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Some Motivations

Broad Agency Announcement (BAA 07-68) for Defense Sciences Office (DSO)
DARPA/DSO SOL, DARPA Mathematical Challenges, BAA 07-68; BAA CLOSING
DATE: 9/8/08; TECHNICAL POC: Dr. Benjamin Mann, DARPA/DSO, Ph: (571) 218-
4246, Email: BAAO7-68@darpa.mil; CFDA#: 12.910; URL.:
http://www.darpa.mil/dso/solicitations/solicit.htm;

Website Submission: http://www.sainc.com/dsobaa/

I. Funding Opportunity Description

DARPA is soliciting innovative research proposals in the area of DARPA Mathematical
Challenges, with the goal of dramatically revolutionizing mathematics and thereby
strengthening the scientific and technological capabilities of DoD. To do so, the agency
has identified twenty-three mathematical challenges, listed below, which were
announced at DARPA Tech 2007.

DARPA seeks innovative proposals addressing these Mathematical Challenges.
Proposals should offer high potential for major mathematical breakthroughs associated
to one or more of these challenges. Responses to multiple challenges should be
addressed individually in separate proposals. Submissions that merely promise
incremental improvements over the existing state of the art will be deemed unresponsive.



mailto:BAA07-68@darpa.mil
http://www.darpa.mil/dso/solicitations/solicit.htm
http://www.sainc.com/dsobaa/

DARPA Challenges

» Mathematical Challenge One: The Mathematics of the Brain
Develop a mathematical theory to build a functional model of the brain that is mathematically consistent and
predictive rather than merely biologically inspired.

® Mathematical Challenge Two: The Dynamics of Networks
Develop the high-dimensional mathematics needed to accurately model and predict behavior in large-scale
distributed networks that evolve over time occurring in communication, biology, and the social sciences.

® Mathematical Challenge Three: Capture and Harness Stochasticity in Nature
Address Mumford's call for new mathematics for the 21st century. Develop methods that capture persistence
in stochastic environments.

® Mathematical Challenge Four: 21st Century Fluids
Classical fluid dynamics and the Navier-Stokes Equation were extraordinarily successful in obtaining quantitative
understanding of shock waves, turbulence, and solitons, but new methods are needed to tackle complex fluids
such as foams, suspensions, gels, and liquid crystals.

® Mathematical Challenge Five: Biological Quantum Field Theory
Quantum and statistical methods have had great success modeling virus evolution. Can such techniques be
used to model more complex systems such as bacteria? Can these techniques be used to control pathogen
evolution?

® Mathematical Challenge Six: Computational Duality
Duality in mathematics has been a profound tool for theoretical understanding. Can it be extended to develop
principled computational techniques where duality and geometry are the basis for novel algorithms?

® Mathematical Challenge Seven: Occam's Razor in Many Dimensions
As data collection increases can we do more with less by finding lower bounds for sensing complexity in
systems? This is related to questions about entropy maximization algorithms.

® Mathematical Challenge Eight: Beyond Convex Optimization
Can linear algebra be replaced by algebraic geometry in a systematic way?



® Mathematical Challenge Nine:
What are the Physical Consequences of Perelman’s Proof of Thurston's Geometrization Theorem?
Can profound theoretical advances in understanding three dimensions be applied to construct and manipulate
structures across scales to fabricate novel materials?

® Mathematical Challenge Ten: Algorithmic Origami and Biology
Build a stronger mathematical theory for isometric and rigid embedding that can give insight into protein folding.

® Mathematical Challenge Eleven: Optimal Nanostructures
Develop new mathematics for constructing optimal globally symmetric structures by following simple local
rules via the process of nanoscale self-assembly.

® Mathematical Challenge Twelve: The Mathematics of Quantum Computing, Algorithms, and Entanglement
In the last century we learned how quantum phenomena shape our world. In the coming century we need to
develop the mathematics required to control the quantum world.

® Mathematical Challenge Thirteen: Creating a Game Theory that Scales
What new scalable mathematics is needed to replace the traditional Partial Differential Equations (PDE)
approach to differential games?

® Mathematical Challenge Fourteen: An Information Theory for Virus Evolution
Can Shannon's theory shed light on this fundamental area of biology?

® Mathematical Challenge Fifteen: The Geometry of Genome Space
What notion of distance is needed to incorporate biological utility?

® Mathematical Challenge Sixteen: What are the Symmetries and Action Principles for Biology?
Extend our understanding of symmetries and action principles in biology along the lines of classical
thermodynamics, to include important biological concepts such as robustness, modularity, evolvability,
and variability.



Mathematical Challenge Seventeen: Geometric Langlands and Quantum Physics
How does the Langlands program, which originated in number theory and representation theory, explain
the fundamental symmetries of physics? And vice versa?

Mathematical Challenge Eighteen: Arithmetic Langlands, Topology, and Geometry
What is the role of homotopy theory in the classical, geometric, and quantum Langlands programs?

Mathematical Challenge Nineteen: Settle the Riemann Hypothesis
The Holy Grail of number theory.

Mathematical Challenge Twenty: Computation at Scale
How can we develop asymptotics for a world with massively many degrees of freedom?

Mathematical Challenge Twenty-one: Settle the Hodge Conjecture _
This conjecture in algebraic geometry is a metaphor for transforming transcendental computations
into algebraic ones.

Mathematical Challenge Twenty-two: Settle the Smooth Poincare Conjecture in Dimension 4
What are the implications for space-time and cosmology? And might the answer unlock the secret of
"dark energy"?

Mathematical Challenge Twenty-three: What are the Fundamental Laws of Biology?

Dr. Tether's question will remain front and center in the next 100 years. | place this challenge last as
finding these laws will undoubtedly require the mathematics developed in answering several of the
questions listed above.



Quantum experiments exist independently of the theory

Double-slit experiment Randomness

u”_nm;njmnm))ll.l)))l]l))):

Discrete energy levels: Eﬂ = —hERm -

Superpositions: ¥ = %ﬂground state) +| excited state})
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Entanglement: ¥ = T(‘ H1H2> + ‘V1V2>) B(t)=B, cosat; QO =yB,; QRT:%—DUBG
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Uncertainty principle in measurement: Ar Ap > 9



Superpositions and entanglement

v, =, |0,)+ B|L,)
a) ‘11> > 12> v, =a,|0,)+ 5, |L,); |0>:[(1)j’ |1>:@

‘Ol> 02> Superpositional states

W e Wl ® Wz 1 p=Thp= ZWnPf]l) ®Pr(12) Entangled states

1 :
z//:ﬁ(\0102>+\1112>)-Example of entangled state—strong quantum correlations

Classical correlations in a similar system (Andrey Kolmogorov’s approach)

Alz[OlOZ]’ A :[0112]’ A3=[1102], A, :[1112]
P(A)=5 P(A)=0,P(A)=0,P(A)=7

Corresponding quantum density matrix 1 2 £ [
1(1 0) (1 0) 1(0 0} (0 O
p=— X +— X : / \
210 o) "\lo o) "2lo 1), (0 1, .

(0.0,]p]0,0,) = 5 L | pl12,) = > all other=0 1903.1987 -



http://en.wikipedia.org/wiki/File:Kolmogorov-m.jpg

Problems with the Quasi-Classical Asymptotic

iS(x,t)
In quasi-classical region the wave function has the form: ¥ (x,t)~e ”

S(x,t)
h

where ~ n>1, | isthe action of the system, n is a characteristic energy level

The wave function (density matrix, Wigner function)
oscillates very fast, and it Is difficult:

(1) to separate fast and slow variables,

(1) to separate physical effects from mathematical
corrections,

(111) to get a convergence for asymptotic behavior, and

(iv) to derive the expressions for expectation values.

Our approach is based on PDEs for observable values



Heisenberg Uncertainty Relation and
Coherent States

A=(Y| A\ V') —average (expectation value, observable value);

op = <\P\(A— A)2 | W) —standard deviation (variance, valatility)

W (t))—can depend on time (then: A= A(t))

In what follows | will be mainly untested in the so-called quasi-classical regime.
So, | will need quantum states which are closest to the classical ones in a
certain sense. One choice of such states is based on minimizing the well-known

Heisenberg uncertainty relation:

<‘P\[A é]\?}‘ where A and B are Hermitian operators,

1
O,\0g 2 >

[A, é] = AB— BA— commutator



Proof of the Heisenberg Uncertainty Relation. 0,0 =~

1

> Z\M[A, é]m\

Define a state: |®) = F W), where

F=A+ilAB is non-Hermitian, and A 1s a real number
We have: 0 <[] = (¥|(A-i2B)(A+i2B)|w)=(A?)+ 2 (87)+ia ([ A B])

We have: (a) <[A é}> is an imaginary value, and

 ([Ag])
(b) the right part has a minimum at A, = ——-=——". Then,

BEECE
([A])

|, :<A2>+szo, or

(R)(8)=-2(([AB])

Substitute: A=> A— A, B= B-B, <[A Lﬂ>:—‘<[,&, ém,and use: [A—A, é—B]:[A, é].

We have:

ot =((A-a) )((8-8)')=3/[A8])

2

— Heisenberg uncertaity relation
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Coherent States

Let A=X, B = p (in the coordinate representation: p = —ind/ox),

then: [X, p] =i, and: 0,0, 2%

Let find a state |'¥) which minimizes the uncertaity.
Additionally we requere a normalization condition: (\¥|¥)=1.
Introduce a functional:

U =(|(R=x) [2){¥](p-p) [¥)+v((¥|¥)-1).

where: x =(X), p=(p), v is a Lagrange multiplier.

The minimization problem for U reduces to the PDE:

55<L\JP| _ (X_Gg‘»z +(—iha/ix2—<ﬁ>)2 —2}|‘P>:0. Solution (coherent state):
i) L L)) it (01| (o,,.2)



Coherent States and Quantum Linear Oscillator

a2 252 A A
H:2p +m“’2X 4= %(fmi)a*: @(x—iij, [4,4']=1
m Mo

1
2

8a) = ala) a%(%)jmexp[—(@x—aJ:f—0;2],

o :<a‘(f(—x)2‘a>=h/2ma), o, =(a|(p- p)z‘a>:hma)/2, a:\/%(xﬂlj.

Mo

H = hw(éTé+ j It can be shown that the coherent state, \a}, Is a solution of equation:

Eigenvalue problem: Hu, (x)=E,u, (x);

1/2 5
u, (x)=|n)= 1 ‘/ma) H, ‘/@x exp| — X ,En:ha)(n+lj, n=12,..
2"'nt\ 7zh h 2h 2

|n) —coherent state
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Some Properties of Coherent States

P
et
1) InCS |a) the uncertainty is minimal: o,0, =% /2. A=N= ‘0“ \
2) The CS is normalized: (a|ar) =1. Il /n\
3) The physical meaning of complex « is the following: b .FJ;'-’-’-: - e _
2n —M=n
Introduce the probability: P, (') = Kn\a>‘2 —gll lof _£n (ﬁ = \a\z)— Poissonian distribution
n! n!

2 2
4) The CSs with different « and g are not orthogonal: <a\ﬂ> = exp(%@+ a*ﬂ}
5) The CS |a) can be constructed using a shift operator: D, (a,a" ) = exp(ad’ —a'4).

Namely: |a) = D, (a,a*)\0>. Proof:

é\n>:\/ﬁ\n—1>, (4]0y=0); &'|n)=+n+1|n+1); &'a|n)=n|n);
—@ At ¥
D, (a,a*) = exp(ozé\T —a*é) =D, (a,a*) —e 2¢e* e % which follows from:
Ag
e?B _g 2 phgP (if [A,é] isac-number)

e’ Jof’ |

D, (a, a*)\ 0)= g 2 grdga 0)=e 2 gad |0) = e_zia—x/m\ n)=|a)

= n! 13
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6) The CSs form a complete system/basis

%Idza‘axa‘: l (dzazd Rea xd Ima)

7) For any quadratic Hamiltonians quantum and classical dynamics coincide
(up to renormalization of coefficients)

H = A(t)a+ A"(t)a" + B(t)a'a+C(t)a +c:*(t)(é*)2

as the operator equation for & is a linear one: iha = [é, H ];

8) Consider an arbitrary operator function f @', a)

of bosonic operators that posesses a formal power series axpansion.

Then, we can prove: (z| 1€<€1T|z>=e“z‘2 ie‘z‘zf, (z|a'f|z)=2"f, (2| fa|z)=f, <z|éf|z>:e—\2\2 i*ezzf’

0z 0z
f=(z]| f|z>,
Example of proof:
Q=(z|af|z)=e " (0le¥e” (&f )e¥'e*|0), (e7%|0)=[0)),

| 24 [ 2f \ o248 Jf O 7’4 £ 24" O
Q=¢™ (Ole (af)e |O>=eg<0|e fe |0>=egef

14



Why CSs are Useful:
CSs remain CSs for Linear Oscillator

Bt =0)>=lao> w202 >

T(2) >= e~ "y >= e~ BT84/t 5

B(2) > = e e i [ ﬂ%ﬁwtlﬂ“

— e o exp(—iwt) >= e 7 |aft) >

()<()
p(t) = (¥

X*(t)+p (t) = const

Im >

(t)> , z(t) = mgcos(wt) + o sin(wt),

Pt > p(t) = po cos(wt) ~— mwz, sin(wt)

15



Examples of Coherent States

Laser radiation: He-Ne laser; Power: P=10mW, A4=0.63um,

p_ hon
T
~_Pr_Pr_ Prd _10x107x10'ergxsec'x1secx0.63x10°x10°cm . . s photons
ho hek he2rx 107*"erg xsecx 3x10" cmxsec 'x 6.28 second

Cell phone station: Power: P=3W, @/27 =800MHz; = x10x Photons

second

.

BEC: m~10°-10° atoms

z /Y [ bfl::os(ﬂt]

— . —

P

= =N
L /PL-;H_ e
z P i)‘

X

" —— Resonators

Radio waves: amplitude and phase are good defined 16



Exact C-Number Equation for Quantum Expectation Values

Time-independent Hamiltonian with one degree of freedom H (aT,a)

Introduce the operator function:  f (a*,a)

—t —i—t
We write the Heisenberg equation for: f (a*, a,t) =e f (a*,a)e h

. I
f = %[H  f ] We derive a closed PDE for the expectation value:

f(a" a,t)=(a|f(@" at)|a). We have from the Heisenberg equation:

f = ({a| HF )~ (] H|«)

Present the Hamiltonian and the function f in the normal-ordered form

H :ZHm,n(aT)m a", f(t)=> f, (t)(a*)k a'. Then, we have:
(] H ) = 3 Ho, o (t){al(2') 2" (') el ) -
S Hoofo (1) (@) @ (a]a” (a7) | @) .

m,n k.l



Presentation of («]a'(a") |«)

using: Q=(z|af |z)=¢™ 9 ekt wehave:
oz’
(a]a (2} |a) e —L (o) &
8(05*

We derive the closed form expression:

(alHf ) = = S S,y (0o o L () e -

m,n k., a(a*)

e ' H ( g ] fele - (a* =o' a= i)
oa’ oo

Analogously:  (a|fH |a) = e ' H (% aj felol

18




Closed Equation for Observable Value

19



Quantum Nonlinear Oscillator

A\ 2

H =hod'd+h*u(a'a)"; (u>0)

f:ﬂ(w+yh+2yﬂaﬁ(a*

(f (a*,a,t):<a‘ f (éT,é,t)‘a»;

0 0 : .
py" —aaaj f +l,ui{(a )2

f,
“ 8052]

8(a*)2

a=+31hexp(-i6); [

8(\/%05,%0(*)
2(3,0)

., O 0 o . O 0
A ——a—=—I—: « +a

oa” o 06 oo’ o
RYERGE , 0° 0 0?

(0‘ ) 2 = - ’

oo 00 0Jodo

LJhaz}

Action-angle variables

20



Behavior of observables for quantum nonlinear oscillator

Initial condition: f (a*,a,O) = (a*)m o

Solution: f(a*,a,t):(a*)m aqepx{ia)t(m—q)+iyht(m(m—1)—q(q—1))}><
exp{(eZiyh(m—q)t —1)|05|2}
m=0, q=1 f (a*,a,O)za;

it {(e-Mt —1)|a|2}

f (a*,a,t)za(a*,a,t):<a‘é(t)‘a> —ae""e

21



Classical limit: (1=0, [af =, I = const)

Introduce classical action of linear oscillator:
2 .
J=h|a|"=nn, N=(a|a’a|a)
h 1

Quasi-classical parameter: ¢=—=—<<1
Classical Hamiltonian: Jom

Hy (J)=wd + 1% (0y(3)=dH,(J)/d) =w+2u])

cl

Classical equations of motion:

.. , O 0 : 0
fy=i(w+ ZﬂJ)(a P —aaa) f, =—|(a)+2,uJ)% f;

ay ()= g; (m=0, q=1)

22



Characteristic time scale at which
guantum corrections become significant

Assuming: pht <1, m#(; we get:
f(a*,a,t): f, (a*,a,t)[lJri/,zht(m(m—1)—q(q—1)+O(yht))]><

exp(—Z/ﬁhzt2 o (m—q)° +0 (y3h3t3 | ))

In particular, by the time quantum corrections are of the same order

,u‘a‘h
as classical solution

1

Ehrenfest time scale: te=———
Zy‘a‘h

a(t) ~ ay (et /2

23



Characteristic parameters

Quasi-classical parameter: & = % <<1 (J = h‘a‘z)

4
. . . pal oud
Classical parameter of nonlinearity: ty = > = ,
104 a

0,
oMb @
Quantum parameter of nonlinearity: 4 =—— | —=¢
@ He
Classical nonlinear frequency:

wy, =0dH,/dd =0 +2ud; (Hy =wd +1J*)

. . 2 2
Classical period: 7, =""2=—"_.
a)cl 1+ 2:ucl _
Quantum recurrence time: 7r :E’ (z' = a)’[) £ cl
: ey

Ehrenfest time: 7 =
- zﬂcl\/;

24



General remarks on quasi-classical behavior
of mesoscopic systems

Equation for quantum averages has the form

TRy +1K,)f

ot \
/ Includes high order derivatives

Includes only first order derivatives

For quantum nonlinear oscillator this equation has the form

of of o° f
—=(1+2u, ) —+2¢ ; _h
or ~ U 2a) g 26 5 e=5<<1
f = é; o (t) — e‘”e(e _1)|a| 04 Two dimensionless parameters,
X golution quantum and classical 2>




Demonstration of quantum dynamics

a(7) _ it exp[(e‘mf —1)/5];

(a=a(0)=0ay)

1.0 1

0.5 1

0.0+

Im a/a

o (T) _ e—i(1+2ﬂc| )z
&y

-0.5 4

-1.0 4

1 =0.05 £=0.05

r. =227, 7, =62.8, 7, =2.09
Tp >Tg > T,

« Quantum dynamics is characterized by Ehrenfest time t;
 Quantum recurrence time is very large in quasiclassical linw.



Fourier Spectrum

f (a*,a,t):a(a*,a,t)z

A i e 2t _1 |0¢|2
(a|a(t)|a)=ae™ e{( Jelf _
ClaS§ica| qurantum Eorrecti‘on 2-2
Cxe—ia)te—2|05|zsin2,uhte—i|05|2 sin2 uht ~ ae—i(a)+2yJ )t e—2|a|2(,uht)2 = a, (T)e 272 ;
* - i (v-0(3))’
i(v—o(J 272
avza_[e(v “rg 247 = 2772 2
— 30
1 20
_ £ 2~ 2
“"%}l(](] & A V —
& 10
0 8.‘)2




Fourier Spectrum

G.P. Berman and D.A.R. Dalvit, Theoretical Division, Los Alamos National Laboratory, USA

S F. Borgonovi, Dipartimento di Matematica e Fisica, Universit'a Cattolica, Italy

| FIG. 1: Quasi-classical dynamics as described by the ob-
1 servable in Eq. (3). Parameters are e = 0.02, g = 0.01,

F:; O
™ =5, TR = 314, 7y = 2.09, |a|® = 100, g = 1. Hence 2 3
101 - Tel < TE < TR- I 8 a) 25_ ~ b)
15p : - o
':{‘Ju ‘ .|Iu ’ III I Iln I 20 r 2+
X(T) —_ | —_ |
=0t St
) FIG. 2: Frequency spectrum of the effective momentum p(7). % | &
Parameters are € = 1/900, o = 1/900, tg = 15, Tp == 900m, r 1=
=, Tel 7 2m/3, and |a|? = 900. Hence 1o < TE < TR. o ' '
2 : osk
/ N A
897 o T 104 T8 03 i LS
vio, vio,
092 [ w,(|u } 14 1.4 < <
‘ FIG. 4: Fourier frequency spectrum of the effective momen-
tum p(7) obtained from Eq. (10) for different values of v¢. All
» other parameters are the same as in Fig. 2. (a)ye = 5x107°,
20f The characteristic relaxation time due to the interaction with
& the environment is 7o, = 200. The characteristic width of the
ol spectral line due to the interaction with the environment is
A 22 24/2ve = 0.02. The Ehrenfest time scale is T == 15,
AN N [ e er hence 7, = tg. The width of the spectral line due to the

v/ N vim

FIG. 3: Fourier frequency spectrum of the momentum p(7)
obtained from Eq. (7). Parameters are: a) v = 0.0005, 7y, =
2000 » R = 15; b) v = 0.5, 74 = 2 < 78 = 15; all other
parameters are the same as in Fig. 2.

Ehrenfest time scale is Avg = 0.19, and the numerical result
give Av = 0.183; (b) v¢ = 0.2 (74, = 3.16 and Ap-,_ = 1.26).
The Ehrenfest time scale is 7g & 15, hence 7. < 7g. The nu-
merical result for the width of the line is approximately 1.29,
that corresponds to Av.,.
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Relation to the Navies Stokes Equation

Inertia

J——‘_
ov
.
— v-?v):-? C Vv o f
P( (It e \—.,_,.-E ‘!-L,_/ S
o Convective Pressure Viscosity Cther
Unsteady acceleration oradient ‘ forces

acceler ation

HEL _ PVL _ VL «—— Reynolds number

7 v
1 Vv Small parameter for
& = ~ L] —
Re, VK large Re, > 1

Term with viscosity Is a singular perturbation

29



Geometrical Issues

The equation — = ( K, + ﬁKq ) f  can be written in the form

df =(K, +1K, ) fdz

Differential / \

First order derivatives Higher order derivatives

30



Generalization for Many Degrees of Freedom

We consider a time-independent Hamiltonian

H{:f.'.; ..... f.';:.,f--m ..... an ) ZH“H a’ = ZH“.:H 'f.';h ---{{‘:;.EHE{'TI['}E:...[-Ilj;l;:"l
where
. : . |;'|'|II . . |.|I'|I
E=(,....y)E L, S=(5.....5v) € LY
T Ty, 5 5 Sy
i) —n'.'ufl f'l."'-.-' . Ol —-!ufl "'I'r".,-'
; 1( r”ﬁ) 1( A
i, = g — =, dp = —=\ 1p + 3—)
kT ﬁ : i g : ﬁ : Ay
[.:.r# ayl=—dpehtork. t=1..... N

Hiy = H,

31



Coherent states

We introduce Poisson vectors @, and coherent states |} as follows: forany o = (o, .. ..oy) € N

r I. - ~
By = (wh)y~N/3 cxpi —E{_r“’ —2V2x a+ o) I
53, =c.‘~:p(—%)|dﬂa}. \/_ n
- 2 o h)
Then, adry =ady, .. ‘0[> = e—\a\ /2h i ( / ‘n>
n=0 /Nl

apdh, =apd,, k=1,....N. also
i .
fi—®y=a,d,, k=1,....N.
g

Ho|n)=E,|n), E, =k(n+1/2),

2 A2 2
~h" 0 X | p:—ihg

H —
0 2 Ox> 2 OX
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Quantum observables for arbitrary operator

Heisenberg equations of motion for arbitrary operator
f(a1)= <a\ F (t)‘a>, F(t) = elHt/h Ea-iHt/h

a)=|a)|ay)-|ay)
The Heisenberg equation for an arbitrary operator valued function /(i) 1s

! _
I = E[H, I].

We want to derive a closed equations for

f(ax,t) :<a‘ F(t)‘a>

Let Firy=% :

Y Py | .:.I'i'i' -!I|'
"-—"I'i'i'.LJ'-E;-':_'._I.: ‘Frm;” leb

33



Closed equations for quantum observables

i
T{fw-' Py)

al

F

Do (HF — F thﬁ"

|I' - I' :- 1 . -: -I I- .: :. 1 .I
=f'_ Z .Il.lrf_'-. f’f;;ffl:lrj{'.f!}cfiff Efl"lll'.'l!- mfl'q{.!']u'.'_'.{.!']&' I“ |'i'i'”|!'_||'” 'Efllhqr']a','}

L5, m.g
||: X ] P 1. v . '
== E Hiy Fopg lo* ad(a™ @y la™dy ) — ™ a|a ‘*’-u’i,:,ln' Dy |l
: | ! !
£.5.m.q
: 5 5 o M ; N N 12
[ Z , il il | x|
fi E 5 L\"Lt" LI L\ll'u-r ¥ fi
5.
: P PN 2
[ d e . d e |-
" ki * J *
— — E ]ijr“‘f.””f o (ﬁ o "”tft"l—{f"(ﬁl_— o mufj '-.I‘}-L]"'
i E C do®  do fi
5L
5 roa oy F 7
d | |~ _
= — Hh o™ —a’| fi- exp al Fii)|o).
. /
~ rmf o du h
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Introduce a polynomial
H(z*.z) =) Hyz™z
L5

A closed equation for quantum observable F has a form

Ll Flay == 3 1(( . ‘)r-H{ ) (1 ) ( ’ )r'H{' * }(r ’ )){ | Flar)
— | |y = — — | — ™. )| h — | — o )| f— | F |
dt fi BARN 'S o da® e ' dor

N ’
rEE+

Here, for r =i(ry.....ry) € ZN 1= rleeary!
+

( 5 )r' ( 9 )r| ( g )TN ( q )r ( 5 )rq ( 5 )rﬂ
oy dery | day | doe* da) day

Solution:  f(e*.a,t) = {a|F()|e), o«cCV

Initial condition:  f(a*,@,0) =a*"a?; m,q eZ}
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Mathematical Model

Vig) =|N),[0), W

‘WPS> _I <aabb‘WBs> ‘l//NL(g:O)> -\_ .i -\- .i

We introduce a non-linear evolution
Inside the interferometer
(A =nwaa+n2g(a'af +nobb+ng(b b M

e -y L N o grinan /20 ey |y
\‘WNL>_e ‘WPS>_22N/2 kI(N—k)l >a‘ a >

b
k=0 36



Results

3 , 1
N =100 E)=[a0(t)f -
1 N
2t analytical / ] §cl =0
é(t) 15 numerical
caseg=00rt=0:£(t=0)=0
1+ -—-
P i 1
/_/' : E = —
L /_,u’ i N - '
” i 9N _ Green line: (analytical) t<7z. :g(t): Ng “t*
i Ehrenfest time
0= . i ks ]
gt
- P(o) < P@©) - PO) * be)
: o0 f§ w05 jg
| | ©/x | | O/r | | O/r | | O/r

T
There is a recurrence time when the system recovers the initial condition: &(7e)=0; 75 = a >>3




Long time evolution of quantum averages for
unstable classical dynamics (N=1; 1D case)

[G. Berman, M. Vishik, Phys Lett. A 319, 351 (2003)]

Consider 1D Hamiltonian H{a'.a)=iw(a'? —a?) +j(a’?

Introduce operators of coordinate and momentum

T=—=la"+a). i =!—{f+'l —a)

V2 V2
In X and P operators Hamiltonian has the form

H=2wip—iwh+p(2ixp+h)°

iHr

Hrw F

i:,m—.:m

Evolution of operators X and P : -
1”.” | . {JFHIFJ ?—%HI

Xih=x, PIOy=p. [ X, Pin]=ih

—a* ]-2
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10 -

Unstable classical dynamics

L X (t) = Xoe(2—8ﬂclxo Po)7

-5 -
-10-
I L) L) l I: L) L) L] L) I L} L} L} L I L) L) 1
1.0 0.5 0.0 0.5 1.0

P(t) _ poe—(2—8ﬂclxopo)f
(zucl :1)
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Equation for qguantum observables

3 ., i i

— = .f[—zm.:f —dpfe* — o ) — 4;1ﬁu*]._—_;' — [_].f.ff;(g* + 4y {u*" — u‘}cf* _ ._-Ll,-m,:,r]l__l,r'
ot ' ' dor* e
+ih[io = 2u(@? =3)] (= ) £ = ibfio+ 2030 o)) () 1
doe® ey
foon w3 Fooon 3 P | . |
L. i} . o " o B e i . e i ~
-|—-—'L.-ﬁ“,u!|:f( - ) —difi-pa (—) il 31( . ) =il H(..—) 1.
Cdae® il Cdar® oy
. Jf;'_,-'h (a4 Lr'* )2 {',.;wﬁ'.' [U*F,—-'l.'ﬁ';.ef?r 4+ E“,-Lrﬁ','.tf:'.f 2
fle™ a )= exXpy ——— — CXp
i E‘::
HiL A+ Ar T
§ [m/2] 0! (¥ p—dnuht o o o Ainpht yn =2k [ 1.3!"-'(!—.1'2 N
p \ ! . n -
—0 2k (n =26 AT % (2 cos8nphn)T7* :
(o 4 a* J: {.Jmnr I:U.*{,,—-Lr'n,u?rr 4+ I:_.,l,fl.r'ﬁ',uﬁr J:
: = exXpi ——— —T CXp - I
Solution: 2h (cos Bpunfit) 2 2ficos8nyehi

[n/2] ali2k — 1N ok [D,*{;—;Lr'ﬁ';.mr + E”,.-Lr'r;';..:ﬁr :Iri'—."';.ﬂ.'

x J—fr_,-"f-_‘ Z 2wk
(24k)(m — 2k)12%

n 2
(cosSnpht) Tk

k=0
(o 4 o*)2 p ot (Fe—dnuht o o odinghtyd
=expy — exp

[n/2] —dinpihe + U.{;ah'ﬁ',uf:'.f K —2k

1' * 3

¢ -]—ﬁl.lu'-:! il ﬁl“ L™
< E T ) 0|
£—0 .-_],"tlﬂ-.!l.l'l —.-_]J. _|! (cos HIH”ﬁ:J:F k




Collapse of quantum averages
Floee® oty = {a| X" ()|a)

Solution for n=2:

fla* a i) = — ex
| 2 (cos L6pfit)3/2

[H*F—Huﬂ?r 4+ E“JI:":'U::M]_- o
* i
cos 16 fi

2 2ficos 1opcht

We discuss the limit of this expression as { — ﬂL;m — 0. For simplicity, let @ = 1. Since

L o =i 1+ i
(c*e E”“m—l—tfcﬂg”‘m} =(—.' + i ) =2 ati=

V2 V2 32uh
we have

fl—i 0.l —= 00 asl — =—— — 1l
A2l

+

b=,k £2 .
A2k |6

Times of collapses: 1=

A / _ s : ]
] (c + L.r'* 12 I:,-l:u: iu*{' Ri Rt + H{JEJ;..!IH 2
expy — p
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Time dependence of quantum corrections

Average quantum coordinate:

; L2 2 _ T " n
e R (¥ (f*J- sl |_&,*EJ dipeht 4+ E“J-h;,ef:-r 2
fla® a )= {a|Xi)|u) =—cxpi—

— exp
J2 2 (cos Rufin)?/? } 2hicos8uhi
w {u*{?—:h,um + u{;h,uﬁ::}.

Under conditions: |uhtl < 1. el > h.  p2hf|e) |

fle® a. 1) = f‘zf”'“”’”'{c’z_”*:}{] + O(p?h? 1)) ((e* + ) + dipht(a —a*) + O(|o| b 17))

|
—_—
V2
*® c.‘-:[h{lﬁ;'izﬁu’zliﬂz + ‘f}{:|ﬁ’|2IFfjﬁz"3I:}}-

Classical coordinate: f.le*.e.r) = exp| 2t + '—'H,‘H{:EEE — u*z} o™ +a)

=

Sl -

At logarithmically small time Clogi the quantum corrections

become at least of order of 1. %
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Comparison of quantum and classical dispersion

Die*. w. 1) = {e| X7 ()|a) — (o| X (1))’

ok E-I. s 5
Dio*. . 1) 7 expldwt — 8i puhi (a® — &'*‘_}}(Eﬁ +diphit (0 —o*?) + 16(a™* + m?;ﬁm?mF)
Quantum dispersion vanishes when =0 (classical limit)

Conclusion
 For nonlinear oscillator guantum dynamics Is characterized by
three time scales: (i) classical period 1., (i) Ehrenfest time t, (iii)
guantum recurrence time 1.

cl

* In the quasi-classical region tis usually large:Tg > Tg > T

* To observe quantum effects one should measure the qguantum
features related to Ehrenfest time scale 1.

» For stable classical dynamics z. =1/ u ¢ ; for unstable classical
dynamics Clog(1/u, ).

e Time scale t¢ can be extracted from the frequency spectrum.
* Quantum collapses should be investigated in more detail. *



Asymptotic theory for guantum Bose systems with
many degrees of freedom

[M. Vishik, G. Berman, Phys Lett. A 313, 37 (2003)]

We start with the closed equation for guantum averages

CllFlay == 3 1(( i ‘)I-H{ o) (5= ) ( ’ )r'H{' * }(r ’ ))< |Flar)
— (| F o) = = — [ — ¢ ol ie—}) — | — o o) i— o | |y
dt fi I\ da Cda¥ dor* ' dar

rEEi
Here, for r = (.. ... e R= Eﬂ‘i =yt

. .. C e — ag?
Initial condition: {e|F(0)|e) =™ af -:.h;p( —l > 0 ) apeCN

F(0) =a ™ |ag) {ag|a?.

Indeed. foro e OV,

~
L

E 3] i

(u;cf ol |tf|2)
exp — —
h 2h 2h

ok ?
{w|a™ |ao) {wola?e) = a*™ o | (o, o)|” = o*™af

R
M—HM)

=" exp| —
fi



Quasi-classical asymptotic theory for guantum averages
Assume formally

fle*. w. 1) o w”z{: (o*. . 1)1 (%)

where the phase Sie®, a, 1) and the coefticients b;. j=0.1.2. ... are to be determined.
The mnitial conditions are
Sla* . 0) = —|a — ao|”,
bo(o™. a.0) =a™™at.

bila* a,0)=0 forjzl.

For the phase § we have from Tavlor’s formula:

: ’ 15 a5
S=1 'H.(l:f o + i—) —H({r* —I—f— cr)
oy e

This Hamilton-Jacobi equation is real and therefore the
classical Hamilton-Jacobi theory applies.

* The expansion (*) describes Laplace asymptotics unlike WKB
asymptotics for Schrodinger equation describing the evolution,,
of wave function



Effective Hamiltonian

We introduce momenta p and p* and the effective Hamiltonian
associated with H(z*.z) =) Hyz*z’
i, 5

Wia* «. p* p)=—ilH(a" o+ p*) = H(a" + p.a)}.

The Hamiltonian dyvnamies in these variables 1s

. A H(e® 4+ pLo)
W =1 . .
u:.’n:.t“rj[k
_ _(Ef'hiiu*.tf+;;*] dHor* —I—;J.cfh”)
Pe=1 ; — - :
o F g (¥
- AHa® o+ pF)
I!'.,t"k =_! . 5
wlvye
e dHe* a4+ p*)  dHe* 4+ p.a)’
Py =1 — — — :
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Example for N=1, Hie*, a) = we*a + po*a’

: a8 Sy S asnNc L[
=it 2utel?) (o g —oge ) i (57 ) (.

The first transport equation 1s

i { 2 lﬁ}’ i i '; , o 08 2 a8 d .,f
3'[]=."f”—|—_4!u"_(f——|:f— 0+ H( ¢ - . Y tp—
'f A doe® f*tr‘) 'I . da* do* ¥ Oy
2 RN N LA
) e —a = |
dor*? doe=

= [.nhn.
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Solution

A simple computation yields:
. _ 2, 2 2 2 g2 |2 —2itia( - ¥

S{a* o 1) =—|w(0) —ao|” — it {o® (07 ey — a(0)af™) + |e(0) (1 — ™1 (Mo —ar(Derp) )

| ."HH{I]*U'Q—{H{I]u‘ﬁ|

bolo™. a. 1) = a (0" a(0)? — exp _ - arctan (2et|aeo | [ (0)])
1 4 |wol 2 e ()2 2|ee (D) ||ero ' '

where

o =) cx}ﬂ{."n.-.f + 2putafee(0) .

To solve the problem with the initial conditions
(| Fi0))e) =" a?

we use the :.:mn[‘.:lctcncee:-: relation

inﬁN [lug u.:.lf.'r' g=id

which leads to the expansion

H\: "II'.I' iy .
- | d*Nage— Z."J )i

4 | | :'_ (- F]."".' ‘
J=0

Here in the right-hand side the phase § and the coefficients b, j = 0 depend on a parameter oo € V.

Additional study requires to apply the theory to concrete systems 48



Quantum nonlinear oscillator interacting with environment (exact solution)

Hamiltonian of quantum nonlinear oscillator: Hg = hwa'a + ph®(a'a)?

Hamiltonian of thermal bath: Hg = ) _ hw;blb;
j

Interaction Hamiltonian: Hie = » _ gjata blb;
j

Joint observable of system+bath: f = f(af(t),a(t), {65(¢)}, {6;®)})

_ : 0 A A A
Exact PDE for joint evolution: a—{ = (Ko + Kg + Kint) f
: o %) . 02 o2
o 2 * *) 2 o2
Kof = i(w + ph + 2uh|al®) (a Dot ac‘?a) f+ tuh |:(CE ) ()2 o 90,2 f
. 0 0
Kgf=1) wj|Biam —Bizaz | f ey,
7 ; 7 ( iopy aﬁj) RO =1 (;gﬂﬁm) (o 50 =35 ) £
2 2 > > . i ] d
Kinwf = (Ki(nlt) + Ki(ft) + Kl(li))f K2 = £|a|2;9j (’3;8_6;‘ —53'8—63,) f

0 0 0

>~(3) _1 . * 9 *
Kintf_ hzgj & 8&*6



Initial state: System (coherent state) &) Environment (thermal state)

e /

ps =la)(al ee=]] / 6, P(5]8)) 1885 P}, 8;) = — e 1A/

’H"nj

Exact solution| f(a, o™, {/Bj}; {5*}5@ = fa(a,a*;t) X fs(105}: 165 };)
falt) = a(t) H (J) HeXp [_|/8j|2(1 _ e—égjt/h)]

J

Reduced observable:

fs(t) = a) x [ TLd*6,P(85.8) 550
= a(t) Decoherence factor

—i(wtph)

(v

p 2 .
eI e TV (1) alt) (2Rt _ )

fsit) expl|al*(

D.A.R. Dalvit, G.P. Berman, M. Vishik, Phys. Rev. A.; 2006; v.73, p.013803
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Open system: Nonlinear quantum oscillator- bath:  Hiotal = Hrc + Hpath + Hint

U . :
Hpre = hwenas a'a + 5 a'a (a'a —1) — BEC as a non-linear oscillator

. ) 1
Hpaen = » hw; bib; —>  set of harmonic oscillators X=$(a+ +a)
2 1
Hiny :Z)\j rq; —> position-position coupling quﬁ(bj-’——l_bj)
J
Five time-scales: ; o . of [ Rw
Telas = 1 Period of classical linear oscillator o 10 U}]@_ o= LimA“
s i T o S R ) oo, o/,
Tr = — Revival time ) s
ll' =I_eﬂ.!— ;l l1‘ Kenz “r \‘I
TE = — Ehrenfest time |94 N R O . W
2 T | a| w/o, o/,
-1 o V?2=50 3=
Ty =7 Relaxation time o p=1
o (a—c)i=01;v=10""—=1p > g
tanh(3€2/2) :
™= Decoherence time () fi=n=10"2%—1p < 75

Q=1+ pa(l+2|e/?)

We showed that when Tp < Tp < T~ Onecan still observe quantum effects for observables
(width of revival bumps given by Tg). Decoherence is
insufficient for recovering quantum-classical
correspondence in nonlinear systems

“Survival of quantum effects for observables after decoherence”, G.P. Berman, A.R. Bishop, F. o1
Borgonovi, and D.A.R. Dalvit, Phys. Rev. A 69, 062110 (2004).



Quantum dynamics in Fermi Pasta Ulam Problem
G.P. Berman (LANL), N. Tarkhanov (U. of Potsdam)

L/

Pt e | | |
Hamiltonian: H = Z ( 5 (U — wn)? + 7 (Unsr — ﬁ)

2m
n=1

Periodic boundary conditions: Pn+N = Pn and tunpyn = Uy

Classical limit: 1 .
: ar = — (P — worly ),
u (0), p (1) new canonical v 2imhy,
n\'J» Mn : :
variables: a,, a,*
Pk - T == Z Pn € _21_ ?H-.
8k n=1
1 (Dk [ \ I,-"r;; _ _ Z Uy € 2;'- = 11
n=1
- o '_ '!;
ko k W e ._\V, E 111 T ——
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Narrow packet approximation (NPA): Classical limit
ok/k, <<1, ok = ko ~ N/2

Hamiltonian |n NPA:

hi
E hokaiar + = Y Vigkokaks Gy Qg @k Oky Oky ks —ks—hs 0

a_-

keq ko ka fy
+ O(l_ﬁl._
where
i S ok ke Ry L Ry
Vi kokeakey = — N(HHLLT sin T Sin T sin 7 T)
WE = hU;bD_I_ClJEL_JELDI_(}(IEl_IIlD) .
Vidkakaky = Vo
where
- II{EI -

0 [ € (?r)? R 7 v gy ( R )
T—, O=,/—|=] sint—, Vj= | sinT—
N \ m\N "N " emN "N



Narrow packet approximation (NPA): Classical limit

oH
LJ{IL

Classical equations of motion 2y —
for four wave interactions:

4' - _JJ{} 4 +hlg Z 432 ja“ "1,?4 E}j'+j'2 —ja—j4,0
2.3 .74
Aj = exp ((ﬁ.ﬁ;;n + ej )t -s.)aﬁ;m.

Introduce: ®(6,t) = ZA- (t)e"’ = d(@ +27,t) - envelope

2
Equation for ®(0,t): i 88(:) Z;D hVO\CD\ ® - NS or GP equation

Solution for finite amplitude wave:
Au(t) = exp ((gzk _ ﬁ1r"b|,4k|2'3t-s) Ay,
Aty = 0, it j#k
0 = k*Q)

54



Stability of the finite amplitude wave
with respect to the decay in the neighboring modes

2k — (E=1)+ (k+ 1)
Assume that |4;] < |Ax]

The linearized system of equations:
A = Qs % + RV 4;¢|9' A,

114"1.{:_'_; — _EEIC-H‘ .."{].JIL-_|_J‘ _I_ gﬁl G|.¢4;;|j.¢4j:_|_!: _I_ h‘l;’ .."{]. ,..:4&_;
The amplitudes of small
waves grow exponentially y _ \/T‘J’IE‘A(}] _ _ _ Ef?\/ 2Vol 4,
with the increment:
AQ = Qg + Qg — 20 = 20%Q) I = h|Ag|?

» . T 2 1

- 2V () Y ~

Condition for instability: 2V5//€2>1 or v=> NE.  NE
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Quantum equations of decays [u;, pi| = thd;
1Ay = =21+ q)Q A+ AVe Y AL AL AL G5 a0

J2.03,74

Aj ALl = g,

m

Lot

¢ = h—2=
NV
a;(t) = (a] At |a)

Quantum observables:

a;(t,a,a” ),
Heisenberg equations: hA; = [A;(t), H.g]
Effective quantum Hamiltonian:

Heﬁ_—ﬁme A+ = mﬂ Y A AL Ak Ay Ok ke ka0 g
LR N



Equations for quantum observables

wij(t) = Taj(t),

a;(0) = ay,

T - _Z“‘“(“"H_ 00)

, ¢ .
+  hVg Z (“-’Ll’-’ﬂz ——C.C.)ﬂ'kl—l-kg—kg—kclﬂ

(¥ foq
dag,
.I:]_,.IEE,.IEE.L‘;;
- a0 5
+ 3 hTI‘[] E (ﬂklﬂkg aﬁ 3{1 — ... )dk1+kz—k3—k4.[]
B k1 ko kg kg hs ke

Exact solution in the form of finite amplitude wave:
aplt) = exp LEZ;EH. — (1 — exp(—=hVyte) }|r:1;;|2j Vs,
a;(t) = 0, it j+k
Q =k*(1+q)Q



Solutions for quantum observables in the form of expansion in o,

app(t.a,a) = ¢olt, ag, o)

E: (L0} ey (O, e s
+ (Ei:j i\t,ﬂl{:,ﬂ:k}ﬂk_l_j‘l‘fij i\t,u;“&k)&kﬂ)

7170
+ o

Initial conditions: 1.0)

f;j (U,E‘r;:,ﬂ’f:}

Equations for observables:

iml-.{f.‘g‘g ;

LG

Efgzm — ;chg‘?m — (Vgeyj — 2hVo| e )? Jql

i) = Ma™) — (Q; — 2hVg e *)ep ™)

cool0, ag, ay)

v, crol0, o, ap) = 0
Sy (0,0, 00) = 0
7}

) (0,1)
+ 2 hlgﬂ_{b%fij hLDﬂ’k s
— 2hVoar=—a; ") + hVoaie) "

D&ka&A D*’—"—’kfi
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Equations for observables for small waves

Transformation to new functions f and g:

B0 = exp ( (O - zgzk}n) f,
v | |
C}:D lE:' — o exp ( — (. — QEI;EJM)Q

Equations for f and g:

= QW — (O Dua = 200))f + 204 1 vitg

with mitial data

-
=
|

|_..

0.

—
ey
LS—
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Equations for f and g

f — exp(=hVute)f
g — exp(—hVuti)g

f— 10} r =W/ =1
: v,
vf = 2{r—1)f+ EE::*TI — 14
A
vg = uf,
Vo

Quantum parameter: € = o

Numerical simulations for BEC are described in
G.P. Berman, A. Smerzi, A.R. Bishop, Phys. Rev. Lett. 88, 120402 (2002)
Mathematical theory was developed by N. Tarkhanov (2004)
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Stability of the Quantum Dynamics of a Bose-Einstein Condensate Trapped
iIn a One-Dimensional Toroidal Geometry

(G.P. Berman, A.R. Bishop, D.A.R. Dalvit, G.V. Shlyapnikov,
N. Tarkhanov, E.M. Timmermans, Int. J. Theor. Phys., 2008)

Ring geometry

Equation for quantum field operator

N

+27Z£*P @)‘i’ T Za r)e”e g:4a§—>0

a\P G
57

Quantum Hamiltonian




Quantum Perturbation Theory

i3

H . oo At A " -
tad; = j-a;j+ ¢ E Ay, Wiy iy B kg —ky—ka,0 &) =

ky ko ky=—00

. o " Jr:'r:-[r;lzf'ﬁ-nh
tay=[a;(t), Heg] ! !
a ;i (0) = oy,

l';:Zm (&'q—a —C.C )

1]
i
E S o |
+ = E (ﬂ'.l;_—l 0y "T.i:i., __?— —L.C ) 5.;-14__1-2__1-3_;_-_11.:.
O iy

ky ok ks k= —o0

o5

) d
Z (Uftlﬂ'.i:g__.?_ = CLC )8y iy —y —iy, 0
Oy OE,

Ky o kg ey =—o

+ —&

bd | —

O

[T les

j=—oz
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Periodic Quantum Wave and
Small Perturbations

ai(t)=expi— j°t — (I —expi—r e7))|e;|"Je;.  Quantum wave

aplr) =0, if j#j.

aa, i (1) = expl—1(j* + ela; ") T)aa,; . Classical wave
ey
.""lll 1 . . . .
Th = Validity of classical (GP) solution
o || =]
21T
T, = ﬁ Quantum revivals
&
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Equations for guantum dynamics

Fpysl T, ¥, &*jl = CyolT, o, IZE;;]

L0 * A0,1) *y ok
—I—E (e (T og)a; +op  (Toop. op g, ;)
j#0

+ ...,

I I'.'L"fl|:| = flff{'f‘.:...

010y ;1..}- L0y (& .3 4 | |: (L, - d (L. 42 (0,1
Lo o =Moo+ UK+ )7+ 2efog ) -|-.,E&J;.Rcm. —EWTC, s

JI[I_IIJ.| _ .['—'.J.' ; v 2 ] 2 -;'-Ill] ,[U.|.' 2 .[I-U.'
1éy =Mey i — (tk— j)" + 2ela|") ey —; — Emk_a,m‘f.—,f + saicyy

-

d 5, a° cC
Paes + EEEI‘HD:_E —C.C.,

M= (k" 4 Elm;-lz ) g
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Results on Convergence of
Quantum Solution to GP

Stable case (Repulsive interaction)

2

T | | < Th = h
ap(x) /Te] \l"ﬂfjl =

Due to quantum tunneling

Unstable case (Attractive interaction)

|
[0.T] = {xeC:|x]| =R} = !-—‘-‘EH:|E| — ETf,sr:e}
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Some Properties of Spin Coherent States

0 —

=110 1 y_ 1
5_21 U” 5_21, 0

. L1 0 :
, S EE)D _1[. Spin Y2 operators

[S+, S_] = 28%, [Si,S"’} = 3,251",
Commutation relations

[S*,8*] =0, §* = 8% +18v,

Spin coherent state is a superposition [¢ >= (1 + [£|*)" exp(¢éS7)|S5, -8 >
of spin states |S,M) with §* = M;-5 = M < §

generated from the ground state
§*|S,-S >=-5|5,-5 >,
S5, —S >= S(§ +1)|5,-S >,

§* = (8°) +(8) +(S°),
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Some properties of spin coherent states

€ >= i Un(6)|S,M >, €xpansion of the CS in the basis of states |S, M>

M==5

28
(S+MY(S—M

/
Unm(€) = (1+ [€*)~° [ )!]l 255+M coefficients of expansion

<Elp>=[1+ P+ p50 +ep)?*®  two CSs are non-orthogonal

2(S+M)
Ry (£)=|(s.M|&)[ = (is)!m probability to find the projection M in CS
(L+[g]) " (s+M)Y(S-M)!
5" =< gls°lg >= - s - 37
= 1+ ¢ expectation value of S
p=S—M, 5=S5-5*, (D<pp<25) two parameters
We are interested in the distribution . as
function of p under the condition i€J" =~ ik L
-F
F5(p) = E—P,ﬁi, (p/285 < 1) Poisson distribution
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Single spin Iin coherent state

5
E>= 3 Um(&)IS,M >, (S=1/2)

M=-5

23)- $u, (£)|m.3)-u

M=—I
2

1 S
LY+ 0
\/1+\§\2‘ > «/1+\§\2‘ )

oHdueld)-
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Length of a single spin
S (5") +(87) (87 =g =5 (s 41)

g XYz :%Gx,y,z; (Gx’y’z )2 _1

o el Yol )

1 ~
Say, we have: vy, :(Oj; Sy, =%W2i But: S°y, =%W2i

-, 1

In classical case it would be: Scl :Z’ because in classical case:

Sx,y -0 but in quantum case:
cd — ™

R Y e

2:l;tO
2

(v, |lw,) -



Two spins In coherent state

£0)= X Uy (SIMD=UL (£)]-12)+U, ()02)+U, (£)L1) -
. -11)+ \/Eé 0,1)+ & 1,1) =
T e

S TR .
rorr A e o ARl ey

—— |1, 1,) ‘5 >

),

Ifl |

Prove this for N spins!
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Some expressions

SN ) =)+ [ ) S, =[14) 4[4,

St (M) ) = 2 (b + L Ta)) = S (5417 b))
§* =7+ sz%(\T1¢2>+\¢1T2>)=0%(\T1¢2>+\¢1T2>)
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Some properties of spin coherent states

1
< (SFP>< (S¥)? > > ;<% >2

[16>< €ldu(6) =1,

(25+1) %
T (L+[EP)

dps(§) =

The following relations take place
similar to bosonic CSs

Spin CS minimize the Heisenberg
uncertainty condition

Spin CSs represent a complete set

f = (8%, 8*,57)

<Elstale >= (1416777 (25¢ - €70 ) (14 Y

256

<ISTEE >= (1 + [J)" (1+|£I2}”f,

< €IS ElE >= (1 + [€[2)2S (6-3%- - s) (1 + €[S 1,
<ES*Ie = (14 61 0+ €L

< EfSE = (1 4+ ) [zse - e*-a—) (1 + (€255,

< EIES*[€ >= (1 + €7) (‘fﬁ . S) (1 + 1.

12



Closed PDE for Spin Observables in CSs
H(S*,S%,87) f= ;[H fl, f=1(S*(t),S*(),S™ (1))
F(0) = (€, 6,8) =< &IF (S7(0),7(1),S7(0) 6 > /= £ (< /Ml > — < elfELle >)

H= Y AninSHYP(SHST),  <éHIE >= ¥ Apia < €(ST)™(S(S™)HIE >

m,ln m,ln

< E)(SHY™(SHHST)flE > =0+ Ifﬁ)“”{e‘ﬁ; ~ )1+ [€17)*° < EI(ST)(ST)flE >,

< E|(S*)™(ST)(S ]“f|{}=f1+1612)‘“5(£‘3£ —S)"(25¢° f“——} )“(1+|£F)”-=:&tft£>

< (| HE|E >

8 o . gm0, 0 225
afﬁ‘s]!(ES{ ~§ 5{‘}’(&5'} (L+[€]7)" < &ltf¢ >

= (L+ )2 |(¢
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Closed PDE for Spin Observables in CSs

< ¢|fHIE >= D Amun < EIE(S*)™(STY(S7)"[E >
m,ln
2v—28 0 0 , O

(1+1€1%)% < €lflE > .

f=Kf,  f=fE.8610,  f0)=f(£,0),

9

. g | N
K =1+ €2 {H |(¢ o 8),(25¢ - ¢* EF}’ (-@)]

H [(e% - $), (5 (25€ - c’%}] M+ €P)S.
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Example of Spin CS PDF

|l . 2\ —2 . 0 2 0 ? 225
Hg — DEI{S;}E K =1iDh (1+ ¢ SKga—ﬁ_-S) -(fﬁﬂg) (1 +1€17)
Ef?d"}-hﬁfq,
S 4Snlf|2_ . 0 a
o =0 [y =05 0] (€5 - )
2 & -
Kg-m( T Ezag?)' So = hS
+ 26
IH(t) = ST()/S, I7(t)=S"(1)/S, I*(t)=S*2)/S O = e
JH(E) =< €IT(L)I€ >, T(t) =< E[I(t)|€ >, 2
0) = 2
JH(t) =< {I*(1)I¢ >, L+ €7
aIt(t) - aJ= () - aJ=(t) J*(0) = 1""5'2.
5 = KN, g =KI(Y), - = KJ*(t) 1+ €2 e




Example of Spin CS PDF

THE) =< €T ()¢ >

_ 2 exp[~i(25 — 1)hDY] [1 + |€[* exp(2ihDt)]*
[+ [€[2exp(2ihDt)] L+ €2 |

1 |€f°
1+ ¢

In the classical limit w(J) =25,DJ, Je[-1,1].

J=(t) = (J*(®)", Jt) = J(0) = -

S —00, h—0, hS=5;= constant,

2¢ o L= IE) TH(r) = I(7)|
JE(t) = — S Dt————= 1, ) = (cl) e
_ . 1€ it T(1-J0?)
Jat)) = (F50)s T = JA0) ==~ rep =g | st e
JE(t) = i f_‘fl'ﬂz]em“if L Quasi-classical solution (T — a)(J )t)
, 2ARDiE)>  4hS,D*f¢P 26 { it (1 - ]
1 DRt — — = e -
<o S - e~ e AT .



Additional Averaging over the Distribution Function

po = fd#.{E)P{éf‘,{M >< ¢|  [am@PE.o=1

(1) = Tr(pof(8)) = [ du(E)P(E7,E)F(E 6, 2),

v

PIE6) = gy + KMe™ e timp = 16 >< 4o

1 )
po= = [daP(a,a)la><a|  Tr(i) =~ [ PaP(a’,a)=1

f(t) = Tr (pof(t)) = = [ @PaP(e’,a)f(e",at)  f(a*,a,t) =< alf(D)]a >

- . 2 h 2
Pa’,a) = vexp(~vla~ aof’) o0, = G577 a7 = "1+ )
. v . ..
lim — = vy = constant. limopo, = 1 «—— classical limit
h—0 R h—D0 Vg 77




Time-dependent Hamiltonian
Suppose that we have a time-periodic Hamiltonian
H=H,—-enS*cos(vt+¢,)+H; +Hg, (1)
H, =-hoS”,

and as befgreH, and H,, are the thermal bath and the interaction .
Let’s write instead of (1) the following effective time-independent Hamiltonian

Hiy :H0+hvbTb—ZTIZO|(bT+b)SX+HT+HST, o
[bb"]=1.
Suppose that initially the b -field in in the coherent state
_ 2By (b(0) 5 = 3)
|B) =€ Z; n,‘n>’ (b(0)|8) =5l 555)).
=1 N!
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Suppose that the initial energy of the [ -field is large enough

V|5, ‘2 > max{e, o} 4)

The equation for ph has the form

l S*.
2|8,

Under the condition (4) we can neglect the last term in (5).
So, the solution for the operator b Is

b(’[) ~ b(O)e“"t. (6)

i7b=|b,H |=nvb-

So, using (3) we have

<,Bo‘b(t)‘,30> ~ <1Bo \b(O)\,B()}e“” :,Boe_in :‘,Bo‘e—iqooe—ivt.
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Let’s substitute (6) into (2). We have

ch

Hy ~ Hy+7vb" (0)b(0)- 214
0

(bT (0)e™ an(O)e“Vt)SX +H; +Hg. ()

If we average (7) over , <,30 “/Bo> we get the Hamiltonian (1).
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Time-Dependent Hamiltonians

H = Hy — iS® cos(wt), Hg = Dh?(S*)°
2 _ fe

2Bo
hw|Bol* > {DS3,eS0}, (So=hS) b(t) ~ e b(0)

f(t) =< & BIER)IB & >= f(£",&6°,8,t) 1B:.4>=18>1>
£(£) =1 [S*(¢),S%(1),S7(1),b*(t),b(t)] = ks, F(0)=f(&",6:8",8

H.sy = hwbb + DE?(S%) (b* +b)8*, (b,b*]=1)

~28 ;. 0 . w3 0 o O ey O
) B (8" = € -5, = 256 4755 S = g bt =A< )

H (S = 53% 5, St = -3%,5- = 25¢ - e*—f%,b* = b =0)}

x (14 |€])2° B,




Quantum trajectories In
“*action-angle” representation

Gennady Berman, T-4, LANL

As a rule, the process of evolution of a quantum system in the
Wigner representation is described in the “coordinate-
momentum” variables. However, in the classical limit there are
some advantages to describe the dynamics of the nonlinear
system in the “action-angle” variables ensuring the separation of
the motion into the fast (phase) and slow (e.g. diffusion in
action). Therefore in the quantum analysis of such systems in
ngner representatlon it is useful to generalize it for the case of
“action-angle” variables. We demonstrate this approach using a
simple example of a quantum kicked rotator. We show that the
quantum dynamics is reduced to a classical discrete map with a
guasi-random force. In the quasi-classical region of parameters
the influence of the quasi-random force is small, and the
dynamics of observables can be described by the dlscrete
trajectories.



Schrodinger Equation for Kicked Rotator

. B
yhin +ef (9)Z§(T—Tt), ﬁ:—i%

t=—00

g -
For kicked rotator:  f (6’) = C0S ¢

Y2

For rational: é: = — — the quantum resonances exist with

2t (Q
<E(t)>~t2 when £ —3 o0
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Wigner Representation for Quantum Rotator

The arbitrary operator 4 of the initial represen-
tation may be represented in the “angle—action™
representation

.Fr-—[—a—

A TR

A(0, /) =A(8+2m, 7),

Define the Weyl transformation of the arbitrary
operator A(#, A) (2.4) in the C-number function
a(g, p) in the following way:

alg, p)=Tr[A(8, #)A(p, p)], 0s@<2n,
p=0,+1,..., {1.5;]

where the symbol Tr denotes the trace of the
operator and

Alg, p)= }Gi ;—ﬁ

-

* f;ﬂdfcxp li(lg—8)m+i( p—n)&].

(2.6)

Then, the reverse transformation has the [orm
= =]

A(0.8)= T 5o ["deale.p)A(e. p).

p= —a0

(2.7)
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Classical Limit

In the classical case the Hamiltonian of the
kicked rotator has the form

vI? -
Hcl{lp.f,!}=T+Bf{q:] E 8(r—nT),
(3.1)

where f(g + 2w) = f(g), &, v are the parameters of
perturbation and nonlinearity, respectively.

The classical mappings according to (3.1) have
the form

f el =f—k
[} d dq:l — {3,.1}
P =9+ ¥l .

In (3.2) r is the discrete time; g, =@+ —0), I, =
f{¢t —0) are the values of the functions (1) and
f{ ¢y immediately before the tth pulse.

The equation for the classical distribution func-
tion is, according to (3.2) of the form

proal@. 1) = [Tde [ ar

X Kale, Ne', e (e, 1), (33)

where K, is the classical Green function

K (o g 1')=8(g +yTI - ¢)

Henceforth § denotes a periodic §-function with
period 2o, The operator (3.4) preserves the area
bound by the closed contour on the plane (g, I').
However, when increasing ¢ the inmitial contour
distorts getting a rather complicated structure, This
circomstance leads to fast decay of the phase
correlation functions enabling us to describe the
system (3.1) by a statistical technique [1-4).
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Quantum Case

Describe the evolution of the rotator in the
quantum case by the Wigner function which is the
image of the density matrix operator,

ple) = (1)) ()], (3.5)

where the wave function |§{t)} = (4, 1) satisfies
the Schriddinger equation

i dy(d,1)
ar
nt a°
=[_ T: aﬂi""‘f{”EE{"’"T] (@, i)
(3.6)
From (3.5), (3.6) we have
ﬁr+1= ﬁﬁ.ﬂ”, {3?]

where the evolution operator [/ has the form

0= exp(lw{—) exp | —ixf(8)],

PYE
f=%. . (3.8)

In {3.7) ¢ is the discrete time: t=0,1....; p, =

p(i— 03 Using the resulis of section 2 obtain
analogously to the case of (x, p)-representation
[20, 21] an equation for the evolution of the Wigner

function (appendix B)
2w
= d
Prale.p) j; v

x ¥ Kole ple pale. ).

p=-m
(3.9)
Kole. ply. p) = - m_Z_Wf g
xnp{im{qﬁ —p+2aip’) +ik(p-p)
illo-2mg
-—f{q}’+ 2“’"“*)]}. (3.10)

The formulas (3.9), (3.10) are easily shown to
transform at the formal transition k — 0, ph=7T
into the classical analogous (3.3), (3.4).

To simplify the form of analytical expressions
restrict further to the case f()=cos2¢. Then,
from (3.10) get

Kole. ple' p)=d(¢ + 2nip—wp)
xJ,_(2xsin2q’), (3.11)

where J,(z) is the Bessel function.

Mote, that in the quantum case, as follows from
{3.11), the map of the ¢, p variables per one
transformation step occurs locally in phase and
nonlocally in action. Such a situation is typical of
the systems kicked by d=pulses [20, 21].
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Invariant Sets in the Phase Space

We show that due to the discreteness of the
phase space in the action [ in the quantum case
one can point out such countable {g,} sets that
the evolution of the Wigner function on these sets
does not depend on the other values of the phase

. We introduce a succession of numbers
®={go+2nln}y,, n=0x1,.., (4.1)

where {...},, denotes the fractional part by the
modulus 2, ¢, is the arbitrary initial phase.
Then, from (3.9)-(3.11) we obtain

p;-l-l{ q;'rl" P:'

m r
= ¥ I (2xsin2g, ,)p (@ p')-

o (4.2)

Hence, the set {g, ]} (4.1) is invariant and the
evolution of the Wigner function p(g, p) over
{ ¢, } does not depend on the values p (¢, p) over
the other region of the phase space (whose mea-
sure equals unity) (see fig. 1).

I p
N 1
o 1
e, L e ¥
L
|

Fig. 1. The phase space and invariant set (denoted by the dots
at f=1/4

In the case of rational § = r /g (r, g are integers),
the succession of the phases {@,]} in {4.1) is finite
(0=n=<g) In the case when { is irrational the
succession {g, ) is infinite and densely covers the

segment (0 < @ < 2#, The noted difference leads to

different expressions for the definition of expecta-
tion values for the arbitrary operator A, (A1) =
TriAg):
o 2
(A(r))y= ¥ f “de,
p=—w"l

g=1

x T alp,. p)el*™ (g, p), :-g. (4.3)
A=

()= L tim 5

p=—m T

X F
x L a(@y, p)p{* (gn p), §# . (4.4)

=0

Here a(g, p) is the image of the operator A(8, &)

(see (2.5)); the upper index (gp,) shows explicit

dependence of the Wigner function on the phase
g In (4.4) the additional condition of continuity
in ¢ is imposed on the initial function py(e, p)
and its first derivative. Under this condition the
result of the calculations in (4.4) does not depend
on the phase ¢, (the phase ¢, may be chosen
arbitrarily).
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Explicit Form of Wigner Function

From (5.4) analogous to (3.7), (3.9) obtamn an
equation for the Wigner function

p(@.p)= 3 Jo-pl2xsin2(@ — 2uip)]
pl= — e

xple—2alp, p'). (5.5)

Mow, assume the eigenfunction in (3.1) to belong
to the continuous spectrum and have the form
(3.3). In this case we can wrnte down the explicaat
form of the function p(g, p). According to (2.5),
(3.3), (3.3) we pel

o(9.7) =57 [ atertve(o+ 3 )o(9-3)
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Quantum Equations of Motion

In the classical case the eguations of motion
connecting the action I and the phase ¢ over a
single kick for f(¢)=cos2¢ have the form (see
(3.2))

oo, =1 +2esing,
q}rr1=‘q}:+?TIrl1=

with the phase and the action changing conlinu-
ously.

We introduce formally the following transfor-
mations;

e
"**‘_P’JF{TS"’”’}JM" (6.2)

Fear =%+ 1Thp, .,

where {...},,, denotes an integer part; p, changes
discretely ( p=10, +1,...); 4p, is a2 quasirandom
function taking discrete values and distributed by
the law W{Ap). It iz easily seen that when we
choose the function W{4 p,) in the form

w(ap) =5 [ a
X exp [—ifdp, - iE{ %‘4 sinz.p,}_
+i-2f- siniap,sinﬁ], {6.3)

&gs. (6.2) lead to the law of the evolution of the
distribution function coinciding with the equation
for the evolution of the Wigner function p,(¢, p)
for the quantum rotator (3.9), (3.11), In fact, using

the transformations (6.2) the equation for the dis-
tribution function D{¢, p) in the general case
may be put down

Dl p)= E wW(ap')
Ap' = =g

= .
JEp> Ld""%W{?mw}ﬂmm

==

x3( g+ yThp — 'F]-Dr{@’+P')}

Fig. 2. The diffusion law for transformations (7.12).
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Quantum Trajectories

mfEmuh T S T pe

Yo 3 n‘-_g ¥ o ® -|='|l'...i-r_

ot s L ke
T - " ! '

A L o

’ ¥ :—l_' e ": " g I.I:I_ E 4
b rl-lu'n'.it s = —_um;:' ‘:'l""!:i-. _?"l-
r 9 e
. p a ) c

2t

Fig. 2. Numerical data for the mapping (3.1). Figures show trajectories on a torus of g = [
particles “starting” from the bottom line, Values of parameters ¢ = 10/101, ¢, = (L0, {a) 2x = 5.0,
(b) 2k = 1000, () Zx = 20,00, In (a) all trajectories have the value J =0 {J is the number of rotations
around torus along the axis of action); in (b) six particles have J = =1; in (¢) four have J = =1,
fourteen J = =2, two J = T3,
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Numerical Results on Quantum Diffusion

da=ii

/ 1. Quantum chaos and peculiarities of diffusion in Wigner
representation. BERMAN, GP; KOLOVSKY, AR;
IZRAILEV, FM; Physica A; 1988; vol.152, no.1-2, p.273-86.

3:50
|
|-

Dynamics of classically chaotic quantum systems in Wigner

B .
P representation. Berman, GP; Kolovsky, AR; Physica D, 1985;
el 7 vol.17D, no.2, p.183-97.
: £ __‘éié“—’” 3. Quantum chaos in the Wigner representation.

Berman, GP; Kolovskii, AR; Izrailev, FM; lomin, AM
Source: Chaos; 1991; vol.1, no.2, p.220-3

2 3%0

__.__._._..___L_____|
e
R
n
&

491550
t
)

Fig. 3. Increase of the mean energy up to time =200 for classical rotator (curves A), classical
model of quantum stochasticity (curves B) and quantum rotator (curves C). Numbers in figure
show the scale of £, along the vertcal axis.
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Decoherence in Spin Systems (by G.M. Palma et al.
Proc. R. Soc. Lond. A 452 (1996) 567)

MODEL
H = —hw,I, + zq;hwq(agaq +1/2) +hI, X(gea! + g} a,)
q
Commutation relations

LIt =311, LI =31 )

‘i T
[aq,a}] = Ugq.¢» [Ii'a I__l] = jfijkiﬂ:

Transformation to Interaction Reprosentation
with H

Uiy = ewLizt=iZ hwqlahag+1/2)
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Schradinger equation in Interaction
Representation

Vi = UintWins
OV,
aznt = U:Lthfz %(gqﬂ.!- + ggﬂq)Uint‘I’int =
hiI, Z(gqa;ei”‘?t + g;aqe'*”ﬂt)\lfint
q

The relations were used

ih

t {
Bfﬂqﬂqa;e—fﬂﬂﬂq — a*qe*f

t t
e*%%g.e™t%% = gle~¢
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Solution of the Schrédinger equation L&
Wim(t) - U(t)"pint(ﬂ) = f‘le—ﬁ J§ Hing(7)dr =-t-
e~k Hint(tn) Ot o= Hint(tn-1)8¢  ,—f Hiy (t)aty, . (0)
ti=iAt, i=1,...n

Commutator
ih?

[H"ﬂt(tm)a Hint(tk)] = —7

Two exponents can be combined

e_%Hint(fm}ﬂte—%ﬂint(tk)ﬁf —

% l9q|2 sin wy(tm — ti)

o2 T4 lgg|? sin wy(tm—te) o — § Hint (tm) At~ § Hine (t1) At
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The relation was used
eA+B _ o—3}AB] A B
Evolution operator
U(t) = el ¥ q(9qala (£)—ggaqn; (t))

1 — et

n(t) =
2w,
Initial wave function of “spin+thermal bath”
%(0)) = [¥9(0)) ® | 1) + [V (0)) ® | )
Solution of the Schrodinger equation
¥(2) = U(¥)|¥(0)) =
BEq(ﬂqaﬁm(t)-y;ﬂqn;{t}}|wg})(g)> |+

o~ Edonem 554D 0)) @ | )
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Density matrix
= W) (V)| =
eZa(9aalma(®)=95aq75 1) {11 (0) | 1 (4 |~ Telsoata(t)-gjaqny(®)
e Zq{gannq(t)-y;’ﬂqna (t)) #,2)(0)@ N |EEq(yqa$’?q(t}—9$ﬂqﬂ${t}}+
eZa(9a0ma(0)-93aa75 (1) 1D (0V@ | 1)({, |eTalseakalt)giagn (1) |
¢~ Tal9004mq(t)—g5aqng (1)) P (1 0)®| )1 |e” ¥ q(9galma(t)-g3aqm5 (1))
pr”(0) = [¥7(0)) (99 (0)

Time-evolution of non-diagonal density matrix
component

P = Tr{ezcigﬂ“v’k(*)‘ﬂqﬂeﬂq(m o) (0) e Zale0ina(®)- 95047 i) =

T?'{ (1, 2182&[53@%%{1)—93%&;{#))}
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We use the relation
€2 Ta(%aing(t)-95aqng(®) — 2loqne(®)? ,—2050qm(t) 29gabmg(t)

Non-diagonal density matrix
Prie) = e2lgqﬂq(t}I2Tr{622qﬂqﬂzﬂq(t) pg}ﬂ}(o)e—ﬁZq(g;aqn;{t]}
Calculation of the trace in coherent states

aglay) = aglag)
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Initial eondition for thermal bath
t
B0 = pr0) = [ (1~ ¢ Fo¥)e ToF"

Calculation of trace

0P 11 (1 e 5H)

=e
P1i(t) !

o
= = / dz |e?9qaqnq(t} M—kq—ﬁﬂe~2y&‘aqn;(f) |a,)

Calculatlon of integral J

t
J = l / d?oe292"n(t)-2g%an*(t) <a|ﬁ‘—k—a’wﬂ )
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We use relations

a'aln) = njn)

hwga!a 20 el 00 m
- Sk Wit £

R B imye-le2 @ _ R - _aple™
e "B {an)e —_— = e *Ble —_
ﬂgﬂ ( I > \/1'? ng_::ﬂ \/1?

e_larﬂ(l_e-—hwfffﬂr)
Integral J takes the form

J = % f dzaezga*”{”‘zg'm?'(t)-!nlz(l—e‘“”fKBT)



2
q

fdk log* (1 — coswyt) coth(fiwy/kpT) =
k

— cos wt)
w2

[ oS G(w)lge) P

where

coth(hw/kpT)

dk = %G(w)w
G(w) is the density of modes at frequency w
Usually made assumption
2 Gw)lglw) ~ wre
Assumption made in G. Massimo et al.
w) ~ Vw (as in quantum optical systems)

One dimensional case

— coswt) hw
o T

Gw)=const,n=1, '~ fdwe‘”/“’“(l

Three dimensional case

Glw)~w?, n=3 T~ fdwwe wwe(]— coswt)cothzz T
B
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Change of variables
B = 1/1 — e Mw/kgTy B* = \/1 — e hw/keT o*
Integral takes the form

1
(1 — B—ﬁwkaT) X

l f dQﬁezgn(tJ.a*{‘m_zgﬁq*(t)ﬁfm._ Iﬂlz
™

We use (P.Caruthers and M. Nieto, Rev. Mod
Phys., 40 (1968) 411)

_ [R5 = f(e)

J=

where

29’?(*) ") = 2en®)8* V1= TS

Finally

J= : o~ dln(t)2/(1-e~M/k8T)
(1 — e—hw,kaT)

Non-diagonal density matrix component

2 % 0q7a (8)/2—Eq Al9qra ()12 (1—¢ /48T )

pri(t) = e
e~ 2 Zq |2qng(t)[? coth(huwg/2k5T) =T 101



Problems with spin quantum computer

H=> wylalag+1/2)+ 3 1.3 (Agal + he) + V.
4 j q

Hini(t) = exp(iHot ) H; exp(—iHot).

exp(éa’a)al exp(—£ala) = ale®, exp(fala)aexp(—£Lala) = ae ",

[

. ot
[ — Tc:-:p{ — E./ ‘Hmflf’rjd’r}. gATE _ —lABl/2 A B
Jo

e

) AT? o . rt ,
U= 11 ‘T‘KI}{ - [’Himnfmy‘mmam]} c:{p{ — i /D Hinr'l"")d""}-

mo=k 2

2

[Hznrlrm,' Hmrwk (Z I; ,) Z |}'l-:;r|E -‘“in';'«'q[fm — f;.-:l.

U= ] expliAr® (3 1.)* Y Mgl sinwg(te —ti) } xexp{2) " L. Y (Agny(t)al —h.c.).
i q i q

1 — expliw,t)

Tg(t) =

i '..L-"q
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= (To/D z Upe(0)|n)(n'|U. pe(0) = [ [1 — exp(—w,/T)] exp [—{wq.f"T‘,'la.la.q] ,
q

n.n

(To/ DY o o) o

P = Tr{ I exp[—iAT*[Z(n ZM | sin wglty —tr)] xexp[2L.(n) Y (Agng(t)al —h.c.)]pe(0)
mz=k q
(22)
% [T expiATI2(n) 3 (AP sinwy (i — )] % exp[—2L(n") Y (Agng(t)al — h.c)]}.
mk q q

pi™ = explia(t)[I2(n) — I2(n)]} x exp{—=73(t)[L.(n) — L(n")]*},
where
t t
=AY S AP sinwylt, — ) = 3 (A fﬁ dt’ ﬁ dt" sinw, (1’ — ") =
m>=k d q

I)‘t |2

2.

— sinw,t),

—QZM Nq(t)]? coth(w,/2T).
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Decoherence of a single qubit

NATIONAL LABORATORY

Palma, Suominen & Ekert, P.Roy.Soc.Lond., A,_

- - ~ 1 =~ D A ~ * N
Hamiltonian: H = wd, +> by +6, > (9¢bg +gcby)
k k

Initial condition:

p(0)= p* ORI (0)

1

Solution: () =" o (0)

1- cos ot

r(t) o« | dw—G(w)|g(w)| @+ 2n(@)r)

'

"quiet"

08 | regime aco" exp(-o/ o)

0.6 r

e T | quantum

regime

Time is in units T7.

thermal n:]. and G)C /T — 100

regime

0.4 -

0.2

O T B AT Lo L Lo L Ll L
0.0001 0.001 0.01 0.1 1 10 100 105
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