

If the Ising interaction and the inhomogeneity of the
frequencies,ωk , are both absent, the energy spectrum
of the Hamiltonian (3) consists of 11 equidistant
levels separated by gaps with valueΩ . Both the Ising
interaction and the inhomogeneity cause splitting of
all inner levels. This leads to formation of energy
bands.

Fig. 1 shows the energy spectrum as a function of
Ω , for the following values of parameters,

ωk+1 −ωk = 1 (k = 0, . . . ,9),

J = 0.1, ωk −ω = k − 4.5.

The last equation means that the frequencyω of
aπ/2-pulse is equal to the average Larmor frequency,
〈ωk〉 = (1/10)

∑9
k=0ωk . For eachΩ , there are 1024

energy levels. At the scale shown in Fig. 1, each band
is represented by a point.

In fact, each band has a complicated structure. As
an example, Fig. 2 shows the structure of a narrow
strip of the central band as a function ofΩ . Fig. 3
(left) shows the dependence of the width of the
central band,�E6, on Ω (in the logarithmic scale).
When the Ising interaction between spins is absent
(circles in Fig. 3),�E6 decreases approximately as
1/Ω . A finite Ising interaction (crosses in Fig. 3)
changes this picture. After the width of the band
caused by the inhomogeneity decreases to the value
of approximately 6J (at Ω ≈ 50), its value does
not decrease. This dependence of�E6 on Ω is
qualitatively similar to the results discussed above for
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Fig. 2. The structure of a narrow strip of the central band shown in
Fig. 1.

Fig. 3. Widths�E6, (left) �E4 (right) of the 6th (central) and the
4th band vs.Ω . Open circles are forJ = 0, crosses forJ = 0.1.
Dashed lines are the best fit toA/Ω (circles) whereA = 28.466
(left) andA= 23.673 (right).

two spins. Fig. 3 (right) shows similar dependence for
the the width of the 4th band,�E4.

Now we consider the errors generated in the process
of preparation of a uniform superposition of the basis
states,Ψunif.

In the rotating frame, the spin dynamics can be de-
scribed as a superposition of stationary solutions with
constant coefficients, which can be found from the ini-
tial conditions. In the absence of both the Ising inter-
action between spins and the inhomogeneity, aπ/2-
pulse applied to the ground state,|0〉 ≡ |0L−1 . . .00〉z,

Fig. 4. Dependence onΩ of the maximal (open circles) and average
errors (full circles) for the amplitude modulus,|An|, on Ω . The
full line is the best fit, 0.2787/Ω2, while the dashed is 0.0953/Ω2.
Other parameters are the same as in Fig. 1.

Fig. 5. Dependence of the maximal (open circles) and average errors
(full circles) for the phase errors|φn|, onΩ . Full line is the best fit
13.0216/Ω , while dashed is 3.6606/Ω . Other data are the same as
in Fig. 1.

generates a uniform superposition of all 2L basic states
|n〉 with the amplitudes 1/

√
2L.

To describe the error in the complex amplitude,

An ≡ 〈
n
∣∣ψ(π/2Ω)

〉 = 〈
n
∣∣e−iHπ/2Ωψ(0)

〉 = |An|eiΦn,

we use two quantities: (1)η = |2−L/2 − |An|| which
describes the error of the amplitude modulus,|An|,
and (2) the phase modulus,|Φn|, which describes the
phase error (asΦn = 0 in the ideal case). Fig. 4 shows
the dependencies of the maximal error,ηmax and the
average error,ηave, on the Rabi frequency,Ω . One
can see that both quantities decrease approximately as
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Fig. 6. The distribution of the complex amplitudes,An, in the
complex plane forΩ = 103 (left) and Ω = 104 (right). Other
parameters are the same as in Fig. 1.

1/Ω2. Fig. 5 shows similar dependencies of the phase
error onΩ . Both, |Φ|max and|Φ|ave decrease approx-
imately as 1/Ω . This corresponds to the results de-
rived above for two spins. Note that for parameters we
chose (which correspond toJ � �ω), the main con-
tribution to the error depends on the inhomogeneity.
The plots presented in Figs. 4 and 5 do not change sig-
nificantly whenJ = 0. Fig. 6 shows the distribution
of the complex amplitudes,An, in the complex plane
for Ω = 103 andΩ = 104. One can see that the distri-
bution ofAn has a form of the arc whose length and
width decrease asΩ increases.

5. Hamiltonian (3) belongs to the so-called quan-
tum non-integrable systems. This means that, treated
classically, these systems exhibit chaotic behavior for
some range of parameters and initial conditions. (See,
for example, [6] and references therein.) The quan-
tum properties of classically chaotic systems can be
investigated by a detailed analysis of their eigenvalues
and eigenfunctions [7]. Chaotic borders have been an-
alyzed in details in [8].

We would like to stress here that chaos border does
not influence both amplitude and phase errors. Indeed
time evolution is very short in comparison with nearest
neighbor energy level spacing inside the energy band.

In conclusion, we investigated the errors generated
by a single-pulse implementation of the Hadamard
transformation for a chain of spins connected by

the Ising interaction. In the rotating reference frame,
the interaction between spins and the inhomogeneity
of the Larmor frequencies split the energy levels
into the bands. The characteristic width of the band
caused by the inhomogeneity decreases as 1/Ω as
the Rabi frequency,Ω , increases. The contribution to
the band widths due to the Ising interaction between
spins remains constant. In spite of this fact, errors
generated in the process of preparation of the uniform
wave function decrease monotonically asΩ increases.
When the Rabi frequency,Ω , increases, the errors of
the amplitude modulus,|An|, decrease as 1/Ω2. The
phase errors decrease only as 1/Ω . For reasonable
values ofΩ , the errors of the amplitude’s modulus,
|An|, become negligible. The phase error can be
reduced to the order of 10−5 rad. Thus, both the errors
caused by the inhomogeneity and the Ising interaction
between spins can be made reasonably small, for
a single-pulse generation of the superpositional wave
function used in the main quantum algorithms.
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