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Abstract: We obtain new concavity results, up to a suitable transformation, for a class of quasi-linear equa-
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1 Introduction

1.1 Overview

Convexity properties of solutions to elliptic partial differential equations in a convex domain are a fascinat-
ing subject. One of the first results in this direction can be traced back to the work of Brascamp and Lieb in
1976 [5]. They proved that the logarithm function applied to the first eigenfunction ¢; of the Laplace opera-
tor —A with zero Dirichlet boundary conditions in a convex domain is concave. It is readily seen that ¢, itself
is never concave in any convex domain, thus considering a transformation of the solution is necessary. Previ-
ously, in 1971, Makar-Limanov [30] proved that if u > 0 is the solution to the torsion equation Au + 1 = 0 in
a convex planar domain, then +/u is concave. Years later, at the beginning of the eighties, Korevaar [24, 25]
and Kennington [23] derived these results from some general convexity properties (see also [8, 9, 22] for
related seminal works in those years).
More precisely, given Q ¢ RN convex and a function u on Q, these are maximum principles for

Wz, ) = u(Ay + (1 - A)z) - Au(y) - (1 - Mu(z)

for y,z € Q and A € [0, 1] since positivity (negativity) in Q x Q x [0, 1] corresponds to concavity (convex-
ity) of u. As a byproduct, some results about concavity of positive solutions of semilinear problems can be
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obtained. For instance, if N > 2, g € (0, 1), Q is convex and u is a solution to
-Au=u? inQ,
u>0 inQ,
u=0 onoQ,
then 2" is concave in Q. Roughly speaking, some form of concavity on the nonlinear term forces a suitable
power of the solution to be concave. In 1987 Sakaguchi treated, via a suitable approximation argument to
handle lack of regularity of the solutions, the following problems involving the p-Laplacian operator

-Apu=AuP! inQ, -Apu=1 inQ,
u>0 in Q, u>0 inQ,
u=0 on 0Q, u=0 onoQ,

where in the former, A is (necessarily) the first eigenvalue. In [31], he indeed proved that log u and upr%l are
concave, respectively.

1.2 Main results

Given the quasi-linear elliptic problem
-Apu =f(u) inQ,
u>0 in Q, (1.1)
u=0 on 0Q
for p > 1 and Q convex and bounded, our focus is to find the most general reaction term f ensuring that u is
quasi-concave, i.e., its super-level sets {u > k} are convex for any k and to highlight the interplay between the
reaction f and suitable concavity properties of u.

A natural method to obtain quasi-concavity is to find an increasing function ¢ : R, — R such that ¢(u)
is concave. In this respect, by slightly modifying the proof of Sakaguchi [31], we find the following:

Theorem 1.1. Let Q ¢ RN be a bounded convex domain with C? boundary, let f : R, — [0, +00) be Holder
continuous with
M =inf{t > 0: f(t) = 0}

andletu e Wé’p(Q) solve (1.1). If

1) t— tfp(—f)l is non-increasing,
2) t— % is convex on (-c0, log M),

then log u is concave.

Notice that, given any concave increasing h : R — R, the concavity of ¢(u) (called ¢-concavity of u) implies
that h(¢p(u)) is concave as well. Supposing both h and ¢ are smooth, by computing the second derivative of
h o @ one sees that h - ¢ is “more concave” than ¢, so that our interest is to determine the “less concave” ¢
such that ¢(u) is concave, as reasonable measure of the optimal quasi-concavity of u. For example, the less
concave increasing functions ¢ are clearly the affine ones, and in this case ¢-concavity reduces concavity.
To this end, suppose f € C(R;, [0, +00)) and let
t
F(t) = j fu) du.

0

We will consider the function ¢ : (0, +c0) — R defined by

t
go(t):zj Lo (1.2)

! Fi(r)

as detailed in the following theorem, which is the main result of the paper.
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Theorem 1.2. Let Q c RN be a bounded convex domain with C? boundary, let f : R, — [0, +co) be Hélder
continuous with
M =inf{t > 0 : f(t) = 0}

andletu Wé’p(Q) solve (1.1). If

(1) F v is concave,

) j@ is convex on (0, M),

then @(u) is concave, where ¢ is defined in (1.2).

Let us make some remarks on these two statements.

Remark 1.3 (Motivations). A conjecture of Lions [29] going back to the eighties states that any solution of
(1.1) for p = 2 is quasi-concave, i.e., has convex super-level sets, as long as Q is convex and f > 0. The
latter statement (while true in the ball thanks to the celebrated Gidas-Ni-Nirenberg symmetry result) has
been recently disproved in [16], thus revamping the question wether it is possible to select a large class of
reactions f for which Lions’ statement turns out to be true.

The subject of the optimal concavity properties of u has been the object of recent research in the restricted
framework of optimal power concavity (i.e., concavity properties of powers of u, for the highest possible
power). It is known [23, item (iii) in Theorem 6.2 ] that if f(t) = 1 and p = 2, the solution of (1.1) is such
that u? is concave for q < %, while for g > % there are convex domains for which w4 fails to be concave. How-
ever, this phenomenon is known to happen only for convex domains having corners, while in the ball the
torsion function is actually concave (thus, the optimal concavity exponent of the ball is 1). See [17] and the
literature therein for further references on the general problem of linking the optimal concavity exponent
with the smoothness of the domain.

Remark 1.4 (Relations between Theorems 1.1 and 1.2). Condition (1) of Theorem 1.2 implies (1) of Theo-
rem 1.1, but not the opposite, see Lemma 3.3 and Remark 3.4. For p = 2 the reaction

fa)=1+Vu

satisfies the assumptions of Theorem 1.1 but not (2) of Theorem 1.2. However, the concavity property asserted
in Theorem 1.2 is in general stronger than the log-concavity provided by Theorem 1.1. Indeed, if i) denotes
the inverse of the function ¢ defined in (1.2), from

log u = log Y(p(u)),

we see that, as long as t — log i (t) is concave, @-concavity of u implies its log concavity. Lemma 3.5 below
shows, under assumption (1) of Theorem 1.2, log ¥ is always concave. That ¢-concavity is strictly stronger
than log concavity is readily seen considering power-concavity, see below.

Remark 1.5 (Applications). If f € C1(R,), conditions (1) and (2) of Theorem 1.2 read

! 1\
Fal (HY <o
f p f
on (0, M), so that actually the assumptions are equivalent to
Ff' Ff' 1
fiz non-increasing on (0, M) and tlilg)l+ f_2 <1- I_7

The assumptions in Theorem 1.2 are easily verified for f(t) = t7 with g € [0, p — 1), giving, for its first instance,
the concavity of ur®-a-1 (briefly called a-concavity of u for a = p%(p - g — 1)) of the solution u of
-Apu=u? inQ,
u>0, inQ,
u=0 onoQ.

However, already in the semilinear case p = 2, several meaningful reactions related to natural entropy models
can be treated. We refer to section 2 for such examples of non-power like reactions.
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Remark 1.6 (Assumptions on f). The first assumptions of both Theorem 1.1 and Theorem 1.2 strengthen as
p decreases, meaning that if the they hold for some p, then they do for any g > p as well.

The non-negativity hypothesis on the reaction f is not essential and we made it to have a cleaner state-
ment. It is possible to deal with functions obeying

ft) <0 forallt > M :=inf{t : f(t) < 0},

since in this case an application of the weak maximum principle shows that u < M (more details on this a-
priori estimate can be found in Example 2.2 or at the beginning of Section 4). This, in turn, allows to require
the whole assumption in (1) of Theorem 1.2 to be fulfilled on the interval (0, M) only. This restriction can
sometimes be useful, as it allows to prove quasi-concavity of solutions to simple problems such as

-Au+u=1 inQ,
u>0 inQ,
u=0 onoQ

in Example 2.2.
Let us also mention that the Holder continuity of f can be weakened to Dini-continuity, since this suffices
to obtain C2(Q) of solution of regular elliptic quasilinear problems with reaction f(u).

Remark 1.7 (Comparison with previous results). Theorem 1.1 is folklore and we stated it only for complete-
ness, since its proof follows the same approximation procedure of [31]. Regarding Theorem 1.2, the cases
f(t) = 1 and f(t) = tP~! have been treated in [31]. The power case f(t) = t7 with 0 < g < p — 1 is essentially
contained in [19].

General reaction terms have been previously considered in [25, 29] in the semilinear case p = 2, obtain-
ing log-concavity of the positive solution of

-Au = f(u), u=0 onoQ
for f € C1([0, +00), [0, +0c0)) fulfilling

t— f(—:) non-increasing and f"(6)t> - f'(t) t + f(t) < 0. (1.3)

The second condition above fails for powers f(t) = t? and is equivalent to the concavity of g(t) . Hypo-
thesis (2) in Theorem 1.1 (in the case p = 2) is instead equivalent to the so-called harmonic concavity of g.
It is well known that any concave function is harmonic concave, but the opposite is not true. For example,
both Theorems 1.1 and 1.2 apply in the semilinear case p = 2 with f(t) = t4 with q < 1 (the latter providing,
as already remarked, a stronger conclusion than the former), but (1.3) fails.

The monograph [22] reviews most of the techniques available to prove quasi-concavity of solutions to
elliptic differential equation up to the mid-eighties. Apart from the Korevaar-Kennington approach, another
fruitful method is to consider the concave envelope, as done in the seminal work [1] in the framework of
viscosity solutions of fully nonlinear equations. This technique has been applied in [11, 12, 18, 20, 21, 27].
Other close approaches are the quasi-concave envelope method and its modifications [4, 10, 13] and the
microscopic concavity principle initiated in [8] and developed in [3, 26]. The latter has been employed in
[28] to prove that any solution in a convex domain of the plane of (1.1) for p = 2 and f(t) = t9 with ¢ > 1 is
%(q - 1)-concave. Unfortunately, none of these methods easily apply to (1.1) unless additional a-priori (and
unexpected) regularity is assumed on the solution u.

= feh
= [

1.3 Outline of the proof

The choice of the transformation (1.2) can be motivated, at least heuristically, by the following argument.
Let u be a solution to (1.1). Consider an increasing invertible function ¢ : R, — R with inverse . We set

v:=o(u)
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and compute the equation solved by v from the one for u, to obtain

"
- ( IV |2 Z i vijaizjv) = %IVWH +(p- 1)1’;),((:)) Vv|2 =0 (1.4)
i,j=1

In order to simplify (1.4) we force a factorization of the dependencies on v and on Vv by requiring

f) l/)_” (1.5)

TPy

(the constant p is irrelevant of course, we chose that one for convenience). This amounts, by integration, to

Y'(s) = Fap(s))?, s>0,

where F is the primitive of f that vanishes at (0). This condition indeed gives ¢ given in (1.2).
By (1.5) we can rewrite (1.4) in the more tractable form

IV |2 Z di va,vafjv +b(v,Vv) =0 (1.6)
i,j=1
where
b(v, Vv) := ll/;) (( ))(pIVVIZ‘p +(p - DIVv]?),

and we can require the assumptions on [23, Theorem 3.1] to apply Kennington theorem. The latter involve
only the ratio l/’—’,, and, as it turns out, are equivalent to (1) and (2) of Theorem 1.2.

Of course, the problem is that equation (1.6) lacks sufficient smoothness of both the right- and the left-
hand side to employ directly Kennington’s theorem, and the derivation depicted above seems quite rigid. The
issue is then to find suitable regularizations of the original equation so that the previous computations makes
sense and the requirements on the term 'l’—’,’ are stable in the limit.

Luckily, the expected condition (1) in Theorem 1.2 also implies uniqueness of the solution of the origi-
nal equation (1.1). This is proved in Theorem 3.8 through a refined version of the celebrated Brezis—Oswald
theorem [7]. This preliminary result is pivotal in ensuring the effectiveness of any approximation.

It turns out that a good approximation is given by the minimizers u, of the functional

I (u) := %!(eF(u)i + |Vu|2)§ dx —(!F(u)dx,

as € — 0. Indeed, the aforementioned uniqueness ensures that u, — u in all reasonable senses and, for suf-
ficiently small &, we are able to prove that ¢(u,) is actually concave. The claimed concavity of ¢(u) then
follows.

1.4 Structure of the paper and notations

In Section 2 we provide examples and application of Theorem 1.2. Section 3 is devoted to some preliminary
material: we first recall the main tools we will use, essentially contained in [23, 25], then prove some proper-
ties of the functions f and ¢, and conclude the section with the aforementioned Brezis—Oswald-type result.
In Section 4 we focus on the proof of Theorems 1.1 and 1.2, dividing it in several steps.

Notations. In the following Q will always denote a bounded open convex domain, with interior normal usu-
ally denoted by n. The norm in LP(Q) of a function u : O — R will be denoted by |lul|, for any p € [1, +co].
We will use the same notation also for vector valued functions. Constants may change in value from line to
line without changing symbol, as long as their dependance is clear from the context.
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2 Examples and applications
In this section we provide some examples of application of Theorem 1.2 which were not available via known
results.

Example 2.1. The following examples provide non-power-like functions F fulfilling the assumptions of Theo-
rem 1.2 for p = 2 (and thus for any p > 2).
(1) The logarithmic entropy function

F(t)=(t+1) log(t+1) -t
arises as the potential for the Dirichlet problem

{—Au =log(1+u) inQ, (2.1)

u=0 on 0Q.
For t € R,, the function F verifies

F(t)3 _ F?
4D [2t+(t+1)(og(t+1)-2)log(t+1)] =: TaEr D

(F2)"() = - 8(t)
and g is non-negative on R,, since

g'0)=0, g'(t)=log*(t+1),

implying that F ? is concave. Finally,

(F>”(t) _(t+2)log(t+1) -2t
f (t+1)2log’(t + 1)
whose numerator N(t) fulfills ‘
(t+1)2°
Applying Taylor’s theorem with integral remainder, we thus see that N is non-negative on R,. Therefore, the
unique positive solution of (2.1) has convex super-level sets. This conclusion cannot be reached through the
results in [1, 23, 25] or [29].
(2) Consider the function F : R, — R given by

N©)=N'(0)=0, N"(t)=

F(t) =t log(1 +t),

arising from the Dirichlet problem

—Au =1log(1 +u) + T u inQ, (2.2)
U=0 on 0Q.
It holds 3
FH(0) =~ D[t~ log(t + 1)? + ((¢ + 1) ~ 1) log(t + 1)]
4(t+1)2

which is non-positive for ¢ > 0. Moreover,

s

(f)”(t) C(t+ D)(E(t+4) - 2(t + 1) log(t + 1) — t3(t + 2)
f - (t+1)(t+ (t+1)log(t + 1))3
so that, in order to prove that 15 is convex, it suffices to consider the numerator N(t). Using log(t + 1) < ¢,
we get

N(t) = g(t) := (t + 1)(t(t + 4) — 20)) log(t + 1) — t2(t + 2),
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and the auxiliary function g obeys

232 +6t+2)

15 _ f _ 1.2 3) — (4) -
g (O) 0 or k 0’ y &y g (O) 6’ g (t) (t+1)3

Reasoning as before, we see that g > 0 on [0, +00), proving that % is convex. Theorem 1.2 therefore ensures
that the unique positive solution of (2.2) is quasi-concave, which again cannot be deduced from previously
known results.

(3) In general, observe that if a function F satisfies the assumptions of Theorem 1.2 for p = 2, then, given
q>1,F ? satisfies the assumptions for p = g as

F}

(FHr = F3, — = 2F

(Fiy 4af’
We conclude with an example showing what is the rdle of the restriction to the image of the conditions in
Theorem 1.2
Example 2.2. Consider the problem
-Au+u=1 inQ,
u=0 onoQ, (2.3)
u>0 inQ

for a convex Q. A unique, non-negative solution is immediately obtained via minimization of the strictly
convex functional
J) = J IVv|? +v? = 2vdx,
Q

but Theorem 1.2 does not naively apply, since the reaction term fails to be non-negative. However, since
v(x) = 1 solves (2.3), an application of the comparison principle implies that u < 1 in Q. Therefore, prob-
lem (2.3) can be rephrased as

-Au=(1-u); inQ

u=0 on 0Q
u>0 in Q.
Let us denote with F the primitive of (1 — t), vanishing at 0. A simple calculation shows that F 2 is concave on

R, and thanks to the a-priori bound u < 1, it suffices to check the convexity of % only on the interval (0, 1),

where it holds N
1
(7> 0= G5 >0

So, the solution of (2.3) has convex super-level sets. Notice that, looking at the original problem (2.3), with

2
Fy=1-t, F(t)=t—%,

the function j; turns out to be concave for t > 1.

3 Preliminaries

In this section we collect various results that will be useful in the proof of Theorem 1.2.

3.1 The convexity function

We recall here the main tools developed by Korevaar and Kennigton to deal with concavity properties of solu-
tion to (1.1). Given a continuous function v : Q — R with Q convex, its convexity function ¢ : Q x Q — R is
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defined as

Vo) +v(y) V(X +y>

2 2 )
Clearly, v is concave in Q if and only if ¢ < 0 in its domain. The main result of Kennington, generalized in [15],
is the following; that assumptions (1) and (2) below can be checked only on the image of v, while not explicitly
stated, follows from inspecting the proof of [15].

cx,y) =

Proposition 3.1 ([15]). Let Q be bounded and convex in RN, N > 2, and assume that v € C2(Q) n C°(Q) solves

N
Z a; j(Dv)ojjv + b(v, Dv) =0
ij=1
for aij € CO(RYN) such that (ay;) is uniformly elliptic and b € C°(R x R; R,,). If
(1) t— b(t, z) is non-increasing on v(Q) for all z € RN,
(2) t— b(t, z) harmonic concave on v(Q) for all z € RV,
then the convexity function of v cannot attain a positive maximumin Q x Q.

We refer to [15] for a general definition of harmonic concavity. For our purposes, the function b will be positive
on v(Q) and in this case harmonic concavity coincides with the convexity of t — @.

Korevaar singled out a class of transformations allowing to exclude that the maximum of the convexity
function is attained at the boundary o(Q x Q). The following proposition has been obtained in [25, Lem-
mas 2.1 and 2.4] foru € C2(Q). Recall that a strongly convex set is a smooth convex set such that the principal
curvatures of 0Q are positive. Given such an Q we set

Ss={xeQ: g < dist(x,0Q) <26}, Qs={xeQ:§<dist(x,00)}.
Proposition 3.2 ([25, Lemmas 2.1 and 2.4]). Suppose that Q is smooth, bounded and strongly convex, N is
a neighborhood of 9Q and let u € C*(Q) n C2(N) be such that

u>0 inQ, u=0 onoQ, Z—Z>O on 0Q. (3.1)

Ifp € C2(Ry; R) fulfils
i 0O _ 9O

tlilg @'(t) = +00, p" <0<¢' nearo, Jm = lim o= (3.2)
and v := @(u), then, for any sufficiently small §, it holds
D?*v(x) <0 inSs, (3.3)
and
VX € 0Qs v(x) < Lyx(x) inQs\ {X}, (3.4)

where Ly 3(x) = v(X) + Vv(X)(x — X) is the tangent plane to the graph of v at X.
Moreover, if (3.3) and (3.4) hold for some given v € C%(Qs>), its convexity function cannot attain a positive
maximum on 0(Qg x Q).

3.2 The transformation ¢

Since we are interested in positive solutions of (1.1), we will assume henceforth that f is extended to R as
an even function, so that F is odd. First observe that being F » concave on [0, +00), it has sublinear growth,
implying the estimate

Fit)y<C@1+¢tP), t=0. (3.5)

Applying again the concavity assumption, we also infer

fiy<c@+tP Y, t=>o0, (3.6)
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therefore solutions of (1.1) are critical points of the C! functional on Wé’p (Q) defined by

J(u) = I % |[VulP — F(u) dx. 3.7)
Q

A more refined and useful estimate than (3.6) is contained in the following lemma.

Lemma 3.3. Let F: [0, +00) — [0, +00) be differentiable and such that F(0) = 0. If F ; is concave for some

F'(t) : . .
p=>1,thent — @1 LS non-increasing.

Proof. Let G(t) = F v (t), and observe that G' > 0 on [0, +00), since G'(to) < 0 implies by concavity
G(t) < G(to) + G'(to)(t - tg) — —o0,

contradicting G > 0. If
H(s) = GP(s?),

we claim that H is concave. Indeed,
1
G(s?)

1
Sp

H'(s) = GPL(s$)G/(s7)s 7 = ( )p_lc;’(s%)

and s — H'(s) is non-increasing on R, if and only if so is t — H'(tP), i.e., if and only if
p-1
t o (@) G'(t) (3.8)

is non-increasing. Since both

) G(t)  G(t)-G(0)
t— G'(t) and tn—»T_—t_O

are non-negative, and non-increasing by the concavity of G, so is (3.8), being the product of non-negative,
1
non-increasing functions. It follows that H(s) = F(s? ) is concave, so that its derivative is non-increasing. Since

1 _
H'(s) = ;F’(shsl?”,

gives the claim by the monotone increasing change of variable t = sP. O

Remark 3.4. The opposite implication in the previous assertion fails to be true. When p = 2, the function
Ft)=Vi+t+t?, t=0,
is such that @ is non-increasing on R, but F 3 is convex for t > 0.

We next provide the elementary proof of a property, mentioned in the introduction, of the inverse 1) = ¢! of
1
the function ¢ given (1.2). In that framework, we apply the lemma with G = F».

Lemma 3.5. Suppose that G € C°([0, +00); R, ) is concave with G(0) = 0 and let

t
1
o(b) = 1] ot ORr O}

Then s — log (s) is concave.

Proof. We compute
gy = ¥ _ G
(logy) m v

and, since Y is increasing, the claim is equivalent to the fact that t — @ is non-increasing. But this follows

from the assumed concavity of G together with G(0) = 0. O
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In order to apply Proposition 3.2, we point out the following.

Lemma 3.6. Let f € CO(R,, [0, +00)) with
=inf{t > 0 : f(t) = 0} > O.

If the corresponding F is such that F » is concave and j@ is convex in (0, M), the function
t S
o(t) = J'F(S)7% ds, whereF(s) = Jf(r) dr, t,s>0,
1 0

fulfils (3.2) on (0, M).
Proof. By the definition of M, for any t € (0, M) it holds
t
(p”(t) - _ f( 1 .
pF(t)""»

and from ¢’ (t) = F(t)~ ; andF > 0we readlly have ¢'(t) — +oofor t — 0*. By construction F(t) < Ctin (0, M)
and from the concavity of F » we infer F »(t) > ctfort € (0, M), ¢ > 0. Therefore, for t € (0, M),

1

1
1 cr
=F%(t)j ~_dt<—trlogt— 0.
! Fr(t) ¢

o(t)
@'(t)

0<

It remains to prove that
o't . E(t)
I om0 ~ AP Ry

By the convexity of 15 the limit exists, as does, by monotonicity, the limit

=0.

l= tlgg @(t) <0.

Hence the claim follows from the previous limit by de ’Hopital rule, either applied to % ifl = —co or to "’T_,l if
lis finite. O

3.3 A Brezis—Oswald-type result

It is known that the functional J in (3.7) is convex in the variable w = u? and this implies the monotonicity
of the operator
1
-Apwr

p-1
w P

W=
as first remarked for p = 2 by Benguria, Brezis and Lieb [2], see also [6].
An useful consequence (see e.g. [14]) of this convexity property is the following:

Lemma 3.7. Fori=1, 2 let w; € L*°(Q) n WYP(Q) be such that

Wz w1

wi>0, Apw; € L®(Q), wi-wpe Wé’p(Q), € L®(Q).
Then there holds A A
J(‘ PP P )k - whydx 2 0, (3.9)
wy wh

We also recall the definition of the first eigenvalue of the p-Laplacian

Ap = inf{ J [VvIPdx:ve Wé’p(Q), J [VIP dx = 1}.
Q Q
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The next proposition is a Brezis—Oswald-type of result [7]. The proof follows Diaz and Saa [14] but here
we deal with the case when g ) is only monotone and not (as assumed in [14]) strictly monotone. Notice that
it holds, more generally, when Q is connected but not necessarily convex.

Proposition 3.8. Let Q < RN be connected with C? boundary, and let f € C°(R,, R) be such that t — f<_f1 is
non-increasing on (0, +oo). If u € Wé’p(Q) n CL-2(Q) solves (1.1), then either u is a A1,p-eigenfunction or

lim —= <Ay, < lim UG

= 1
-0+ tP-1 (3.10)

and u is the unique solution of (1.1), which also minimizes J on Wé P (Q) where, in the definition of J, f is evenly
extended on RR.

Proof. Suppose that u is not a A1, p-eigenfunction. Then, being positive in Q, it is not an eigenfunction at all,
so that we may assume that
f is not of the form k t*~* on [0, |ulleo], (3.11)

By [14, Theorem 2] the solvability of (1.1) implies that

fO
Jm 5= peo < A (3.12)
Indeed, observe that by the monotonicity assumption on t — tv_l’ it holds
fw) _ fluleo) _ (3.13)
L

Let ¢ € C1%(Q) be a positive A1 p-eigenfunction. Any positive multiple of ¢ is still an eigenfunction so that,
using the Hopf Lemma and C>%(Q) of both u and ¢, we can choose k > 0 such that k ¢ > u on Q. Notice that
all the assumption of Lemma 3.7 hold for w; = k ¢ and w, = u on Q, so that by (3.9) and (3.13), we obtain

0< J(;ALMP) - _A—pu)((k<p)p —uP)dx

kop T~ wT
Q
= [ (Mp - 2V argp — w2 ax
Q
< (p - poo) [ (K97 - u?) dx

Q

giving (3.12) by the positivity of the integral. By the previous chain of inequalities, po, = A1, implies that
flu) = A1 puP on Q, contradicting (3.11), so that the inequality in (3.13) is strict. Consider now

o fH)
Hoi= 10 1°
By the properties of the first eigenvalue and the monotonicity of ¢ — [;—f{, there holds
Al,pjupdstIVulpdxs Jf(u)udx= I fw updx<yojupdx.
Q ) Q Q Q

The latter chain of inequalities ensures that A1, < o and that equality holds if and only if f(u) = uo u”, again
contradicting (3.11) and proving that A1, < uo.

To prove the assertion on J, observe that the first inequality in (3.10) ensures by standard methods that
J is coercive on Wé’p(Q) and possesses a minimum i € Wé’p(Q) n cLe(Q). Being F odd, it holds J(|v|) < J(v)
forany v € Wé’p (Q), so that we can assume that i > 0. Moreover, again by standard methods, the second
inequality in (3.10) implies

inf J<oO.
()

We conclude that # is nontrivial, and therefore strictly positive by the strong minimum principle.
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It remains to show that u = i. Applying again Lemma 3.7 we have

0< J(ﬂ—u)—@>(up—ﬂp)dx.
Q

up-1 ap—l

By the monotonicity assumption, the two factors in the integrand have opposite sign, so that we infer

T = pp N0 (3.14)
Next recall that the pointwise Picone inequality [6]
wP
[VV[P~2Vy - va—_l <|Vwl’, v,w>0, (3.15)

becomes an equality in a connected set if and only if v = k w. Applying the latter for v = # and w = u and
integrating, we get
i P
J }_c(—u) uP dx = J’ |ValP~2Vit - v < J [VulP < Jf(u) udx = J fw uP dx.
ur-1 ur-1 ur-1

Q Q Q Q Q
Since u is positive, (3.14) implies that equality is attained in (3.15) for v = &t and w = u everywhere in Q.
Hence

u=kuu forsomek > 0. (3.16)
Let g(t) := 10 and assume that k > 1 in (3.16). By continuity, for any n € N there exists x, € Q such that

tr-1

l[ulleo

u(xy) = i

and thus (3.14) and (3.16) give

gluleo) = gu(xo0)) = g(Ex0)) = g( ”(;;O)) - gluta) =+ = g( "lﬁlf"’)

for any n > 1. Therefore g, being non-increasing, is constant on (0, ||ull«), contradicting (3.11). Similarly,
if 0 < k < 1, we infer that g is constant on

lulloo
k

again contrary to (3.11). Therefore k = 1 and u = i, as claimed. O

(0, ltlleo) = (o, ) > (0, [ulleo),

4 Proof of the main result

Our proof consists in a two-step approximation. Following [31], we first show that it suffices to deal with
strictly convex domains. Then, under such an assumption, we introduce a regularized problem for which we
can prove the claim of Theorem 1.2. The solutions of the regularized problem converge uniformly to that of
the original problem, thus proving Theorem 1.2.

In light of the result of [31], we will suppose henceforth that u is not a A ,-eigenfunction, so that inequal-
ities (3.10) are in place, ensuring that the functional J in (3.7) has a unique positive minimizer on Wé’p Q)
by Proposition 3.8 and Lemma 3.3. Notice that this holds for any smooth Q, justifying some of the following
arguments.

4.1 Restricting to strictly convex domains

We start by showing that there is no loss of generality considering strictly convex domains. To this aim,
consider a sequence of strongly convex smooth domains (Qx)ken such that

Q€ Qis1 forallk e N, Qr — Q,
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where the last convergence is meant in the Hausdorff sense. Let uy € Wé’p (Qg) be the unique solution to (1.1)
in Q, which can be extended to Q setting uy = 0 on Q \ Q. Observe that uy is the unique positive minimizer
of 1
i) = [ ~I9vP - Fw) d

Qi P

and by minimality
Jis1) = Jir1 (Wi 1) < Jirn (ui) = J(ug),

and then the coercivity of J ensures that (uy)ren is bounded in Wé’p (Q). Thus, up to subsequences, we can

assume that L
ux — &t weakly in W,?(Q)

ux — . strongly in L5(Q), forall s € [1, p]
u — u a.e.

for some it € Wé’p (Q). The continuity of the Nemitski operator associated to F gives

nli_)rgo F(uy)dx = | F(i1) dx
Jrue-]

and by the semicontinuity of v ~ [[Vv|[}, it holds

J@) < lim J(ug) = Lim Ji(ug). (4.1)
k—+00 k—+00
Set
Ex=2sup u.
Q\Qx

Sinceu € C°(Q),u > 0in Qand Qi — Q in Hausdorffdistance, it holds &; | 0. Moreover, (u — &x)+ € Wé’p(Qk)
and there holds (u - €;), — uin Wé’p(Q), so that

lim Ji((u - ex)+) = J(w).
k—+00
Observe that we have used again the fact that
Ji((u - €1)+) =J((u - €1)+) forallk e N
as (u — &)+ vanishes on Q \ Q. By the minimality of uj and (4.1), we infer

J@) < lim Ji(up) < lm Ji((u - €1)+) = J(u),
k—+00 k—+00
ensuring that &t = u by Proposition 3.8. Then assume that we proved the claim of Theorem 1.2 for uy, for
all k € N, that is, ¢(uy) is concave on Q. The convexity functions cx of ¢(uy) are therefore non-positive
on Qj x Qj x [0, 1] and converge pointwise a.e. on Q x Q x [0, 1] to the convexity function c of ¢(u). By the
continuity of u, we thus infer that ¢ < 0 on Qy, x Q, x [0, 1] for any ko € N, thus ¢(u) is concave on Q.
Therefore we will suppose in the following that Q is strictly convex.

4.2 Aregularized problem

Let us now turn to the approximation procedure. We introduce a regularized problem for which we can prove
the claim of Theorem 1.2. In the following we can assume that u is not a A;,,-eigenfunction, so that (3.10)
holds true.

Given € > 0, consider the variational problem

inf  I.(v) =: A, (4.2)
vew P (Q)
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where
1 2\ L 2,2
I.(v) := — I(S(G(V) )P +|Vv|?)Z dx - IF(V) dx
P Q Q
for some odd G € C1(R) that will later be chosen. In the following we will let g := G'.

Lemma 4.1. Suppose that f € C°(R) is even, obeys (3.10) and t — tf,f—f)l is non-increasing on R,. Then, for any
sufficiently small € > 0, problem (4.2) admits a non-negative, nontrivial solution u. € Wé’p (Q) such that, for

afixed a > 0, u; — uin CH%(Q) as € — 0, where u is the unique positive solution to (1.1).

Proof. The equi-coercivity of I follows from the one of J and the obvious inequality I, > J. Furthermore, if u
is as in the statement, we have by (3.10)
Jw)= inf J <O,
WP (Q)

so that by continuity I.(u) < 0 for sufficiently small € > 0. Thus (4.2) has a nontrivial solution, which is
non-negative by I.(|v|) < I.(v). In order to prove the convergence of u. to u, first observe that by dominated
convergence it is readily checked that for any w € Wé’p Q).

lim I.(w) = J(w). (4.3)

e—0"

Since
Jw) < J(ue) < Ie(ue) = A < 1(0) = 0,

it follows that u, is bounded in Wé’p (Q), uniformly for O < € < 1. Hence there exists v € Wé’p (Q) such that,
up to subsequences, u, — v weakly in Wé’p (Q),as k — co.
From the weak lower semicontinuity of J, the minimality of u,, and (4.3), we get

J(v) <lim J(ug,) < lim I, (ug,) < lim I, (u) = J(u)
k k k
so that v is a minimizer for J as well, forcing u = v by the uniqueness proved in Proposition 3.8. The previous
display forces J(ug,) — J(u) but, as already noted,

!F(uak)dx — !F(u) dx

so that we infer that |Vu, |l — [Vull, giving the strong convergence u,, — u in Wé’p (Q) by uniform con-
vexity. A standard sub-subsequence argument allow to conclude that u. — u in Wé’p (Q). Arguing as in
[31, Proposition 6.2], we infer from (3.5) and the uniform bound on [Vu,|, a uniform bound on |lu¢ll« for
€ € (0, 1). Standard regularity theory then ensures that (u.) is uniformly bounded in C Lp (5), B > 0and thus
converges to u in C L5 (Q) by the Ascoli-Arzela theorem. O

We collect next some regularity properties of the minimizers u, just constructed.

Lemma 4.2. Let u; be the solutions constructed in Lemma 4.1 under its assumptions, and suppose that G > 0
on R,.
(1) Each u. satisfies in Q the Euler-Lagrange equation

. 2 p=2 £ 2 p=2 2-p
— div((£6(u)? + 1Vuel) 7 Vite) = flte) = - (£ Gue)? + [Vue) 7 6(ue) 7 gue). (44)
(2) For sufficiently small €, we have
u: >0 inQ, au€>0 on oQ
on

where n is the interior normal to 0Q.
(3) If f and g are a-Hélder continuous, then u, € C>%(Q) and there exists no > 0 such that u. is uniformly
bounded in C*%(Sy,), where
Sp={xeQ:1<dist(x,00Q) < 2n}.
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Proof. The first assertion is a simple calculation. Recall that u itself satisfies

u>0 inQ, a_u>0 on 0Q
on

by the Hopf lemma, so that the second assertion follows from the convergence u; — u in C1%(Q). Regarding
the last regularity property, it suffice to observe that the operator on the left-hand side of (4.4) is uniformly
elliptic with Holder continuous coefficients since, from the previous point, there exists co > 0 such that
either |Vu,| > co near 0Q, or F(u) > ¢y away from 0Q. The right-hand side of (4.4) is H6lder continuous away
from 0Q, so that the nonlinear Schauder estimates give the claims in (3). O

Theorems 1.2 and 1.1 will now follow from the next statement, through a simple approximation argument
on the concavity function.

Proposition 4.3. Under the assumptions of Theorem 1.2, let ¢ be defined in (1.2). For any sufficiently small
& > 0, there exist €5 such that if € < €5, then v = @ (u,) is concave on

Qs = {x € Q : dist(x, 0Q) > 6}.

The same statement holds for v = log u.

4.3 Non-positivity at the boundary

From the arguments given in the proof of Lemma 4.2 we can fix 6y so that the solution u of (1.1) belongs
to C2(Q \ Qs,). Moreover, (3.1) hold true for u and, thanks to Lemma 3.6 (and a direct computation in the
case of log t), Proposition 3.2 applies for both the transformations ¢ defined in (1.2) an @(t) = logt. In the
next argument, with v we denote for simplicity both ¢(u) and ¢ (u), and v, will stand for both ¢(u,) and @ (u,).
It follows that (3.3) and (3.4) both hold for v and for any § < §; < 6.

If no is given in (3) of Lemma 4.2, we next choose § < %min{qo, 61} so that v, is uniformly bounded
in C%%(Ss), and therefore converges to u in C?(Ss). Since u, is uniformly bounded from below by a positive
constant and both ¢ and @ are C?(R,), we infer that v; — v in C?(Ss). Therefore (3.3) continues to hold for
any sufficiently small €, so that v, is locally strictly concave on Ss.

We claim that (3.4) holds as well for any (possibly smaller) €. Suppose not, so that there are

En — 0’ )_(n € aQﬁy Xn € Q& \ {)_(Yl}

such that
ngn,)?n (Xn) = Ven(xn)- (4.5)

By compactness we can assume that x,, —» X, x, — x € Qs. By eventually lowering 6y, we see by the smooth-
ness and strong convexity of Q that there is a constant ¢ = ¢(8, Q) > 0 such that

Bcs(x) € Ss forall x € 0Qs.

Since v, is strictly concave on B, 5(X»), the points x,, fulfilling (4.5) must be at least c§ away from x,. There-
fore the limit point x must be at least c6 away from x. By taking the limit in (4.5), we find that

LV,)_((X) 2 V(X)’ X+ )_()

contradicting the established validity of (3.3) for v. Therefore both (3.3) and (3.4) hold for v, if € is sufficiently
small, and the last statement of Proposition 3.1 ensures that the convexity function of v, cannot assume
positive values on 9(Qs x Qs).

We next show that, for any 6 found in the previous point and any correspondingly small €, the convexity
function of ¢ (u;) (or log ug, in the proof of Theorem 1.1) cannot have a positive interior maximum on Q x Q.
In order to do so, we will choose accordingly the function G in the approximation procedure given in (4.2)
(which, so far, played no rle).
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4.4 The transformed equation

We first consider the number
M =inf{t > 0: f(t) = 0}.

In both Theorems 1.1 and 1.2, the function t — g—f)l is non-increasing (by Lemma 3.3 in the second case),

hence f vanishes identically on [M, +00). Clearly we may assume that M > 0, for otherwise problem (1.1)
have no solutions at all. We thus assume that

G(t)=GWM) forallt>=M (4.6)

and claim that, under this assumption,
sup us < M. (4.7)
Q

Indeed, if this is not the case, the function w, = u, — M is non-negative on the open set {u. > M}, vanishes on
its boundary, and attains a positive maximum inside. By (4.6) and f(t) = O for all t > M, we infer from (4.4)
that w, solves
2 p-2
~div((eGM)? + [Vwel?) T Vw ) = 0.

The operator on the left-hand side is monotone, therefore by comparison we obtain w, = 0 and thus a con-
tradiction, proving (4.7). Notice that the truncation prescribed in (4.6), despite lowering the regularity of G,
does not affect the validity of (3) of Lemma 4.2, due to (4.7).

For a, still to be determined, increasing diffeomorphism ¢ € C'(R,, R) with inverse i, set

G(t) = (P ()", te(0,M), (4.8)

so that the oddness condition together with (4.6) defines G on the whole R. For the corresponding solutions u,
of (4.4) we set
Ve 1= @(Ue),

and compute the equation solved by v,. By construction, i satisfies
Gp(s) = P'(sV,  8W(s)) = py' (s 9" (s) (4.9)
for s € v.(Q) and moreover Vu, = ' (v,)Vv,. It follows that
£G(e)? +IVUel? = ' (Ve (e + |Vve )
so that
;(sG(ug)l% V)T Glue) 7 glue) = (e + [Vel) T P (Ve 29 (ve). (4.10)
Regarding the left-hand side of (4.4), from
D*u; = 9" (ve)Vve ® Vve + P/ (ve)D?ve
we compute
div((eG(ug)I% + |Vu8|2)¥Vu€) =1 (ve)Pt div((s + |VVS|2)¥VV£)
(0 - DY P2 We)(e + 19vel?) T Vv, (4.11)

Putting (4.10) and (4.11) into (4.4), we obtain

(e 19v) T = SO B0

Now we split the proof into two cases, choosing ¥ (or, equivalently, G) accordingly.

(e +1Vvel?)T (@ - DIVel? - e). (4.12)
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4.5 Non-positivity in the interior

We finally choose the transformation. For the first statement of Proposition 4.3, let ¢ defined by (1.2), which
then fulfils (4.8) on [0, M] for G = F, i.e.,

P'(s) = F7 (ih(s)). (4.13)

Differentiating this relation we obtain

fps) _ P"(s)

Wyt Pyis)

which, inserted into (4.12) gives

—div((e + |Vv8|2)¥va) = l‘blp’,’((::s))

b(VVg),

where
p-2
2

b(Vve) :=p + ((p = 1)|Vve|* — ) (e + [Vve]?) (4.14)

Consider the function
-2
) =p+((p-Dt-e)e+t)T, t>0

An elementary computation shows that h is increasing, so that its minimum is h(0) = p — 7. It follows that
2
the function b defined in (4.14) is positive whenever € < pr, which we will assume henceforth.
In order to apply Proposition 3.1, we have to check that

n
~— is non-increasing and harmonic concave on v¢(Q) . (4.15)

ll)l
From (4.7) we infer supg ve < @(M) and clearly y(s) > O forall s € v.(Q), since O < u, = Y(v¢). Therefore
P(ve(Q)) < [0, M]. (4.16)

For the first assertion in (4.15), recall from (4.13) that

,’DII ( FI'% R l:b)’

W = T =
Since F ’ is assumed to be concave on (0, M) and (4.16) holds true, this expression is non-increasing being
the composition of a non-increasing function with an increasing one.

Finally, we claim that :/f_',' is convex. We first compute

Ps) _ F(s))

P''(s) f((s))
The function ch is assumed to be convex on (0, M) and then it is differentiable, except at most at countable set
Ac[0,M].IfB = @(A)ands € v.(Q) \ B, then i(s) € [0, M] \ A dueto (4.16). Thus jfc is differentiable at Y(s)
and it holds

(F?)' o .

F(p(s)) 7.

! ! F ! 1 F 1 ,
() =2 (Gesen ) FH b= T8 F 1 psnsiptsnw'o
)Y 1
=T ) 5@

where we used (4.13) in the last step. Therefore

I\ F !
(%) = p<f) op-1 onv.(Q)\B,
which is non-decreasing as composition of non-decreasing functions. Since B is at most countable, the con-
vexity of % follows by well-known characterizations of convex function of the real line.

Hence Proposition 3.1 applies, and the convexity function of ¢(u.) cannot attain a positive maximum

on Q x Q and a fortiori on Qg x Qs.



18 —— W.Borrelli et al., Concavity properties for solutions to some p-Laplace equations DE GRUYTER

Regarding the second statement of Proposition 4.3, we choose in (4.12) the function G(t) = tP, which
corresponds to P(s) = e, ¢(t) = log t. In this case (4.12) reads

fle)

e(P—l)Vs

p-2

div((e + Vvel?) 7 Vv ) = F e+ Ve T (0 - DIVVe? - €)

and the condition required in Theorem 1.2 allow to apply Proposition 3.1 to exclude the positivity of the
convexity function of v in Q x Q.
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