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Configuration of a continuous body
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Figure: Configuration of a continuous body

We identify a continuous body as a region of Euclidean space. At time t =
C* the configuration of the body and let C the configuration at time t:

X= (Xl,X27X3) X = (X1,X2,X3).




The vectorial function
x=x(X;t) <<= x=x(X,X,X3,t), =123

permits to reconstruct the configuration at time t from the one at t = 0. The
linear operator

ox Bx,-
F=_-g = lFial: Fia =
ox — IFnl AT 0Xa
is called deformation gradient(Jacobian matrix).
We need
J=detF#0 VXe Vt>0.
As for t =0
x(X,0)=X = F(X,0)=1
we have

and therefore

()

3)




Deformation Tensors

o

- 6X,'

dx; = 9Xa dXs, ie. dx=FdX. (4)
|dx|2 =dx- dx=F dX- FdX =F'F dX-dX (5)
Let ox 8
C=FFesmm® Cap=—ar 20
€ Sym AB XA 0X5' (6)
we have

|dx|? = C dX-dX = |dX|* + 2E dX-dX.
with




In the case of rigid transformation E=0 and C = I.

Therefore E is called deformation tensor of GREEN -SAINT VENANT, while C is
called the right deformation tensor of CAUCHY-GREEN.

We recall the so called polar theorem:

F = RU, 9)

with
Rc ®Rot and Uc€ sym", suchthat U?=F'F=C. (10)

Therefore

u=+C.




Deformation Coefficients
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Figure: linear dilatation

| — dI*
Oy~ = d d/*d =+Cu,- -u, — 1 (11)
dl = dI*+y/C u, - u, (12)

In particular

6=vVC1—-1=+1+2E;-1
bo=vVCon—1=+14+2E» —1
03 =+/C33—1=+/1+4+2EF3 — 1.




Figure: Angles deformation
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cos By = G2 - 2Er

BT CuvGCn I+ 2EnI+ 2Ex
cos B3 = G — 2E13

BT VCivGs  VI+2EnyI+ 265

C23 2E23

cos b3 =

VCiV/Csz 1+ 2Eny1+2Es;

(14)




Figure: Superficial Deformation
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In a rigid motion F = R e C = | and therefore n = Rn* and éx = 0. e




Figure: Volume Dilatation

_dV —dv

ov dv*

= J-1 (17)

Therefore a body is Incompressible if and only if




Figure: Different kind of Forces.

o Body forces or mass forces: FdV = b dm, (F = pb).
o Superficial forces: f d¥.

o Contact forces: t, do, t, is the specific stress in the n-direction
(t_p = —t,).




Theorem (Cauchy)

For any unit vector n = (ny, nz, n3)
t, =tim +tony +t3ns (19)

where t; (i = 1,2,3) are the specific stress in the axis directions n = e; .




Proof:

R(®)=0.

R(e):/ de+/ t,do = 0.
AV Ao

F(P)AV +t,(P)Ac — t1(Py)Acy — ta(Py)Acy — t3(Ps)Acs =0

AV:%; Ao = niAc

with h the height of the tetrahedron, and then the (21) becomes:

h

F(P)3

+ tn(ﬁ) — tl(l51)n1 — tz(:E)g)ng — t3(I53)n3 =0

when h — 0 the theorem is proved.

(22)




Let
t1 = (tin, tio, t13),  t2 = (to1, o, to3), 3 = (31, t30, t33).

We define the CAUCHY - stress tensor:

tin tar 3
t= tip tn t32 )
ti3 to3 t33

and we have

t,=tn. (23)




Mass Balance

Figure: Mass Conservation

m:/pdV — p*dV*:/pdV, - p=—
c c* c J

Lagrangian point of view. But

dJ . dp .
E—Jdlvv e E—l—pleV— 0,
Op | Opvi 0

ot ox;

Eulerlan point of view.




Momentum Equation

R(®) = / FdV + / t,do = 0. (25)
N Ac
INY Ao
For Gauss-Green theorem:
Otj;
/ (E+ J)dvza (27)
AV Ox;
then under regularity assumptions
L WP e V.

Ix;




Angular Momentum

The angular momentum in equilibrium:

M(g’z/ x/\FdV+/ X At,do =0,
AV Ao

/ EilmX1Fm dV+/ EimXitmkNi do = 0.
AV Ao

Using the Gauss-Green Theorem

0
/ EilmX1Fm dV + -— (X/tmk)f:‘,'/m dvV =0,
AV Av Oxk
Otm
EilmX| (Fm + 8Xk) + Eimtm = 0 VP e V.
k

then
Eilmtml = 07 I= 17273

then we obtain the symmetry of the stress tensor:

3 =1t ; t3n =ti3,; tip=1tn




In the dynamical case using the D'Alembert Principle the momentum equation
becomes: d 9
% tjj .
- =F;, =1,2,3), 29
-Gl =F (=123) (29)

where
d 0

— = — 4y —
dt ot | Fox
denotes the material derivative. Combining with mass conservation we obtain the
momentum balance equation in the form:

dp

Vi
J + (pv,-vj — l',j) = pbj. (30)

ot Ox;




General Balance Laws

The previous balance equations

dp  Opv;
E + 8X,'

=0 (Mass Conservation)
% + % (pviv; — tj) = pb;  (Balance of Momentum )

are particular case of a general balance law:

i/ \udvz—/¢,-n,-d>:+/ fdV/ (32)
dt Jv b v

Using the so called Transport theorem

i vdVv :/ <d\U + \Udivv> dv,
dt Jy v\ dt




/ (der\Udivv) dv + 0% dV:/ fdV.
Vv dt Vv 8x,~ Vv

v o
ot 0x;

For example the conservation of mass is obtained when

(\UV,' + ‘D,’) =f.

V=p, & =0 f=0

while if
\U:p\/j7 q),':—t,'j7 f:pbj 02172,3)

we obtain the momentum equation.

(34)

(35)
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