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Contents of the course

l Introduction of Continuum Mechanics and Biomechanics

l Fluid models applied to blood flow

l Hyperalistic models for skeletal muscle tissue
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Fluid dynamics - Elasticity

Fluid:

“a substance, as a liquid or gas, that is capable of flowing and
that changes its shape at a steady rate when acted upon by a
force tending to change its shape”

Solid:

“a body or object having three dimensions (length, breadth, and
thickness)”
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Biomechanics

Study of the motion of biological fluids and structures in any contents.

l Blood circulation

l Cardiovascular System

l Air flow in the respiratory system

l Flow in the eye

l Muscle and tendon tissue
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What is Biomechanics useful for?

l Pure physiology: understanding how animals, and in particular
humans, work.

l Pathophysiology: understanding why they might go wrong. In other
words understanding the origins and development of diseases.

l Diagnosis: recognising diseases from possibly non-traumatic
measurements.

l Cure: providing support to surgery and to the design of prosthetic
devices.



Peculiarities of physiological fluid flows

Thomas Young (1808):

“The mechanical motions, which take place in animal body, are
regulated by the same general laws as the motion of inanimate
bodies . . . and it is obvious that the enquiry, in what matter and
in what degree, the circulation of the blood depends on the
muscular and elastic powers of the heart and of the arteries, . . . ,
must become simply a question belonging to the most refined
departments of the theory of hydraulics.”



Peculiarities of physiological fluid flows

There are some key features which characterise physiological flows.

l Pulsatility: In most cases physiological flows are highly unsteady and
are often pulsatile (e.g. flow in the systemic arteries or in the
respiratory system . . . ).

l Complex geometries: Typically physiological flows take place in very
complex geometries. In order to study the problems by analytical
means it is therefore necessary to idealise the geometry in a suitable
manner. It is a research challenge of recent years to perform
numerical simulations on real geometries.

l Deformability: Not only the geometry of the flow domain might be
complex but it also often varies in time. This typically induces great
complication in the mathematical analysis. Often the problem to be
solved is effectively a solid-fluid interaction.

l Low Reynolds number flows: In many cases of physiological
interest (but by no means always) the Reynolds number of the flow is
fairly low and this allows simplifying the equations.





Cardiovascular system

The circulatory system permits blood
to circulate and transport nutrients
(such as amino acids and
electrolytes), oxygen, carbon dioxide,
hormones, and blood cells to and
from the cells in the body to provide
nourishment and help in fighting
diseases, stabilize temperature and
pH, and maintain homeostasis.



Important data

Vessel number diam [cm] cross sec-
tional area
[cm2]

wall thickness
[cm]

mean pres-
sure [KPa]

mean veloc-
ity [cm s−1]

Aorta 1 3 7 2×10−1 12.5 12

Arteries 8×103 10−1 8×10−3 10−1 12 45

Arterioles 107 5×10−3 2×10−5 2×10−3 7 5

Capillaries 1010 8×10−4 5×10−7 10−4 3 0.1

Venules 4×107 10−2 7.9×10−5 2×10−4 1.5 2

Veins 8×103 1.8×10−1 10−1 5×10−2 1 10

Vena cava 2 3 6 1.5×10−1 0.5 14



Blood composition

Blood is a suspension of

l erythrocytes (RBCs, ∼ 2 − 8µm (volume 200µm3))

l leukocytes (WBCs)

l cells and platelets



Blood composition

Plasma: 90-92% water + proteins, ions, organic salts.





In the heart and large vessel, the scales of motion are so large (with
respect to cell size) that blood is a homogeneous fluid.



Elasticity - Fluid dynamics

Elasticity: heart, veins,
(skeletal muscle, . . . )

Fluid dynamics: blood, (air,
aqueous humour, . . . )



Tissue

TISSUE: collection of elastic cells (or passive, or contractile)
looking at the collective behavior individual cells are not relevant and the
tissue is more like a continuous material that deforms when a stress is
applied (vessel that deforms because of blood pressure)



Skeletal muscle hierarchy



From the mathematical point of view (Eulerian)

dρ

dt
+ ρ div v = 0 (1)

ρ
dv

dt
= ρb + div T (2)

T is symmetric (3)



From the mathematical point of view (Lagrangian)

ρ det F − ρ0 = 0 (4)

ρ0
∂2u

∂t2
= ρ0B + Div P (5)

PFT is symmetric (6)



Newtonian incompressible fluid

T = −pI + 2µD ; (7)

D =
1

2
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∂v
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)′]
.

A Newtonian liquid is a fluid in which the viscous stresses arising from its
flow, at every point, are linearly proportional to the local strain rate: the
constant of proportionality is called viscosity.

The viscosity of a fluid expresses its resistance to shearing flows.
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Newtonian incompressible fluid

Shear rate: γ̇ := 2D
Shear stress (viscosity tensor): τ := T + pI =: V



But . . .



Non-Newtonian blood behavior/1
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Non-Newtonian effects

Thixotropy: due to the finite time required for the formation and
breakdown of the rouleaux. It is a function of shear rate.

Yield-Stress: some experiments show that blood can resist shear,
behaving rigidly, until a critical level of stress is reached (the yield stress).
Above this value blood appears to flow like a fluid.



Non-Newtonian phenomena/1
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Non-Newtonian phenomena/3



Very special behavior



Turbolence/1



Turbolence/2


