
PHYSICAL REVIEW A, 66, 032106 ~2002!
Magnetic-resonance force microscopy measurement of entangled spin states
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We simulate magnetic-resonance force microscopy measurements of an entangled spin state. One of the
entangled spins drives the resonant cantilever vibrations, while the other remote spin does not interact directly
with the quasiclassical cantilever. The Schro¨dinger cat state of the cantilever~i.e., two trajectories of the
quasiclassical cantilever! reveals two possible outcomes of the measurement for both entangled spins.
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Magnetic-resonance force microscopy~MRFM! proposed
a decade ago is now progressing towards its ultimate g
single spin detection@1–5#. The following question arises
To what extent can the MRFM be used for quantum m
surement of spin states? The particular problem consid
in this paper is the MRFM measurement of entangled s
states using a cyclic adiabatic inversion of the spin, wh
drives the resonant vibrations of the cantilever. The
tangled states are well known as the most bizarre state
quantum mechanics which became the central point in
Einstein-Podolsky-Rosen~EPR! paradox, Bell inequalities
and quantum computation.~See, for example, Refs.@6,7#.!

We discuss the possibility of determining the state o
remote spin which is entangled with the spin interacting w
the MRFM measurement apparatus. As an example, we
sider a typical entangled state for two spatially separa
~remote! spins,

~1/A2!~ u↑↑&1u↓↓&). ~1!

This state can be created for remote nuclear spins, e.g.,
Kane’s quantum computer@8#. In the Kane’s proposal a31P
nuclear spin of the impurity phosphorus atom in silicon
teracts with the electron spin of the same atom via the
perfine interaction. An electrostatic gate located between
impurity atoms can be used to ‘‘spread out’’ the electr
wave function, which causes a controlled exchange inte
tion between the neighboring impurity atoms. By combini
the application of resonant electromagnetic pulses and
trollable exchange interaction one can obtain any des
state of a nuclear-spin chain, in particular, the state~1! for
two remote spins and the ground state for all other spins
nuclear-spin state~1! can be transferred to the electron-sp
state of the same remote atoms. Then, a MRFM meas
ment with the electron spins can be performed. We note,
the interaction with the environment makes it difficult
preserve the entanglement between remote spins. Becau
this, the use of the nuclear and electron spins in Ref.@8# has
an advantage in comparison with the use of only an elect
spin chain. A creation of the remote entanglement in
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nuclear-spin chain of paramagnetic atoms has been discu
in detail in Ref.@9#. However, the MRFM measurement of
single nuclear spin seems to be much more problemati
comparison with the measurement of the electron spin.

According to the conventional point of view, by measu
ing the left spin in the stateu↑& ~or u↓&) we automatically
collapse a remote right spin into the same stateu↑& ~or u↓&).
In the process of MRFM measurement~see Fig. 1! the direc-
tion of the measured spinSW 1 changes periodically with the
period of the cantilever vibrations. Thus, it is not clear wh
the direction of the entangled remote spin,SW 2, will be after
the MRFM measurement.

To study this problem, we simulated the quantum dyna
ics of this spin-cantilever system assuming that the mea
ing spin is initially entangled with the remote spin. The r
mote spin is not subjected to the action of the MRF
apparatus. We will ignore here the thermal motion of t
cantilever.

We consider one of the versions of the MRFM setup@3#.

FIG. 1. Diagram of an MRFM measurement of an entang

state of two spins in a chain of spins.SW 1 is a single measured spi
which changes its direction under the action of the alternating m

netic fieldB1 . SW 2 is the remote spin entangled with the spinSW 1 . mW

is the magnetic moment of a ferromagnetic particle which is
tached to the cantilever tip. The magnetic force on the cantileve

~attractive or repulsive! depends on the direction of the spinSW 1 . B0

is the permanent magnetic field which points in the positivez
direction.
©2002 The American Physical Society06-1
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In this version the frequency of the transversal rf magne
field, B1(t), ~see Fig. 1! is modulated with the period which
matches the period of the cantilever vibrations,Tc . The ef-
fective magnetic field in the rotating reference frame chan
its direction with the same periodTc . If the conditions of
adiabatic inversion are satisfied the spin experiences cy
adiabatic inversion with the same periodTc @10#. Due to the
magnetic interaction between the spin and the ferromagn
particle which is attached to the cantilever tip, the spin driv
the resonant vibrations of the cantilever. If the amplitude
the cantilever vibrations exceeds the thermal noise, t
these vibrations can be detected, e.g., by optical method

The dimensionless quantum Hamiltonian of the sp
cantilever system in the rotating reference frame is@11#

H5~pz
21z2!/21ẇSz12eSx122hzSz1 . ~2!

Herepz andz are the dimensionless momentum and coor
nate of the cantilever tip;SW 1 is the ‘‘first’’ measured spin;e
5e(t) is the dimensionless amplitude of the radio-frequen
~rf! field ~wheret5vct is the dimensionless time andvc is
the cantilever frequency!; h is the dimensionless constant
interaction between the cantilever and the spin, which is p
portional to the magnetic-field gradient produced by the f
romagnetic particle on the cantilever tip. The phase of th
field is taken in the form@vt1w(t)#, wherev is chosen
equal to the Larmor frequency of the spin:v5vL . The time
derivativeẇ changes periodically with the frequency of th
cantilever vibrationsvc . In our notation, the dimensionles
frequency of the cantilever vibrations is one unit. Thus,
dimensionless period of the cantilever vibrations is 2p. The
periodic oscillation ofẇ provides a cyclic adiabatic inversio
of the spin, which drives the resonant vibrations of the c
tilever.

The dimensionless wave function of the whole syste
including the second entangled spin, can be written in thz
representation as

C~z,Sz1 ,Sz2 ,t!5u↑↑~z,t!u↑↑&1u↑↓~z,t!u↑↓&

1u↓↑~z,t!u↓↑&1u↓↓~z,t!u↓↓&. ~3!

Substituting Eq.~3! into the Schro¨dinger equation, we derive
four coupled equations for the functionsu(z,t),

2i u̇↑↑5~p21z21ẇ22hz!u↑↑2eu↓↑ ,

2i u̇↓↑5~p21z22ẇ12hz!u↓↑2eu↑↑,
~4!

2i u̇↑↓5~p21z21ẇ22hz!u↑↓2eu↓↓ ,

2i u̇↓↓5~p21z22ẇ12hz!u↓↓2eu↑↓ .

This system of equations splits into two independent set
equations.

The initial condition is assumed to be a product of t
coherent quasiclassical wave function of the cantilever
the entangled state of the two spins
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C~z,Sz1 ,Sz2,0!5~1/A2!ua~z!~ u↑↑&1u↓↓&), ~5!

ua~z!5p21/4 exp@2~z2A2a!2/2#,

wherez0[A2a is the average initial coordinate of the ca
tilever. For numerical simulations we used the following va
ues of parameters:

a5210A2, h50.3,

and the following time dependences fore(t) and ẇ(t):

e520t, t<20; e5400, t.20, ~6!

ẇ52600130t, t<20; ẇ51000 sin~t220!, t.20.

The chosen value ofa corresponds to the quasiclassical sta
of the cantilever with the number of excitationsn5uau2

5200. The chosen value ofh corresponds to the existin
MRFM experiments with the electron spins@2#. The time
dependences~6! provide the conditions for the cyclic adia
batic inversion of the spin. Figure 2 shows the typical pro
ability distribution of the cantilever position,

P~z!5uu↑↑u21uu↑↓u21uu↓↑u21uu↓↓u2. ~7!

One can see that the probability distributionP(z) describes a
Schrödinger cat state of the cantilever~i.e., two trajectories
of the semiclassical cantilever! with two approximately equa
peaks. When these two peaks are clearly separated, the
wave function can be represented as a sum of two te
corresponding to the ‘‘left’’ and the ‘‘right’’ peaks in the
probability distribution,

C~z,Sz1 ,Sz2 ,t!5Ca~z,Sz1 ,Sz2 ,t!1Cb~z,Sz1 ,Sz2 ,t!.
~8!

FIG. 2. The probability distributionP(z) at t5216.
6-2
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Our numerical analysis shows that each termCa andCb can
be approximately decomposed into a direct product of
cantilever and spin-wave functions,

Ca5ua~z,t!xa~Sz1 ,t!u↑&2 , Cb5ub~z,t!xb~Sz1 ,t!u↓&2 .
~9!

This decomposition is possible because the complex func
u↑↑(z,t) is proportional tou↓↑(z,t), and the complex func-
tion u↑↓(z,t) is proportional tou↓↓(z,t). Such proportion-
ality can be seen in Fig. 3, where we plot the correspond
wave functions at the same time as in Fig. 2, with suita
numerical coefficients.

The spin-wave functionxa(Sz1 ,t) describes the dynam
ics of the first spin with its average,^xauSW uxa&, pointing
approximately in the direction of the effective magnetic fie
BW eff in the rotating frame,

BW eff5~e,0,2ẇ !. ~10!

~We neglect here the nonlinear term 2hz whose contribution
to the effective field is small.!

The spin functionxb(Sz1 ,t) describes the dynamics o
the first spin with its average pointing in the direction opp
site to the direction ofBW eff . As the amplitude of the cantile
ver vibrations increases, the phase difference between
oscillations of the two peaksuua(z,t)u2 and uub(z,t)u2 ap-
proachesp. ~See Fig. 4.! ~To reach the phase difference
p, a long time of numerical simulations is required. That
why we restricted the simulation time for the results p
sented in Fig. 4.!

In realistic experimental conditions, the Schro¨dinger cat
state quickly collapses due to the interaction with the en
ronment@12#. In this case, the two peaks of the probabil
distribution describe the two possible trajectories of the sp

FIG. 3. Upper boxes, the real part of wave functions; low
boxes, the imaginary part of wave functions, att5216. ~a!
Re(u↑↑), solid line; Re(25u↓↑), filled circles. ~b! Re(u↑↓), solid
line; Re(5u↓↓), filled circles.~c! Im(u↑↑), solid line; Im(25u↓↑),
filled circles.~d! Im(u↑↓), solid line; Im(5u↓↓), filled circles.
03210
e

n

g
e

-

he

-

i-

-

cantilever system. In one of these trajectories the first~mea-
sured! spin is pointed along the direction of the effectiv
magnetic field while the second~remote! spin is pointed up
~in the positivez direction!; the other trajectory correspond
to the opposite situation in which the orientation of bo
spins is reversed—the first~measured! spin is antiparallel to
the effective magnetic field, and the second~remote! spin is
pointed down~in the negativez direction!. The phase differ-
ence between the corresponding oscillations of the cantile
approachesp with increasing cantilever vibration amplitude
This result is equivalent to a Stern-Gerlach measurement
single spin entangled to a remote spin.

In summary, we have studied the outcome of the MRF
measurement of the entangled spin state, (1/A2)(u↑↑&
1u↓↓&). Our numerical simulations reveal two possible ou
comes shown schematically in Fig. 5:~a! The first ~mea-

r

FIG. 4. The positions,Zmax(t), of two peaks of the Schro¨dinger
cat state as a function of time.

FIG. 5. Two outcomes of the MRFM measurement of the st

of two entangled spins.~a! The measured spinSW 1 points along the

direction of the effective magnetic field, and the remote spinSW 2

points ‘‘up’’ ~in the positivez direction!. ~b! The measured spinSW 1

points in the direction opposite to the effective magnetic field, a

the remote spinSW 2 points ‘‘down’’ ~in the negativez direction!.
6-3
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sured! spin points along the effective magnetic field in t
rotating frame, and the second~remote! spin points in the
positivez direction.~b! The first ~measured! spin points op-
posite to the direction of the effective magnetic field in the
tating frame, and the second~remote! spin points in the nega
tive z direction. Thus, the collapse of the measured s
along ~or opposite! the direction of the rotating effective
magnetic field leads to the collapse of the remote spin in
positive ~or negative! z direction. These two outcomes co
d

e
i.

ics
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respond to two phases of the cantilever vibrations which
fer by p.

This work was supported by the Department of Ener
under, the Contract No. W-7405-ENG-36 and DOE Office
Basic Energy Sciences. The work of G.P.B., P.C.H., a
V.I.T. was partly supported by the National Security Agen
~NSA! and by the Advanced Research and Development
tivity ~ARDA!, and by the Defense Advanced Resear
Projects Agency~DARPA! through the Program MOSAIC.
,

h,

C.
nt
@1# J.A. Sidles, Appl. Phys. Lett.58, 2854~1991!.
@2# D. Rugar, C.S. Yannoni, and J.A. Sidles, Nature~London! 360,

563 ~1992!.
@3# D. Rugar, O. Zu¨ger, S. Hoen, C.S. Yannoni, H.M. Vieth, an

R.D. Kendrick, Science264, 1560~1994!.
@4# J.A. Sidles, J.L. Gabrini, K.J. Bruland, D. Rugar, O. Zu¨ger, S.

Hoen, and C.S. Yannoni, Rev. Mod. Phys.67, 249 ~1995!.
@5# D. Rugar, B.C. Stipe, H.J. Mamin, C.S. Yannoni, T.D. Ston

K.Y. Yasumura, and T.W. Kenny, Appl. Phys. A: Mater. Sc
Process.A72, S3 ~2001!.

@6# J.S. Bell,Speakable and Unspeakable in Quantum Mechan
Collected Papers on Quantum Philosophy~Cambridge Univer-
sity Press, Cambridge, 1987!.
,

:

@7# G.P. Berman, G.D. Doolen, R. Mainieri, and V.I. Tsifrinovich
Introduction to Quantum Computers~World Scientific, Sin-
gapore, 1998!.

@8# B.E. Kane, Nature~London! 393, 133 ~1998!.
@9# G.P. Berman, G.D. Doolen, G.V. L’opez, and V.I. Tsifrinovic

Phys. Rev. A61, 062305~2000!.
@10# A. Abraham,The Principles of Nuclear Magnetism~Oxford

University Press, New York, 1961!.
@11# G.P. Berman, F. Borgonovi, G. Chapline, S.A. Gurvitz, P.

Hammel, D.V. Pelekhov, A. Suter, and V.I. Tsifrinovich, e-pri
quant-ph/0101035.

@12# W.H. Zurek, Phys. Today44~10!, 36 ~1991!.
6-4


