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Abstract
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nonlocal equation.
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1. Introduction
1.1. Overview

Let 2 be a bounded domain of RY with N > 3. In 1983, in the celebrated paper [5], Brezis
and Nirenberg studied the solvability conditions for the semi-linear elliptic problem

—Au—hu=uWNtD/WN=-2)  jh Q.
u>0, in 2, (1.1)
u=0, on 0%2.

In particular, if A1(£2) denotes the first eigenvalue of the Dirichlet-Laplacian in €2, they proved
that, if N > 4, then problem (1.1) admits a solution if 0 < A < A;(£2) while for N = 3 there exists
A* € (0, A1) such that (1.1) admits a solution if A* < A < A1(£2) and no solution for 0 < A < A*.
Due to this phenomenon, N = 3 is often referred to in the literature as critical dimension.

In general 1* is not given explicitly, except when €2 is a ball, in which case A* = 1{(2)/4. In
addition, there is no solution to (1.1) when A > X1 (2) for any domain 2 (see [5, Remark 1.1])
and also for A < 0 provided €2 is smooth and star-shaped (see [5, Remark 1.2]).

In the same paper the authors considered, for N > 4, the non-autonomous critical elliptic
problem

—Au+tau=uNtD/N=2  inQ,
u>0, in , (1.2)
u=0, on 092,

and obtained the existence of a solution by assuming that ¢ € L°°(2) and that there exist § > 0
and an open subset 29 C 2 such that

a<-§8, inQ, /(IV(p|2 +a<p2> dx 28/<p2dx, for all ¢ € C3° (),
Q Q

see [5, Section 4]. About the case of the critical dimension N = 3 for (1.2), no result is stated
in [5].

After the striking achievements of [5], many works were devoted to the search of solvability
conditions for (possibly sign-changing) solutions of the problem
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—Au—Au= |u|4/(N72) u, in$,
u=0, on 0€2.

Solution are obtained for any A > 0 if N > 5 and for all A > 0 with A ¢ o(—A) if N > 4. Here
o (—A) is the spectrum of the Dirichlet-Laplacian on 2. We refer the reader e.g. to [7,13]. The
main tool exploited is the Linking Theorem of Rabinowitz [19].

The previous results were then extended to the more general problem

{_Apu—klul”‘zhlul”*‘zu, in £, (13)

u=0, on 082,

where 1 < p < N, —A, is the p-Laplacian operator and p* = N p/(N — p) is the critical
Sobolev exponent. See for example [12,14] where positive solutions were found for N > p2 and
0 < X < A1(R2), via the Mountain Pass theorem of Ambrosetti and Rabinowitz [19]. Here A1 (£2)
denotes the first eigenvalue of —A , with Dirichlet boundary conditions.

For the general case of sign-changing solutions, a first result was obtained in [1] for A below
the second eigenvalue A(€2) of —A , under some restrictions on p and N. Recently, Degiovanni
and Lancelotti in [9] proved that, if the domain is of class C Le for some « € (0, 1), then problem
(1.3) admits a nontrivial solution for all A > 0 provided that (N3 + p3)/(N? + N) > p>.

Recently, in the framework of nonlocal problems, the following Brezis—Nirenberg type prob-
lem for the fractional p-Laplacian of order s was investigated

(A u—AlulP2u=ul"2u, ingQ,

1.4
u=0, inRN\Q, (1.4)

where s € (0,1), N >sp, A >0 and pf = N p/(N — s p) is the fractional critical Sobolev
exponent. This kind of problems has been first considered in [20,21], in the linear case p = 2. For
a general p, in [17] the authors proved, among other results, that problem (1.4) has a nontrivial
weak solution for all A > 0 provided that (N3 + s3p3)/N (N +s)>s p?and Q is of class C1!.

1.2. Main results

In this paper we return to the investigation of nonautonomous problems like (1.2), in the
nonlinear nonlocal setting aiming to get optimal solvability conditions for the existence of ground
state solutions. Let us set

1/p
lu(x) —u(y)|?

[u]psr @) = / Ty XA
R2N
and for N > s p define the two spaces
DSPRY) = {u € LYY RY) : [ulper@n, < +00},

Dy (Q) :={ueD"?®R") : u=00nR"\ Q}.
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The latter is endowed with the norm
lell psr @y = [l psn ) u € Dy’ (Q).

Precisely, for s p < N, we aim to study the solvability conditions for the following minimization
problem

Sps(a):= inf (]2, +/a|u|de ull, g =1},
P wenpra | PED ) LD
R

where a € LN/*P(Q) is given. By Lagrange Multipliers Rule, minimizers of the previous problem
(provided they exist) are constant sign weak solutions of

(—Ap)‘vu+a|u|1’_2u=u|u|"’;<_2u, in €, (15)
u=0, inRV\ , ’
with u = S, ;(a). Namely, they satisfy
Jo(ux) —u Xx) — *
/ p ) ) ((p( ) (p(y)) dxdy+ / alulP2ugdx=pn / lul”s 2 updx,
|x — y|N+sp
R2N RN RN
for every ¢ € D(S)’p (£2). Throughout the paper we will use the notation for 1 < p < 400
Jp(t) =t|P~1, reR.
We also introduce the sharp Sobolev constant
[u]p S, N
Spyi= _inf ~—DTED (1.6)
ueDP @O} [l e ey
Finally, we use the standard notations
a4+ = max{a, 0}, a_ = max{—a, 0}, Br(xo) ={x e RN : |x — xo| < R}.

The main result of the paper is the following
Theorem 1.1. Let Q@ C RN be an open bounded set. The following facts hold:

1. Ifa >0, then S, s(a) does not admit a solution.
2. Let N > s pz. Assume that there exist o > 0, R > 0 and xo € Q2 such that

a_ >o, a.e. on Br(xg) C Q.

Then S, s(a) admits a solution.
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3. Lets p < N <s p*. Forany R > 0 there exists o = o (R, N, s, p) > 0 such that if
a_ > o, a.e. on Br(xgp) C 2,
then Sy, s(a) admits a solution.

The conditions on a for the existence of solutions in Theorem 1.1 are essentially optimal, see
the discussion of Remark 4.1. In Proposition 3.4 we also prove that the solution is unique when
S p,s (a) <0.

The precise form of the optimizers for the best constant in the fractional Sobolev embed-
ding is still unknown (and proving it seems currently out of reach), although minimizers were
conjectured to be of the form

cU(x_x()), where U(x) = (1 + [x|?)~N=sP/P xRN,
I

c#0,x9 € RY and ¢ > 0. This would be consistent with the special case p = 2, where the form

of optimizers is known, see [8]. In the proof of Theorem 1.1, a key tool is the use of suitable

truncations of extremals U of the Sobolev inequality, introduced in [17] (see Section 2 below).

In fact, the knowledge of their decay at infinity (recently proved in [3]) is enough to conclude.
Then, we also have the following result

Theorem 1.2. Let Q@ C RN be an open bounded set. Let a € LN/*P(Q) be such that
Sp.s(a) <O. (1.7)
Then problem (1.5)

i) does not admit positive solutions if u > 0;
ii) admits a unique positive solution if u < 0.

Remark 1.3. We can rephrase condition (1.7) also in terms of the following Poincaré-type con-
stant

A(R,a):= inf [u]px +/a+ lu|? dx : /a_ lu|P dx =1
ueDy () DPRY)
RN RN

Indeed, we can show that

A2 a) <1 = Sps(a) <0,
and also

AMQa)=1 <— Sps(a)=0,

see Remark 3.5. For a discussion on sufficient conditions ensuring A(€2; a) < 1, and hence (1.7),
we refer the reader to Remark 5.1.
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Remark 1.4 (The case of the p-Laplacian). Although we can only formally choose the limiting
value s = 1 in the previous statements, the same proofs in the paper would provide existence and
non-existence results for the following quasilinear local problem

Sp(a)= inf / |VulP dx + [a lul? dx : \ull pypsov-p gay =1
ueDy () e

RN

Finally, we stress that already in the semi-linear case p =2, Theorem 1.1 and Theorem 1.2 cover
situations which were previously open, such as the critical case of dimension N = 3 and also the
case of weaker integrability assumptions on the external potential a.

2. Preliminaries

2.1. Some known results

We start with an elementary inequality, whose proof is based on Calculus and we omit it.

Lemma 2.1. If y <0, then we have

1
A=Y <14+2t277 =1, foreveryOStSE. 2.1
If0 <y <1, then we have
_ 1
A=Y >14+2:t Q277 =1, foreveryOfth. 2.2)

The following is a discrete version of the celebrated Picone’s inequality. See [2, Proposi-
tion 4.2] and [11, Lemma 2.6] for a proof.

Proposition 2.2 (Discrete Picone inequality). Let 1 < p < 0o and let a, b, ¢, d € [0, +00), with
a,b>0. Then

cP p
ar T b T

Jp(a—b)[ }5 lc—d|P. (2.3)

Moreover, if equality holds in (2.3), then

S

a
b
We recall that in [3, Theorem 1.1] the following result was proved.

Theorem 2.3 (Decay of extremals). Let U € D*P(RN) be any minimizer for (1.6). Then U €
L>®@RN) is a constant sign, radially symmetric and monotone function with
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. N—sp
lim |x| »=1 U(x) = Uco,
|x|—o00
for some constant Uy € R\ {0}.

Let us now fix U € D*?(R") a positive minimizer of (1.6), such that

N

Uy = WU o, =Splss and UO)=1.

Since this is a radially symmetric function, with a slight abuse of notation we write U (r) in place

of U(x), with |x| = r. Based upon the above decay estimate, we can infer the following result
(see [17, Lemma 2.2]).

Lemma 2.4. With the notation above, there exists 0 > 1 such that for all r > 1,

uer _1
Uury — 2

In Section 3 we will need to use some truncations of the Sobolev extremal U. To this aim, for
e > 0 we first set

s p—N r
Us(r):=¢ 7 U(—), r >0,
&

which still solves (1.6). Then by following [17], for § > 0 we introduce

U, res
nea) = | U0) =S 5 <r <60 2.4
0, r>09d,

where 6 is the constant appearing in Lemma 2.4. We then recall from [17, Lemma 2.7] the
following crucial energy estimates for u, 5.

Lemma 2.5 (Energy estimates). There exists C =C(N, p,s) > 0 such that for any ¢ <4§/2,

N—sp

&

N —
[ug’(s]pDS.p(RN) =< (SP,S)W +C (E) p=1 ,

N—sp
N e\N/(p—D]™ ¥
p B
”us*‘S”Lpf(]RN) = |:(Sp,s) » —C <§> :| .
2.2. Levels of compactness

The next result tells us that, in order to have loss of compactness, a certain amount of energy
is necessary.
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Lemma 2.6. Let @ C RN be an open set and let us suppose that s p < N. Let u € R\ {0}, the

functional

1 1 .
K@) := » [u]”DW(RN) + 5 /a lul? dx — % / lu|?s dx, ueDy’(Q), (2.5)
Q s Q

satisfies the Palais—Smale condition:

e at every energy level c € R, if u < 0
e at every energy level c such that

if u> 0.
Proof. We discuss the two cases separately.

Case u < 0. Let {u,},en C Df)’p(]RN) be a Palais—Smale sequence at level c, i.e.

1 1 " "
; [un]%w(RN) + ; Q/CZ |un|de - p_;k Q/ |un|P.v dx :C+0n(1)

and

Jpun (x) = un () (9(x) — (1)) dxdy

su
; =y

ol ps.p g =1
(€2) 2N
0 R
(2.6)

+/alun|f’—2un¢dx—uflun|"?—2ungodx =0,(1).

Q Q

The first condition implies that for n sufficiently large we have

P
3
s

1 1 R N \
p— p [ p,&' _—— pS
c+1> » [un]Ds,p(RN) D lla— ||LN/-W(Q) / lun|"> dx pr / |lun|"> dx
Q Q
1 pi—p -2 = n+e «
_ P _ Iy - ps—pP _ Ps
= p [un]’Dx,p(RN) p p;‘ e b7 “a* ”LN/xp(Q) p;‘ / |un| dx,
Q
where we used Holder’s and Young’s inequalities. By choosing ¢ = —p > 0, we get that the

sequence is bounded in D)7 (£2). Thus we can infer weak convergence in Dy” (2) and L7 ()
(up to a subsequence) to a function u € Df)’p (£2). By weak convergence, we obtain
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Jpu(x) —u(y)) ((wp —u)(x) — (up —u)(y) _
/ e |Ecu_y|1\?+s); S y)dxdy+fa|u|p 2u (uy — u)dx

R2N RN

—u / |t P =2 1 (uy — u) dx = 0, (1).
RN

From (2.6) and using that {1, },eN is bounded in D(S)’p(Q), we obtain

/ Ip @ (X) = 1, (9)) (U — ) (x) = (un — 1)(y))

x—y Ve ey

R2N

+/a|un|"—2un (un—u)dx—uf|un|"?‘—2un (un — u)dx = 0,(1).
RN RN

By subtracting the last two displays, we obtain

(7 @n @) = 00 3) = Jp@@) = 1) (@t =00 = tty = 1))

x =y ey
R2N
+ / a (Iun|”_2un — |u|'"_2u) (up, —u)dx
RN
-1 / (Iunl”ﬁ_2 n — |u| P2 u) (up —u)dx = o,(1).
RN
By using that —u > 0 and the monotonicity of ¢ — |z‘|”§€_2 t, we get
(7 @n @) = 02 30) = Jp@@) = 1) (@ = W) = @ty = 10)()
/ |x — y|NFs P ddy
R2N 2.7)

[ a (bl 20 = 1”2 ) Gty = w0y < 0,1,

RN

We now observe that by Lemma 2.8 below

fa (ltnlP~ 2wy — (P2 1) (un — 1) dx = 0, (1),
RN

and that

(@0 = () = Ty @) =u D)) ((n =) = @t = 1)) 20,
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by monotonicity of t = J), (). Thus from (2.7) we can finally infer

(5@ (0 = 1 (39) = Ty @) =1 D)) ((Wn =) = @t = 10)()
/ dxdy =o0,(1).

|x — y|N+sp
RZN

By standard monotonicity inequalities, we eventually infer the strong convergence to u.

Case n > 0. It is an easy variant of the proof of [18, Proposition 3.1] where the compactness is
obtained for a constant potential a = —u, for u > 0. O

Remark 2.7. When p = 0, in general the functional
| B 1 » 5,p
Ku) := ; [M]DW(RN) + ; alul?dx, u €Dy (),
RN

does not satisfy the Palais—Smale condition, unless some conditions on a are imposed. For ex-
ample, let us define the first eigenvalue of the fractional p-Laplacian of order s, i.e.

r(Q):= inf w2, i/|mpdx==1 . (2.8)
ueDy?@) | PR |
R

Then by taking
a=—A1(£2),
and ¢ a minimizer of (2.8), the sequence
U, =naoi, neN,

is a Palais—Smale sequence for /C (at level 0), but the sequence is not even bounded.
It is easily seen that in this case K satisfies the Palais—Smale condition at every level, when

||a—||LN/xp(gz) <Sps-

Lemma 2.8. Let 1 < p < 00 and s € (0, 1) be such that s p < N. Let Q@ C RN be an open
bounded set. Let {u,} C Dg’p (2) be such that

[tn]ps.p@mhy < C, for everyn € N.

Then there exists u € Dé’P (S2) such that (up to a subsequence)

-2 )
{ (a2 = 2 ) 0 =)}

converges weakly to 0 in LP5/P ().



2252 L. Brasco, M. Squassina / J. Differential Equations 264 (2018) 2242-2269

Proof. The hypothesis implies there exists u € D(s)’p (€2) such that (up to a subsequence) the
sequence converges weakly in Dg’p (2) and strongly in L”(€2) to u, by compactness of the
embedding D(S)’p () — LP(R2). In particular, up to extracting a further subsequence, we can
suppose that u,, converges almost everywhere to u.

We now observe that

[y — ul?, ifl<p<2,

(a2 = )2 ) = )| = €

(ltn P2 4 1ulP72) |y —ul?, i p>2,

for some C = C(p) > 0. By using Sobolev and Hélder inequalities, this implies that the se-
quence

. -2 -2
Up = (|unlp up — lul? u) (up —u),

is bounded in L?5/P(2). Moreover, v, converges almost everywhere to 0 by the first part of the
proof. Then the conclusion follows from [15, Lemme 4.8]. O

3. Analysis of the ground state level

Throughout this section, €2 will be an open bounded set and we will assume s p < N. For a
given potential a € LN/ (2), we want to study some properties of the ground state level

Sps(a):= inf (]2, +fa|u|pdx Sl g =1
P D@ | PR | L R
R

We first observe that S, ;(a) > —o0, indeed for every admissible function u we have

[M]st_p(RN) + / alulPdx > [u]p'Ds_p(RN) —llallLvsey = Sp.s — llall gy

RN

by Hoélder’s and Sobolev inequalities. We observe that when a = 0, the problem above coincides
with the determination of the best constant in the inequality

[0y = €Nl e o foru e DG ().

As in the local case, such a constant does not depend on €2 and is never attained on proper subsets
of RY . This is the content of the next result.

Lemma 3.1. For every open set E C RN we have
Sp,s 0) = Sp,s s

and S 5(0) is not attained in D(S)’p(E), whenever |RN \ E|>0.
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Proof. Let ¢ > 0, then there exists ¢, € Cgo (RV) such that

”‘Pe ”Lp}k (RN) = 1 and [(pé‘]p'Ds_p(RN) E Sp,s + €.
Let A > 1, by taking

N—sp

QOA,S()C):)\ P pe(Ax),

we still have that
”‘p)\,é‘”Lp}k(RN) = 1 and [(pk,s]%x,p(RN) S Sp,s +5~

Moreover, by taking A large enough and up to translations, we have ¢; . € C{°(E). Thus we can
use it as a test function in the problem defining S (0) and obtain

Sp,s (0) =< [(Pk,e]%s,p(RN) = SPaS +e.

By arbitrariness of ¢, this gives S, ;(0) < S, ;. The reverse inequality is straightforward, thanks
to the continuous embedding Dy’ (E) < D%7(RN).

We now suppose that S, (0) is attained by u € Dy” (E) \ {0}. By extending it to 0 outside E,
we have u € D%P(R") and thus u is an extremal for the Sobolev inequality on the whole RY,
thanks to the first part of the proof. Observe that u can be taken to be non-negative, due to
Proposition 3.2 below. By optimality, we get that u is a constant sign supersolution of (—A )",
ie. (=Ap)'u >0, in R¥ . Thus by the minimum principle of [2, Proposition A.1], we should
have u > 0 almost everywhere. But this contradicts the fact that u =0in RN \ E. O

Proposition 3.2. Let us assume that the variational problem defining S, s(a) admits a solution
ue ’D(S)’p (2). Then u has constant sign and u # 0 almost everywhere in SQ.

Proof. We observe that the function |u| is still admissible for the variational problem and

[|u|]Ds,p(]RN) = [M]D&p(RN),

with inequality being strict if both # and u_ are nontrivial. By minimality of u, this implies that
u must have constant sign. Let us assume for example that # > 0 almost everywhere in €2, then
by a simple application of the Lagrange Multipliers Rule we get that u is a non negative solution
of (1.5), where u = S, s(a). By appealing to the minimum principle of [4, Proposition B.3] we
get that # > 0 almost everywhere. 0O

Proposition 3.3. Let i <0, then the problem

(—Al,)su+au”_1=uu”;ﬁ_l, in 2,
u>0, in Q,
u=0, in RN\Q,

admits at most
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e one solution, if u <0;
e one solution with unit LPs norm, if u =0.

Proof. We use an idea due to Brezis and Oswald, based on Picone’s inequality (see [6]). We
assume that the problem above admits two solutions uy, us € Da’p (2). We fix € > 0 and define
ui =minf{y;, 1/¢} fori =1, 2. We have

f Tp(u1(x) —u1(») (p(x) = () dxdy+/auf71godx=u /u{’?_lg)dx,

lx — y|NHsp
R2N RN RN
Jp(u2(x) —u2(y)) (¢(x) — @(y) -1 1
/ P |x_y|NSSp )dxdy—i—/aug wdx:u/ugs pdx.
R2N RN RN

We test these equations respectively with

U A A
S T L S (S L R
By adding the two resulting identities, we obtain
P P
Uze Ue
J _ 9 _ 9
p 1 (x) —u(y)) ((u1+a)l’—1 (x) (ul+€)p_1(Y))
x =y ey
R2N
Jp(ur(x) —ur(p) (u1,e(x) — u1,6(»))
_ dxdy
|x — y[N+sp
R2N
p p
Jp(ua0) = () | () = ——E ()
(uz + )P~ (uz + )P~
dxd
" e — y[N+sp Ty 3.1)
R2N
Tpua(x) —ua(y)) (2,6 (x) — u2,6(y))
— : dxdy
x — y|NHsp
R2N
P P
p—1 U e p—1 Uy
+ [ ot (ﬁ‘)"*/ (W‘)d
RN RN
P p
_ i1 “26 pi=1 “le
M /ul ((ul—i-s)P—l u“) dx+u /uz ((uz—i—e)p—l u“) dx.
RN RN

We now observe that

Jpui(x) —ui(y)) = Jp((ui +&)(x) — (u; +&)(y)), fori=1,2,



L. Brasco, M. Squassina / J. Differential Equations 264 (2018) 2242-2269 2255

thus by Picone’s inequality Proposition 2.2 we have

uP p
Jp(ui(x) —uyi(y)) <(141+2$(X) ﬁ()’)) < |lua(x) —u2(M|?,

where we also used that # — min{|¢|, 1/e} is 1-Lipschitz. Similarly, we get

p p

Jpua(x) —uz(y)) <( T(x) —

(+)1’

+7)p 1(y)) <lui(x) —ur(y)I*.

We then pass to the limit in (3.1), by using Fatou’s Lemma in the first and third terms and the
Dominated Convergence Theorem in all the others. This yields

p
JpQur(x) —ur(y)) ( T (x) — )
i {’ dxdy |u1<x>—u1(y>|P dnd
|x_y|N+sp |N+sp y
R2N
P up
Jp(ua(x) —ua(y)) 7 () = —=5O) ) 1P
u2 us B uz(x) —ua(y
+ PRSI dxd —|x—y|N+S1’ dxdy
R2N R2N
>M/ Py ugdx—u /uf;‘dx+,u /ugi‘bpufdx—u /ugjdx.
RN RN RN RN
(3.2)
We now use Picone’s inequality in the left-hand side of (3.2). This gives
0> —p /(u —uly @ P —ul Py ax.
If u < 0, from the previous inequality we directly get that u; = u5.
If © =0, we go back to (3.2) and observe that this and Picone’s inequality imply
uy
I () = () [ =50 — =2 (v
“ “ dedy= [ 1e®)ZwOI”
x—y Ve S R
R2N R2N

By appealing to equality cases in Picone’s inequality, we get the conclusion

ui(x) _ uz(x)
ur(y) uz(y)’

fora.e.x,y e Q.

This implies that | = c u; for some positive constant c. O
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In the local case, formally corresponding to s = 1, the assertion below was proved in [16].

Proposition 3.4. Let us suppose that S, s(a) < Sp 5. Then the problem defining S, s(a) has a
solution. Moreover, if S, s(a) <0, then such a solution is unique, up to the choice of the sign.

Proof. We first observe that if S), ;(a) < 0, then the uniqueness follows by combining Proposi-
tions 3.2 and 3.3, since every minimizer is a constant sign solution of (1.5), with u =S, s(a).

We now come to the existence part and divide the proof in two cases.

Case Sp s(a) #0. Let {u,}pen C D(s)’p(Q) be a sequence such that ””"”LP?(RN) =1 and

lim [Mn]st,p(RN)+fa|un|pdx =Sps(a).

n—oo
RN

By the constrained version of Ekeland’s variational principle (see [10, Theorem 3.1]) applied to
the following functionals on D(S)’p ()

JW) = [u)? ! rd 4 Glu)=— P d
(u) - ; [u]’Ds.p(RN) + ; a |M| X an (M) - p_;k |M| X,
RN RN

there exist {A,}neny C R and {ii, }nen C Dy’ (R2) such that

%
N

J (@) < J (up) and G(tn) = G(up) = L
p

and

lim sup  [(J'(lin) — A G'(iln), @)| | =0.
oo IIWI\Dé-p(Q):l

Since the sequence {ii, },en is bounded in Dy’ (2), we have
(J/(ﬁn)’ ﬁn) — An <G/(ﬁn)7 En) =o,(1),
which yields A, = Sp s(a) + 0,(1). Therefore, a direct computation shows that {it,},en C

D(S)’p (€2) is a Palais—Smale sequence for the functional (2.5) with u =&, s(a) # 0, at the en-
ergy level

N
s s Ss, ip
ci= NSP'S(G) < NSP’S(a) <Sp,sé)a)) .

By Lemma 2.6, we can infer strong convergence of the minimizing sequence {ii,, },en in Dg’p (2)
and thus existence of a solution u to the problem defining S, s(a).
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Case Sp, s(a) = 0. We first observe that if @ > 0 on €2, then

Sps(a)>Sp > 0.

Thus S, s (a) = 0 implies that a_ # 0. By definition of S, ;(a) and the fact that S, ;(a) = 0, this
implies that we have the Poincaré-type inequality

[u]%A_YP(RN)JrfajL |u|? dx > /a_ lu|? dx, (3.3)
RN RN

for every u € Dg’p (€2). Let us consider the sharp constant in the previous Poincaré-type inequal-
ity, i.e.

AR, a) :=inf [u]%s_p(RN) + /a+ lu|P dx : /a_ u|Pdx=17¢ . 3.4
RV RN

It is standard routine to see that the infimum above is achieved, by a constant-sign function. Let
us call ¢ the positive solution. Observe that by (3.3), we have AL(2, a) > 1. On the other hand,
since S, ;(a) = 0 there exists a sequence {u, },en C DS’P(Q) such that

bl s gy =1 and lunly, vy + / ay lupl? dx — / a_ lunl? dx = 0,(1). (3.5)
RN RN

‘We now observe that by Sobolev inequality we have

/a— lun|? dx = [un]%s,p(RN) + / ay luy|? dx +o0,(1) > Sp,s +on(1),
RN RN

where we used that every u, has unit norm in LPS . We can thus divide the second equation in
(3.5) by [gw a— |u|? dx and obtain

[un]%s,p(RN) +/a+ |un|pd'x

M a) < lim RY —1.
n—oo

/ a_ |u,|? dx

RN

This finally implies that (€2, @) = 1 and thus the function

o1

vy = —,
ll$1 ”ijf (RN)

is such that
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[vol? + [ alvol? 2 vodx =0 and lvoll, v wns = 1
0 D‘*p(RN) 0 0 0 LPs (RN) )
RN
i.e. vp is a solution of the problem defining S, s(a). O

Remark 3.5. The quantity A(£2, a) defined by (3.4) is the first eigenvalue of the following eigen-
value problem

(=Ap) u+ay ulP2u=xra_ |ulP~%u, ing,
u=0, in RV \ Q.

It is not difficult to see that
Sps(a)=0 — AMR,a)=1.

Indeed, the implication = has been proven above. The converse implication goes as follows:
we suppose A(€2, a) = 1 and take ¢ a solution of problem (3.4). From inequality (3.3), we have

01 v, + / alul? dx > 0,
RN

for every u € D(S)‘p () with unit L” norm. This implies that S;, ;(a) > 0. On the other hand, the
function ¢ gives equality in the previous inequality, thus

(D11, + f algi|” dx

Sp,s (a) = Sl P = 07
A
/ 1|75 dx
RN
as well.
Actually, we can also show that
Sps(a) <0 = A2 a) < 1. 3.6)

If Sp s (a) < 0, by the previous result there exists a minimizer ¢ for the problem defining S, ;(a).
Thus in particular we get

91+ [ @ 1917 dx— [ a6 dx =S,.(@ <0
RN RN

which immediately implies A(€2; @) < 1. On the other hand, if we assume A(2; a) < 1, the min-
imizer ¢ of problem (3.4) now verifies
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wu&m@%+1/a+wupdxzxama)fa_WHEM<:/a_wnP¢n
RN RN RN

By using the function ¢1/[(¢1 |, ,» as a competitor for the problem defining S, s(a) and appeal-
ing to the previous estimate, we then get S, s(a) < 0.

Remark 3.6. It is not difficult to see that
”a_”LN/xp(Q) <Sp,s > Sp’s(a) >0

Indeed, by Holder’s and Sobolev inequalities

[u]%.v,p(RN)—i_/ah't'pdxz[u]%x,p(RN)_/a*h/['pdx
RN RN

p p
= Sps Null? e = llalipwron gy Nl

= Sp,s - ||a—||LN/sp(Q) >0,
for every function with unit L?5 norm.
4. Proof of Theorem 1.1
We proceed to prove each point separately.

1. Case a > 0. Let us prove that for a > 0 the problem does not admit any solution. By
Lemma 3.1, we already know that this is true if a = 0, thus let us assume that a is non-negative
and

||Cl ”LN/sp(Q) > 0

It is sufficient to show that in this case Sp s(a) < Sp 5. Indeed, let us assume the latter to be true.
Ifue D(S)’p (€2) is a solution for the problem defining S, (a), we would get

Sp,s Z Sp,s(a) = [u]%s,p(RN) + / a |M|P d-x 2 [u]%x,p(RN) 2 Sp,s~
RN

Then we have equalities everywhere and in particular
/ alul? dx =0,
RN

which implies that # = 0 almost everywhere on the support of a. This contradicts the properties
of u contained in Proposition 3.2.
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In order to prove Sp, s(a) < Sp 5, we consider the functions u, s € D(S)’p (RM) as defined in
(2.4). We fix § > 0 small enough so that, up to translations, u. s has support contained in 2.
Then accordingly we take & < §/2. We have

[MS,(S]I)DS,])(RN) + f a |u£,6|pdx

RN
P
LPY(RN)

Sp,s(a) =< 4.1

llueesl

By the estimates of Lemma 2.5 and'

lim | alugs|Pdx =0,
e—0

RN
when we let & go to 0 in (4.1), we get Sp s(a) < Sp 5.

2. Case N > s p>. We want to prove that in this case Sps(a@) < Sy s and then apply Proposi-
tion 3.4. By assumption, there exist o > 0, R > 0 and x( € 2 such that

a(x) < —o fora.e. x € Br(xg) C Q.

Without loss of generality, we can assume that xo = 0. Let 6 > 1 be the same constant appearing
in Lemma 2.3, we choose 6 = R/6. Then we consider again the functions u. s € Df)’p(Q) as
defined in (2.4), with ¢

p—1

=g :=dminj o, | 5 C , 4.2)

that will be chosen in a while. The constant C is the same as in Lemma 2.5. We fix « such that

N—sp

sp<oa< ——
p—1

’

a choice which is feasible thanks to the assumption N > s p>. We now set

ag(x) := —&* uf’%_p(x) e LNsP(Q),

and we enforce condition (4.2), by requiring that ¢ > 0 satisfies

_1
& <g1:=min {so, oga=sp } .

' The family {|u ¢.817}e=0 is bounded in LPE/P(Q) and converges to 0 almost everywhere in €2, by construction. Then
we can apply [15, Lemme 4.8] again and infer vanishing of the term f]RN alug s|Pdx.
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Observe that with such a choice, we have (recall that we are taking U (0) = 1)

a:(x) = —sul P (1) = —s*uly P () = e UL TP (0) = —a,  in BR(0).

Thanks to the hypothesis on a, this yields

a(x) <as(x), fora.e. x € BR(0).

Then by using the test function u, s (which is supported in the ball Br(0) C 2) we get

[uE,(S]'IZ)s,p(RN) + /a |u8,8|pd'x

Spsla) < S

p
I 17 ¢

[u&‘,ﬁ]%y,p(RN) + / a |u8,3|pdx
B BR(0)

p
e 17 s

[u€,5]%.v,p(RN)+ / ac |ues|” dx

Br(0
< 20 = R(e. ).
el s o

We need to estimate the last Rayleight-type quotient. Thanks to the definition of a, and
Lemma 2.5 we can infer

[usé]p
04 Ds,p RN *__
Rie.8) = — " CD e 5P
e 517 . L7 (RY)
O NLPS (RN)

N—sp

(Sp)7+e(5) "

N-—sp C A=
r=—x == ()
(Sp.s)”
and (2.2) with
_sp,__C eym
=N r= N (3)
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This gives
c = 2C A N
R(e,8) <Sps 1+4ﬂ(§)1 1 l+ﬁ<§)p.(2NN,_l)
(SP’S)SP (Sp,s)jp
L 5
— 80‘ Sp,s 1+ Lﬂ (g) p—1 (2_TP _ 1)
(Sp.s)”
C Nt —a 2C : N
=Sp,s+8a _Sp,s+ s (g) p—1 + . (2N r _1)(2)1 I
(SP>S w (Sp,s g4
2¢C A s C 2N=sp_
———=5) e -ns2s [— | §)
(S[’»S) °r (’Sp,s) P

By recalling the choice of o, we have that there exists e, = e2(N, s, p, §) > 0 such that for every
0 < & < &, the term above into square brackets is negative.” Thus in particular

Sps(@) <R(e,8) <Sps, for every 0 < ¢ < min{ey, &2}.
Then the existence of a solution follows from Proposition 3.4.

3. Case s p < N <s p?. Let us prove the second assertion. We fix xo €  and R > 0 such that
Bgr(xg) C Q2. As before, we assume for simplicity that xg = 0. Then we choose

N-—sp
p—1"

O0<ua<

Observe that now we automatically get o < s p as well. We set again § = R/6 and

*_
ag(x) := —&“ uffg P (x).

By arguing as in the estimate above for the term R (e, §), we gain the existence of an explicit
&> > 0 such that

2 The constant &9 is easily seen to have the following form

1
N-sp_
&y = % p—1 o 5’
C [%

with C = C(N, p, s) > 0 that can be computed explicitly.
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(146251 v, +/“82 lug, 517 dx

]RN
P
LPY(RN)

<S8ps-
lley,sl

Observe that &3 can be taken so that £; < §/2. By construction, we have

e, llzoe(yo = U O) P &5 =57,
and observe that o — s p < 0. If we assume that
a_>o0:=¢ 7, a.e. in Bg(0),
we have
a<—0=<a a.e.in Bg(0).

We use ug, s as a test function. By using the previous estimate and the fact that u,, s is supported
on Bg(0), we get as before S), ;(a) < Sp 5. By appealing again to Proposition 3.4, we can infer
that S, s(a) has a solution. O

Remark 4.1 (About the condition on a). In order to understand optimality of the conditions on a,

let us consider the case s = 1, p =2 and a = —AX for some constant A > 0. In this case, solutions
¢ of
Sy 1(=2):= inf /|W|2dx—x/|u|2dx ull v =1%, 4.3)
ueDy*(Q) J J LN=2(Q)

verify in weak sense

“AP—Ap=pudNI nQ, $>0inQ  $=0 ono,
for 4 = S2,1(—X). Observe that the sign of the Lagrange multiplier © depends on whether A <

A1(€2) (in this case u > 0) or A > A1(£2) (in this case u < 0). Here A1(2) is the first eigenvalue
of the Dirichlet—Laplacian on €2. In the first case, by setting

N-2

Y=puT g,
we would get a nontrivial solution of
CAY—AY =Y NT inQ,  Y>0inQ ¢ =0 ondQ.
We already recalled in the Introduction that a necessary condition for this to be possible is that

A>A">0if N=3, A>0 if N >4,
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for a suitable A* < A1(€2). In other words, by observing that in this case we (formally) have
s p =2 and s p?> = 4, problem (4.3) can not have a solution for s p < N < s p? if A > 0 is
arbitrarily small, while for N > s p2 the parameter A > 0 can be taken as small as desired. This
exactly fits into the statement of Theorem 1.1 when a is a negative constant.

For completeness, we also record the following results.
Lemma 4.2. The map T : LN/?(Q) — R defined by
T(a)=5p5(a), fora e LNSP(Q),
is 1-Lipschitz. In other words, for every a,a’ € LN/5P(Q) we have
|Sp.s(@) = Sps(@)| < lla—dll vswgy- (4.4)

Proof. We pick u € Dy” () with [lul|, ¢ o, = 1. Then, Holder’s inequality yields

(o)
Sps(a) < [u]pps.p(RN) + f alul?dx < [u]pps.p(RN) + /a’ ul? dx +lla —a'|| .y (-
RN RN

Thus Sy s(a) < Sp.s(@) + ll@’ — all pvsspq)- Switching the role of a and @', we get (4.4). O

Proposition 4.3. Consider {ai}ren C LN/*P(Q) converging to a in LN/*P(Q). Let us assume
that S, s(a) < Sp 5. If uy is a solution to Sy, s(ax), then there exists a solution u to Sp, s(a) such
that (up to a subsequence)

klirgo[uk - M]Ds,p(RN) =0.

Proof. Let a € LN/P(2) and consider a sequence {ay}ren converging to a in LY /sP(Q). From
(4.4) we already know that S, ;(ax) converges to S, ;(a). For k large enough, we thus have
Sp.s(ax) < Sp.s as well. Then by Proposition 3.4, the problem defining S, s(ax) does admit a
solution uy. Still by (4.4), we know that

. p _
Jim {1, + [ alut”dx | =500, 5)
RN

thus, without loss of generality, we can assume
[uk]gx,p(RN) + / ay lug|’ dx <S8, s(a) + 1.
RN

Moreover, by hypothesis we have

laxll pvrse @y < M,
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thus by Holder’s inequality we get

Sp‘s(a) + 1 2 [uk]%x,p(RN) + / ak |uk|pd~x 2 [uk]%x,p(RN) - M
RN

This implies that the sequence {uy}ren is equi-bounded in Df)’p (£2) and thus we can infer strong
convergence (up to a subsequence) in L9(€2), for ¢ < py, to some limit function u € D(s)’p ().
‘We need to show that

”””LP?(RN) =1 and Spsla) > [u]%x_p(RN) + / alul? dx. 4.6)
RN
The second fact easily follows from (4.5), the lower semicontinuity of the Gagliardo seminorm
and the weak convergence of {|ug|?}xen in LP5/P(Q) to |u|?. Observe that the conditions (4.6)
automatically give that u is a minimizer for S, (a).

In order to conclude, we need to prove that {u}xen converges strongly in LPs (€2). Observe
that by minimality of uy, we get

— -2 — -
luk (x) — ux(NI? l)(cuf(;6|)N+Su§(y)) (p(x) —@(y) dxdy+/ak|uk|”_2uk<pdx

R2N RN

*
-2
— 5, (a) / el 2 ug g dx,
RN

“4.7)

for every ¢ € Dg’p (£2). We now distinguish two cases.

Case S) s(a) # 0. If we consider the functional K introduced in (2.5) with i = S), s(a), recalling

that uj has unit norm in LPs (R2), by (4.7) we obtain

(K (up), @) =
R:

g (x) — ur (NP2 (e (x) — up () (@(x) — 9(3)) d
xdy
2N

v — y|NHsp

+/a|uk|f’*2uk<pdx S, / luage |75 =2 g @ dx
RN RN

s/|ak—a||uk|P*1|go|dx+|sp,s(a>—8p,s(ak)| /|uk|l’?*1|¢|dx
RN RN

< (Nax = allvsn iy +157.5@) = Sp.s(@]) 191l vy

This shows that {u}ien is a Palais—-Smale sequence for K at the level s/N S, ;(a). By recalling
that S s(a) < Sp.5, We obtain strong convergence in Dy (Q2) by Lemma 2.6.



2266 L. Brasco, M. Squassina / J. Differential Equations 264 (2018) 2242-2269

Case Sp s(a) = 0. From (4.5), we get

[uk]%s,P(]RN) + / ay lug|? dx = or(1),
RN

thus by using the weak convergence of {|ux|”}xen and the strong convergence of {ay}xeN, We
obtain

[uk]%x‘l)(RN) =- / a |u|pdx + o (1).
RN
On the other hand, by testing (4.7) with u and then taking the limit as k goes to co, we obtain
[u]%s.p(RN) - - / a |M|p dx.
RN

The last two displays imply that

lim [uy]

p _ p
k00 'D‘”’(RN) - [M]Dx,p(RN)'

By uniform convexity of the space Df)’p (£2), we obtain the strong convergence in this case as
well. O

5. Proof of Theorem 1.2
We consider the two cases separately.

Case (v > 0. We proceed by contradiction. Let us assume that for a u > 0 there exists a positive
solution ug € Dy’ (Q) \ {0}. Thus uo satisfies

Jp(uo(x) —uo(y) (9(x) — () 1 1
f P X yN+sp dxdy—l—/aug (pdx:u/ug pdx,

R2N RN RN

for every ¢ € Dé’p (2). We use the test function® ¢ = ¢f / ug - , where ¢ is the positive solution
of (3.4). This gives

P p
T (uo(x) — uo(y)) ‘/’1_1 (x) — ¢—1_1<y>
P:_P Pd _ l/tg Mg dxd pd
e o= |x — y|N+sp xdy+ [ a¢pdx
]RN RZN ]RN

3 This test function is not admissible in principle, but it is sufficient to proceed as in the proof of Proposition 3.3. We
prefer to avoid these technicalities here.
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We can then apply Picone’s inequality (2.3) and obtain
nm /ué’ﬁp ¢‘1” dx < [qbﬂ%wGRN) + /a+ qbf dx — /a_ qbf dx =A1(2;a)— 1.
RV RN RN

The right-hand side is strictly negative by (1.7) and (3.6), thus we get a contradiction.

Case ju < 0. Since we are assuming S, s(a) < 0, by Proposition 3.4, we can infer that the varia-

tional problem defining S, ;(a) has a positive solution u € Df)’p (2) \ {0}. As already observed,
we have that u solves

(=A) u+auP™' =8, (@uP~!, ingQ,
u > 0, in Qv
u=0, in RV \ Q.

We fix u < 0, it is now sufficient to notice that

_1
v=tu, Witht:( i )pps>0,
Sp,s(a)

is the desired solution. Finally, we use Proposition 3.3 to infer its uniqueness.

Remark 5.1 (Negative potentials). For 1 < g < p, let us define the sharp Poincaré constant for
the embedding Dy” () < L1(Q), i.e.

Apo(Q)= inf wl? . :/|u|qu:1
P weDiP @) | PR |
R

When the potential a is negative, i.e. when a4 = 0, then the condition S, (a) < 0 (and thus
A(2; a) < 1 by (3.0)) is verified if

__a 1
v/‘a_’H’ dx < . (5.1)
J Apq(£2)

Indeed, observe that by Holder’s inequality

_a
/|u|‘1dx§ /a_ lu|P dx ./af"_q dx ,
RN Q

RN

<k

where we used that p/g > 1. Thus by using this we get
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prP—q
(1) p e —e ! ()
AMQa) = inf __DvPRY < /a7 P dx inf &HP
ueDy " (@)\{0} / a |ul? dx 2 ueDy" ()\{0} a
RN /|u|qu
RN
P—q
q

__a
/a_”iq dx Apqg(Q) <1,
Q

where the last estimate follows from (5.1). In the limit case g = p, we recall the definition of the
first eigenvalue of the fractional p-Laplacian of order s

2M(Q)= inf [u]”DS,p(RN) : f|u|1’dx=1

ueDy"(Q)
RN
Then a sufficient condition for A(2; a) < 1 to hold is
infa_ > A1(Q2).
Q
The proof is as above.
Finally, if the potential a is a negative constant, i.e. a = —X with A > 0, we observe that
M, a):= inf W1, ons / lul? dx = !
ueDy ) | P ED A
RN
1 A1(R2
= inf —[u]%prN :/|u|1’dx:1 = 1( )’
ueDy? @) | * PRY) : A
R

and condition (1.7) is equivalent to A > A1 (£2).
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