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ABSTRACT. We consider differential systems with memory terms,
expressed by convolution integrals, which account for the past
history of one or more variables. The aim of this work is to ana-
lyze the passage to the singular limit when the memory kernel col-
lapses into a Dirac mass. In particular, we focus on the reaction-
diffusion equation with memory, and we discuss the convergence
of solutions on finite time-intervals. When enough dissipativity
is present, we also establish convergence results of the global and
the exponential attractors. Nonetheless, the techniques here de-
vised are quite general, and suitable to be applied to a large variety
of models.
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1. INTRODUCTION

Many physical phenomena are properly described by (systems of) partial differen-
tial equations where the dynamics is influenced by the past history of one or more
variables. This amounts to averaging some quantities by means of convolution
integrals against a positive summable function, the so-called memory kernel. In the
limiting situation, when the kernel is a Dirac mass, one recovers the corresponding
models without memory. The presence of the memory may render, in some cases,
the description of the phenomena more accurate. On the other hand, equations
with memory are usually much more difficult to handle than the corresponding
ones without memory. Besides, in many situations, the contribution of the past
history is not so relevant to significantly affect the results, and so to justify the
introduction of further mathematical complications. There are however certain
models, such as those describing high-viscosity liquids at low temperatures, or the
thermomechanical behavior of polymers (see, e.g., [5, 16—18,23]), where the past
history plays a nontrivial role that has to be taken into account.

On the contrary, if the system keeps a very short memory of the past (which
translates into having a rapidly fading memory kernel) a sensible difference be-
tween the two descriptions is not expected. Hence, from an heuristic point of
view, it is reasonable to believe that if the memory kernel “looks like” a Dirac mass,
then the past history is negligible. Clearly, one would like to render this qualita-
tive statement more precise, and somehow to provide quantitative estimates. This
is precisely the aim of this work. Namely, we want to show that systems with
memory converge in an appropriate sense to the corresponding systems without
memory, as the memory kernel converges to the Dirac mass. Incidentally, this fact
has a sort of philosophical implication. Indeed, it is not out of the ordinary to
hear people say that parabolic equations are unphysical, due to the infinite propa-
gation speed of disturbances, so that in the “real world” the evolution is necessarily
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hyperbolic. On the other hand, as we will see in a while, it is always possible to
view a parabolic equation as the limiting case of an equation with memory of
hyperbolic type. Thus, if the memory kernel is very close to a Dirac mass, the
parabolic equation provides in fact an accurate description of the phenomenon
under consideration (cf. [6, 19]).

Our intention in the present paper is to establish an abstract theory of wide
application, and then treat in detail a particular, albeit fairly significant, problem.
To better explain our strategy, let us introduce two concrete, and in some sense
paradigmatic, examples.

1.1. The reaction-diffusion equation. Let QO C R™ be a smooth bounded
domain. For u = u(x,t) : Q x (0,0) — R, we consider the equation

(1.1) ur—Au+e@u) =f, t>0,

where, for simplicity, we put all the physical constants equal to one. The functions
@ and f are a suitable nonlinearity and a time-independent source term, respec-
tively. Thinking, for instance, of heat propagation processes, Equation (1.1) is ob-
tained assuming the classical Fourier’s constitutive law. Appeared in the late 60,
the two famous works [2, 14] suggest that, in certain cases, it is physically more
reasonable to take a convolution average of (all or part of) the term —Au(t), in
order to account for the past history of  up to time t. This amounts to replacing
(1.1) with the equation

(1.2) ur — wAuU — (1 — w) ro k(s)Au(t —s)ds +(u)=f, t>0.
0

Notice that the convolution integral requires the knowledge of the values of u for
all past times; this implies that u = u(x,t) : Q x R — R. We point out that
u(t) is supposed to be a given datum for t < 0, where it need not fulfill Equation
(1.2). Here, w € [0,1) (for w = 1 we would fall into the previous case), and the
memory kernel k : [0,0) — R is a continuous nonnegative function, smooth on
(0, 0), vanishing at infinity and satisfying the relation

(1.3) L:O k(s)ds = 1.

We refer to the problems with w = 0 and w > 0 as the Gurtin-Pipkin and the
Coleman-Gurtin models, respectively. From the physical viewpoint, the presence
of the memory accounts for the resistance of the system to a change of state. For
instance, the heat equation of Gurtin-Pipkin type is fully hyperbolic. So, in par-
ticular, infinite propagation speed of initial disturbances is no longer supported.
This matches with the reasonable assumption that if one heats one side of a rod,
the effect cannot be instantaneous on the opposite side.
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Let now w € [0,1) be fixed. It is clear that if we (formally) choose k = &9
(the Dirac mass at zero), Equation (1.2) turns into Equation (1.1). Hence, for

g€ (0,117, let us set
ke(s) = 1k<5>.
& &

Then we consider the family of equations
(1.4) ur—wAu—(1- w)J ke(s)Au(t —s)ds +p(u) = f, t>0.
0

Since k¢ — &9 in the distributional sense, our purpose is to show in what terms
we can say that (1.4) converges to the limiting equation (1.1) as € — 0.

Remark 1.1. The limit process € — 0 is singular, since when we collapse
into (1.1) we lose the information on the past history of u. Indeed, (1.1), besides
proper boundary conditions, requires only the initial value of u at the initial time
t = 0. This will be more evident in the next sections, where, following a bril-
liant intuition of Dafermos [3], we introduce the notion of extended phase-space,
which is the natural setting to treat equations with memory within the frame-
work of dynamical systems. The extended phase-space is constructed adding a
further component to the usual phase-space associated to the corresponding lim-
iting equation, using the past history as an additional variable of the system. The
new component is a weighted Banach space, whose weight is determined by the
memory kernel.

1.2. The damped wave equation. Let O C R" be a smooth bounded do-
main, and let € € (0,1]. For u = u(x,t) : @ X R — R, we consider the equation

(1.5) ue + cur — he(0)Au — L:O hy(s)Au(t —s)ds +(u) =f, t>0,

arising, for instance, in the theory of viscoelasticity (see, e.g., [5,23]). Here, « = 0
and the memory kernel h is a sufficiently smooth function of the form

he(s) = ke(s) + ke,

with ke > 0. The functions k¢, @ and f are as in the former case. A formal
integration by parts, recalling that k vanishes at infinity, yields

Jw hy(s)Au(t —s)ds = jw ki (s)Au(t —s)ds
0 0

= —ke:(0)Au(t) + J:O ke(s)Aue(t —s)ds.
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Therefore (1.5) can be rewritten as
(1.6) Uy + cur — ko Au — J ke($)Aus(t —s)ds + (u) = f, t>0.
0

Letting € — 0 we (formally) obtain the limiting equation
(1.7) U + U — koAU — AU + (1) = f, t>0,

that is, the (strongly) damped wave equation. Again, it is interesting to specify in
what sense we may speak of convergence of (1.6) to (1.7).

In this work, we investigate in detail the case of the reaction-diffusion equa-
tion. The damped wave equation, as well as other physically relevant models with
memory, will be analyzed in forthcoming papers. Nonetheless, we want to estab-
lish some general results, suitable to treat a quite vast class of models with memory.

2. PRELIMINARIES

Let us consider Equation (1.4). For the sake of simplicity, we shall restrict to
the physically relevant case of space-dimension n = 3. In order to carry out our
analysis, and to exploit the machinery of the theory of dynamical systems, we need
to associate with the equation a strongly continuous semigroup of operators (cf.
Remark 1.1). This can be done, along the line of [3], by introducing the so-called
integrated past history of U, i.e., the auxiliary variable

s

(2.1) nt(x,s)=J0 ux,t—y)dy, s>0,t>0.

Keeping in mind the hypotheses on k, and setting
(2.2) p(s) = —(1 - w)k'(s),
a formal integration by part yields

(1-w) J: ke(s)Au(t —s)ds = J: pe(s)Ant(s) ds,

where

o - b 2).

Hence (1.4) turns into

(2.3) Ut — WAU — L:o U (S)An(s)ds + (u) = f, t>0.
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At this point, a further equation ruling the evolution of 1 is needed. Differentia-
tion of equality (2.1) leads to

(2.4) nt(s) = —nk(s) +u(t), t>0.

The translation of (1.4) into the system (2.3)—(2.4), endowed with appropriate
initial and boundary conditions, will allow us to provide a description of the so-
lutions in terms of a strongly continuous semigroup of operators (or dynamical
system) S¢(t), acting on a proper (extended) phase-space (see [10,11,20]). No-
tice that, since u is supposed to be known for t < 0, the initial condition for n is
given by

)
) = | u-»dy.
Besides, from (2.1) we also get the boundary condition

(2.5) nt0) = ligg nt(s)=0, Vt=0.

Of course, one might think that the link between the original equation (1.4) and
system (2.3)—(2.4) along with the boundary condition (2.5) is only formal. It is
not so. Indeed, once appropriate initial and boundary conditions are given, it is
possible to show that (1.4) and (2.3)—(2.5) are completely equivalent (as a matter
of fact, it is actually true that the latter generalizes the former). The relationship
between the two descriptions is discussed in detail in the review paper [13], to
which we address the reader.

Remark 2.1. This approach is valid for partial differential equations with
memory of the first order in time. A similar argument applies verbatim to the
damped wave equation with memory, and, in general, to partial differential equa-
tions with memory of the second order in time (see [13,22] for the details). The
only difference is the choice of the auxiliary variable, being this time nt(x,s) =
ux,t) —u(x,t —s), that is, the difference between the function at time t and
the past history of the function up to time t.

In the next sections, we introduce the proper functional setting to define the
semigroups Se (t), along with the semigroup Sy (t) related to the limiting equation
(1.1). Our first task is to show that S¢(t) and So(t) are close within € on every
time-interval [0, T], T > 0. This is done in Section 5, where we provide results
both for the Coleman-Gurtin and the Gurtin-Pipkin cases. Then we study in
detail the asymptotic properties of the more dissipative Coleman-Gurtin model,
and we establish stability results which are independent of €. In particular, we
prove the existence of global attractors A¢ (in Section 7) and exponential attrac-
tors E¢ (in Section 9), which are continuous (in an appropriate sense) with respect
to the singular limit ¢ — 0. In order to accomplish this plan, we shall make
use of an abstract result (discussed in the Appendix) on the convergence of ex-
ponential attractors for systems with memory to the exponential attractors of the
corresponding limiting equations.
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3. NOTATION AND BASIC TOOLS

3.1. The functional setting. Given a Banach space H, we denote by By (R)
the closed ball in H of radius R > 0 centered at zero.

Let Q C R3 be a smooth bounded domain. The symbols || - || and (-, -) stand
for the norm and the inner product on L?(Q), respectively. Let A = —A be the
Laplace operator on L?(Q) with domain D(A) = H} (Q) n H*(Q). We introduce
the hierarchy of Hilbert spaces

H" =D(A"?), reR,
endowed with the inner products
(U, u2)gr = (A"?uy, A" ?uy).
It is well known that H"" € H" for v > 75.
Next, let g € CH(R*) n LY(R™), with Rt = (0, o), fulfill the following

conditions:

(3.1) u(s) =0, VseRt,
(3.2) u'(s)+6u(s) <0, VseR* forsomed > 0.

Notice that p is decreasing, and the Gronwall Lemma entails the exponential decay

(3.3) p(s) < pu(sg)e 06— v >s5>0.
For any given € € (0, 1], we define the function

s

He(S) = éll (g) ,

and we consider the weighted Hilbert spaces
M; =L (RY,H™), reR,

endowed with the inner products

(s 12 = L L () (AT 2 (5), AT 20, (6)) dis.

The embeddings MY C MP are clearly continuous for ; > #,. Unfortunately,
they are not compact (cf. [22]). To bypass this obstacle, we need to construct
further spaces.
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Let T be the linear operator on M2 with domain
D(Te) = {n € Mg | ns € M, n(0) = 0}

defined by
Ten = -ns, n € D(Te).

Here, s denotes the distributional derivative of n with respect to the internal vari-
able s (indeed, T is the infinitesimal generator of the right-translation semigroup
on M?). It is worth noting that, on account of (3.2), there holds (cf. [13])

o
(3.4) (Ten, g < —5_[Inllye. V1€ DT

Then, we introduce the spaces

LY =1{ne Ml |ne D), supxTE(x) < oo}

x=1

Here, T}, is the tail function of n, given by

Th(x) = EJ He()IAZn() 17 ds, x =1,
(0,1/x)U(x,00)

It is readily seen (cf. [8]) that £ is a Banach space endowed with the norm

[Inllz; = Il + ellTenlle + sup X T (x).
xX=

On account of an immediate generalization of a compactness result [22, Lemma
5.5] (see also [8]), we have the following result.

Lemma 3.1. Let KX C M satisfy, for some v > 0,

sup [Inllaz + Inslig1] < oo and }Ln(}o [ sup Tj,(x)] = 0.
nex nex

Then X is relatively compact in M2. As a consequence, Lt € M2 for every v > 0.

Finally, for € € [0, 1], we define the product Banach spaces

H"xMY, ife>0
ro_ & L]
I {HV, ife =0,

o H" x LY, ife>0,
¢ |H", ife =0,
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normed by

1t g = llullir + [0l

[l mliz; = Il + lInllZ; -

Remark 3.2. When ¢ = 0, we agree to interpret the pair (u,n) just as u.
Accordingly, the norms reduce to the first summands only.

In particular, H, Y will be the extended phase-space on which we shall con-
struct the dynamical system associated with our problem. Due to Lemma 3.1,
Zr € H for every r > 0. We shall also make use of the /ifting map L, : HY —
HY, and of the projection maps P : H? — H) and Q, : H? — MY, given by

Loy - (u,0), ife>D0,
et = u, ife =0,

and
P(u,n) =u, Qe(u,n)=n.
In view of the remark above, if € = 0, then P and Q are the identity and the null

map, respectively.

3.2. The representation formula. Assume that u is a given function be-
longing to L'(0, T; H') for every T > 0. Then, for every no € M2, the Cauchy
problem

{nt=Ten+u, t >0,
'70=T)0,

has a unique solution n € C([0, o), M2) which has the explicit representation
formula (see [13])

55 , Jou(t—y)dy, 0<s<t,
3.5 nt(s) =

t
no(S—t)+J u(t-y)dy, s>t.
0

We now establish some results that will be needed in the sequel.

Lemma 3.3. Let ng € D(Te), and assume that |AV2u(t)|| < p, for some
p > 0andeveryt = 0. Then

el Tent |5 < e el[Temol [y + Il p?, Vit =0,
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Proof. Since n9(0) = 0, we can express Ten' through the representation for-
mula (3.5), so getting

; —u(t-:s), 0<s<t,
Ten'(s) =
Teno(s —t), s>t.

Consequently,

t 00
elTen'|g < 07 | enes)ds + e [ uels) 14" Teo(s - 0017 ds
Observe that

t t/e )
J U (s)ds = J us)ds < J u(s)ds < oo.
0 0 0

Moreover, since € < 1, appealing to (3.3) we obtain
€ | M IAY T (s — D12 ds < e 0%l Tenol o,

as claimed. O

Lemma 3.4. Let no € D(Te), and assume that |AY?u(t)|| < p, for some
p > 0andeveryt = 0. Then

sup xTy, (x) < supxTp (X)¥(t) + [Ip?, Vt=0,

x=1 x=>1

where Y (t) = 2(t + 2)e % and Tl > 0 is a given constant.

Proof. Defining no(s) = 0 for s < 0, from (3.5), we get at once the inequality
IAY 2Rt (s))1* < 2p2s? + 2]|AY2ng(s — t) |2

Fixnow x > 1 and t = 0. Then

xTr (%) < ZpZExJ s2ug(s)ds
(0,1/x)uU(x,00)
1/x
+ 2ex | Le(s) 1A 2no(s — 0|2 ds
min{1/x,t}
" 2exj b () 1A 2n0(s — £)[12 ds.
max{x,t}
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Concerning the first term of the right-hand side, notice that

1/x 1/(ex)
xJ S2Ug(s)ds = exJ su(s)ds
0 0

1/(&x) 00
< J su(s)ds < J su(s)ds,
0 0

and
xJ S2Ug(s)ds = ij stu(s)ds
X x/&

< &% sup [yJ szu(s)ds].
y=0 y

Hence, setting

1= 2J su(s)ds + 2sup [yj s2u(s) ds],
0 y=0 y

which is certainly finite due to (3.3), we learn that

2pzexJ s2us(s)ds < Ip?.
(0,1/x)U(x,00)

We now estimate the remaining terms. Exploiting (3.3), and recalling that € < 1,
we have

1/x
2ex | be(s) Ao (s — )12 ds
}

min{1l/x,t
1/x—t

< 2exe Ot J
min{0,1/x—t

< 2e‘5tx1T‘f70 (x),

: Ue($)IAY2n0(s) 11 ds

and

[ee]

zexj pe () 1A 20 (s — B)II2 ds
max{x,t}

< Zexeféfj He(s) 1A 2no(s) I ds.
max{x—t,0}

Ift > x — 1, then

o0
2exe Ot J
m.

ax{x—t,

pe () IAY2no(s) |12 ds < 2(t + 1)e ' T§ (1),
0}
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Conversely, if t < x — 1,

o0
2exe Ot J
m:

e ($) LAY 2no(s) 1> ds
ax{x—t,0}

< 2xe‘6t1Tf70 (x—1t)

<27 (x — )TE, (x — t) + 2te ®'TE (1).

In either case we conclude that

o]

2£xe‘5tj }ug(s)IIA”zno(s)Ilzds <2(t+1)e 0 supXT5 (x).

ax{x—t,0 x=1
Adding the inequalities above we get the thesis. O

Clearly, if we only require that [|AY2u(t)| < p for every t € [0,T], then
the results above hold on [0, T]. Hence, a straightforward consequence of (3.5),
Lemma 3.3 and Lemma 3.4 is

Corollary 3.5. Ifno € D(T¢) and u € L¥(0,T; H') for every T > 0, then
nt € D(Ty) forallt = 0.

We will also make use of a weakened version of Lemma 3.4 on finite-time
intervals.

Lemma 3.6. Let ng € D(T:) and T > 0. Assume that

T
| 1aPu Ry <,
for some p > 0. Then

suprF;t(x) <E(p +supxTj (x)), Vtel0,T],

x=1 x=1

whereE=32(T) >0isa given constant.

Proof. The argument is, with minor changes, the same of the previous proof.
From (3.5), we have now the inequality

IA 20t ($) 17 < 2ps + 21 A ng(s = 1) |2

But, reasoning as before,

[o]

EXJ SHe(s)ds < u(s)ds+fzsup [yj Su(s)ds].
(0,1/x)U(x,00) 0 =0 y

The details are left to the reader. O
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3.3. Hausdorff distances and fractal dimension. Let H be a Banach space.
Given By, B, C H , we denote by

distz( (B1,B2) = sup inf 21— 22]la¢

Z1€B, 22652
the Hausdor[f semidistance in H from B to B,, and by
dist" (B1, Bz) = max{distyr (B1, By), distyr (Ba, By)}

the symmetric Hausdorff distance in H between By and B,, respectively. Also,
given a relatively compact set B € H, we denote by

, o InAN(B )
dimys[B] = hr:l;s(?p “Tn(l/r)

the fractal dimension in H of B. The (finite) number N, (B, H) is the mini-
mum number of 7-balls of H necessary to cover B. We address the reader, for
instance, to the treatise [24] for more details on these definitions and the related
applications.

3.4. Some useful lemmas. We recall three technical results that will be needed
in the course of this investigation. The first two are a generalized version of
the Gronwall Lemma (see [21, Appendix]) and the uniform Gronwall Lemma
[24, Lemma III.1.1], respectively, whereas the latter is the so-called transitivity
property of exponential attraction, devised in [4, Theorem 5.1].

Lemma 3.7. Let ® be a nonnegative absolutely continuous function on [0, o)
which satisfies, for some v > 0 and 0 < o < 1, the differential inequality

%fb +v® < g1+ %),

where g is nonnegative function satisfying
t+1
sup g(y)dy < oco.
t>0 Jt

Then there exists C = C(0,V, g) such that

d(t) < 7 L d(0)e Vt+C, Vt=0.

-0

Lemma 3.8. Let  be a nonnegative absolutely continuous function on [0, o)
which satisfies, for some nonnegative function g, the differential inequality

d
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t+1 t+1
Assume also that sup,., ®(y)dy < co and sup,., agy)dy = ¢, for
=)t =)t

some Cg, €1 = 0. Then
d(t+1) <(cog+cyp)e, Vit=0.

Lemma 3.9. Let S(t) be a strongly continuous semigroup on a Banach space H .
Let By, Bi, Bo C H be such that

distsr (S(£)Bo, B1) < Jie %,
dists (S(t)B1,Bs) < Jre™ %,
for some 31, %2 > 0 and J1, J» = 0. Assume also that, for all z, z, € H, there holds
IS(t)z1 = S()z2llsr < e®t |2y — z3ll4r,
Jfor some 3o = 0. Then it follows that
distsr (S(£)Bo, Bo) < (J1 + Jo)e ¥,

where & = 9192/(90 + 91 + 92)

3.5. A word of warning. Throughout the paper, we will denote by ¢ = 0 a
generic constant. All the quantities appearing in the sequel, and ¢ in particular,
are understood to be independent of € € [0,1]. Further dependencies of ¢ will
be specified on occurrence. Besides, we will diffusely make use (without explicit
mention) of the Young, the Hélder and the Poincaré inequalities, as well as of the

Sobolev embeddings.

4. THE REACTION-DIFFUSION EQUATION WITH MEMORY

Let w € [0, 1) be fixed. For € € (0, 1], we consider the family of Equations (1.4),
along with the limiting equation (1.1). In view of the preceding discussion, we
translate (1.4) into the system (2.3)—(2.4) with the boundary condition (2.5). We
also take the Dirichlet boundary condition for u, i.e.,

u(t) =0, onodQ.

The equality above holds for all t € R when € > 0, and for t > 0 when € = 0.
Concerning the memory kernel p, we assume hereafter (3.1)—(3.2). Notice that,
due to the normalization condition (1.3) and the position (2.2), we have

(4.1) J SUs(s)ds =1-w, Vee(0,1].
0
Indeed, (4.1) is obtained integrating by parts and observing that k (being summa-

ble and decreasing) satisfies
SlLr?O sk(s) = 0.
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Conditions on @ and f. For both the Coleman-Gurtin and the Gurtin-
Pipkin models, let ¢ € C'(R), with

be such that

(4.2) liminf@'(x) > —wA;,

[x| 00
where A; is the first eigenvalue of A. In particular, @’ is bounded below, i.e.,

(4.3) inf ' (x) > -0, VxeR,

xeR

for some £ > 0. Moreover,
(4.4) [ (x)] <c(l+]x]¥), VxeER,y<4.

Notice that the physically significant case of the derivative of the double-well po-
tential, namely, @ (x) = x3 — x, is an allowed nonlinearity. Finally, we assume

f€H® independent of time.

Remark 4.1. In view of the results that we have in mind, other conditions
are possible for @. For instance, one could replace (4.2) and (4.4) with

ailxlP—-c<xpx) <a|lx|” +¢c, VxeR,

for some p > 2 and some a; > a; = 0.

We have now all the ingredients to introduce the following problems, depend-
ingon £ € [0,1].

Problem P¢ (¢ > 0). Let w € [0,1). Given (wg,no) € HY, find (u,n) €
C([0, ), H?) solution to

Ut + AU + J He(S)AN(s)ds + @(u) = f,
0
r]t = Tfrl + ui

for t > 0, satisfying the initial conditions u(0) = wo and n° = no.

Problem Py. Givenuy e H?, findu € C([0, ), HY) solution to
ur+Au+@u) = f,

fort > 0, satisfying the initial condition u(0) = uy.
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The Problems P¢ (for € > 0) reformulate (1.1) and (2.3)—(2.5) in the correct
functional setting. The particular choice of the phase-spaces H? accounts for
the Dirichlet boundary condition (cf. [10, 11,20]). Clearly, different boundary
conditions could be considered in the same fashion, such as Neumann’s, upon
properly redefining H".

Existence and uniqueness of solutions is ensured by the following theorem.

Theorem 4.2. For every € = 0, Problem Ps defines a strongly continuous semi-
group (or dynamical system) S¢(t) on the phase-space HD.

Proof. We prove the result for € > 0, the other case being well known. Setting
@o(x) =@x)+¥x, x€R,

so that, by (4.3), @ > 0, we rewrite our system as the ordinary differential equa-
tion on H?

d
E(”’”) +A(u,n) = {u+ f,0),

where A is the (nonlinear) operator on H? with domain

D(A) = {(u, meH® | ueH', neDT,
wu + Jw pe(s)n(s)ds + A \@o(u) € Hz},
0

defined by

Au,n) = <A[wu + L:O He(s)n(s) ds + Aflcpo(u)], —Tgn—u).

Appealing to maximal monotone operator theory (see [1, Théoreme 3.4]), and
subsequently applying a standard fixed point argument to deal with the term fu,
we get the thesis if we show that A is maximal monotone. According to [1, Propo-
sition 2.2], this is true provided that

(Az1 = Az3,21 = 22) 400 20, V21,22 € D(A),
and range(l + A) = HY, where [ is the identity map on H?. The first condition

follows directly from (3.4). Concerning the second, selecting (11, /) € H?, we
have to solve in D(A) the elliptic problem

(4.5) u+A[wu+J: ug(s)r/(s)derA*l(po(u)] =1,
(4.6) n—Ten—-u=n.
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Integration of (4.6) entails
s

(4.7) n(s) = (1 —e‘S)u+J e’ “*h(o)do.
0

Thus, Equation (4.5) turns into
(4.8) Uu+dAu + @o(u) = w,

where
00 S
w="10- J ug(s)J [e?FAn(o)do]ds,
0 0
d=w +J Ue(s)(1 —e ¥)ds > 0.
0

Notice now that w € H™!. Indeed, by (3.2),

j: e(s) jo [e7 1412 011 do ] s
. j: e"llA”zﬁ(U)IIH: ue(s)e ™ ds | do
< Lm pe) 1A i)l do < ( [ ug((f)d(f)l/zllﬁﬂm‘é-

Thus, by standard arguments, Equation (4.8) has a (unique) solution u € H!.
From (4.7) it is then easy to see that n € M2 and n(0) = 0; besides, from (4.6)
we read that Ten € M2, and so n € D(T). Finally, by comparison in (4.5),

wu + J ps(s)n(s)ds + A \po(u) € H.
0

Hence (u,n) € D(A).
Incidentally, observe that the result holds the same replacing (3.2) with the
milder condition u’ (s) < 0. |

Remark 4.3. It is important to point out that with this method we obtain
weak solutions in the sense of maximal monotone operator theory (cf. [1, Defini-
tion 3.1]). In fact, it is not even necessary to restrict to the case y < 4 (one has
just to suitably modify the domain of A). It is understood that, whenever we per-
form multiplications, we are assuming to deal with a sequence of strong solutions
approximating the weak solution.

Remark 4.4. On account of the hypotheses on @, when w > 0 we also have
an integral control on the gradient of the first component of the solution, that is,
u € L?(0, T; H') for every T > 0.
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For further use, we detail the continuous dependence estimate (cf. [11]).

Theorem 4.5. There exists kKo > 0 such that,

(4.9) 1ISe(t)z1 — Se(t) zall4p0 + WIPSe(t)z1 — PSe(£) 2212 (0,:11)

< e®zy — 23|l 400,

for every t = 0 and every zy, z, € H).

5. THE SINGULAR LIMIT ON FINITE TIME-INTERVALS

In this section, we provide a precise quantitative estimate of the closeness of the
semigroups Se(t) and Sy(t), as € tends to zero, on finite time-intervals. For both
the Coleman-Gurtin and the Gurtin-Pipkin models, the core of our theory can be
summarized as follows. If we take initial data z = (1, o) in a bounded subset of
HY, then the first component of the solution S¢ (t)z tends to So (t)uo in the HO-
norm on every time-interval [0, T'], whereas the second component goes to zero
in the history-space M? on every time-interval [T, T], with T > 0. Nonetheless,
as it is to be expected, the results are stronger when w > 0. Therefore, we will
analyze the two models separately.

5.1. The Coleman-Gurtin case. Let wo € (0, 1) be fixed. Then we have the
following result.

Theorem 5.1. For every R = 0 there exist Krp = 0 such that, for any z =
(10, N0) € Byy1 (R) and every t = 0, there hold

(5.1) IPSe(t)z — So(t)Pz|lgo < Krh(t) Ve,

(5.2) IPSe(t)z — So(t)Pz |l 20,61y < Krh () Ve,
(5.3) ||QsSe(t)Z||jv12 = ||770||j\423_6t/(46) + Kgr /¢,
where

h(t) = (1 +t)3/4e!,
with L given by (4.3).

Theorem 5.2. If in addition wo belongs to a bounded subset of H?, then the term
$/€ above can be replaced by /€ times a constant depending on the H*-bound of u,.

Remark 5.3. Collecting (5.1) and (5.3), we obtain the estimate
(5.4) I1Se(t)z = LeSo (1) Pzl 40 < lInoll agpe U9 + Krh(t) V.
Let us make a few comments on these results. As shown in (5.4), the conver-

gence of the solution S¢(t)z to LeSo(t)Pz in H? occurs only on time-intervals
of the form [T, T], with T > T > 0. This is naturally due to the presence of the



Singular Limit of Differential Systems with Memory 187

initial history ng. It is then apparent that, if we are given initial data of the form
(u0,0), the limiting process can be controlled on the whole time-interval [0, T].
We stress that the convergence of the solutions as € tends to zero is uniform with
respect to initial data belonging to bounded subset of H .

The proofs of the theorems require several steps. Along this subsection, the
generic constant ¢ > 0 may depend on R. We need to anticipate a result from the

subsequent Section 6 (cf. (6.4)—(6.5) and Remark 6.9). Namely, for all € € [0, 1],

t
65 sup IS0zl + 11 | 14PS00zIPAy | e, vz

2l <R
Let then € € (0, 1] be fixed. Given z = (10, N9) € By (R), we denote
(@(t),n") = Se(t)z and  u(t) = So(t)uo.
The main point is now to reconstruct the “missing” component n' corresponding

to u(t), in order to perform an appropriate comparison with S¢ (£)z. Hence, let
n' be the solution at time ¢ of the Cauchy problem in M?

{nt =Ten+u, t>0,
n° = no.

We first estimate the norms of i and n' in M? in terms of €. Incidentally, this
will entail the relation (5.3).

Lemma 5.4. There holds
ma ([, 10l } = lInollage /0 +ce, vt =0.
Proof. We write the proof for n (the other one being the same). So, mul-

tiplying the equation for n times n in M2, and exploiting (3.4) and (5.5), we
get

d 2 o) 2 *©
ap Ml + Il < CJO He () IAYZn(s) |l ds
) 1/2
<c( ] metsrds) inllag

Cc

NG

1)
17l < 5= lInlg + c.

The assertion then follows from the Gronwall Lemma. O
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The next step is the control of the difference between 7 (t) and u(t). Preliminarily
notice that

o]

(5.6) Jﬁsug(s) ds <ce, Ve>0.

This easily follows from (3.3) (actually, this estimate is rather gross, but enough
for our scopes). Consequently, we deduce

(o)

(5.7) Lgug(s) ds <cJe, Ve>0.

Lemma 5.5. For everyt = 0, there holds

t
I (t) —u(t)l* + JO IAY20(y) — A2u(y) 12 dy < c(1 + t)3/2e2t i,

Proof. Set
w(t) =u(t) —u() and n'=nt-nh
Then we have the system
Ur + WAU + rc He($)AN(s)ds — (1 — w)Au + @(it) — p(u) =0,
fe= Tl 410,
((0),7°) = (0,0).

We multiply the first equation by % in H?, and the second by 77 in M?. Taking
(3.4) into account and adding the results, we end up with

%(IIL‘LII2 +1Ale) + 20lA2@)? < ~2(@ @) - @), )

- ZJ Ue () (AY2n(s), A7) ds + 2(1 — w)(AY?2u, AV24).
0
By virtue of (4.3), we readily get
“2p() - @(u),u) < 20|1ul’.
Exploiting the normalization property (4.1) and the representation formula (3.5)

for n, we have the equality

0 5
—zj e ($)(AY2n(s), AY20) ds + 2(1 — w) (A 2u, AV?a) =2 > 1,
0 p

Jj=1



Singular Limit of Differential Systems with Memory 189
where we set

L(t) = stm(s)(A”zu(t),A”za(t» ds,

L(t) = - J;ugu)<A”2nf(s>,A”2a<t>> ds,

JE
no=-[° oy B AT = 0, A1) s,
JE
no - o DB AV, A1) d,
JE ’ min{s,t} _
s =[] [ aru - At - v, A aw) dy | s

Hence, the differential inequality above turns into
a -2 _112 /2112 -2 g
7 U1l + 11Allg) + 201 AV2al? < 280l +2 3 1.

Jj=1

We now have to estimate the terms I;.
e From (5.5) and (5.6),
I (t) < ce.

e From (5.5), (5.7) and Lemma 5.4,
Lit) < cj be(s) A2t (s) | dis
NG

<c| mnarntPds e | pes)ds
E e

< c|[n'[[e + cVE < ce P28 4 ¢ e,

o We assume t < /¢, otherwise I5(t) = 0. From (3.3) and (5.5),

JE
Lit) <c L be(s) 1A 2no(s — ) ds

< cetle j pe () 1A 2n0(s) || ds
0

oo 1/2 c
< ce"”/fqO ug(s)ds) Inoll ap < —Se*‘”/f,

NG
which then holds for all t = 0.
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 Reasoning as in the previous case, and using (4.1), we have
Ii(t) < ce“s”fj Spe(s) ds = ce Ot/E,
0

e From the Agmon inequality,

lp @12 < c(1+ [ullfs lJullf~) < e (1 + IAYul® [Aul?) < e (1 + [|Aul?).

Hence, on account of (5.5) for € = 0, it is apparent from the equation that

t
JO e (w)|[Pdw < c(1 + 1),

which implies, for y € [0, t],

t
() —u(t -yl < L,y Iy (w) | dw < e(1+£)2 /.

Therefore, due to (4.1),

I5(t) = Lﬁ es)| me{s’” (u(t) - u(t - y), Au(n) dy | ds

JE min{s,t}
< [lAG)| JO m(s)“o lu(t) —u(t - )l dy | ds

JE
sc<1+t>”2%nAa(t>nj spe(s) ds
0

<c(1+ V2 Aut).

Collecting all the estimates above, we finally obtain

a . _ _ _ _
22 (I + [[7l[3) + 200 A 2712 < 280102 + g1 + 2,

where we put
gi(t) =c e+ %e—ét/(za ,
g2() = c(1+ )2 Y | Au(D)]).

Observe that .
J gy)ydy <c(l+t)Je, Vt=0.
0
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Besides, from (5.5),

t
J g2()dy <c(1+1)%23e Vit=0.
0

Hence, recalling that (2(0), 2°) = (0,0), the Gronwall Lemma and a subsequent
integration on (0, t) yield the thesis. O

Conclusion of the proofs of Theorem 5.1 and Theorem 5.2. As we saw, inequal-
ity (5.3) follows from Lemma 5.4, whereas by Lemma 5.5 we find the estimates
(5.1)=(5.2). If in addition 1y € By2(R’), for some R’ = 0, then it is well known
that u(t) is uniformly bounded in H?. By comparison, this furnishes a uniform
bound of u; in H® (with a bound depending on R’). Hence, when estimating
I5(t), one has

t
lu(t) —u(t —y)| < Liy lu (w) |l dw < cy,

for some ¢ = 0 depending on R’. Thus, completing the argument, one obtains
{/€ times a suitable constant depending on R’ in place of ¥/€. O

5.2. The Gurtin-Pipkin case. We now examine the case w = 0. Here,
we have to take f € H'. As in the previous case, we will establish two results,
depending on the regularity of initial data.

Theorem 5.6. For every R = 0, T > 0, and z = (ug,No) € By (R), there
exists Kp,r = 0 such that, for every t € [0, T, there hold

IPSe(t)z — So(t)Pzllgo < Kr1 Ve,

and
1QeSe (D)l a0 < Inoll e “8) + Kp r V.

With more regular initial data, we can improve the first estimate.

Theorem 5.7. If in addition Wy belongs to a bounded subset of H?, then the term
W€ above can be replaced by /€ times a constant depending on the H*-bound of .

Proof. Both results are obtained repeating with minor modifications the ar-
guments of the former case, except that now we make the restriction t € [0, T].
In the sequel, the generic constant ¢ = 0 may depend on R and T.

Arguing as in the proof of the subsequent Lemma 6.8 (now for w = 0), the
reader will have no difficulties to see that, when f € H!,

ISe(D)zllyp <, Vtel0,Tl.
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As before, we introduce (u,n), (i, ) and (it, ). The analogue of Lemma 5.4
now reads

6.8)  max {14 Byg. 0B} = lmol3ee /2 + e, Wt el0,TI.

Concerning Lemma 5.5, the only difference here is the treatment of I (t) (keeping
in mind that now ¢ depends also on T). For y € [0,t], with t € [0, T], we have

IAY2u(t) — AV2u(t - )|
< lu(t) —u(t — )12 | Au(t) — Au(t — y)||'/?
<ciy[h(t)+h(t-y)],

where we put h(t) = [J[Au(t) |2 X10,) (). Hence, for every t € [0,T],

JE min{s,t}
Is(t) < 21 AY2q (1) | j e (s) U 1A 20 () — AV2u(t — )| dy] ds
0 0

< Vegs(t),
having set
NG s
95(D) = c jo ues)| jo [A(t) + h(t - )] dy | ds.

By (5.5) (that still holds for € = 0), we learn that

JOTgs(t) dt =c Lﬁus(s) [ JOS JOT[h(t) +h(t-y)ldt dy} ds < c.

So we end up with

17 _ _

= (Il +[[lle) < 2012l + g1 + Ve gs,
with g; as before. The Gronwall Lemma on [0, T'] then furnishes
(5.9) la()> <cie, Vtelo,T].

Collecting (5.8)—(5.9) we have proved Theorem 5.6. The proof of Theorem 5.7

follows as in the Coleman-Gurtin case. O
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6. DISSIPATIVITY

Throughout the rest of the paper, we will focus on the asymptotic properties of
the semigroup S¢(t) in the Coleman-Gurtin case w > 0. The case w = 0, much
more critical in order to develop a global asymptotic analysis (due to the lack of
regularizing effects), will possibly be the object of future investigations. There is
no loss of generality to assume hereafter w = 1.

In the sequel, we will state results valid for all € € [0,1]. However, we will
limit ourselves to provide the proofs for € > 0. The corresponding proofs for
€ = 0 are actually easier, and can be immediately recovered just putting po = 0.
Then, in the first equation the full term Au appears, whereas the second equation
is vacuously true.

The dissipative character of the system is witnessed by the following result.

Theorem 6.1. There exists Ry > 0 such that the set B = B 300 (Ro) #s an absorb-
ing set for Se(t) on HY, uniformly in €. Namely, given any bounded set B C H,
and setting R = sup,_g |12l 310, there exists to = to(R) = 0 such that

Se(t)YBC B, V=t

Remark 6.2. The uniformity with respect to € means that neither the radius
Ry of the ball B? nor the entering time ¢, depend on ¢.

The theorem is an immediate consequence of the following lemma.

Lemma 6.3. There exist vy > 0 and Co = 0 such that
(6.1) ISe()zll g0 < 1zl 07" + Co, VYV E =0,
forany z € HY.
Proof. Multiply the first and the second equation of Problem P¢ by u and n,

in the respective spaces. Taking (3.4) into account, and adding the results, yields

Ll + InlB3e) + 1472l + 2 nlfg + 2@, u) < 20, w).

By (4.2), it is easily seen that
Apu),u) = —(1-3v)|Aul? - c,
for some v > 0 (possibly very small). Moreover, as f € H? is constant in time,
2(f,u) < v|AY?ul? + c.

Hence, for some vy > 0 small enough, we find the inequality

d
62) Ul + lInllye) + 2vo (el + [Inlle) +vIA 2ul? < c,

and the Gronwall Lemma entails the desired conclusion. O
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In light of the lemma above, we can choose Ry to be any number strictly greater
than Cy to fulfill the thesis of Theorem 6.1. Accordingly,

Remark 6.4. It is apparent from the proof that, if f = 0 and xp(x) = 0
for every x € R (which occurs, for instance, if @’ > 0), then S¢(t) decays to zero
exponentially fast, with a decay rate independent of €. In this case, with reference
to the next sections, the set {0} ¢ H is the (exponential) global attractor for
Se(t) on HY.

Remark 6.5. Actually, Theorem 6.1 also holds for the Gurtin-Pipkin model.
Corollary 6.6. For any R = 0 there exists Qo = Qo(R) such that

t+1
(6.3) sup |AY2PS(y)zlI?dy < Qo, Vit =0.
lzll,0<R
Proof. Integrate (6.2) on (¢, t+1) and use (6.1). O

The next step is to show the existence of an absorbing set in Z}.

Theorem 6.7. There exists Ry > 0 such that the set B. = B 21 (R1) is an absorbing
set for S¢(t) on Z}, uniformly in €.

The proof of this theorem is based on the subsequent lemma.

Lemma 6.8. Given R = 0 and p = 0, there exist C1 = C1(p) > 0 and a positive
Sfunction Y\ vanishing at infinity such that, if ||z ;1 < R and 1zl 400 < p, there holds

(6.4) ISe(t)zll ;1 < RY (t) + C1,  ViE=0.
Moreover,
t+1
(6.5) sup |APS:(»)zl*dy < Qi, Vit=0,
Izl <RVt

for some Q1 = Q1(R).

Proof. In this proof, the generic constant ¢ > 0 may depend on p, but not on
R. Arguing like in the proof of Lemma 6.3, except that now the multiplications
are carried out in H' and M/, respectively, we come to the differential inequality

a

1)
27 (IAYPul? +{[nl5) + 1Al + [l 5, +2(A @ (w), A'Pu) < 2(f, Au).
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Observe that 2(f, Au) < %HAMHZ + ¢. Moreover, from (4.3), there holds
2A 2 (u), AV u) = 2(p" (W) Vu, Vu)

> 20APul? = —%nAun2 e,

where the last passage follows by interpolation and by Lemma 6.3. Therefore, we
can choose v; > 0 small enough such that

a

(6.6) a

1
(A2 + ||nll5e) + 2vi HAY2ul + |n|a) + lAul® < c.
Applying the Gronwall Lemma first, and then integrating (6.6) on (t, t+1), we
prove the estimate

6.7) [Se()zllgr <Re ™t +¢, Vit=0,

along with (6.5). Here we used the fact that [|z]l; < [1z]l;; < R.

We are left to show the required control on the remaining part of the term
1Se(t)zll 1. From (6.7), there is Ty = T1(R) such that lAY2u ()] < ¢ for all
t > T1. Thus, by Lemma 3.3 and Lemma 3.4 we get

R2(e %t +¥(t))+c¢, Vt=>T,

6.8)  &||Tent|[A0 + sup xTE, (x) <
e N CR?, Vtelo,Tl.

Using (6.7)—(6.8), and keeping in mind Corollary 3.5, we easily recover (6.4). O

Remark 6.9. It is clear from the proof above that Lemma 6.8 holds the same
replacing Z! with H .

In light of Lemma 6.3 and Lemma 6.8, it is apparent that, selecting p > Ry,
any number strictly greater than C;(p) is an admissible choice for R in order to
fulfill the thesis of Theorem 6.7.

When € = 0, a stronger result holds. Namely, Bj absorbs bounded subsets
of H. To see that, it is enough to apply Lemma 3.8 to (6.6), on account of the
integral estimate (6.3). Unfortunately, this cannot occur when € > 0, due to the
hyperbolic character of the equation for n, that prevents any kind of regularization
of the solution. Nonetheless, it is still true that B} is exponentially attracting in
HY.

Theorem 6.10. There exist ki > 0 and a positive increasing function T\ such
that, up to (possibly) enlarging the radius R,

dists0 (Se(£)B, BY) <T1(R)e ™ !, Vit=0,

for every set B C Bypo(R).
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In view of Theorem 6.1 and estimate (6.1), it is enough to show that
disty0 (Se (1) B2, BY) < Roe ™!, Vit =0.

The proof of this fact is based on a suitable decomposition of the solution S¢ (t)z.
Recalling (4.3), we set

Qo(x) =p(x) +¥x, xcR.

Obviously, @4 (x) = 0 for every x € R. Then, for z = (ug, o), we write S¢ (t)z
as the sum
Se(t)z = Le(t)z + Ke (1) 2,

where L (t)z = (v (t),&") and K (t)z = (w(t), C?) solve the problems

vt 3Av+ A ds + @ow) - @ow) =0,
& =T:E+ v,
(v(0), &% = (uo, no),

and

we + 2AW + Loo Ue($)AT(s) ds + @o(w) —Lu = f,

G =TC+w,

(w(0),2% = (0,0).
Notice that, in general, L¢ (t) and K¢ (t) are not semigroups. Let us establish some
properties of these maps.

Lemma 6.11. There exists k1 > 0 such that

sup [|Le(t)zll 40 < Roe ™t Vit=0.

(
zeB!

Proof. Repeat, with the obvious changes, the proof of Lemma 6.3, noting
that

(Po(u) —Po(w),v) = (Po(u) — o(w),u —w) =0,
since @, > 0. O

Lemma 6.12. There holds

sup sup [[Ke(£)zllz1 < ¢,
>0 zeB

for some ¢ = c(Ry).
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Proof: Mimicking the proof of Lemma 6.8, we get

7! 1
2p AW + (g1 ) + 2vi (1A Pwi? + 2] ) + 4 llAw]?
<c+20{u, Aw).

Since u(t) is uniformly bounded in H?,
20(u, Aw) < %IlAwII2 +c.

Thus, the Gronwall Lemma together with the condition (w(0),Z°%) = (0, 0) bear
the estimate
sup sup [[Ke(t)zll 4 < c.

120 zeB?

The thesis then follows applying Lemma 3.3 and Lemma 3.4 (with null initial
data), and by Corollary 3.5. O

On account of Lemma 6.11 and Lemma 6.12, and redefining R; to be greater
than the constant c(Ry) above, we get at once the desired inequality

disty0 (Se (1) B2, BY) < Roe ™!, Vit =0.

In the sequel, we agree to redefine the radius R; so that Theorem 6.10 holds
true.

Remark 6.13. Integrating the differential inequality in the proof of Lemma
6.12 on (0, t), we also find the estimate

t+1
sup | Aw () [I*dy < .
t=0

7. GLOBAL ATTRACTORS

After Theorem 6.10, we learn that S¢(t) is asymprotically compact on the phase-
space H?. In other words, there exists a compact attracting set (namely, B}) for
Se(t). Thus, by means of well-known results of the theory of dynamical systems
(see, e.g., [24]), there holds the following result.

Theorem 7.1. For every € € [0, 1], the strongly continuous semigroup Se (t) act-
ing on the phase-space HY possesses a connected global attractor A which is bounded
in HE, uniformly with respect to €.

Recall that the global attractor is the (unique) compact set which is at the same
time attracting (with respect to the Hausdorff semidistance) and fully invariant for
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the semigroup. Also, the attractor can be explicitly described as the section at time
t = 0 of the set of all complete bounded trajectories of the system.

If the nonlinearity @ and the source term f are more regular, so is the attrac-
tor. This issue will be discussed in detail in Section 9. Besides, S¢(t) is injective
on A..

Proposition 7.2. The semigroup S¢ (t) uniquely extends to a strongly continuous
group of operators {Se()}rer on As.

Proof. The result follows from the invariance of A¢ and the backwards unique-
ness property of S¢(t) on A,. We prove this last property for the case € > 0 (cf.
[9], where a similar situation is encountered), whereas the case € = 0 is classical
(see [24]). Denoting by (itg, o) the difference of two initial data, let (i1, 7) be
the difference of the corresponding solutions. Assume that (i (1), n7) = (0,0) at
a certain time T > 0. We suppose that T belongs to the support of e (the other
case, which might be empty, is easier). Then, from the representation formula
(3.5), we see that g = 0, and so 7' = 0 for t € [0, T]. But then the equation for
1 implies that @ = 0 in [0, T]. We conclude that (119, 70) = (0,0). O

Finally, the family of global attractors { A} is upper semicontinuous at € = 0,
with respect to the Hausdorff semidistance in .

Theorem 7.3. There holds

£—

Equivalently,
lin(l)[distHO(ﬂ”ﬂs,ﬂo) + sup [|Qezllag] = 0.
P

zeEA,

We need first a preparatory lemma.

Lemma 7.4. The family of maps
{u e C(R,H®) | u(t) = PSc(t)z, with z € A, for some € € (0, 1]}

is equicontinuous and equibounded in H 1

Proof. Notice first that Se(t)z is well defined, in light of Proposition 7.2.
The equiboundedness in H! follows at once from the fact that u(t) € PA for
every t € R. Exploiting the invariance of the attractor, it is then enough to prove
the equicontinuity on the time-interval [1, 2]. Directly from the equation, we see
that

1
el < e (lawl? + o> + [lnlfy +1.£12).
Using the Agmon inequality,

I )l < c(1 + [|Aul).
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On the other hand, repeating the proof of Lemma 5.4, taking now the products
in M}, we obtain

||nt||§w; <ce %2 L cellAut))?, Vitell,2].

In conclusion,
1
lull? < ¢ (1 + [lAu|)? + ge—5/(25)> ’

so that the integral estimate (6.5) bears

2
L w2 dy <.

This yields the desired (3-Holder) equicontinuity. O

Proof of Theorem 7.3. The idea of the proof is borrowed from [12], along the
lines of [15]. Assume by contradiction that there exists €, € (0,11, with &, — 0,
and a corresponding sequence z, € Ag, such that

201&50 Izn = Le, 20l 30, = € > 0.

In view of Proposition 7.2, denote
Up(t) = |Pgsn(t)zn and '751 = angsn(t)zny

for every t € R. Thanks to Lemma 7.4, we are in a position to apply Ascoli’s
theorem. Therefore, there exists us € C(R, H®) such that, up to a subsequence,

lim flup — wsllcq-r,m,00 = 0,
for every T > 0. In addition,

sup [|us () < oo
teR

Furthermore, from Lemma 5.4 and the invariance of the attractor,
. 0 _
lim {31l a0, = .
Therefore, setting z4« = (14 (0),0), we get
}LLn;) Iz — I]—ey,z*”j{g(’n =0.

We reach the contradiction if we show that u« (0) € Ay, which occurs if and only
if uy is a complete bounded trajectory of So(t). The boundedness has already
been proved, and the remaining assertion is a consequence of Theorem 5.1. O
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8. FURTHER DISSIPATIVITY

In this section we show that, if we require sufficient regularity to the nonlinearity
@ and to the source term f, then the absorbing property holds true in higher-
order spaces as well, provided that the nonlinearity satisfies a further growth re-
striction. Throughout this section, let m = 2 be any integer. We make the

following additional assumptions (besides setting w = %):
(8.1) feH™! e C™(R), withy <4,

where, with reference to (4.4), y is the growth rate of @’. Moreover, we require
that
. ) _ _ m
(8.2) ifm =4, theno (O)—Oforl—2,...,2[7]—2.
Observe however that, to include the physically significant nonlinearity @ (x) =
x3 — x, we should restrict to m < 5.
Then we have the following result.

Theorem 8.1. There exists R > 0 such that the set B! = Bzm(Ry,) is an
absorbing set for S¢(t) on ZI, uniformly in &.

In light of Lemma 6.8, the thesis immediately follows exploiting an inductive
argument on M > 2, on account of the following lemma.

Lemma 8.2. Given R = 0 and p = 0, there exist Coy = C(p) > 0, and a
positive function Yy vanishing at infinity such that, if | z|| zm < R and || z|| zmn-+ < p,
there holds

(8.3) [1Se(t)zllzm < R¥m(E) + C, t=0.
Moreover,
t+1
(8.4) sup JAMHDEPS (y)zI*dy < Qm, Vit=0,
Izl <R 7t

Jfor some Qm = Qm(R).

Proof. Let m = 2 be a fixed integer. In this proof, the generic constant ¢ = 0
may depend on p, but not on R. Notice that the term

E||Tgnt||§wg +sup xTy (x),
x=1

can be estimated as in (6.8). Hence, in order to prove (8.3), it will suffice to show
that

(8.5) |Se(t)zllggm < cRe™¥mt +¢, Vit=0,
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for some v, > 0. Arguing as in the proof of Lemma 6.8, taking this time the
products in H™ and M?", we find the inequality

d 0
21 UA™ Ul 4 [lnfag) + AP0 4 2|y

dt
< -2{@u), A™u) + 2(f, A™u).

Since f € H™ 1,
2(f,AMu) < %IIA(’"“)/ZMIIZ +c.

Now we have to proceed differently, according to the value of m.

CASE m = 2. By virtue of the Agmon inequality and Theorem 6.7,
g’ (W)l < c(1+[Jullf=) < c(1 + lAul?’?),
so that we deduce the estimate

2@ (u),A*u)

-2(p" (u)Vu,VAu)

c(1+ [AulY2) AV 2ull | A3 2u |

IA

A

1
< ZI|A3/2u||2 +cllAull” + c.

Hence we obtain

d 1
7 (lAul? + Inll72) +2v2(lAwl? + [nlfae) + 717Ul < e+ clAul.

for some v, > 0 sufficiently small. Setting 00 = max{(y —2)/2,0} € [0, 1), the
right-hand side of the inequality above is less than or equal to

¢+ clAul?(lAul? + [|n|f3e) .

Thanks to (6.5), we can apply Lemma 3.7, which entails (8.5). With a subsequent
integration on (t, t + 1), we recover the integral estimate (8.4).

CASE m > 2. We exploit an inductive argument on m. Assuming that the
result holds for m — 1, we have

sup  sup  JJAM D2y ()| < c.
t20 |1zl ,om-1<p

Moreover, since now u(t) is uniformly bounded in L* (Q),

m—1

sup >l (u ()l < c.

t>0 (=0
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Therefore, appealing to (8.2), we get that @ (u) € H™"!, and it is a standard
matter to check that |[A™~D2@(u)|| < c. Accordingly,

-2{@p(u),A™u) _2<A(m_1)/2q9(u),A(m+1)/2u)

IA

1
Z||A<m+1>/2u||2 +c.

In conclusion, we get

d 1
=A™ Il + 2vin (LA™ 2ull? + [[n] ) + Z AT D 2u)? < ¢,

for a suitable v;,, > 0. Arguing as in the previous case, we reach the thesis. O

Remark 8.3. The restriction y < 4 (which is required only to treat the case
m = 2) is actually unnecessary when € = 0. Indeed, in that situation, the final
differential inequality is

1
%HAMHZ +2vallAull? + leAa/zull2 <c+cllAul?.

Hence, if y = 4, we reach the thesis exploiting Lemma 3.8. By the same token,
" is an absorbing set in the phase-space 7{{).

Of course, if € > 0 we cannot expect that B is an absorbing set in .
Nonetheless, it is exponentially attracting.

Theorem 8.4. There exist Km > 0 and an increasing positive function Ty such
that, up to (possibly) enlarging the radius Ry,
distypo (Se (1) B, BY') <Lp(R)e "t V>0,

for every set B C Byo(R).

The result is a direct consequence of Lemma 3.9, Theorem 4.5, Theorem
6.10, and Lemma 8.5 below.

Lemma 8.5. There exists Ty > 0 such that, up to (possibly) enlarging the radius
Rin,

dist 0 (Se () B!, BEY) <Tpe ™, V2 0.

Proof. The proof follows step by step the one of Theorem 6.10, with the only
difference that here we need the estimate sup,.,, SUP -1 IKe(t)zllzm < c, for

some ¢ = C(Ry—1). Since by Theorem 8.1 u(t) is uniformly bounded in H™"!,
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we have 2€{u, AM™w) < %IIA(m“)/Zw |2 + c. Hence, by mimicking the proof of
Lemma 8.2, there holds

& (amrz)? + 12150 + 2vin (1A™ 2w |12 + [|T| 5 + LAty 2
dt ¢ 2

< -2{po(w),A™w) + c.

In order to derive the suitable differential inequality that, via a Gronwall Lemma,
will provide the desired conclusion, we just follow the proof of Lemma 8.2, with
the obvious changes. For the case m = 2, note that the final step is based on the
inequality

t+1
sup Aw ()[I*dy < o,
t=0 Jt
formulated in Remark 6.13. O

Till the end of this work, we agree to redefine inductively the radii Ry, so that
Theorem 8.4 holds true.

9. ROBUST EXPONENTIAL ATTRACTORS

In this last section, we state and prove the main result about the asymptotic behav-
ior of solutions for the Coleman-Gurtin model (as usual, we put w = %) Again,
we have to make the requirement that (4.4) holds with y < 4.

Theorem 9.1. Assume that'y < 4. Then for every € € [0, 1] there exists a set
Ee, compact in HY and bounded in ZL, which satisfies the following conditions.

(i) E¢ is positively invariant for S¢(t), that is,
Se(t)Ec CEsy, VUE=0.

(ii) There exist k > 0 and a positive increasing function M (both independent of €)
such that, for every bounded set B C By (R), there holds

distyo (Se(t)B, Ee) < M(R)e ™™, Vit=0.

(iii) The fractal dimension of Ee in HY is uniformly bounded with respect to €.
(iv) There exist ® = 0 and T € (0, %] such that

disti,_y[?(fg, L:Ep) < O¢”.

The last property (iv) witnesses the robustness of the family {Z} with respect
to the singular limit € — 0, and it is equivalent to

disto” (PEe, o) + sup [|Qezll 40 < Oc™.

zeEe
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Since ¢ is a compact attracting set, it follows that A¢ C E¢. As a byproduct
we have the following result.

Corollary 9.2. If'y < 4, the global attractor A¢ has finite fractal dimension,
uniformly with respect to .

With further hypotheses on @ and f, we can strengthen the thesis.

Theorem 9.3. Assume in addition that (8.1)—(8.2) hold for m = 2. Then E¢ is
bounded in Z!* and the constant T appearing in (iv) is replaced by 2T.

Before going to the proofs of the theorems, let us briefly discuss the further
regularity of Z¢ (and, consequently, of A¢). From Theorem 9.3 we see that Z is
bounded in ™. Indeed, Z; is contained by construction in B". Hence, Z; is
as regular as @ and f permit.

Proposition 9.4. Lety < 4, f € C*(Q), and @ € C*(R) with " (0) =0
forall v # 1. Then E¢ (and hence A¢) belongs to BY", for every m = 0. In particular,
PA. C PE: C C*(Q).

Remark 9.5. The global attractor Ay fulfills the regularity properties above
without the constraint y < 4, for it belongs to By" (cf. Remark 8.3).

Actually, one could easily recast all the calculations made so far by replacing,
form = 1, the space LI with LT ﬁH}, (R*,H™). This yields the following result.

Corollary 9.6. Let ¢ > 0, y < 4, f € C*(Q), and ¢ € C(R) with
PW(0) = 0 forall v + 1. Then
Q:A: C QL € C*([0, $0) X Q)!

where Soo = supis | pe(s) > 0} (possibly, Se = ).

Proof of Theorem 9.1. We want to exploit the abstract Theorem A.2 given in
Appendix A. Preliminarily notice that, due to the exponential attraction property
provided by Theorem 6.10, and using the transitivity of exponential attraction
(i.e., Lemma 3.9) together with estimate (4.9), it suffices to show that

disty0 (Se(£)BE, Ee) < Mie ™, Vit =0,

for some M; = 0, in place of the stronger condition (ii). According to the nota-
tions of Appendix A, we set

X=Y"=H’, X =HP, Y=H' Y =H"P

where B = (4 — y) /2. Without loss of generality, we may assume y > 2, so that
B € (0,1). Besides, we set B; = Bl, and we denote by t; the entering time of B
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into itself. So, in particular, S¢ (£)Bs C Bg for every t > t;. It is readily seen that
Be is closed in H, (which, in our concrete situation, is the space H?). We are
now left to verify hypotheses (H1)—(H5) of Theorem A.2, that will guarantee the
existence of a set E¢ C B with the desired properties.

Hence, let t* = t; to be determined later, and set S¢ = S¢(t*). Conditions
(H2)-(H3), with X(¢) = ¥/€, immediately follow from Theorem 5.1 (cf. (5.4)),
whereas (H4) is a consequence of (4.9). Besides, due to (4.9), to prove (H5) (for
X = %) it is enough to show that there exists a positive constant ¢ (&) such that

Se(t1)z — Se(t2)zll 31, < c(&)4/It1 — tal,
for every t1, t, € [t*,2t*] and every z € B;. But this follows from the bound
lwellzzes pessmoy + el 2 s per om0y < €(8),

which is in turn a consequence of (6.4)—(6.5) (cf. the proof of Lemma 7.4) and
Lemma 3.3.

Thus, we are left to prove (H1). To this aim, we decompose the map S (t)
into the sum

Sf(t) = Le(t) + Ks(t),

where, for z € B, L:(t)z = (v(t),&") and K:(t)z = (w(t),TC") solve the
problems

rvt +1Av + L:o He(s)AE(s) ds =0,
160 =T+ v,

| L:(0)z = z,

and
(e + baw + | e 9)AT(s) ds + @) =
18 = TeC +w,

(K (0)z = 0.

It is readily seen that L¢ (t) is a strongly continuous semigroup of linear operators
on H,. Moreover, it is exponentially stable, with a decay rate independent of ¢
(cf. Remark 6.4). Hence, choosing any A < %, we can fix t* = t; large enough
such that

ILezi — Lezollgr, < Allzy — 22ll31,, YV 21, 22 € Be,
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where we set Le = Le(t*). Let now z1, zp € Be. Denoting the difference
(w(t),C) = Ke(t)z1 — Ke(t)z2, we end up with the system

Wy + 3 AW + J: pe(S)AT(s) ds + p(u') — @(u?) =0,
it = Tei +w,
2(0) =0,

where ut(t) = PS:(t)z;. Multiplying the first equation by w in HP, and the
second by C in M¥, exploiting (3.4) and adding the resulting equations, we get

%(IIA‘”%DIIZ +[121Fe) + 1AM P20 )12 < 2@ (u?) - @(u'), APw).

Using (4.4) and the generalized H6lder inequality with exponents
2, Ly LJ 0,
1-B"1+28

2@ ) -@ ), APw) < gllu® —u? || |APw | poraap),

we get

with ) , ) ,
g =c(1+[Ju|lp= [u'|lfs ™ + ]z [[u?]]}s 7).
Due to the continuous embedding H!'=# c L6/(1+28) (),
IAPW | o0 < cllATHBI 245
On the other hand, the uniform bound on u'(t) in H! given by (6.4) and the
Agmon inequality entail g < ¢(1+[|Au'(|+|[Au?|)). Finally, from the continuous
dependence estimate (4.9),

lul(t) —u*)ll < cllzi — z2ll3r., Vtel[0,t*].

Collecting all the information obtained so far, we deduce the differential inequality
d _ - 1 -
= UAPPDIR[Z][) + S NATP R0 > < c (14l Au 1P+ Au17)||z1-22l5,,

for every t € [0, t*]. Notice that, from (6.5),

JO (1 + AU O I? + 1AW ) 1P dy < c.



Singular Limit of Differential Systems with Memory 207

Therefore, integration on (0,t*) leads to

©.1) IKe(t)z1 = Ke() 22l 55 < cllz1 = 22llar,,  VEE[0,E7].
Also, we find
9.2) L IATA 240 () |2 dy < cllz) — za|[3..

Hence, setting K¢ = K¢(t*), we have in particular
IKez1 = Keza|| 6 < cllz1 — 221151,

To complete the proof of (H1) we need to prove the inequality above with 7/ in
place of H£. This amounts to showing that

supx—ﬂ—f,(X) < C||Zl - ZZH%—[S’
x=1

£||Tgr)||§\4;1 < cllz1 - ZZH;&O’

where we put for simplicity n = Ct". The first inequality is an immediate conse-
quence of (9.2) and Lemma 3.6 (where w plays the role of u). The second one is
proved recasting Lemma 3.3 in M;! on [0, t*], using the estimate (9.1) to con-
trol w in HY. In both cases it is crucial to use the fact that £° = 0. This finishes
the proof of Theorem 9.1. O

Proof of Theorem 9.3. The argument here is exactly the same, except that
now we set Bs = B". Due to the exponential attraction property given by Theo-
rem 8.4, it will suffice to prove

disty0 (Se (1) B, Fe) < Mie ™, V=0,

for some M; = 0, in place of (ii). On account of Theorem 5.2, here X(¢) = /€.
The exponential attractor Z¢ found in this way will belong to BY". O
APPENDIX A. THE ABSTRACT RESULT

1.1. The setting. Let X, X', YT, Y, Y’ be reflexive Banach spaces with em-
beddings X’ € X and Y’ € Y c Y. Let p € C(R) N L'(R*) be a nonnegative
decreasing function. For € € (0, 1], we set

1 s
NE(S):EH(E>| SE[R+I
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and we consider the Banach spaces M = Lﬁg([R*, Y'), Mg = Lﬁg([R*, Y), Mi =
Lﬁé (R, Y1), endowed with the usual norms, together with the space

We = {neM;|ns ML, supxTg(x) < oo},

x=>1
where

T = e | pe(s)n()|2 ds, x=1,
(0,1/x)U(x,00)

and n; is the distributional derivative of n with respect to the internal variable s.
Then, W; is a Banach space with the norm

2 2 2
[Inllw, = Il + ellnsll; +sup XT} (x).
xX=

Finally, for € € [0, 1], we define the product Banach spaces

XXM, ife>0,
5{5_{){, ife =0,

, X' X We, ife>0,
He = {X’, ife=0,

normed by

1, M, = ullx + 101k,
e, m 3 = ully + lInlfy,.

It is understood that, when € = 0, the pair (u, ) reads just u. Using an abstract
form of Lemma 3.1, we have the compact embedding H, € H. The lifiing map
Le : Ho — He, and the projection map P : He — Hy are given by

Loy — (u,0), ife>0,
0 g, ife=0,
P(u,n) = u.

Before proceeding, we need the following technical lemma.

Lemma A.1. The inequality
Ny (Byyz (1), He) < Ny (Bygy (1), Hy)

holds for every v > 0 and every € € [0, 1].
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Proof. The inequality is straightforward if € = 0. If € > 0, notice that z =
(u,n) € He ifand only if 2 = (u, 1)) € H,, having set )(s) = (1//€) n(es). In
particular, [|zll3r, = IZ|l3,. The thesis follows from the simple observation that
ifz e By (1), then Z € Bg{{(l). Indeed,

A2 2 2 2 2
121131 < IRellxe + lInllag + €2llnsll5; + esupxT; (x) < 1zl < 1,
xX=

since € < 1. O

1.2. The theorem. For every € € [0, 1], let S¢(t) : H, — H, be a strongly
continuous semigroup of operators. Assume that there exist R > 0 and t* > 0,
both independent of €, and a family of closed sets Be C Bsy, (R) such that

Se(t)BsC B, Vix=t".

Theorem A.2. Assume that there exist Aj = 0, A € [0, %), x € (0,11, and a
continuous increasing function X : [0,1] — [0, o) with 2(0) = 0 (all independent
of €) such that the following conditions hold.

(H1) The map S¢ = Se(t*) satisfies, for every z1, z3 € Be,
Sez1 = Sezy = Le(21,22) + Ne(z1, 23),
where

ILe(z1, 22) I3, < Allz1 = 220l 54,
INe(z1, z2) 1402 < Avllz1 = z2l 51, -

(H2) There holds
IS2z — LeS§Pzllar, < ARS(e), VzeBe, VneN.
(H3) There holds
1Se(t)z — LeSo(D)Pzllar, < A32(e), VzeBg, VEe[th2t ]

(H4) The map
zZ - Sg(t)z . ﬂg g Bg

is Lipschitz continuous, with a Lipschitz constant independent of € and of t €
[t*,2t* ). Here, B¢ is endowed with the metric topology of H.
(H5) The map
(t,z) = Se(t)z : [t*,2t*] X Be — Be

is Holder continuous of exponent & (with a constant that may depend on &).
Again, Bg is endowed with the metric topology of He.
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Then there exists a_family of compact sets Ee C B, such that
Se(t)Ec CEey, VUE=0,

with the following additional properties.

(T1) E¢ avtracts Be with an exponential rate which is uniform with respect to €, that
s,
distyr, (S (£)Be, Ee) < Mie ™, Vit >0,

for some k > 0.
(T2) The fractal dimension of E¢ is uniformly bounded with respect to €, that is,

dimys, [E:] < M,.

(T3) There holds
dist;" (Fe, LeFo) < M3[S(e)]T,

for some T € (0, 1].

The positive constants K, T and M are independent of €, and they can be explicitly
calculated.

The sets E¢ are called exponential attractors (with respect to the topology of
He) for S¢(t) on Be.

Remark A.3. Notice that condition (H1) is verified if the map S¢ admits the
decomposition S¢ = L¢ + K¢ such that, for every z1, z; € B,

ILezi — Lezollgr, < Allzi — 22l 44,
IKez1 — Kezall gy < A1llz1 — 22l 94,

Remark A.4. Observe that (T3) is equivalent to

disty " (PEe, Eo) +  sup  [Inllm, < Mg[Z(&)]7,
(u,n) €L

for some positive constant My independent of &.

1.3. Sketch of the proof. The construction parallels the one of the proof of
the main theorem in [7] (but see also [4]). Thus, we will limit ourselves to treat
in detail only those passages where appreciable differences appear, and we address
the reader to [7] for the rest.

In the following, ¢ will denote a generic positive constant independent of &.

We define

1 n
Rn=R(§+A> , mneN,
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and we put
No = max{3, N-21)/¢4n,) (Bas; (1), H1) }.

First, we build (discrete) exponential attractors Z¢ for the maps S; for € = 0
or € > &, where &y > 0 will be determined later (it might occur that &y = 1, in
which case the construction for € > & is empty). This is done exactly as in [7].
Namely, we find for n € N a family of finite sets Ey, (€) such that

En(€) CS¢Be,  SeEn(e) C Enii(e),
En(¢) is a Ry-net of S B,
card[Ep(g)] < N1
In the last inequality we can choose Ny for all the involved € by force of Lemma
A.1. Then, we define »
8 = | Enle) .

neN

Note that the analogous union (made for € = 0) in [7] is taken over N U {0}. The
(compact) sets £4 are exponential attractors for S¢ on B, that satisfy

S:F4 c F2 c B,
distsr, (SPBe, E2) < Ry,

lnN()

: a
dims [F8] = o/ 0a v 1))

Besides, it is apparent that
(A.1) disty " (F4, L Ed) < c.

The next step is to determine &g, in order to construct Zg for £ € (0, &].
Without loss of generality, we assume A, > 1 and we choose & € (0,1] such
that, for all € € (0, &1,

In3(¢)
In (% +A) —lnA;

(A.2) v(e) =

Hence, let € € (0, &]. For every n € N, we find a set E,, C Bo such that
Sg‘ﬁn =E,(0) and card[E,] < N

and we put
En(g) = Ey x {0} C Be.
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Clearly, PE, (¢) = E,, LeEn = E,(¢), card[En(e)] < N(’f“. Finally, we define
E,(e) = anlg"n(f) C Be. We shall prove the estimate

(A.3) distsr, (SPBe, En(€)) < 2AYS(e) + Ry, VN eEN.
Fix z € Be. Recalling (H2),
ISPz — LeSEPz| 51, < ADS(e).

Observe that L¢E; (0) is a Ry-net of L:SJ'By in H,. Thus there exists Z € E;, (0)
such that

By the definition of E,(€), we can find 2 € E, (¢) such that Z = S§PZ. Hence,
applying (H2) once more,

1S82 — LeZllgr, = S22 — LeSYP2| 5, < AFS(e).

Collecting the three inequalities above, we deduce (A.3), as claimed. At this point,
we set

In(3 +A)
T =
In(§ +2A) - InAy

€ (0,1],
so that, in light of (A.2), we find the equality
1 %

AYS(e) = (5 ; 2\) — =],

for v = v(e). We distinguish two cases. When 1 < n < v, we set En(€) = Ey(¢).
Thanks to (H2) and (A.3) there hold

(A.4) distZT(En(E), LeEn(0)) < c[3(e)]T,
(A.5) distyr, (SIBe, En(€)) < CRy.

For the case n > v, the sets E, (¢) are constructed by induction, paralleling the
construction of E, (0) (cf. [7]; again, it is crucial to have Lemma A.1 at disposal),
starting from the initial step Ejy)(€), and asking (A.5) to hold for all n € N.
Then, for every n € N, the family E, (¢) fulfills (A.5) and

Ey(e) C SIBe,
(A.6) SeEn(g) C Enyr(8),

card[Ep (€)] < NJ*™2.
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Finally, we define

—
2 = |J En(e)

neN

Clearly, S;E4 ¢ £4 C B,. Besides, by (A.1) and (A.4)—(A.6) (cf. [7]), we learn

that

distsr, (SPBe, E2) < Ry,
dimy, [E4] < c,
discy " (F2, L E) < c[S(e)].

The passage from the discrete to the continuous case is obtained by setting

Fe= |J S«nEd
te[t*,2t*]

The verification of (T'1)—(T3) goes exactly like in [7].
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