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1 Introduction

1.1 General overview

Let Q be a bounded domain in RY, N > 2, with Lipschitz boundary 0Q. Recently, much attention has been
paid to the semi-linear problem

{ (-AYu=f(xu) inQ, (11

u=0 inRY\ Q,

from the point of view of existence, nonexistence and regularity, where f is a Carathéodory function satisfying
suitable growth conditions. Several existence results via variational methods are proved in a series of papers
of Servadei and Valdinoci [41-43, 45] (see also lannizzotto and Squassina [21] for the special cases = 1/2, p = 2
and N = 1, with exponential nonlinearity). The issues of regularity and non-existence of solutions are exam-
ined by Caffarelli and Silvestre [7], Ros Oton and Serra [38-40]. The corresponding equation in RY is studied
by Cabré and Sire [4, 5]. Although the fractional Laplacian operator (—A)°, and more generally pseudodiffer-
ential operators, have been a classical topic in harmonic analysis and partial differential equations for a long
time, the interest in such operators has constantly increased during the last few years. Nonlocal operators
such as (-A)® naturally arise in continuum mechanics, phase transition phenomena, population dynamics
and game theory, see e.g. Caffarelli [6] and the references therein. In the works of Metzler and Klafter [29, 30],
the description of anomalous diffusion via fractional dynamics is investigated and various fractional partial
differential equations are derived from Lévy random walk models, extending Brownian walk models in
a natural way. In particular, in the paper of Laskin [23] a fractional Schrédinger equation was obtained,
which extends to a Lévy framework the classical result that path integral over Brownian trajectories leads
to the Schrédinger equation. Fractional operators are also involved in financial mathematics, since Lévy
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processes with jumps revealed as more appropriate models of stock pricing, compared to the Brownian ones
used in the celebrated Black and Scholes option pricing model (see Applebaum [1]).

Very recently, a new nonlocal and nonlinear operator was considered, namely for p € (1,00), s € (0,1)
and u smooth enough

[u(x) = u(y)P (u(x) - u(y))

N
e — 1V dy, xeR", (1.2)

s _ .
(—A)P u(x) = 2181{1(} J
RN\B, (x)

consistent, up to some normalization constant depending upon N and s, with the linear fractional Laplacian
(-A)* in the case p = 2. For the motivations that lead to the study of such operators, we refer the reader again
to the review paper [6]. This operator, known as the fractional p-Laplacian, leads naturally to the study of the
quasi-linear problem

{ (-A)u=fxu) inQ, (1.3)

u=0 inRY \ Q.

One typical feature of the aforementioned operators is the nonlocality, in the sense that the value of (—A);u(x)
at any point x € O depends not only on the values of u on the whole Q, but actually on the whole R", since
u(x) represents the expected value of a random variable tied to a process randomly jumping arbitrarily far
from the point x. While in the classical case, by the continuity properties of the Brownian motion, at the exit
time from Q one necessarily is on 0Q), due to the jumping nature of the process, at the exit time one could end
up anywhere outside Q. In this sense, the natural non-homogeneous Dirichlet boundary condition consists
in assigning the values of u in R \ Q rather than merely on 9. Then, it is reasonable to search for solution in
the space of functions u € W*?(RY) vanishing on the outside of Q2. It should be pointed out that, in a bounded
domain, this is not the only possible way of providing a formulation of the problem.

In the works of Franzina and Palatucci [16] and of Lindgren and Linqvist [25], the eigenvalue problem
associated with (—A);u is studied, and particularly some properties of the first eigenvalue and of the higher
order (variational) eigenvalues are obtained. Then, Iannizzotto and Squassina [22] obtained some Weyl-type
estimates for the asymptotic behavior of variational eigenvalues A; defined by a suitable cohomological
index. From the point of view of regularity theory, some results can be found in [25] even though that work
is most focused on the case where p is large and the solutions inherit some regularity directly from the func-
tional embeddings themselves. More recently Di Castro, Kuusi and Palatucci [13] and Brasco and Franzina [3]
obtained relevant results about the local boundedness and Holder continuity for the solutions to the prob-
lem of finding (s, p)-harmonic functions u, that is (—A);u =0in Qwithu = gon RY \ Q, for some function 9,
providing an extension of results by De Giorgi—Nash—Moser to the nonlocal nonlinear framework. Finally,
in the work of Bjorland, Caffarelli and Figalli [2], some higher regularity is obtained when s gets close
to 1, by showing that the solutions converge to the solutions with the p-Laplace operator div(|Vu|? *Vu)
whenever s — 1.

1.2 Plan of the paper

In the present paper, we aim at establishing existence and (finite) multiplicity of the weak solutions to (1.3)

by making use of advanced tools of Morse theory. The contents of the paper are as follows:

o In Section 2, we introduce some preliminary notions and notations and set the functional framework
of the problem. More precisely, in Section 2.1 we establish the variational setting for problem (1.3), in
Section 2.2 we recall some basic features about the variational eigenvalues of the operator (—A); and
related topics, and in Section 2.3 we introduce critical groups and some related notions.

o In Section 3 we establish a priori L*°-bounds for the solutions of problem (1.3) under suitable growth
conditions on the nonlinearity. These regularity results are used also in the existence theorems proved in
the subsequent sections. To our knowledge, L*°-bounds were previously obtained only for the eigenvalue
problem (—A);u = AMulP~%u, see [16]. The main result of this section is Theorem 3.1.
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« InSection 4, we deal with the p-superlinear case, namely f(x,t) = A|t|?~*t + g(x, t), with g(x, - ) vanishing
at zero, proving via Morse-theoretical methods the existence of non-zero solutions for all values of the
real parameter A. The main result of this section is Theorem 4.1.

« In Section 5, we deal with the coercive case, including the case when f(x,-) is p-sublinear at infinity,
proving via truncations the existence of a positive solution u, and of a negative solution u_ and the com-
putation of critical groups at zero yields the existence of a third non-zero solution. The main result of this
section is Theorem 5.3.

« In Section 6, we deal with the asymptotically p-linear case, namely f(x,t) = MelP™2 + g(x,t) with g(x, -)
vanishing at infinity, proving some existence results via the computation of critical groups at infinity and
a multiplicity result, for A large enough, via the Mountain Pass Theorem. The main results of this section
are Theorems 6.1, 6.2 and 6.4.

« InSection 7, we discuss PohoZaev identity and consequent nonexistence results in star-shaped domains
(see Conjecture 7.2).

For a short introduction to fractional Sobolev spaces, we shall refer to the Hitchhiker’s guide of Di Nezza,

Palatucci and Valdinoci [14]. Concerning the Morse-theoretic apparatus, topological tools as well as exis-

tence and multiplicity results for the local case s = 1, we shall refer the reader to the monograph of Perera,

Agarwal and O’Regan [35], to the classical books by Chang [8], Mawhin and Willem [28], Milnor [32] and to

the references therein.

2 Preliminaries

In this preliminary section, for the reader’s convenience, we collect some basic results that will be used in the
forthcoming sections. In the following, for any functional ® and any Banach space (X, || - ||) we will denote

D ={ueX:Pu)<c (c € R),
Ep(uo) =lueX:lu-ull<pl (uyeX, p>0).

Moreover, in the proofs of our results, C will denote a positive constant (whose value may change case
by case).

2.1 Variational formulation of the problem

Let O ¢ RY be a bounded domain with smooth boundary 0Q, and forall 1 < v < co denote by | - ||, the norm
of LY(Q)). Moreover, let 0 < s < 1 < p < co be real numbers, and the fractional critical exponent be defined as

Np .
- {Nsp ifsp <N,

Ps .
%} ifsp>N.

First we introduce a variational setting for problem (1.3). The Gagliardo seminorm is defined for all measurable

function u : RNY — R by
1/p
|u(x) — u(y)I?
[uls, = ( J TN dxdy | .

RN
We define the fractional Sobolev space
WP(RM) = {u € LP(RY) : u measurable, [ul,, < oo},
endowed with the norm
lull,p = (lull + [w]?) .
For a detailed account on the properties of W#(RY) we refer the reader to [14]. We shall work in the closed

linear subspace
X(Q) = {u e WPMRY) : u(x) = 0a.e.inRY \ Q},
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which can be equivalently renormed by setting || - || = -], (see [14, Theorem 7.1]). It is readily seen that
(X(Q), |l - II) is a uniformly convex Banach space and that the embedding X(Q) — L"(Q) is continuous for
all 1 <v < p?, and compact for all 1 <v < p (see [14, Theorems 6.5, 7.1]). The dual space of (X(Q), | - |I) is
denoted by (X(Q)*, [ - I..)-

We rephrase variationally the fractional p-Laplacian as the nonlinear operator A : X(Q) — X(Q)" de-
fined for all u, v € X(Q) by

|ua(x) = u(P)IP 7 (lx) - u(y))(v(x) - v(y)) dx dy

|x _ y|N+sp

Ao = |

R2N

It can be seen that, if u is smooth enough, this definition coincides with that of (1.2). A (weak) solution of
problem (1.3) is a function u € X(Q) such that

(@) v) = j Fleuydx 21)
Q

forallv € X(Q).
Clearly, Ais odd, (p — 1)-homogeneous, and satisfies for all u € X(Q)

(A@w),uy = ul®, 1AW, < lul?™.
Since X(Q) is uniformly convex, by [35, Proposition 1.3], A satisfies the following compactness condition:

Condition (S). If (u,) is a sequence in X(Q) such that u,, — u in X(Q) and (A(w,,),u,, — u) — 0, thenu, - u
in X(Q).

Moreover, A is a potential operator, precisely A is the Gateaux derivative of the functional u — [|u[?/pin X(Q).
Thus, A satisfies all the structural assumptions of [35].
Now we introduce the minimal hypotheses on the reaction term of (1.3):

Hypothesis H,. The mapping f: QO x R — R is a Carathéodory mapping,

t
F(x,t) = Jf(x,r) dr forall (x,t) € Q xR,
0

and
|fGe )] < a(l+ ¢

ae.inQandforallt e R(a>0,1<r< p).

We set for all u € X(Q)
p
du) = — - jF(x, u) dx. 2.2

By Hypothesis H,, we have ® ¢ CY(X(£)). We denote by K(®) the set of all critical points of ®. If u € K(®),
then (2.1) holds for all v € X(Q), i.e., u is a weak solution of (1.3). We recall now the Palais—Smale (PS) and
the Cerami (C) compactness conditionsina setU < X:

Condition (PS). Every sequence (u,,) in U such that (®(u,)) is bounded in R and ®'(,,) — 0in X(Q)* admits
a convergent subsequence.

Condition (C). Everysequence (u,) in U such that (®(u,)) is bounded in Rand (1 + ||“n||)(D'(“n) — 0in X(Q)"
admits a convergent subsequence.

Such conditions hold for our ®, provided that the boundedness of the sequence is assumed:

Proposition 2.1. If Hypothesis H, holds, and every sequence (u,) in X(Q) such that ®'(u,) — 0 (respectively,
(1 + [lu, )@’ () — 0)in X(Q)* is bounded, then @ satisfies Condition (PS) (respectively, Condition (C)) in X(Q).
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Proof. We deal with (PS). Passing to a relabeled subsequence, we have u,, — u in X(Q), and u,, — uin L"(Q).
So we have for alln € N

Ay 1y — ] = (D () 10, — 1) + j £ 1) (1, — 1) dx
Q
< 10 ol b =l + [0+ il — il s
Q

< @' W)l I, = ull + CQA + I H)lw, - ull,,
and the latter tends to 0 as n — oo. So, by the (S)-property of A, we have u,, — uin X(Q). O

The following strong maximum principle (see [3, Theorem A.1], a consequence of [13, Lemma 1.3]) will be
useful in the proof of some of our results:

Proposition 2.2. Ifu € X(Q) \ {0} is such that u(x) > 0 a.e. in Q and
(A(u),v) >0

forallv € X(Q), v(x) > 0a.e.in Q, then u(x) > 0 a.e. in Q.

2.2 An eigenvalue problem

We consider the nonlinear eigenvalue problem

(=AY w=Au’?u inQ,
{ P (2.3)

u=0 onRY\ Q,

depending on the parameter A € R. If (2.3) admits a weak solution u € X(Q) \ {0}, then A is an eigenvalue and
u is a A-eigenfunction. The set of all eigenvalues is referred to as the spectrum of (—A)fD in X(Q) and denoted
by a(s, p). As in the classical case of the p-Laplacian, the structure of o(s, p) is not completely known yet, but
many properties have been detected by several authors, see for instance [16, 22, 25]. Here we recall only the
results that we will use in the forthcoming sections.

We already know from continuous embedding that the Rayleigh quotient

_ fluell?
= m —
weX(@\0} [lufl )

(2.4)

lies in (0, 00). The number A, plays an important role in the study of problem (2.3). We list below some spectral
properties of (—A);:

Proposition 2.3. The eigenvalues and eigenfunctions of (2.3) have the following properties:

(i) A, = mino(s, p) is an isolated point of o (s, p),

(i) all A,-eigenfunctions are proportional, and if u is a A,-eigenfunction, then either u(x) > 0 a.e. in Q or
u(x) <0a.e.inQ,

(iii) if A € a(s, p) \ {A,} and u is a A-eigenfunction, then u changes sign in Q,

(iv) all eigenfunctions are in L*°(Q),

(v) o(s, p) is a closed set.

We define a non-decreasing sequence (A,) of variational eigenvalues of (—A); by means of the cohomologi-
cal index. This type of construction was introduced for the p-Laplacian by Perera [34] (see also Perera and
Szulkin [37]), and it is slightly different from the traditional one, based on the Krasnoselskii genus (which
does not give the additional Morse-theoretical information that we need here).

We briefly recall the definition of Z,-cohomological index by Fadell and Rabinowitz [15]. For any closed,
symmetric subset M of a Banach space X, let M = M/Z, be the quotient space (in which u and —u are



106 —— A.lannizzotto et al., Fractional p-Laplacian problems DE GRUYTER

identified), and let ¢ : M — RP* be the classifying map of the space M, which induces a homomorphism
¢* : H*(RP®) — H*(M) of the Alexander-Spanier cohomology rings with coefficients in Z,. We may iden-
tify H™ (RP*°) with the polynomial ring Z,[w]. The cohomological index of M is then

0= suplk € N : ¢*(w¥) # 0} if M #0,
0 if M = 0.

Now let us come back to our case. We set for all u € X(Q)

(1 P 1
1 =2, 1) = 2 gy - L @)
p p J(u)
and define a C'-Finsler manifold by setting
M={ueX(Q):I(u) =1} (2.5)

Forall k € N, we denote by F, the family of all closed, symmetric subsets M of M such that i(M) > k, and set

A = N}Egk 3215 ¥ (u) (2.6)
(note that, for k = 1, (2.4) and (2.6) agree). For all k € N, A, turns out to be a critical value of the restricted
functional Y|, (which is even and satisfies (PS) by [35, Lemma 4.5]), hence, by the Lagrange multiplier rule,
an eigenvalue of (—A);. These eigenvalues have the following remarkable properties (see [35, Theorem 4.6]):

Proposition 2.4. The sequence (1) defined by (2.6) is non-decreasing and A, — oo as k — co. Moreover, for
all k € N we have
i{fueM:¥w) <A )) =i(fu e M:¥(u) < Aq}) =k

Remark 2.5. In [22] a different construction of the variational eigenvalues is performed. Such a construction
is equivalent to that described above, up to a point: precisely, one can easily see that, following the method
of [22], we obtain exactly the same sequence (1,), while it is not certain whether the topological property in
Proposition 2.4 holds, or not.

2.3 Critical groups

We recall the definition and some basic properties of critical groups, referring the reader to the monograph [35]
for a detailed account on the subject. Let X be a Banach space, ® € C*(X) be a functional satisfying (C), and
denote by K(®) the set of all critical points of ®. Let u € X be an isolated critical point of @, i.e., there exists
aneighborhood U of u such that K(®) N U = {u}, and ®(u) = c. Forall k € N, the k-th (cohomological) critical
group of ® at u is defined as

CH(@,u) = H* (@ nU, 0 nU \ {u}),

where H*(M, N) denotes again the Alexander-Spanier cohomology with coefficients in Z, for a topological
pair (M, N).

The definition above is well posed, since cohomology groups are invariant under excision, so C*(®, u)
does not depend on U. Moreover, critical groups are invariant under homotopies preserving isolatedness of
critical points (see Chang and Ghoussoub [9], Corvellec and Hantoute [11]).

Proposition 2.6. Let X be a Banach space, let u € X, and for all € [0,1] let ®, € C'(X) be a functional such
that u € K(®,). If there exists a closed neighborhood U c X of u such that

(i) @, satisfies (PS)inU forall T € [0,1],

(i) K(®,)NU ={u} forallt € [0,1],

(iii) the mapping t + @, is continuous between [0, 1] and C' (U),

then for all k € N, we have Ck(d>1, u) = Ck(d>0, u).

We recall some special cases in which the computation of critical groups is immediate (5, is the Kronecker
symbol).
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Proposition 2.7. Let X be a Banach space with dim(X) = oo, let ® € C'(X) be a functional satisfying (C), and
let u € K(®) be an isolated critical point of ®. The following hold:

(i) ifuis alocal minimizer of ®, then C*(®,u) = 8 o Z, for all k € N,,

(ii) ifuis a local maximizer of ®, then C*(®,u) = 0 for all k € N,.

If the set of critical values of @ is bounded below, we define for all k € IN,, the k-th critical group at infinity of ®

as
(@, 00) = H*(X, @),

where 5 < inf ¢ x(g) P(u). We recall the Morse identity:
Proposition 2.8. Let X be a Banach space and let ® € C'(X) be a functional satisfying (C) such that K(®)

is a finite set. Then, there exists a formal power series Q(t) = Y2, qktk (qr € N, for all k € N,) such that for
allt e R

Y Y rankCN@,w)t* = Y rank C*(®, 00)t* + (1 +HQH).
k=0 ueK(®) k=0

In the absence of a direct sum decomposition, one of the main technical tools that we use to compute the
critical groups of @ at zero is the notion of a cohomological local splitting introduced in [35], which is a variant
of the homological local linking of Perera [33]. The following slightly different form of this notion was given
in Degiovanni, Lancelotti and Perera [12].

Definition 2.9. A functional ® € C'(X) has a cohomological local splitting near 0 in dimension k € N if there
exist symmetric cones X, ¢ X with X, n X_ = {0} and p > 0 such that

@ iX_\{oh =i(X\ X,) =k,

(ii) ®(u) < ®(0)forallu € B,(0) N X_, and ®(u) > ®(0) forall u € B,(0) N X,.

In this case, we have the following result (see [12, Proposition 2.1]):

Proposition 2.10. If X is a Banach space and ® € C'(X) has a cohomological local splitting near 0 in dimen-
sion k € N, and 0 is an isolated critical point of ®, then Ck((D, 0) # 0.

3 L*-bounds on the weak solutions

In this section we will prove some a priori L*°-bounds on the weak solutions of problem (1.3). Similar bounds
were obtained before in some special cases, namely for linear, inhomogeneous fractional Laplacian equation
(see [44, Proposition 7]), and for the eigenvalue problem (2.3) (see [16, Theorem 3.2]). A fractional version
of De Giorgi’s iteration method was developed by Mingione [31]. Our hypothesis on the reaction term is the
following:

Hypothesis H;. The mapping f: Q x R — Ris a Carathéodory mapping satisfying a.e. in Q and for all t € R
[fCe )l < a(tl™" + 11,

forsomea >0,1<g<r<p;.

The main result of the section is the following:

Theorem 3.1. If Hypothesis H; holds with q < p < r satisfying

1+ 1 L L*
P
then there exist K > 0 and « > 1, only depending on s, p, Q, a, q, and r, such that, for every weak solution
u € X(Q) of (1.3), we have u € L*(Q) and

lulloe < K1+ ull?).
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Proof. Fix a weak solution u € X(Q) of (1.3) with u* # 0. We choose p > max{1, ||ull,'}, set v = (pllull,)"u, so
v e X(Q), |vl, = p_l, and v is a weak solution of the auxiliary problem

(=8), v = (plul,)' ™ f(x, pllul,v)  inQ, 6
v=0 onRM\ Q. '

Foralln e Nwesetv, = (v-1+27")*,sov, € X(Q),v, = v",and foralln € Nwehave0 < v,,,,(x) < v,(x) and
v,(x) = (v(x) — 1)" a.e. in Q as n — oco. Moreover, the following inclusion holds (up to a Lebesgue null set):

v, >0lc{o<v< @™ -Dylnfv,>27"". (3.2)
For all n € N we set R, = [lu,|l\, so Ry = [v*|l. < p™", and (R,) is a nonincreasing sequence in [0, 1]. We shall
prove that R, — 0asn — oo. By Holder’s inequality, the fractional Sobolev inequality (see [14, Theorem 6.5]),
(3.2), and Chebyshev’s inequality we have for alln € IN

2 T
-5 —r(n+1)y1- = =2 )1y 1o
Ry < WU > O 7 fluge, I, < Clop > 277 DY 757 o, 7 < cal i) R, * [,

So, what we need now is an estimate of ||v,,,[|. Using the elementary inequality
€ —n' P < E-nlP?E-nE -1") Enew),
testing (3.1) with v, ;, and applying also (3.2), we obtain
10,0117 < (A®), U,41)
J(pllullr)l’l’f(x,pllull,v)vnﬂ dx
Q
<C J ((Plul )T P11 + (pllull,) 1ol v,y dx
{v,41>0}
< C(pllul,) ™ j (@™ DT+ @~ 1) dx
{v,41>0}

q
< C2" Y ollul, ) PRy

Concatenating the inequalities above we have

r_ i

ﬁ 2 1+4- ¥
< U ) ) 5 RE

r

R

n+1

which rephrases as the recursive inequality

Ry < H'(plul,) 7 R, (33)
where H > 1and 0 < 8 < 1 only depend on the data of (1.3). Now we set y = B + r — */p > 0, and fix

p = max{1, ||u||;1,n‘v||u||57‘ )?}.
We prove that, provided p is big enough, foralln € N

R, < —, G.4)

=S

forn = HYE ¢ (0,1). We argue by induction. We already know that R, < p". Assuming that (3.4) holds for
some n € N, by (3.3) we have

Y'z_r
11_”)””< lall,” 0" _ ™!

’_2 —r
Ry < H'(pllul,) 7 (p, <

py+r - pr :

By (3.4) we have R, — 0. This, in turn, implies that v,(x) — 0 a.e. in Q, so v(x) < 1 a.e. in Q. An analogous
argument applies to —v, so we have v € L*(Q) and |lv||, < 1, hence u € L*(Q) and

+(§—r 1

T )
oo < pllal, = max{lul, L vl 77} < KL+ ul?),

for some K > 0 and « > 1 only depending on the data of (1.3). This concludes the proof. O



DE GRUYTER A. lannizzotto et al., Fractional p-Laplacian problems = 109

If, in Hypothesis H;, we assume g = p, then we can improve Theorem 3.1 in a twofold way: we may take
any r below the critical exponent, and the inequality relating the L°°-norms of solutions to the L"-norms is of
linear type.

Corollary 3.2. If Hypothesis H; holds with q = p < r < p;, then for all 0 < ¢ < 1 there exists a constant K > 0,
only depending on s, p, Q, a, and r, such that, for every weak solution u € X(Q) of (1.3) with |ul, < K, we have
u € L*°(Q) and

letll oo < K~ lu,.

Proof. Fix 0 < e < 1. Let u € X(Q) be a weak solution of (1.3) with u* # 0 and ||u|,, < e. We set v = £ 'u. Then,
veX(Q)and |lvll, < 1. Forallne Nwesetv,=(@w-1+ 27%* and R, = |lv,lI’. Reasoning as in the proof of
Theorem 3.1, we derive the following recursive inequality:

R,,, < H'R', (3.5)

n+1

forsome H > 1,0 < 8 < 1 depending only on the data of (1.3). Wesety = H"/# ¢ (0,1)and & = #'/#¢ € (0,¢).
If [|u]l, = &, then for all n € N we have

r

Rn < ?71” (3-6)
Indeed, clearly R, < 8"/¢". Moreover, if (3.6) holds for some n € N, then by (3.5) we have
S n>l+ﬁ & el

Rn+1 < H"(s—rn

_grl

By (3.6) we have R, — 0 as n — 00, S0 v(x) < 1 a.e. in Q. Reasoning in a similar way on -v, we get [lv|,, < 1,
hence
-1
lulloo < & =1 Fllul,.

We set K = 171//31". Letting ¢ span the interval (0, 1), we see that for every weak solution u € X(Q) of (1.3)
with [lull, < K we have u € L*(Q) and [ull,, < K "[lul,. 0O

4 p-superlinear case

In this section we study problem (1.3), rephrased as

(4.)

(A, u = Mul”u+ g(x,u) inQ,
u=0 onRM\ Q,

where A € R is a parameter and the hypotheses on the reaction term are the following:

Hypothesis H,. The mapping g: Q x R — Ris a Carathéodory mapping,

t
G(x,t) = jg(x, 7)dr,
0

and
(@) lgx,t) <a(l+[tI ") ae.inQandforallt e R(a>0,p<r<pl),
(i) 0 < puG(x,t) < g(x,t)ta.e.inQand forall [t| > R (u > p, R > 0),

(iii) lim,_,, % = 0 uniformly a.e. in Q.

Since g(x, -) does not necessarily vanish at infinity, Hypothesis H, classifies problem (4.1) as p-superlinear.
Besides, by Hypothesis H, (iii) we have g(x, 0) = 0 a.e. in Q, so (4.1) admits the zero solution for all A € R. By
means of Morse theory and the spectral properties of (-A) , we will prove the existence of a non-zero solution
for all A € R, requiring when necessary additional sign conditions on G(x, - ) near zero. Results of this type
were first proved for the p-Laplacian in [12] (see also Perera and Sim [36]).

The main result of this section is the following theorem.
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Theorem 4.1. If Hypothesis H, and one of the following hold:

@D Ae Ry,

(i) A € (A) and G(x,t) > 0 a.e. in Q and for all |¢t| < & (for some § > 0),
(iii) A € (A}) and G(x,t) < 0 a.e. in Q and for all |t| < § (for some & > 0),
then problem (4.1) admits a non-zero solution.

In the present case, the energy functional takes for all u € X(Q) the form

lull? My
p

O(u) = - JG(x, u) dx.

Q

Lemma 4.2. The functional ® € C'(X(Q)) satisfies Condition (PS). Moreover, there exists an n < 0 such that ®"
is contractible.

Proof. By Hypothesis H, (ii) we have a.e. in Q and forall t ¢ R
G(x,t) 2 Colt]* - C;  (C,,Cy > 0). (4.2)

Let (u,) be a sequence in X(Q) such that (®(u,)) is bounded in R and ®'(1,,) — 0 in X(Q)*. By (4.2) we have
foralln e N

N L LS SR Ap_ pjm _
(p 1) ) (d)(un),un)+2<P 1>||u,1||P+Q( -Gl ) g(x,un)un>dx

“v-p
2

< 10" ()L Nty | + CCL+ Nty 1 = 1),

A
< 10" ut ) Do | + 5(% =1 )l - B P+

hence (u,,) is bounded in X(Q). By Proposition 2.1, ® satisfies Condition (PS).
Now, fix u € X(Q) \ {0}. By (4.2) we have for all T > 0

Pl APl
o) < T AT o - 1,
p p #

and the latter tends to —oco as T — co. In particular, ® is unbounded below in X(Q). Moreover, by Hypo-
thesis H, (ii) we have
(@ (u), u) = pd(u) + J (pG(x, u) — g(x, u)u) dx < pd(u),
Q

so there exists an # < 0 such that for all u € ®" we have
(@' (w), u) < 0. (4.3)

By the considerations above, we see that, for all u € X(Q) \ {0}, there exists a unique 7(1) > 1 such that, for
all 7 € [1, 00),
>y ifl <7< 7(u),
O(tu) y=1n ifr = 7(u),
<n ifr> 7).
Moreover, by the Implicit Function Theorem and (4.3), the mapping 7 : X(Q) \ {0} — [1, co) is continuous. We
define a continuous deformation / : [0, 1] x (X(Q) \ {0}) — X(Q)\ {0} by setting for all (¢, u) € [0, 1] x X(Q) \ {0}

h(t,u) = (1 - Hu + tt(u).

It is immediately seen that ®" is a strong deformation retract of X(Q) \ {0}. Similarly, by radial retraction we
see that 0B, (0) is a deformation retract of X(Q) \ {0}, and 0B, (0) is contractible (as dim(X(Q)) = 00), so ®"
is contractible. O
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We need to compute the critical groups of ® at 0. With this aim in mind, we define for all = € [0, 1] a functional
®_ € C'(X(Q)) by setting for all u € X(Q)

A P
o,y < 1" _ Allp jG(x, (1 = ) + 76(w)) dx,
P

Q
where 8 € C'(R, [-6,8]) (6 > 0) is a non-decreasing mapping such that

tifj <,
o) = 2
+6 if+t>4.

Clearly, ®, = ®. Critical groups of ® and @, at 0 coincide:

Lemma 4.3. The point 0 is an isolated critical point of @, uniformly with respect to T € [0, 1], and
ck(@,0) = c*(@,,0)
forallk € N,.

Proof. For ¢ > 0 small enough, we have K(®) N EE(O) = {0}. We prove now that, taking & > 0 even smaller if
necessary, we have
K(®,) N B,(0) = {0} forallt € [0,1]. (4.4)

We argue by contradiction: assume that there exist sequences (z,) in [0, 1] and (u,) in X(Q) \ {0} such that
<D; (u,) =0foralln € N,and u,, — 0in X(Q). For alln € N, we set for all (x,#) € Q x R

g, t) = (1 =7, + 7,0'(£)) g(x, (1 — )t + T,0(1)),

where 0 € C'(R, [-§, 8]) is defined as above. By Hypothesis H, (i) and (iii), foralln € N, g, : @ x R — R is
a Carathéodory mapping and satisfies a.e. in Q and for all t € R

NP2t + g, ()] < a' (P + 1877,

for some a’' > 0 independent of n € N. Besides, for all n € N, u, is a weak solution of the auxiliary problem

(4.5)

(=AY, u = Aul”u+ g,(x,u) inQ,
u=0 inRY \ Q.

By Corollary 3.2, there exists a constant K > 0 (independent of n € IN) such that, for all weak solution u € X(Q)
of (4.5) with ||ull, < K we have u € L*(Q) with [lu]l,, < K™ "[ul,. By the continuous embedding X(Q) < L' (Q),
we have u, — 01in L"(Q), hence the same convergence takes place in L*(Q) as well. In particular, forn ¢ N
big enough we have u,, € ES(O) and |lu,ll, < /2, hence by definition of o, it is easily seen that

' (u,) = @, (u,) =0,

i.e., u, € K(®) N B,(0)\ {0}, a contradiction. So (4.4) is achieved.

For all 0 < 7 < 1 the functional ®, € C'(X(Q)) satisfies hypotheses analogous to Hypothesis H,, hence
by Lemma 4.2 @, satisfies (PS) in B,(0). Besides, clearly the mapping = — ®, is continuous in [0, 1]. So, by
Proposition 2.6 we have ck@,0) = C"((Dl, 0) for all k € IN,. O

We prove now that ® has a non-trivial critical group at zero for all A € R, under appropriate conditions.
We begin with ‘small’ A:

Lemma 4.4. If one of the following holds:

@H A<Ay,

(i) A=Ay, and G(x,t) < 0 a.e. in Q and for all |t| < & (for some § > 0),
then C*(®,0) = 0.0 Z, for allk € N,.
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Proof. By Hypothesis H, (iii), for all ¢ > 0 there exists some p > 0 such that a.e. in Q and for all |¢| < p
lgCx, )] < el

So, for all u € X(Q) we have by Hypothesis H, (i)

, el
< [ Pacs [ ol Yars =+ Clll
r

U; G(x,u) dx

{lul<p} {lul>p}

which, together with the continuous embeddings X(Q) — L*(Q), L"(Q) and by arbitrarity of ¢ > 0, yields

JG(x, ) dx = o(ul?)  as ul — 0. 4.6)
Q

Now we consider separately the two cases:
(i) By (4.6), we have for all u € X(Q)

P
@@= (1- %)—"‘2’ + olull?),
1

and the latter is positive for [lu| > 0 small enough, hence 0 is a strict local minimizer of ®. Thus, by
Lemma 2.7, for all k € N, we have C*(®,0) = O 0Z,.

(ii) By Lemma 4.3, we may pass to @, € C'(X(Q). For all u € X(Q) we have |6(u(x))| < 8 a.e. in Q, so

A

D, (u) > (1 1
1

)M _ JG(x,G(u)) dx > 0,
P Q

hence 0 is a local minimizer of ®,. Thus, by Lemmas 2.7 and 4.3, for all k € N, we have
C(®,0) = C*(®,,0) = & (Z,.
This concludes the proof. O
Now we consider ‘big’ A:

Lemma 4.5. If one of the following holds for some k € IN:

@ Ak <A <A

(i) Ap =A< Ay, and G(x, t) = 0 a.e. in Q and for all |t| < & (for some § > 0),
(iii) Ay < A = Ay, and G(x,t) < 0 a.e. in Q and for all |t| < § (for some & > 0),
then C*(®,0) # 0.

Proof. First we assume (i). Again, (4.6) holds. We prove that ® has a cohomological local splitting near 0 in
dimension k € N (see Definition 2.9). Set

X, = {u e X(Q) : ull? = M llullB}, X2 = {u € X(Q) : lull® < Alullb).

Clearly, X, are symmetric closed cones with X, n X_ = {0} (as A, < Ay,,). Defining the manifold M as in (2.5),
by Proposition 2.4 we have

iMnX_) =iMn (X(Q)\ X,)) =k
We define a mapping & : [0, 1] x (X_\ {0}) — (X_ \ {0}) by setting for all (¢,u) € [0,1] x (X_ \ {0})

1/p
htu) = (1 - u+ 22

flaell
It is easily seen that, by means of h, the set M n X_ is a deformation retract of X_ \ {0}, so we have
i(X_\{0}) = k.

Analogously we see that
iXQ)\X,) =k
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Now we prove that, for p > 0 small enough,

®(u) <0 forallue B,(0)nX_,

_ @.7)
O(u) >0 forallue BP(O) nx,.

Indeed, for allu € X_\ {0}, we have by (4.6)

A\l » .
cD(u)s(l—A) ool asul — 0,

k

and the latter is negative for ||u| > 0 small enough. Besides, for allu € X, \ {0}, we have

A )IIuIIP

) > (1= )5 wolul) as Jul - o,
p

k+1
and the latter is positive for ||u|| > 0 small enough. So (4.7) holds.

Now we apply Proposition 2.10 and conclude that C*(®, 0) # 0.

If we assume either (ii) or (iii), we can develop the same argument for @, (replacing one of the strict
inequalities A, < A < A;,, with the convenient sign condition on G(x,0(u(x))) a.e. in Q). Then we apply
Lemma 4.3 and obtain C¥(®, 0) = Ck(d)l, 0) # 0. O

Now we are ready to prove our main result:

Proof of Theorem 4.1. We argue by contradiction, assuming
K(®) = {0}. (4.8)

Let 7 < 0 be as in Lemma 4.2. Since there is no critical value for @ in [, 0) and @ satisfies (PS) in X(Q), by the
Second Deformation Theorem the set @” is a deformation retract of ®° \ {0}. Analogously, since there is no
critical value in (0, o), ®° is a deformation retract of X(Q). So we have for all k € N,

Cr(@,0) = H*(@°, @° \ {0}) = H*(X(Q), ®") = 0.

We can easily check that, in all cases (i)-(iii), one of the assumptions of either Lemma 4.4 or 4.5 holds for
some k € IN,, a contradiction. Thus, (4.8) must be false and there exists some u € K(®) \ {0}, which turns out
to be a non-zero solution of (4.1). O

5 Multiplicity for the coercive case

In this section, following the methods of Liu and Liu [26] (see also Liu and Li [27]), we prove a multiplicity
result for problem (1.3), under assumptions which make the energy functional coercive. More precisely, by
a truncation argument and minimization, we prove the existence of two constant sign solutions (one positive,
the other negative), then we apply Morse theory to find a third non-zero solution.

We assume that Q has a C*' boundary. The hypotheses on the reaction term f in (1.3) are the following:

Hypothesis H;. The mapping f: Q x R — Ris a Carathéodory mapping,

t
F(x,t) = Jf(x,‘r) dr forall (x,t) € O xR,
0

and
@ If(x,t)l<al+[t ") ae.inQandforallt e R(a>0,1<r< p),

(i) f(x,t)t >0ae.inQandforallt € R,

flx,t)=blt|*t
[¢[P=2¢
PF(x,t)

(iv) lim supy, o, 57~ < A, uniformly a.e. in Q.

(iii) lim,_,, = 0 uniformlya.e.inQ (b > 0,1 < g < p),



114 — A.lannizzotto et al., Fractional p-Laplacian problems DE GRUYTER

We define @ as in (2.2). Since we are interested in finding minimizers of truncated versions of ®, we shall need
a nonlocal analogous of a well-known result of Garcia Azorero, Peral Alonso and Manfredi [17] about local
minimizers of functionals in Hélder and Sobolev topologies, which holds under suitable regularity assump-
tions. We briefly discuss such issue before introducing the main result.
For all x € O we set
8(x) := dist(x, RN \ Q).

Accordingly, we define the weighted Holder-type spaces («, y € (0, 1))
Cy(Q) = {u e C'(Q): % admits a continuous extension to ﬁ},
CyH(Q) = {u e C'(Q): % admits an a-Holder continuous extension to 5},

endowed with the norms

u
|21,
[u(x)/8(x)" — u(y)/8(»)"]

X,y€Q, x#y x = yI*

"u”Cgvﬂ(ﬁ) = ””"cg(ﬁ) + >
respectively. Clearly, if u € Cg (Q), then u = 0 on 9Q. In general, all functions that vanish at 9Q will be iden-
tified with their zero-extensions to R". By the Arzela-Ascoli Theorem, the embedding Cy*(Q) — C3(Q) is
compact for all 0 < « < 1. Further, Cg(ﬁ) is an ordered Banach space with order cone

C, = {u e C(Q) : u(x) = 0 forall x € Q}.
Lemma 5.1. The interior of C,, with respect to the topology of Ca(Q), is
int(C,) = {u € C3(Q) : u(x)d(x)™" > 0 for all x € Q}.
Proof. First, we prove the directinclusion, by contradiction. Assume that u € int(C, ) and there existsan x € Q
such that u(x)8(x)™ = 0 (recall that ud7? is identified with its continuous extension to Q). We can find ¢ > 0
and a non-negative function v € C°(RY) such that v(x) = 0 in RN \ B,(x) and v(%) > 0. For all n € N set
u, = u—vd8"/n. Then, u, € Cg(ﬁ) and, asn — oo,

u, u

u, u _ Wleoe.en 0
5 o

Co(Q) B n

>

"un - u"Cg(ﬁ) =
while for all n € IN we have
u, (%)8(x)7" < 0.
This, in turn, implies that u,(x,) < 0 for some x,, € Q, hence u,, ¢ C,, a contradiction.

We now prove the reverse inclusion, arguing again by contradiction. To this end, assume that u € Cg Q)
and u(x)3(x)? > 0 in Q, and that there exist sequences (u,) in C3(Q), (x,) in Q such that u, — u in C3(Q)
and u,(x,) < 0 for all n € N. Up to a relabeled subsequence, x,, — x for some x € Q, so we have

Un(x,) _ u(x) '
O(x,)r  S(x)Y

Hence, u(x)d(x)™" < 0, a contradiction. O

We will assume that the following regularity condition holds:

Condition (RC). Let f satisfy Hypothesis Hy (i)—(ii). Then, there exist «, y € (0, 1), only depending on the data
of (1.3), such that:
(i) if u € X(Q) is a bounded weak solution of (1.3), then u € C*(Q) n C3*(Q) and, if +u(x) > 0 in Q, then
+u(x)8(x)Y > 0in Q,
(ii) ifu € X(Q)and, forall 0 < ¢ < 1, the restriction @[3 () attains its infimum at u, B,(u), thenu, € C3*(Q)
and
sup IIMEIICg,a@ < 0.

0<e<1

Condition (RC) plays an essential role in the proof of the following result.
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Proposition 5.2. Ifu € X(Q) N C3(Q) and p > 0 are such that ®(u + h) > ®(u) for all h € X(Q) N C3(Q) satisfy-
ing ||h||cg(5) < p, then there exists an € > 0 such that ®(u + h) > ®(u) for all h € X(Q) satisfying ||h|| < e.

Proof. We argue by contradiction, assuming that there exists some p > 0 such that ®(u + h) > ®(u) for all

heX(Q)n Cg(ﬁ) satisfying ||h||co(5) < p, while there exists a sequence (h,) in X(Q) such that |4, || < 1/n and
[

®(u + h,) < O(u), for all n € N. With no loss of generality we may assume that

Ow+h,) = inf O(u+h),
heB, ;,(0)

so by Condition (RC) (i) we can find «, y € (0,1) such that the sequence (h,) is bounded in C3*(Q). By the
compact embedding C3*(Q) — C3(Q), we have, up to a relabeled subsequence, h, — 0 in CJ(Q2) (recall
that h,,(x) — 0 a.e. in Q). For n € IN big enough, we have

||hn||cg(§) <p and D(u+h,) < D),
against our assumption. O
The main result of this section is the following:

Theorem 5.3. If Hypothesis Hy and Condition (RC) hold, then problem (1.3) admits at least three non-zero
solutions.

Remark 5.4. In the linear case p = 2, (RC) holds with y = s due to the results of [39, 40]. Such a case was
carefully studied by Iannizzotto, Mosconi and Squassina [19], who, through different L*°-bounds and a non-
local Hopf Lemma, prove versions of Proposition 5.2 and Theorem 5.3 with no regularity assumption. How to
achieve (RC) in the nonlinear case p # 2 is still an open problem, yet a partial result in this direction (namely,
C*-regularity up to the boundary of the weak solutions) is provided in the forthcoming paper [20].

We introduce two truncated energy functionals by setting for all u € X(Q)

D, (u) = W - JF(x, +u®) dx, (5.1)
p

Q
where t* = max{+u, 0}. The following lemma displays some properties of @, :
Lemma 5.5. We have @, € C'(X(Q)). Moreover,

(i) ifu € X(Q)is a critical point of @, then +u(x) > 0 a.e. in Q,

(i) 0is not a local minimizer of ®,,
(iii) @, is coercive in X(Q).

Proof. We consider @,, the argument for ®_ being analogous. By Hypothesis H; (ii), we have f(x,0) = 0 a.e.
in Q, so (x,t) — f(x,t") is Carathéodory and satisfies a growth condition similar to Hypothesis H; (i). So,
®, € C'(X(Q)) with derivative given for all u, v € X(Q) by

(@) 0,0} = (A 0) - [ fxuod.
Q
Now we prove (i). Assume @', (u) = 0 in X(Q)*. We recall the elementary inequality
& = 1P < 1E=nlPE -y - &),
holding for all £, € R. Testing with —u~ € X(Q), we have
1 < (A, ) = = [ fonuu dx =0,
Q

Hence, u > 0 a.e. in Q.
Now we prove (ii). By Hypothesis Hy (i)—(ii), we have a.e. in Q and forall t € R

F(x,t) 2 Cyltl1 - C It (CoCy > 0). (5.2)
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Consider a function iz € X(Q), éi(x) > 0 a.e. in Q. For all T > 0 we have

o TPlal? Pla)? _
O, (tit) = —— —— -7G, + 7 Cyllaly,

JF(x, i) dx <

Q

I,

and the latter is negative for 7 > 0 close enough to 0. So, 0 is not a local minimizer of @, .
Finally, we prove (iii). By Hypothesis H; (iv), for all ¢ > 0 small enough, we have a.e. in Q and forall¢t € R

F(x,t") < |t|f’ +C.
P

By the definition of 1,, we have for all u € X(Q)

lul? Ay

D (1) > —

&€
AL E ) - C 2 Sl =,

1

and the latter goes to co as [ul| — co. So, @, is coercive in X(Q). O
Now we can prove our main result:

Proof of Theorem 5.3. The functional @, is coercive and sequentially weakly lower semi-continuous in X(Q),
so there exists u, € X(Q) such that
D, (u,) = uel)r(l(fg) D, (u).

Since u, is a critical point of ®_, by Lemma 5.5 (i)-(ii) we have u,(x) > 0 a.e. in Q and u, # 0. By Hypo-
thesis Hj (ii) and Proposition 2.2, we have u, (x) > 0 a.e. in Q.

Now we invoke Condition (RC) (i) and find &, y € (0, 1) such that u, € C3*(Q) and u(x)8(x)? > 0in Q. By
Lemma 5.1, then, u, € int(C,). Let p > 0 be such that u, + h € int(C, ) for all h € X(Q) n CO(Q) ||h||c0(0) <p.
Since ® and @, agree on int(C, ), forallh € X(Q) n CS(Q) ||h||C0(Q) < p we have

D(u,) < O(u + h).

By Proposition 5.2, u, turns out to be a local minimizer of ® in X(Q), hence d)’(u+) =0in X(Q)".
Similarly, we find a local minimizer u_ € X(Q) n (- int(C,)) of ®, with ®'(u_) = 0.
From now on we argue by contradiction, assuming that

K(®) = {0, u,}. (5.3)

Note that ®(u,) < ®(0) = 0. In particular, 0 and u, are isolated critical points, so we can compute the corre-
sponding critical groups. Clearly, since u, are strict local minimizers of ®, we have for all k € N,

c(d,u,) = 8 Z,. (5.4)

Now we prove that for all k € N,

ck(@,0) = 0. (5.5)
By (5.2), for all u € X(Q) \ {0} we can find 7(u) € (0,1) such that ®(7u) < 0 for all 0 < 7 < 7(u). Besides,
Hypothesis H; (iii) implies

lim qF(x,t) — f(x, t)t

=0.
t—0 |t|P

So, forall € > 0 we can find C, > O such thata.e.in Q and forallt € R

s
q

lF(x, ) - < eltl? + CJel".

By the relations above we have

J(F(x, u) - @) dx = o(Jull?) as |lull — o.

Q
For all u € X(Q) \ {0} we have

P
2L ol = M [ L G o+ (2 Vil v o) sl — 0.
q q q p

a q
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So we can find some p > 0 such that, for all u € B,(0) \ {0} with ®(u) > 0,

dircl)(‘ru)lpl 5 0, (5.6)
This assures uniqueness of 7(u) defined as above, for all u € BP(O) with ®(u) > 0. We set 7(u) = 1 for all
ue BP(O) with ®(u) < 0, so we have defined a mapping 7 : BP(O) — (0, 1]. By (5.6) and the Implicit Function

Theorem, T turns out to be continuous. We set for all (¢,u) € [0,1] x B ,(0)
h(t,u) = (1 — tHu + tt(u)u,

soh : [0,1]xB,(0) — B,(0)is a continuous deformation and the set B,(0) N®° is a deformation retract of B,(0).
Similarly we deduce that the set B,(0)n @°\ {0} is a deformation retract of B,(0) \ {0}. So, by recalling that
dim(X(Q)) = oo, we have

C“(@,0) = H(B,(0) n @, B,(0) N @° \ {0}) = H*(B,(0), B,(0) \ {0}) = 0,

the last passage following from contractibility of BP(O) \ {0}.
Now we compute the critical groups at infinity. Reasoning as in Lemma 5.2, we see that ® is coercive. So,
being also sequentially weakly lower semi-continuous, ® is bounded below in X(Q). Take

n< inf ®(u),
ueX(Q)

then we have for all k € N,
(@, 00) = H(X(Q), @) = & ¢ Z,. (5.7)

We recall Proposition 2.8. In our case, by (5.4), (5.5), and (5.7), the Morse identity reads as
Y 2800t = Y 8ot + (1 + QM)
k=0 k=0

where Q is a formal power series with coefficients in IN,. Choosing ¢ = -1, the relation above leads to a con-
tradiction, hence (5.3) cannot hold. So there exists a further critical point & € K(®) \ {0, u,} of ®. Thus, u,, u_,
and @ are pairwise distinct, non-zero weak solutions of (1.3). O

Remark 5.6. A careful look at the proof of Theorem 5.3 reveals the following situation: either (1.3) admits
infinitely many non-zero weak solutions (if u, is not a strict local minimizer), or it admits at least three
non-zero weak solutions, one of which, denoted #, is of mountain pass type, i.e. C'(®, ) # 0 (recall Propo-
sition 2.7). This can be seen directly, by constructing a path joining u, and u_, or by contradiction. Assume
that C'(®, i) = 0. Then, from the Morse identity we would have

h=1+q,+(qy+q)t+ t2Q1(t)’

where h e N, h > 2, Q(t) = q + q;t + -+ - (g, € N for all k € N,). This implies g, > 1, hence a first-order term
appears on the right-hand side, a contradiction.

Combining ingeniously the techniques seen above and in Section 4, we can prove a multiplicity result
for problem (4.1). Such a result requires modified hypotheses (involving the second variational eigenvalue
defined in (2.6)).

Hypothesis H; The mapping g : O x R — Ris a Carathéodory mapping,

t

G(x,t) = Ig(x, 7)dT,

0

and
@) lgxt)l<al+[t|" ") ae inQandforallt e R(a>0,p<r<pl),

(ii) lim,_, % = 0 uniformly a.e. in Q,

(iii) A,t|P + g(x, )t > 0a.e.in Q and forall ¢ € R,

Mt1P+pG(ax,t)

(IV) 11m|t|_)00 7

< A, uniformly a.e. in Q.
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Note that, by Hypothesis H; (iv), we have in particular

G(x,t)
l—oo [P

>

thus we places ourselves again in the coercive case. Our multiplicity result is the following:

Theorem 5.7. If Hypothesis H; Condition (RC), and one of the following hold:
A A>AA¢ A,

(ii) A = A, and G(x,t) = 0 for a.e. in Q and for all |t| < 8 (for some & > 0),

(iii) A = A5 and G(x, t) < 0 for a.e. in Q and for all |t| < & (for some & > 0),
then problem (4.1) admits at least three non-zero solutions.

Proof. Clearly, we have 0 € K(®). Reasoning as in the proof of Theorem 5.3, we find some u, € K(®) \ {0}
with C¥(®,u,) = 8, yZ, and see that C¥(®, co) = §; ,Z, for all k € IN,. Besides, in all cases (i)-(iii), we argue
as in Lemma 4.5 and find k > 2 such that Ck(dh, 0) # 0. Then we apply [35, Proposition 3.28 (ii)] and deduce
that there exists some i € K(®) such that either ®(@) < 0 and C*"'(®, @) # 0, or ®(@) > 0 and C**'(d, @) # 0.
Clearly, & # 0. Moreover, since k > 2, it follows at once that & # u,. Thus, u,, u_, and @ are pairwise distinct,
non-zero weak solutions of (4.1). O

6 Asymptotically p-linear case

In this section we deal with problem (1.3), in the case when f(x,-) is asymptotically p-linear at infinity, i.e.

GO NN

m =
|t|—00 |t|p72t

uniformly a.e. in Q, for some A € (0, c0). The problem is said to be of resonant type if A € o(s, p), of non-
resonant type otherwise. The two cases require different techniques to prove the existence of a non-zero
solution (analogous results in the non-resonant case for the p-Laplacian were proved by Liu and Li [27], on
the basis of Perera [34]). If f(x,-) has a p-linear behavior at zero as well, but with a different slope, then we
can prove the existence of two non-zero solutions, one non-negative, the other non-positive, both in the reso-
nant and non-resonant case, by employing a truncation method (see Zhang, Li, Liu and Feng [46] and Li and
Zhou [24] for the p-Laplacian case).
We state here our first set of hypotheses:

Hypothesis H,. The mapping f: QO x R — R is a Carathéodory mapping,

t
F(x,t) = Jf(x,r) dr forall (x,t) € Q xR,
0

and

@ Ifeet)l<al+t ") ae inQandforallt e R(a>0,1<r<pl),
fxt)
—o00 jgjr2t

Flet)=blt|7 %t
[¢[P=2¢

(ii) limy, = A uniformly a.e. in Q (A > 0),

(iii) lim,_,, = 0 uniformlya.e.inQ (b > 0,1 < g < p).
Clearly, Hypothesis Hg (iii) implies that
f(x,0)=0 a.e.inQ,

so (1.3) admits the zero solution. We seek non-zero solutions, so with no loss of generality we may assume
that all critical points of the energy functional ® € C'(X(Q)) (defined as in (2.2)) are isolated.
First we introduce our existence result for the non-resonant case:

Theorem 6.1. If Hypothesis Hq holds with A ¢ o(s, p), then problem (1.3) admits at least a non-zero solution.
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Proof. We first consider the case 0 < A < A,. In such a case, @ is coercive and sequentially weakly lower
semi-continuous, so it has a global minimizer u € K(®). By Proposition 2.7 (i), we have Ck(@,u) = 002,
for all k € N,. If A > A,, then we can find k € IN such that 1, < A < A.,;. By [35, Theorem 5.7], there exists
some u € K(®) such that C*(d, u) # 0. In either case, we have found u € K(®) with a non-trivial critical group.

By Hypothesis H (iii), reasoning as in the proof of Theorem 5.3, we can see that C*(®,0) = 0forallk ¢ Ny,
sou # 0. O

In the study of the resonant case, we meet a significant difficulty: the energy functional ® need not satisfy
Condition (PS). So, we need to introduce additional conditions in order to ensure compactness of critical
sequences. We set for all (x,t) € Q x R

H(x,t) = pF(x,t) — f(x,t)t.
We have the following existence result:

Theorem 6.2. If Hypothesis Hq holds with A € o(s, p), and there exist k € N, h, € L'(Q) such that one of the
following holds:
(i) A <A <Ay, H(x, t) < —hy(x) a.e.inQ and forallt € R, and

lim H(x,t) = —co

|t|>00

uniformly a.e. in Q,
(i) A <A <Ay, H(x, t) 2 By(x) a.e.in Q and for allt € R, and

lim H(x,t) = co
|t| >0

uniformly a.e. in Q,
then problem (1.3) admits at least a non-zero solution.

Proof. Since A € o(s, p), by Proposition 2.3 (i) there exists some k € IN such that A € [A;, A;,,], and the latter
is a non-degenerate interval. We assume (i). We aim at applying [35, Theorem 5.9], but first we need to verify
some technical conditions. Set for all u € X(Q)

Y(u) = O(u) — l<<1>’(u),u> S JH(x, ) dx.
p p

Q

Then, for all u € X(Q) we have
1
W(u) = —[hl;,
p

hence ¥ is bounded below in X(Q). Moreover, if (u,) is a sequence in X(Q) such that [u,| — co and
v, = ||un||_1un — v in X(Q), then in particular we have v,(x) — v(x) a.e. in Q. So, by the Fatou Lemma we
haveforalln e N, 7> 1

Wru ) = -1 jH(x, lulzv,) dx,
p Q

and the latter tends to co as n — co. We conclude that Condition (H, ) holds (see [35, p. 82]). So, by [35, Theo-
rem 5.9], @ satisfies Condition (C) and there exists some u € K(®) such that ck (®, u) # 0. Reasoning as in the
proof of Theorem 6.1 we see that u # 0. Thus, (1.3) has a non-zero solution.

The argument for the case (ii) is analogous. O

Remark 6.3. We note that, if we only assume Hypothesis Hg (i)—(ii), by the same arguments used in Theo-
rems 6.1 and 6.2 we can prove the existence of a (possibly zero) solution. This is still a valuable information,
since we have no condition on f(-,0).

In the remaining part of the section we deal with the case of a reaction term f which behaves p-linearly both
at infinity and at zero, but with different slopes. Our hypotheses are the following.
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Hypothesis H,. The mapping f: QO x R — R is a Carathéodory mapping,

t
F(x,t) = jf(x, 7)dr forall (x,t) € QO xR,
0

and
@ Ifxt)] <al+ [t a.e.inQand forallt e R(a>0,1 <7< o),
(i) limy,_, l{%i = A uniformly a.e. in Q (A > 1,),

fxt)

(iii) lim,_,, = p uniformly a.e. in Q (0 < p < ;).

|t|P~2¢t
By Hypothesis H"S (iil), we have f(x,0) = 0 a.e.in Q, hence problem (1.3) admits the zero solution. For non-zero
solutions, we have the following multiplicity result:

Theorem 6.4. If Hypothesis H; holds, then problem (1.3) admits at least two non-zero solutions, one non-
negative, the other non-positive.

Remark 6.5. If, beside Hypothesis Hg, we also assume a sign condition of the type f(x,t)t > 0 a.e. in Q and
forallt € R, then by applying Proposition 2.2 we can prove the existence of a strictly positive and of a strictly
negative solution.

Since f(-,0) = 0, we can define truncated energy functionals @, € CH(X(Q)) as in (5.1). We have

(@) (1), v) = (A(u) T AB, (1), v) - j g.(xuwudx forall u,v € X(Q),

Q

where we set for all (x,¢) € Q x R
g.(x,t) = fx, 2t%) F ALY
and for all u, v € X(Q)
(B, (u),v) = j(u*)l’*lu dx.

Q

By the compact embedding X(Q) — LP(Q), B, : X(Q) — X(Q)" is a completely continuous operator.

Lemma 6.6. There exists some p > 0 such that |[A(u) ¥ AB, (u)|, > pllullp‘1 forallu € X(Q).

Proof. We deal with A — AB, (the argument for A + AB_ is analogous). We argue by contradiction: let (u,), (¢,)
be sequences in X(Q) and in (0, co), respectively, such thate, — 0 asn — oo, and foralln € N

IAG,) = AB, ()], = &,llu, P

Since A — AB, is (p — 1)-homogeneous, we may assume ||u, || = 1 foralln € N. So (1,,) is bounded, and passing
to a relabeled subsequence we have u, — u in X(Q), u, — u in LP(Q) and (u/)’"' — w")?" in LP’(Q). For
all n € N we have
[(Au,,), u, — u)| < [(A(u,) = AB, (u,), u,, — u)| + Al(B, (u,), u,, — u)|
< &l — ull + Ml 157 s, — il
and the latter tends to 0 as n — oco. By the (S)-property of the operator A, we deduce u, — u in X(Q). So,
lul = 1 and forall v € X(Q)
(A(u),v) = A j(u+)P_1v dx.
Q
Reasoning as in Lemma 5.5 (i), we see that u(x) > 0 a.e. in Q. By Proposition 2.2, then, we have u(x) > 0 a.e. in

Q. Thus, u turns out to be a positive A-eigenfunction with A > 1, against Proposition 2.3 (iii). This concludes
the proof. O

We point out the following technical lemma:

Lemma 6.7. The functionals ®, € C'(X(Q)) satisfy Condition (PS) in X(Q).
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Proof. We deal with @, (the argument for ®@_ is analogous). Let (1,,) be a sequence in X(Q) such that (@, (u,,))
is bounded in R and @', (1,,) — 0 in X(Q)*. We prove that (u,) is bounded, arguing by contradiction: assume
that (passing if necessary to a subsequence) ||lu,| — co as n — co. Let p > 0 be as in Lemma 6.6. By Hypo-
thesis H; (i) and (iii), we have g, (x,t) = o(t?"") ast — o0, so there exists a constant C, > Osuch thata.e.in Q
and forallt € R \
9.0l < ZHE v C,
Foralln € IN, v € X(Q) we have
[{A(u,) - AB, (1,), )] < (D@ (u,), v)] + J lg, (x, u)v| dx
Q

< 0% )l vl + pTAlIIuZIIﬁ_IIIUIIp +C, vl
< 1@ )l vl + gllunllp_lllvll +Clvll.
So, using also Lemma 6.6, we have foralln € N
Pl 1P < 1AGw,) = AB @l < S, 17+ ol 177,

a contradiction as n — co. Thus, (u,,) is bounded, and as in the proof of Proposition 2.1 we conclude that (u,,)
has a convergent subsequence. O

Now we are ready to prove our main result:

Proof of Theorem 6.4. In Hypothesis Hy, (i) we can always set p < r < p;. Choose real numbers y < a < A, <
B < A. By Hypothesis H; (i) and (iii), there exists a constant C, > 0 such that a.e. in Q and for all t € Q

|F(x, t4)] < %W’ +C

For all u € X(Q) we have
ul?  « ; o\ ull? .
@, 2 M5 gz (1- S ) gy
P N p

So, we can find R, ¢ > 0 such that

ue?ﬁf«» D, (u) =c. (6.1)

By Hypothesis H; (i)-(ii), there exists a constant Cg > Osuchthata.e.inQand forallt € Q

F(x,t") > E(t+)P -Cy.
p
Let u, € X(Q) be a positive A, -eigenfunction (recall Proposition 2.3 (ii)). Then for all > 0 we have
Py 1P Py 1P P P
D, (tu,) = Zhal” JF(x,Tul)dx < Thal” ﬁillulllg +C< 1P<1 - £>M +C,
p p M/op

Q

and the latter tends to —co as T — 0. So, @, exhibits the ‘mountain pass geometry’. By Lemma 6.7, the
functional @, satisfies Condition (PS) in X(Q). Hence, by the Mountain Pass Theorem, there exists some
u, € K(®,) such that @, (u,) > ¢, with c as in (6.7). In particular, then, u, # 0. Reasoning as in the proof of
Lemma 5.5 (i) we see that u, (x) > 0 a.e. in Q, hence u € K(®) turns out to be a non-negative, non-zero solution
of problem (1.3).

In a similar way, working on ®_, we produce a non-positive, non-zero solution u_ of problem (1.3)
(in particular, u, # u_). O

Remark 6.8. We could have denoted f(x,t) = A|t|?"*t + g(x,t) for all (x,t) € @ x R as in Section 4, with
g(x,t) = o(|t|’") at infinity. But in Theorem 6.4, this would have lead to unnatural condition on the behavior
of g(x,-) at zero.
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7 Pohozaev identity and nonexistence

In this section we discuss possible non-existence results for problems involving the operator (—A); via
a convenient PohoZaev identity. We focus first on the autonomous equation

(-A,u=f(u) inRY, 71)
where0 <s<1< p<N, f € C(R), and we set forall (x,¢) € Q x R

t

F(t) = J f(r)dr.

0
A weak solution of (7.1) is a function u € WS (RY) such that for all v € WSP(RY)
(A(w),v) = J F(w dx.
]RN
Asusual, weak solutions of (7.1) can be detected as the critical points of an energy functional ® € C'(W*?(R"M))
defined by setting for all u € WS (R")

(ul?,

D) = =P _ j F(u) dx,
RN
by assuming convenient growth conditions on f.
Let u ¢ W*P(RY) be a weak solution of (7.1). We define a continuous path y, : 10, 1] — W*?(RY) by setting
forallg € ]0,1] and x € RY
Y, (0)(x) := u(Ox).

A simple scaling argument shows that, for all 0 € ]0, 1],

esp—N N
Doy,0) = [u]f’P—G J F(u)dx
]RN
and d N
_SP- p
Ed) 0 Y, (Dlg=y = [u]s’p +N J F(u) dx.
]RN
The general form of the PohoZaev identity for problem (7.1) is
d
52 1@l =0
which, in our case, is easily seen to be equivalent to the following formula:
N —
j ( Npspf(u)u - F(u)) dx =0. (7.2)

]RN
Identity (7.2) is a major tool to prove non-existence results for problem (7.1). Nevertheless, it requires a more
sophisticated machinery, as we need to deduce that

(@' (w), (x - Vu)) = 0,
and hence we need good regularity results in order to justify that v = x - Vu is an admissible test function for

problem (7.1). Such a regularity theory is not available yet.

Remark 7.1. In the semi-linear case p = 2, for which the regularity theory is well established, a version of (7.2)
has recently be proved by Chang and Wang [10, Proposition 4.1]. Namely, for any weak solution u € H*(RY)
of

(-A)u= f(u) inRY,

we have

J (Nz;\lzsf(“)” - F(“)> dx = 0.
R
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Now we introduce a bounded, smooth domain Q and couple (7.1) with zero Dirichlet conditions outside Q,
i.e., we consider the problem

(73)

(A u=fu) inQ,
u=0 inRY\ Q.

Obviously, a weak solution of (7.3) is understood as u € X(Q) such that, for all v € X(Q),

(A(u),v) = j Fupdx.

Q

In this framework, things become even more involved due to the presence of a boundary contribution in the
identity. A reasonable candidate to play the role of (7.2), for a weak solution u € X(Q) of (7.3), is the following
formula:

J(NI\;;” Flupu— F(u)) dx = -M J d(z)y |p(x -v)do, (7.4)
Q

0Q

where M > 0,y € (0,1) depend on s, p, and N, v denotes the outward normal unit vector to 0Q (see (RC) and
the related discussion in Section 5). If Q is star-shaped, by means of (7.4) one should be able to prove some
non-existence results for problem (7.3) of the following type:

Conjecture 7.2. If f € C(R) satisfies forall t ¢ R

N -sp
Ht—-F(t) =0,
Np St - F()
then problem (7.3) does not admit any positive bounded weak solution. Moreover, if the inequality above is
strict for all ¢ € R\ {0}, then problem (7.3) does not admit any non-zero bounded solution.

If we reduce ourselves to the pure power-type reaction terms f(t) = [t~ (r > 0), then the assumption of
Conjecture 7.2 becomes r > p;, so non-zero solutions are ruled out for r > p; (as expected).

Remark 7.3. A comparison with some well-known special cases is in order. In the local, nonlinear case
(s =1, p > 1), our (74) yields the classical PohoZaev identity for the p-Laplacian (see Guedda and Veron [18]),
provided we set M = (p — 1)/(Np), y = s = 1, and recall that for all x € 0Q

lim

u(x —hv)| _
Jim | v - v,

In the semi-linear case (s € (0,1), p = 2), (74) with y = sand M = I'(1 + 5)*/(2N) becomes

[ o rae= T (G Yo

namely the PohoZaev identity obtained for the fractional Laplacian by Ros Oton and Serra [40, Theorem 1.1].
Such an identity has been applied to prove non-existence results of the type discussed above (see [40, Corol-
laries 1.2 and 1.3]). Note that for s = 1, p = 2, the values of M agree as T'(2) = 1.

Remark 7.4. In the non-linear case p # 2, other approaches may lead to non-existence results. For instance,
again Ros Oton and Serra [38] have obtained the following result for problem (1.3): if f € Cﬁi(ﬁ x R) is of
supercritical type, i.e., if

(N —sp) f(x,t)t = NpF(x,t) — px- F.(x,t) >0

holds for all (x, ) € Q x R, then (1.3) does not admit any non-zero bounded solution which belongs to C*(€)
0<a<1).
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