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Abstract. We consider a class of weakly damped semilinear hyperbolic equations
with memory, expressed by a convolution integral. We study the passage to the
singular limit when the memory kernel collapses into the Dirac mass at zero, and we
establish a convergence result for a proper family of exponential attractors.

1. Formulation of the Problem. Let Q C R? be a bounded domain with smooth
boundary 092. For u = u(z,t) : 2 x R — R, we consider, on the time-interval
RT = (0,00), the differential equation

ug + aug — [B+ k< (0)]Au — /000 kL(s)Au(t — s)ds + ¢(u) = f, (1)

arising, for instance, in the theory of viscoelasticity (cf. [4, 9]). Here, a > 0, 5 > 0,
¢ : R — R is a nonlinear term of (at most) cubic growth, f: Q — R is the external
force, whereas the memory kernel

Fa(s) = %k(g) e e (0,1],

is the rescaling of a smooth decreasing function k : [0, 00) — [0, 00) such that

/OOO k(s)ds =~ > 0.
Equation (1) is supplemented with the Dirichlet boundary condition
u(t) lag = 0, Vt € R,
and the initial conditions
u(t) [i<o = uo(t),  ue(0) =y,
where ug(t) and u; are prescribed data. Indeed, the convolution integral requires

the knowledge of u(t) for all negative times. Since k vanishes at co, integrating by
parts we can rewrite (1) as

g + aup — BAu — /OO ko(8)Aug(t — s)ds + ¢(u) = f. (2)
0
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When ¢ — 0, the function k. converges in the sense of the distributions to ~ydo,
where g is the Dirac mass at zero. Hence, we formally obtain the limiting equation

gt + aup — BAU — yAu + ¢(u) = f, (3)
that is, the (strongly) damped wave equation. In this paper we show that the
convergence of (2) to (3) is in fact not just formal. A similar analysis for the
reaction-diffusion equation with memory has been carried out in [1].

Following a well-established procedure first devised by Dafermos [2], we set the
problem in the so-called history space setting. Namely (cf. [8]), putting

1 /s
uis) = —K(s)  and ()= (),
and introducing the past history n'(s) = u(t) — u(t — s), we translate (2)) into the
system

wt + g — B — / 1e(5) Ary(s)ds + plu) = f.

N = —MNs + Ut,
for t € R*, with the boundary conditions (now for ¢ > 0)

u(t) |89 =0, Tlt |39 =0, 77t(0) =0,
and the initial conditions
U(O) = Uy, ut(o) = Ui, 770 = To,

having set ug = u(0) and 79(s) = up(0) — ug(—s). As pointed out in [5], upon
making some reasonable assumptions on the kernel and on the nonlinearity, there
is a complete equivalence between the two formulations.

For the sake of simplicity, from now on we set « = 3 =y = 1. Also, we assume
that &£(0) = 1, which can always be obtained by rescaling k. Observe that we have

oo 1 oo
/ te(s)ds = — and / spe(s)ds = 1.
0 0

3

Notation. Given a Banach space H, we denote by By (R) the closed ball in H
of radius R > 0 centered at zero. Let A = —A be the Laplace operator on
(L2(Q2),{-,), || - ||) with domain D(A) = H?*(Q) N H}(Q). Then, for r € R, we
have the hierarchy of compactly nested Hilbert spaces H™ = D(AT/ 2) endowed with
the inner products (uy, u2)pgr = (A7/2q1, A"/?u5). Concerning the memory kernel,
we assume p € CH(R') N LY(RT), with u > 0, satisfying the condition

W (s) +ou(s) <0, Vs € R, for some & > 0. (4)

Then, we introduce the weighted Hilbert spaces ML = L2 (R*, H"*') endowed
with the usual inner products. Let T. = —ds be the linear operator on M? with
domain D(T%) = {n € M2 : n, € M2, 5(0) = 0}. On account of (4), there holds
(cf. [5])

0
(Ten,mhaa < —5-lnlle,  ¥n € D(T2). (5)

Next, we introduce the Banach spaces (see [1]) £Z = {n: |[n]z; < oo}, where

InlZz; = iR + lnliZ,
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having set
Il = < TenlBg +esupe [ pe ()[40 (s) 2.
z>1 (0,1Yu(z,00)

Due to [8, Lemma 5.5], the embedding £7 C MY is compact for every r > 0
(contrary to the embedding M7 C MY which is only continuous). Finally, for
e € [0, 1], we define the product Banach spaces

H™1 x HT, if e =0, e

r H™ ' x H™ x MZ, if € >0, .
° H™1 x HT, if £ =0.

B {HT“ x H" x LT, if e >0,

When e = 0, we agree to interpret (u,v,n) just as (u,v). We will also make use of
the lifting map L. : H) — H?, and of the projection maps P and Q. on HY, given
by

L€(uav) = (U,U,O), P(Uavﬂ?) = (U,U), Q&(U7U7n) =1.

2. The Dissipative Dynamical System. Let f € H° be independent of time,
and let ¢ € C?(R) satisfy the dissipation and the growth conditions
") <c(L+1r]), VreR, (6)

liminfM > =, (7)

|r| =00 T
where \; is the first eigenvalue of A. Then, we consider the following family of
problems, depending on ¢ € [0, 1].

Problem. Given z = (ug,u1,1m0) € HY, find (u,u,n) € C([0,00), HY) solution to

w4 s+ Au + / " e(s)An(s)ds + o(u) = .

N = Teﬁ + uy,
for t >0, satisfying the initial condition (u(0),u:(0),n°) = 2.

With the adopted notation, P. includes the limiting case ¢ = 0 associated with
equation (3), provided that we interpret the integral term as Au; (whereas the
second equation is vacuously true). Throughout the paper, we will denote by ¢ > 0
a generic constant. All the quantities appearing in the sequel are understood to be
independent of € € [0, 1].

Theorem 1. For every ¢ > 0, P. defines a strongly continuous semigroup (or
dynamical system) Se(t) on the phase-space H. In particular, the third component
n of the solution has the explicit representation formula

by Ju(t) —u(t—s), 0<s<t,
m(s) = {770(3 —t) +u(t) —u(0), s>t

Moreover, the continuous dependence estimate
1Sc(t)21 = Se(t)zallno < ce|z1 — 22|l

holds for some ¢ > 0 and every t > 0 and 21,22 € 'Hg.
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Theorem 2. There exists Ry > 0 such that, given any bounded set B C H? there
is to = to(B) > 0 such that
sup ||S:(t)z]|no < R, Vit > tp.
z€B c

Moreover, denoting R = sup,cg ||2||no, there exist constants Co > 0 and Ag > 0
(both depending on R) such that

o0

supsup [S.(t)zls < o and  sup [ o)y < Ao,
zeB t>0 zeBJO

In particular, the result says that the set B = BHQ(RO) is a bounded absorbing

set for S.(t) on H?, uniformly with respect to .
The proofs of the above theorems recast arguments used in the papers [6] [§], and
are therefore omitted. Following [I], with the obvious formal changes, we also have

Lemma 1. Let 9 € D(T.), and assume that | AY?u,(t)|| < K for some K > 0 and
every t > 0. Then n' € D(T.) and

IntlI? < 2(t + 2)e~ % |Inoll? + cK2,
for allt > 0.

3. Exponentially Attracting Sets. Our first step is to show that P. enjoys a
strong dissipativity property. Namely, there exists a regular (exponentially) attract-
ing set which, in addition, absorbs itself under the action of S.(t).

Theorem 3. There exist Ry >0, k > 0 and M > 0 such, denoting B, = stl(Rl),
there holds

distyo (S=(t)B2, B.) < Me™", vt > 0. (8)
Moreover, there is t; > 0 such that
S.(t)B. C B,  Vt>t. (9)

As a consequence, by means of standard arguments of the theory of dynamical
systems (cf. [10]), we obtain

Theorem 4. The semigroup S (t) possesses a connected global attractor A. on HY
which is bounded in Z}.

The rest of the section is devoted to the proof of Theorem I3, which requires
several passages. We restrict to the case € > 0; the corresponding arguments for
€ = 0 can be easily deduced. Besides, we will diffusely make use without explicit
mention of the Young, the Holder and the Poincaré inequalities, as well as of the
Sobolev embeddings.

Lemma 2. Let o € [0,1] be given, and assume that ||z||xe < R, for some R > 0.
Then there exist constants C, > 0 and Ay > 0 (both depending on R) such that

[Sc(t)zllnz < Cyy  VE=0,
and

t
/ A7 2ue () |Pdy < Ao (L+VE—7),  Vt>72>0.
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Proof. The result for 0 = 0 is contained in Theorem 2. Therefore, let o € (0,1]. In
the following, the generic constant ¢ will depend only on the H%-norm of the initial
data z. For v € [0, 1], with 19 > 0 to be fixed later, set ¥ = u; + vu and define the
functional

o(t) = AN 2u(t) | + | AT2H@)P + [0 Fae + () + e,
where
G(t) = 2(p(u(t)), A7u(t)) — 2(f, A%u(t)).
Choosing the above constant ¢ large enough and 1y small enough, it is readily seen
that

1
3152117y < @(t) < 20IS:(1)2]17 +c,

for all v € [0,1]. Multiplying the first equation of Problem P. by A% in H° and
the second by 7 in MZ bears

L+ | ATl 1 20— )| AT + Sl + G (0)
< 2w(1 — v)(A7%u, A7%) — 20(n, u) pme + 2(¢" (w)uy, A%u).
Due to (9), it is quite immediate to check that, provided that vy is small enough,
2v(1 — V)<AU/2LL, AU/21/1> —2u(n, U>Mg
< VO ) | AP+ il

Concerning the last term, in light of (6) and the inequality (for o = 1 this is the
Agmon inequality, interpreting % as 00)
[l 6/0-0) < cl AV 2ul|| ACT 2y,
there holds
2(¢ (wur, A%u) < e(1+ [[ullFe/a-o ) luell[| A7) Losa+20)

< o1+ AGT 2 [fug ||| AT+ 20|

< cllug]| + cfjue || D
Hence, up to further reducing vy, we end up with the differential inequality

d
S0 v+ | A2 < el + el + e, (10)

that holds for all v € [0, vp]. From Theorem 2|

/ lue(y)lldy < evE—T.

Then, exploiting a generalized Gronwall lemma (cf. [0, Lemma 2.2]), we obtain
150213z < cllzlae 8 +c,  VE20. (11)

In particular, this yields the first assertion of the lemma. The second one follows
by setting ¥ = 0 and integrating (10) on (7,t). O

The next step is to show that S (¢) has an asymptotic regularizing property. In
order to pursue this aim, we need to find a suitable decomposition of the semigroup.
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It is quite immediate to check that a function ¢ satisfying (6) can be written as the
sum ¢ = ¢o + ¢1, where ¢g, ¢1 € C*(R) fulfill

65 (r)| < c(L+]r]),  VreR, (
‘156(0) =0, (13
go(r)r >0,  VreR, (
91 (r) <ec,  VreR. (

~ — — —

Then, for z = (ug,u1,1n0) € Bf, we write
Sc(t)z = L.(t)z + K.(t)z,
where L. (t)z = (v(t),v(t), &) and K. (t)z = (w(t), w:(t), ¢?) solve the problems

v+ vt Avt [ i(s) Av(s)ds + do(v) =0,
0
Yy = Totp + vy,
(U(O)v Ut(0)7 50) =z,
and
oo
wietwt Aw+ [ () AC)ds + 6(u)  dolo) = .
0
Ct = TEC + Wt,
(w(0),w¢(0),¢%) = 0.
Adapting a quite standard argument used in [7, Lemma 5.5] to the present case
with memory, by force of (14) we can prove the existence of ' > 0 and k¢ > 0 such

that
||L€(t)z||Hg < Terot, Yt e RT. (16)

Lemma 3. Let o € [0,3] be fized, and assume that ||z||re < R, for some R > 0.
Then there exists ps = py(R) such that

IKe)zllyovinss < poy VEERY,

Proof. In this proof, ¢ > 0 will depend only on R. For v > 0 to be fixed, consider
the energy functional

() = AT Bw(b)|? + AT B (01 + 1R rama + Gelt) + e,
where 1. = w; + vw and
Ge(t) = 2((u(t)) — do(v(t)), AVT aw(t)) — 2(f, ATHD L ().
Fixing the above constant ¢ large enough and v small enough, we have
S0 a0 < Belt) < 2K(t)200 110 +

This, in light of (6), (15) and Lemma (2| follows at once from the inequalities

2|(po(u) — do(v), A(1+4a)/4w>’

< e(L+llullZo + 01 Z6) 1wl 125 [ACT 4w ] /s

< CHA<1+40)/8’U}||HA(5+40)/8’UJH

< i||A(5+40)/8wH2 +ec,
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and

2| <¢1 (u), A(1+4U)/4w>| < C(l + ||u||Ll2/(9—40)) ||A(1+40)/4wHL12/(3+40)
< AT+ Sy |

= inA“*WSwn? +e.

Multiplying the first equation of the system by A(+49)/4y,_ and the second by ¢ in

M§1+4U)/ 4, arguing as in the proof of Lemma 2/ we get the differential inequality

d
aq)c_’_yq)c_’_ HA(1+4U)/8,¢}CH2

< 2{(¢(u) — ¢ (v))ue, AT w) 4+ 2(gg (v)we, AT )
+ 2() (uw)ug, AT/ Ay) 1)
provided that v > 0 is small enough. Due to (12,
2((¢ (1) — ¢ (v))ue, AT )
< clwllpz (L + llullzo + ol po)lluell o200 AT 4] 12/ 409
< e A7 Py [[[| A% P ]| AT B
< e A7y [[[|ACT B |2
< || A7 2y | ®...
On account of (12)-(13) and (16)),
2(¢0 (v)we, AT Aw) < (|[ollzs + [0l Fe)l[well pr2se-so [ATT 40| 12 s a0
< e AV 20| ATHAT Sy ||| ACHA B |
< AU By |2 4 ¢ A 20| @..
Finally, from (15),
2(61 (w)ur, AT Mw) < ellunl pos-2o | AT w0 oy sae
< of| A7 Py ||| AP B
< || A7 Puy|| + ]| A7 Py | ..
Collecting the above inequalities, and setting
g(t) = el AV2o(@)|| + el A7 P (2],

we end up with

d
a@c+y¢c§géc+g+c.

Since from Lemma 2/ and (16)

/ gy)dy < c(1+Vt—1),

the thesis follows from an application of the generalized Gronwall lemma [6, Lemma
2.2], recalling that ®.(0) = c. O
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With Ry as in Theorem 2, we now choose

po = po(Ro), P1/4 = 01/4(00)» P1/2 = 01/2(01/4% P3/4 = P3/4(P1/2),
and we define, for j =0,1,2, 3,

BUHD/A = [ e D/, 20l 6+n7a < Pjja}-

Hence, applying recursively Lemma /3| along with (16]), there exist constants M; > 0,
for 7 =0,1,2,3, such that

distao (Se(t)BL/*, BUD/4) < Memvot,

Finally, setting
B.={z€2!:||zlz: < R},

for some Ry > p3/4 large enough, using Lemma [1, we find the further exponential
attraction property

dists0 (S.(t)BL,B.) < M,e "1,

for some M, > 0 and v, > 0. Thanks to the continuous dependence estimate
of Theorem (1, the above chain of attractions can be connected, exploiting the so-
called transitivity of the exponential attraction property (see [3, Theorem 5.1]), so
to obtain the desired formula (8]).

Thus, we are left to prove that B, fulfills the absorbing property (9). But this
follows directly from (11) for o = 1, and Lemma [1, upon (possibly) enlarging the
radius Ry > 0. This of course is not a problem, since the redefined B, (being larger)
satisfies a fortiori relation (8). The proof of Theorem [3]is then concluded.

4. Robust Exponential Attractors. The exponential attraction property fur-
nished by Theorem 13| allows us to prove a sharp result on the asymptotic behavior
of solutions to problem P.. Namely, the existence of a family of exponential attrac-
tors for the semigroups S-(t) on the phase-space H?, which is robust with respect
to the singular limit ¢ — 0.

Theorem 5. For every € € [0,1] there exists a set &, compact in HY and bounded
in ZL, which satisfies the following conditions.
(i) Sc(t)é: C &, for everyt > 0.
(ii) There exist w > 0 and a positive increasing function J such that, for every
bounded set B C By (R), there holds distygo (S<(t)B,E:) < J(R)e“".
(ili) The fractal dimension of E- in HY is uniformly bounded with respect to .
(iv) There exist © > 0 and 7 € (0, %6], such that disti}gén(fs,LESO) < Oc”.
With usual notation, dist and dist™™ denote the Hausdorff semidistance and
symmetric distance (in H?), respectively. Observe that (iv) can be equivalently
rewritten as

dist 7", o (PE:, Eo) + suép Qz(|pme < O™
z€&e

Since A. C &, as a byproduct we have

Corollary 1. The fractal dimension of the global attractor A. in HY is uniformly
bounded with respect to €.
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The proof of Theorem [5] is based on an abstract result formulated by the same
authors in [1, Theorem A.2]. We will not report here the argument, which basically
parallels the corresponding one for the reaction-diffusion equation with memory [1].
We limit ourselves to say that the key step is Theorem 3 (which really constitutes the
novelty respect to the parabolic case treated in [I]), together with the transitivity
of the exponential attraction property. Incidentally, when checking the hypotheses
of [1, Theorem A.2], one also obtains a result that has an interest in itself, that we
report as

Proposition 1. For every given T' > 0 and R > 0 there exists Kr gr > 0 such that

12 (8)2 = Le So(8)P2[l o < [[Qe2lmoe™ ¥ + Krr Ve,
for every t € [0,T] and every z € By (R).

Proposition 1/ establishes the convergence of the solutions of P- to the solutions
of Py as € — 0 on finite-time intervals.
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