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W e consider a regular chain of quantum particles with nearest neighbor interactions in a canonical
state with temperature T. W e analyze the conditions under which the state factors into a product of
canonical density matrices with respect to groups of n particles each and under which these groups have
the same temperature T. In quantum mechanics the minimum group size nmin depends on the
temperature T, contrary to the classical case. W e apply our analysis to a harmonic chain and find
that nmin � const for temperatures above the Debye temperature and nmin / T�3 below.
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Recent progress in the synthesis and processing of
materials with structures on nanometer length scales
calls for better understanding of thermal properties of
nanoscale devices, individual nanostructures, and nano-
structured materials. Experimental techniques have
improved to such an extent that the measurement of
thermodynamic quantities like temperature with a spatial
resolution on the nanometer scale seems within reach [1–
4]. T hese techniques have already been applied for a new
type of scanning microscopy, using a temperature sensor
[5] that shows resolutions below 100 nm.

T o provide a basis for the interpretation of present day
and future experiments in this field, it is indispensable to
clarify the applicability of the concepts of thermodynam-
ics to systems on small length scales. In this context, one
question appears to be particularly important and inter-
esting: Can temperature be meaningfully defined on
nanometer length scales?

T he standard procedure to show that the thermody-
namical limit, and therefore temperature, exists is based
on the idea that, as the spatial extension increases, the
surface of a region in space grows slower than its volume
[6]. If the coupling potential is short ranged enough, the
interactions between one region and another become neg-
ligible in the limit of infinite size.

However, the full scaling behavior of these interactions
with respect to the size of the parts has, to our knowl-
edge, not been studied in detail yet [7–9].

For standard applications of thermodynamics this
might not be very important since the number of particles
is typically so large that deviations from infinite systems
may safely be neglected. Nevertheless, these differences
could become significant as the considered systems ap-
proach nanoscopic scales. Here it is of special interest to
determine the ‘‘grain size’’ needed to ensure the existence
of local temperature.

Since a quantum description becomes imperative at
nanoscopic scales, the following approach appears to be
reasonable: Consider a large quantum system, brought
into a thermal state via interaction with its environment,

divide this system into subgroups, and analyze for what
subgroup size the concept of temperature is applicable.

W e adopt here the convention that a local temperature
exists if the considered part of the system is in a canoni-
cal state; i.e., the distribution is an exponentially de-
caying function of energy characterized by one single
parameter. T his implies that there is a one-to-one map-
ping between temperature and the expectation values of
those observables, by which temperature is usually mea-
sured. After proper calibration, such measurements thus
all yield the same temperature, contrary to distributions
with several parameters. If the distribution were not ex-
ponentially decaying, physical quantities like energy
would not have ‘‘sharp’’ values.

Our results are thus obtained from calculations with
canonical ensembles. Approaches based on different en-
sembles (e.g., microcanonical ones), which are being dis-
cussed [10], may yield significantly different results.

In this Letter we study a chain of identical particles
with next neighbor interactions which decomposes into
NG identical subgroups of n particles each. Assuming that
the total system is in a thermal (canonical) state, we
derive conditions on the interaction strength between
the groups and the global temperature which ensure that
the state of each group is approximately canonical.
Finally, we apply these conditions to a harmonic chain
and calculate the minimal group size nmin, which is found
to depend on the global temperature and the desired
accuracy of the local thermodynamical description.

W e start by defining the Hamiltonian of our chain in
the form

H �
X

i

Hi with Hi �
p2
i

2m
�U�qi� � V�qi; qi�1�; (1)

where the index i labels the particles of mass m, and qi
and pi are their positions and momenta, respectively. W e
assume periodic boundary conditions.

W e now form NG groups of n subsystems each [index
i ! �� 1�n� j; � 1; ...; NG; j � 1; ...; n] and split
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