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ABSTRACT. We obtain a Struwe type global compactness result for a class of
nonlinear nonlocal problems involving the fractional p—Laplacian operator and
nonlinearities at critical growth.

1. Introduction.

1.1. Overview. In the seminal paper [21], M. Struwe obtained a very useful global
compactness result for Palais-Smale sequences of the energy functional

1 A N -2
I(u):§/Q\Vu\zdaﬁ—&—§/Q|u|2dac—w/Q|u|1\2’7]j2 dz, u e Dy (Q)

where Q C R¥ is a smooth open and bounded set, N > 3, XA € R, and the space
Dy?(Q) is defined by

Dy?(Q) = {u € L% (RN / |Vu|? de < +00, u=0in RN \ Q}
RN

The functional above is naturally associated with the semi-linear elliptic problem
with critical nonlinearity
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(1)

—Au+Au= |u\ﬁu in £,
u=20 on 02,

in the sense that critical points of I are weak solutions of (1). Due to the presence of
the term with critical growth in its definition, the functional I does not satisfy the
Palais-Smale condition. In other words, sequences {uy, fnen C D(l)’2(Q) of “almost”
critical points of I with bounded energy are not necessarily precompact in Dé’2 (Q).
Struwe’s result gives a precise description of what happens when compactness fails
at an energy level ¢. Roughly speaking, in this case there exists a (possibly trivial)
solution v° to (1) and k profiles v* solving the purely critical problem on the whole
space

—Au= \u|ﬁu, in RV, (2)

such that the sequence {u,}neny can be “almost” written as a superposition of

00, ..., v, More precisely, there exist {2/ }nen € RY and {\ },en C R, converging
to 0 as n — oo, with
k 2-N Zi
0 NN i (T Zn . 12N
n An) ? — |, Dy=(R™),
e S0 () o
and
c=T1(") 4 Io(vt) + - + I (v"), (3)
where I, is the energy functional associated with equation (2), i.e.
1 N -2 2 N
Io(u) = = Vul|? do — ———= =2 dz.
=3 [ WuPdo= 5 [

This kind of result is very useful to study the existence of ground states for nonlinear
Schrodinger equations, Yamabe-type equations or various classes of minimization
problems.

Since then, several extensions of Struwe’s result appeared in the literature for
semi-linear elliptic problems. We refer the reader to [12, Lemma 5] for the case
of the bilaplacian operator A? with both Navier or Dirichlet boundary conditions
and to [18, Theorem 1.1] for nonlocal problems involving the fractional Laplacian
(—A)?® for s € (0,1). However, the linearity of the operator does not seem essential
in the derivation of this type of results. In fact in [16, Theorem 1.2] (see also [1,25])
a similar result was obtained for signed Palais-Smale sequences of the functional
associated with the problem

~AputaluP?u=plulf 2u inQ
u=>0 on 012,

where a € LV/?(Q), > 0, A, is the p—Laplacian operator and p* = N p/(N — p).
Applications of these results are provided to constrained minimization problems,

to Brézis—Nirenberg type problems (see [16]) and to Bahri—Coron type problems (see

[15]), namely the existence of positive solutions to the purely critical problem

p*—2

—Apu=plu u, in Q,

when the domain €2 has a nontrivial topology. For the aforementioned results in
the semi-linear case p = 2, we also refer to the monograph [24].
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1.2. Main results. Let 1 < p < oo and s € (0,1). The aim of this paper is to
obtain a global compactness result for Palais-Smale sequences of the C! nonlocal
energy functional I : Dy (2) — R defined by

1 — p 1
I(u)::f/ Mdmdy—kf/ a|u|pdx—ﬂ*/ |u
R P JrN Ds JrN

Ps 4
v o —y[N+sp : = @

where a € LV/*7(Q) and p > 0 (see Section 1.3 below for the relevant definitions).
We recall that {uy,}nen C DgP(Q) is said to be a Palais-Smale sequence for I at
level c if

lim I(uy) = c, lim I'(u,) =0 in D57 (Q),

n— oo n—oo
where D=7 (Q) denotes the topological dual space of D (). Critical points of
(4) now solves (in weak sense)

(—A)u+aluf?u=pluP~2u inQ,
u=0 in RN \ 0,

(5)

where (—A)f, is the fractional p— Laplacian operator, formally defined by

AV () = 2 Tim [u(z) — u(y)[P~* (u(z) — u(y))
(=A% ulx) : 22\.0 RN\ B. () |z —y|[NFsp !

A function u € Dy*(Q) is a weak solution of (5) if

/ u(z) — u(@)[P~* (u(z) — u(y)) (v(z) —v(y))
]RZN

|z —y|NHer
:u/ |u
RN

Likewise, if H is the whole RY or is a half-space in R, the critical points u of the
functional I, : Dy (H) — R defined by

N A 1165 1) | PRI
Ioo(u) T /RZN d dy D3 /]RN |

p ‘x_y|N+sp s

Y, z e RN,

da:dy—i—/ alulP~?uvdr
RN

Ps2yvdr, Vv e DYP().

Psde, (6)

are weak solutions to

p

(A u = p|uPs2u in H,
_ RN (7)
u=0 in RV \ H.

(NA) Nonexistence Assumption. If # is a half-space, then (7) has the trivial
solution only.

Our main result is the following

Theorem 1.1. We assume hypothesis (NA). Let 1 < p < oo and s € (0,1) be
such that sp < N. Let Q C RN be an open bounded set with smooth boundary.
Let {untnen C Dy () be a Palais-Smale sequence at level ¢ for the functional I
defined in (4).

Then there exist:

e a (possibly trivial) solution v° € DyP(2) of

(A u+aluf?u = g |uPs 2, in §;
o a number k € N and v, v?--- [ vF € DyP(RN)\ {0} solutions of

(—A)Zu =pu |u|p:_2u7 in RY;
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e a sequence of positive real numbers {\, }nen C Ry with X}, — 0 and a sequence
of points {z! }neny C {z € Q : dist(x,00) > AL}, fori=1,... k;

such that, up to a subsequence,

k i
. 0 R ) _
nh_}rrgo tn — U — (A2) v ( N )] 0, (8)
i=1 Ds:p(RN)
k .
nli_)ITOlO[U'n]%s,p(RN) - Z[Ul]%s,p(RN)) (9)
i=0
k .
I+ Io(v') =c. (10)
i=1

By recalling that for every u € Dy*(RY) we have

_ p
lim(1—s) / Mdmdy:C / |Vu|P dz,
s 1 R2N |l’7y|N+Sp RN

for a constant C = C(N,p) > 0, original Struwe’s result formally corresponds to
p=2and s =1 in Theorem 1.1.

Remark 1.2 (About the Nonexistence Assumption). The nonexistence of solutions
to problem (7) for half-spaces is already challenging in the local case, for p # 2. In-
deed, without sign hypothesis on the solution, this is still open for the p—Laplacian.
The situation is made unclear due to absence of a suitable Pohozaev type identity
for p # 2, as well as of a unique continuation result up to the boundary. On the
contrary, if we assume solutions to have constant sign, in the local case then this
has been proved in [16, Theorem 1.1]. For 0 < s < 1 and p = 2, the non-existence
of constant-sign continuous solutions was obtained in [10, Corollary 1.6].

Next we formulate the global compactness result for radially symmetric functions
in a ball B € RY. Due to the geometric restrictions, the final outcome is more
precise and free of Assumption (NA).

Theorem 1.3 (Radial case). Let N > 2, 1 < p < oo and s € (0,1) be such that
sp < N. Let B C RY be a ball centered at the origin and assume that a € LN/SP(B).

rad

Let {up}nen C Dngad(B) be a Palais-Smale sequence for I at level c. Then there
exist:

® a (possibly trivial) solution vo € Dy'7,4(B) of
(—A);u+a\u|p’2u:,u|u Pi=2y.  in B,
e a number k € N and v',v?... oF € Dyt RY)\ {0} solutions of

(—A)u = plu

=2y, iRV,

o a sequence {\! }pen C Ry with X — 0, fori=1,...,k;

such that, up to a subsequence, we have

k

. A =G

nhﬁngo un—vo—é (N,) 7w ()\%>] =0, (11)
=1 Ds:p(RN)

and conclusions (9) and (10).
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Remark 1.4 (Radial case for N = 1). The previous results guarantees that, under
the standing assumptions, a radial Palais-Smale sequence can concentrate only at
the origin. This is due to the fact that functions in D(S)jfad verify some extra com-
pactness properties on annular regions Ag, r, = {z : Ry < || < R1}, which go up
to the exponent p% (and even beyond). More precisely, we have compactness of the
embeddings
Dgfad(B) — Lq(ARo,Rl)a p: <g< ps#7

where p# is the critical Sobolev exponent in dimension N = 1. As for N = 1 we
have p¥ = p¥, compactness ceases to be true for sp < N = 1 (see Proposition
4.1 and Remark 4.2). In the one-dimensional case, in Theorem 1.3 one would need
(NA) as above.

We point out that, contrary to [16,24], on the weight function a we merely assume
it to be in LV/*P(Q), avoiding an additional coercivity assumption (see [24, condition
(B), p.125]) which was used in [16,24] to get the boundedness of the Palais-Smale
sequence {up fnen-

The proof by Struwe in [21] is essentially based upon iterated rescaling arguments,
jointly with an extension procedure to show the non-triviality of the weak limits.
The latter seems hard to adapt to the nonlocal cases, namely when s > 0 is not
integer. Thus we prove Theorem 1.1 by basically following the scheme of Clapp’s
paper [7]. A delicate point will be proving that the weak limits appearing in the
construction are non-trivial. As a main ingredient, we use a Caccioppoli inequality

for solutions of (—A)ju = f (see Proposition 2.9 below).

Remark 1.5 (The case p = 2). In the Hilbertian setting, namely for p = 2 and 0 <
s < N/2, Theorem 1.1 has been recently proved in [18] by appealing to the so-called
profile decomposition of Gerard, see [13]. The latter is a general result describing
the compactness defects of general bounded sequences in DS’Q(RN ), which are not
necessarily Palais-Smale sequences of some energy functional. See also [17, Theorem
1.4], where some improved fractional Sobolev embeddings are obtained. We point
out that for p # 2 such an approach does not seem feasible. Indeed, the paper [14]
suggests that the decomposition (8) should not be expected for a generic bounded
sequence in DgP (RY) (see [14, page 387]). We also observe that some form of the
global compactness result of [18] was also derived in [19] in the study of Coron-type
results in the fractional case.

Remark 1.6. We also consider a version of the above theorem stated for Palais-
Smale sequences with sign, namely Palais-Smale sequences {u,, }»en with the addi-
tional property that the negative parts {(uy)_ }nen converges to zero in LP:. This
is particularly interesting if ¢ is a minimaz type level (i.e. with mountain pass, sad-
dle point or linking geometry). Indeed, in this case it is often possible to obtain
a Palais-Smale sequence with sign at level ¢ via deformation arguments of Critical
Point Theory, see [24, Theorem 2.8].

1.3. Notations. For 1 < p < oo we consider the monotone function J, : RY — RN
defined by

(&) = [EPP72E, €eRY,
We recall that this satisfies
|€ —nlP~1, ifl<p<2,
[Jp(§) = Jp(n)] < (12)
Cp (IE] + [nDP~21E —nl,  ifp>2.
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We denote by B,.(x¢) the N—dimensional open ball of radius r, centered at a point
zo € RN, The symbol || - || 1»(q) stands for the standard norm for the LP(£2) space.
For a measurable function u : RN — R, we let

_ Ju(z) — uly)|? Hr
[MDSJ}(RN) = (/R2N 7|:L‘ — y|N+sp dxdy

be its Gagliardo seminorm. For sp < N, we consider the space

Np
N —sp’
endowed with norm |[ -] per@ny. I QC R¥ is an open set, not necessarily bounded,
we consider

DyP(RN) == {u € LPs (RN [u] psw ) < 00}, where p =

DgP(Q) == {u e DyP(RY) :u=01in RV \ Q},
If  is bounded, then the imbedding D" (2) < L" (1) is continuous for 1 < r < p*
and compact for 1 < r < p*. The space D" () can be equivalently defined as
the completion of C§°(£2) in the norm [-]ps»gyy, provided 09 is smooth enough.
Finally, we shall denote the localized Gagliardo seminorm by

. Ju(z) — uly)[? 1r

2. Preliminary results.

1. Brézis-Lieb type properties. We first recall the following result (see [6,
Theorem 1] and [16, Lemma 3.2]).

Lemma 2.1. Let 1 < ¢ < 0o and let {f,}nen C LY(RF) be a bounded sequence,
such that f, — f almost everywhere. Then

i (1 fall% iy = I = A0y ) = 11

Furthermore,

fim [ o) = ol — F) = Jo(£)]” da = 0. (13)

n—oo Rk
The previous result implies the following splitting properties.
Lemma 2.2. Let {uy}nen C Do (RY) be such that u, — u in Dg?(RY) and
U, — u almost everywhere, as n — oo. Then:

(i1) [un]%s,p(]RN) — [un — u]%s,p(RN) = [u]%s,p(RN) +0n(1);
(i2) Jpr(un) = Jp= (un —u) = Jps(u), in L(pz)/(RN);
(i3) it holds

Tp(n (@) = un()) _ Tp((un(2) = u(@)) =~ (un(y) = (@) _, Jp(u(z) — u(y))

Nisp Nisp Nisp
e |z —yl 7’ |z —yl 7’
in LP (R2N).

Proof. Statement (i1) follows by Lemma 2.1 by choosing

Un () —u u(z) —u
fn = n( ) Nfb(;:,y)a = ( ) N+(3J27 q=0D, k=2N.

|z — vy Ix—yl
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With the same choices, we can also obtain (i3) from (13). Statement (is) directly
follows from (13) with the choices

frn = Un, f=u, q:p:, k=N,

once we recalled that a weakly convergent sequence in D (RY) weakly converges
in LP (RY) as well, thanks to Sobolev inequality. This concludes the proof. O

Let I and I, be the functionals defined by (4) and (6). We recall that I €
CH(D;7(), 1o € CL(DSP(H)) and

<HW@:Awgme%%&g—mmm@

+/a|u|p_2ug0dx—u/ |u
Q Q

<I(/>O(U),Q0> _ /R?N Jp(u(m) — u(y)) (QD(:L') - @(y)) d:cdy

|z —y[NFsp
*u/ |u
RN

In the following, we repeatedly use the inclusion Dy” () < Dg? (RY).

Pi=2 4 pd, Vo € DiP(Q),

Ps=2 o dx, Vo € DiP(H).

Lemma 2.3. Let a € LV/*P(Q), assume that {uy}nen is bounded in LP:(Q) and
that u, — u almost everywhere in Q. Then

Jim [Ja Grteen) = T |, =0
Proof. Let us set
ny Np— N
Y=o € L7(Q),  witho = 2Py

sp?
and
On = Wy (un) = Jy()| 77 C L5 ().

It is not difficult to see that {¢, }ney is bounded in L7/(=1(Q) and converges to
0 almost everywhere in 2, thanks to the assumptions on {uy }nen. Thus we obtain

. ()’ .
HILH;OA) |a (Jp(un) — Jp(u))| dr = nl;ngo /Q Y ¢y, dx,
and the last limit is zero. O

Next we produce a Palais-Smale sequence for I, from a Palais-Smale sequence
for I.

Lemma 2.4. Let {u,}neny C Dy () be a Palais-Smale sequence for I at the level
c. Assume that

up, = u in DFP(Q) and Up = U a. e in S (14)

Then, passing if necessary to a subsequence, {vy, fnen := {un — ulnen C Dy*(2) is
a Palais-Smale sequence for the functional I at the level ¢ — I(u). Moreover, we
have

[Un]pps‘p(RN) = [un]pps,p(RN) - [u]zj)js,p(RN) +on(1). (15)
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Proof. We first observe that (14) readily gives that I'(u) = 0, i.e. u is a critical
point of I. By definition and hypothesis (14), we have that {|v,|P}nen is bounded
in LP:/?(Q) and v, — 0 a.e. on Q. Thus it follows that |v,|P converges weakly in
LP:/P(Q) to 0. Since a € LW:/P)(Q), we can infer

lim [ alv,|Pdz=0.
n—oo Q

A similar argument, shows that

/a|un|pdx=/a|u\pdx—|—on(l).
Q 0

By (i1) of Lemma 2.2 we also get
[Un}%s,p(RN) - [Un]%s,p(RN) = [u]zj)js,p(]RN) + 0, (1),

which is (15). By using the three previous displays and Lemma 2.1 for LPs(Q), we
have

Io(vy) = 1(vy) + 0n(1) = I(uy) — I(u) + 0,(1) = ¢ — I(u) + 0,(1).
Finally, by virtue Lemma 2.3 applied to the sequence u,, — u, we have

lim Ha Ip(tn —
n—oo

)

|| e =
L&D ()
and thus

1o (vn) = I'(vn) + 0,(1),
where 6,,(1) denotes a sequence going to zero in D’S’p/(Q). By using assertions
(i2), (i3) and Lemma 2.3 we further get

Il (vn) = I'(vn) + 0n(1) = I'(up) — I'(u) + 0, (1) = 6n(1),

and 6,,(1) still denotes a sequence going to zero in D_S’p/(Q). This concludes the
proof. O

2.2. Scaling invariance and related facts. The following result follows from a
direct computation, we leave the verification to the reader.

Lemma 2.5 (Scaling invariance). For z € Q and A > 0, we set

Then, the following facts hold:
e ifu € DJP(Q) and we set

vya(x) = )\N;SP u(Az +z) € DJP(Q20),

then [”z,/\]stP(RN) = [U]Dswp(RN) and [[v; x ‘LPE RN) = ||u||Lp; (RN)!
o if we set
- sp—N Tr—z N=sp
’lU(l') =P w b\ ) (pz,/\(x) =AT7 4,0(/\1‘ + Z)7

for w, € DY (RY), then (IL (0),¢) = (I'.(w), p..») and

A R
[e] s (r) PEDL? (22 x) [£]ps ()

EDG?(Q)
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Next, we transform a Palais-Smale sequence for I, into a new one via rescaling
and localization.

Lemma 2.6 (Scalings, case I). Let {2z} nen C Q and {\,}nen C Ry be such that

lim z, = zg and lim A, = 0.
n—oo n— 00

Assume that {un}tneny C Dy*(Q) is a Palais-Smale sequence for I, at level ¢ and
that the rescaled sequence

Nosp s Q—z,
Un(2) =M 7 up (A + 2,) € DFP (), where €, = W

is such that
v, —v in DJP(RY), vy = v ae in RY.

If

n 1.,

lim 2~ — +00, where op, := — dist(z,, 00Q), (16)
n—oo A\, 2

then v is a critical point of I, on DyP(RY), i.e.
(I' (v), ) =0, for every ¢ € DSP(RY).

Moreover, if ¢ € C§°(B2(0)) is a standard cut-off such that { = 1 on By(0), the
sequence

@) = @) -2 0 (22) ¢ (22 e g

n On
is a Palais-Smale sequence for I, at level ¢ — I (v) and such that

[Un]%s,p(RN) - [wn}%s,p(RN) = [U]pps,p(RN) + on(1). (17)
Proof. Consider the case (16). Then the sets ,, converge to RY. Thus, for every
¢ € C§°(RY) with compact support, we can assume that ), contains the support
of ¢ for n sufficiently large. From Lemma 2.5 and the hypothesis on {u,}nen, it
readily follows

0= tim (et A o (55 ) ) = i (o)) = (0. )

n—roo n n—r oo

By arbitrariness of ¢ € C§°(RY), we get the desired conclusion. Before going on,
we observe that since v is a critical point of I, from Proposition B.1 we get

*

ve LIRY), for every p—f <q<p;. (18)
p

For the second part of the statement, we first observe that w,, € Dy?(Q) thanks to
Lemma A.1. Thanks to (18) we can apply Lemma A.2: by using this and (i1) of
Lemma 2.2, we have

[vn]%s,p(RN) — [vn —v{(An/0n ')]%s,p(RN)
= [Un]%s,p(RN) — [vn — 'U]%S,p(RN) +on(1) = [’U]%s,p(RN) +on(1),

thanks to the fact that A, /g, converges to 0, by assumption. From the scaling
properties of Lemma 2.5, this yields

(19)

[un]%s‘p(RN) - [wn]%s,p(RN) = [U]Iz)s,p(RN) +on(1), as n — 00,
which proves (17). Similarly to (19), we also have

%plf (RN + On(l) (20)

||U7l Z;SP: (RN) - ”vn - UC(/\H/QTL ) %p; (RN) = HU
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By scaling, (19) and (20) we get

ocl102) = 2 [0 = 060/ 20 Wy = 2 [ 0w =0 (O /0 )V o

P D3
1 1
= ; [Un]DSvP(RN) - ]; M%s,p(ﬂw)

Ps dx + 0, (1)

—ﬂ* |v”p:da:—ﬁ*/ v
Ps JrN bs JrN
= Io(vn) — Ioo(v) + 0n(1)
= Ioo(tn) — Io (V) + 0,,(1)
=c—Io(v)+o,(1).
It is only left to show that {wy, }nen is a Palais-Smale sequence. For any ¢ € Dg?(Q2)
with [@] ps.p@yy = 1, we set

N—sp
p

on(z) =M e(Apx + 2,) € DFP ().

Clearly we still have [¢n]ps»@y) = 1. We first observe that
(Lo (vn = vC(An/0n ")), on) = (Iog(Vn = v), o) + 0n(1), (21)
where 0,,(1) is independent of . Indeed, by using the compact notations
Za(@,y) = (va(@) = v(@) CAn/a ) = (va(y) = v(y) COn/en 1)),
and
Va(,y) = (va(@) = v(@)) = (valy) = v(®)),

we have
(I (wn = v¢On/0n ) = Lo = ), 0n)

|/ (Jo(Zat@, ) = Tp(Va(@.))) (#n(@) = 2alw))

|z —y[Nrep

dx dy

+p

/RN (Jp.: (vn —vC(An/on")) — Jps (vn — v)) odz

We focus on the nonlocal term, the other being easier. By Holder inequality this is
estimated by

1

</ [T (Zn(.9)) = S (Valz )" dy) -
R2N

o =y

Let us consider the case’ p > 2. Then we use (12) and Hélder inequality with

exponents
p

p—p

}% and

so to get

[ Tp(Zn(2,9)) — Jp(Va (2, ) [P’
/R:w |z — y|Ntsp do dy

IFor 1 < p < 2 the proof is even simpler, it is still sufficient to use (12).
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p' (p—2) |Zn (2, y) — Vn(x,y)|p,

|z —y|NHsr e dy

/ (1Za(@,9)] + [Va(z, 1))

p=p’
P

| /\

( (1Zn (@, y)| + Va2, 9)])"
]RQN

|z —y|NFsp dxdy)

’
P

7 _ P
y / | Zn (2, y) — Va(z,9)| drdy)”
R2N |z — y|NFsp

By recalling the definitions of Z,, and V,,, we get that the first term is uniformly
bounded, while the second one coincides with

[v¢(An/on) — ’U]gs,p(]RN)a

which converges to 0 thanks to Lemma A.2. This proves (21) and by using it in
conjunction with Lemma 2.2, we get

(I (wn), @) = (L5 (vn = v ¢(An/0n ), on)
= (Io(vn = v),n) + 0n(1)
= (Io(vn), n) = (I5(0), @n) + on(1),
= (I (un), @) = (I (v), ) + on(1),

where 0,(1) is independent of ¢. We now use that {u,}nen is a Palais-Smale
sequence and that (I’ (v), p,) = 0 by the first part of the proof. This allows us to
conclude. O

Lemma 2.7 (Scalings, case II). Under the assumptions of Lemma 2.6, if

lim inf L dist(zy,, 0Q) < oco. (22)

n—oo n
then zog € 0, v € DJP(H) and v is a critical point of I, on Di*(H), i.e.
(It (v), ) =0, for every ¢ € Dy*(H),
where H is a half-space.

Proof. Under the assumption (22), the proof is the same as in the first part of
Lemma 2.6, we only have to observe that in this case the sets {2, converge to a
half-space H. O

Next we prove that nonsingular scalings of weakly vanishing sequences are weakly
vanishing.

Lemma 2.8. Assume that u, — 0 in DgP(RY), Ay — Ao > 0, {zn}nen C RY
such that z, — zo. We set

N—sp

Un(2) = An 7 up(Apx + 2p).
Then v, — 0 in DyP(RN).

Proof. Take any continuous functional F € D~?' (R™). Then, there exists a func-
tion o € L¥' (R2N) with

(F,u) = /Rw ol y) (@) —uW) g for all we DIPRY)Y.

N+5p
|z -y
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We have, by a change of variables,

Heosp mn )\n n) — Un )\n n

.
lz —y| >

T— 2y Y—
_2N ® ) (un(z) = un(y))
= / An An
== An N+4sp
R2N

[z -yl
On the other hand, introducing the functions of ¥,,, ¥ € L¥’ (R2V) by setting

r — Znp y—Zn r — 20 y—ZO
U, (z,y) t=<p< , ) U(x,y) izw( , )

dx dy := wy.

An An Ao Ao
we have
_2n N, o (2) —
by = A (x,y)(uL(II)M:Ln(y)) dedy

RN [z =yl

-2 Vo (z,y) — ¥z, y))(un(x) — un(y

P [ ) VD)) ) g

R2N |z —yl" 7

_ 2N — —
R2N lz—y[ 7

in view of u, — 0 in DSP(RN) and ¥ € L¥ (R*N). Then w, = 0, (1) follows by

Unp, (ZL') — Un (y)

lz—y| >

sup
neN

< o0,
Lp(]RZN)

and ¥,, — ¥ strongly in )i (R?V) as n — oo, since A\, — A\g > 0 and 2, — 29. [

2.3. Estimates for solutions. We prove a Caccioppoli inequality, which will turn
out to be the main technical tool in order to handle Step 3 in the proof of Theo-
rem 1.1.

Proposition 2.9 (Caccioppoli inequality). Let F € D=5 (Q) and let u € D3P (Q)
with

Ip(u(z) —u xT) — sp
[ =D ()= 0D 1, 1) oy € D5

Then for every open set ) such that ' NQ # O and every nonnegative ¥ € C5° (V)
we have

|u(z) P(a) = uly) v(y)|”
e
Y@) — PP P P
e[ =L (u@p + )P dody

Q' xQ

+C sup / %dm /\u|¢de+C‘<F,uwp>‘,
yespt(v) JrM\q [T —y[N TP Q

for some constant C > 0 depending on p only.

Proof. The proof is the same as that of Caccioppoli inequality [5, Proposition 3.5].
The only differences are that here F' is not necessarily (represented by) a function



GLOBAL COMPACTNESS FOR NONLOCAL PROBLEMS 403

and that the test function 9 can cross the boundary 9. We insert the test function?
» = PP u, where ¢ € C§°(Q) is as in the statement. Then we get

/RzN ) WD) () (o) — uly) b)) dwdy = (Fouv?).  (23)

|z —y|NFsp

We now split the double integral in three parts:
Jp(u(z) —uly
n- [ D) ) uia)? — ) vl de d
axq |z =yl

= Io(u(@) —uly)) »
= /ﬂ'x@RN\Q') o= grer @) Y@ dedy,

and

Jp(u() — uly))
B=- T gNier P dz dy.
’ /(RN\Q/)XQ, ‘x — y|N+sp u(y) ql)(y) T ay

The first integral Z; can be estimated exactly as in [5, Proposition 3.5, with the
choices

there. This gives

u@) 0@ - uw v
C/Q/an |z —y[NHep Y (24)

() = ¥(y)I”

<L +C EEETLET (|u(ac)|p + |u(y)|p) dx dy.

Q' x QY

For the estimate of Zy we proceed similarly to [5], by observing that the positivity
assumption on u can be dropped. Namely, we simply observe that by monotonicity
of 7+ Jp(7), for z € Q' we have

Jp(u(@) —u(y)) = Jp(—u(y)), if u(z) = 0
Ip(u(z) —u(y)) < Jp(—u(y)), if u(x) < 0.
Thus in both cases we get
Jp(u() — u(y)) u(@) = Jp(—uly)) u().
Then we obtain

u(y P2y, Y

—| su / Nl |P1 /|u ) (x)P du.
zEsptIZd)) RN\Q/ ‘x,y|N+5p

The third integral can be estimated in a similar fashion. By inserting the above
estimates in (23), we get the conclusion. O

(25)

Y

20bserve that this is a legitimate test function, since P u € Dé’p(RN) by Lemma A.1l and
PP u = 0 outside 2.
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Let us set

R 3 p . —
Sps = ueDgle(RN) {[“]DS=P(RN) ull poz vy = 1}’

which is nothing but the sharp constant in the Sobolev inequality for D (RY),
namely
Sp.s Hu||ip ®Y) < [u]%sﬁ,,(RN), for all u € DyP(RY). (26)

It is useful to remark that if u € D" (E) weakly solves
{(—A);u = pluP>~%u in E

27
u=0 in RV \ E, @7

in some open set £ C RY (E =R is allowed) and for some z > 0, then we get

P _ p*
gy = 1l

Combining this with (26) yields the following universal lower bounds for the norms
of the nontrivial solutions of problem (27), that is

N N
S\ " S\ 7
||uHLp3 (B) > (fﬁ) and [u]%s,p(RN) > W (Zs) . (28)

This in turn entails the following universal estimate for the energy of solutions

1 Sps\ 77
HOSE /|uP<da:> ( p,) .

This lower bound can be 1mproved, if we consider sign-changing solutions. This is
the content of the next useul result.

Lemma 2.10 (Energy doubling). Assume that w € Dy*(E) is a sign-changing
weak solution to (27) where p > 0 and E is a (possibly unbounded) domain in RY.

Then
S \E s, N
D, P ,S P
el <E)22( 0 > - b ’“RN)>2M< p )
o N (29)
s s»
Too(u) >2pu— | 22 )
(W) 2 2uy ( p )
Proof. For p = 2, see [19, Lemma 2.5]. In the general case, the heuristic idea

is to exploit the fact that uy := max{#u,0} € Dy?(E) \ {0} are both positive
subsolutions of (27). Thus the above universal estimates hold for both of them
separately. More precisely, it is readily seen that for a.e. (z,y) € R?Y the following
inequalities hold

Jp(u(@) = uy))(us(z) —usp(y)) 2 |ug (@) —up (y))’,
Jp(u(z) —u(y))(u—(y) —u_(z)) = lu_(z) —u_(y)[".
Then, testing equation (27) by u, (respectively —u_) yields

Ip(u(z) — u(y)) (ur(z) = ui(y

p
[T Den @y < /RQN |z — y[N+sp

Jpo(u(x) —u U_ —u_
[uf]%s,p(RN) S/RQN p( ( ) ;zi))yﬁN+(sz:1) d.%'dy_

m\m\
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As before, we can combine these equalities with Sp s [Ju+|" . & < [ut]hon @y tO

N/s
p - % /sp
LPS(B) =\ p ’

By summing up these two inequalities, we get the first estimate in (29). The second
one is then obtained by observing that from the equation we have

get

||Ui

p — Py
[U]DSYP(RN) =u ||U LPS (B

Finally, for the third estimate in (29) we observe that from the previous identity

1 M ; 1 1
_ - p _ = Ps _ - = Py
o) = 5 ey = Ml =0 (5= =) Tl
N/s
> 24~ (Sp’s> /p7
N\ u
which completes the proof. O

3. Proof of Theorem 1.1. We divide the proof into five steps.

» Step 1. We first observe that the Palais-Smale sequence {uy, }nen is bounded in
D{*(£2). Indeed, by hypothesis we have

1 1
I(uy,) = , [tn]Den @) +5 /Qa|un|1’dzf ]% /Q|u"

and

[un]st,p(RN)+/ a|un‘pdx—u / |un
Q Q

as n — 0o, which yields
1 1 « 1
jz (p — p*) / |un|Psdx = I(up) —;)(I’(un),un} < e+ 140,(1) [un] psr@ny. (31)
s Q

In turn, by Holder inequality and (31), with simple manipulations it follows

| atenlras] < lallowroay (| 1
Q Q

where C' > 0 depends on N, s,p, i, ¢ and the norm of a, but not on n. Whence,
from (30), (31) and (32), we infer, as n — co

Podr =c+o0,(1),  (30)

P de = (I’ (un), tn) = 0n(1) [un] Do @),

D
v d$> " < Cou() funlpeny). (32)

[un]stm(Rl\’) <C+ On(l)[un]DSvP(RN)v

which shows the boundedness in Dj?(2). Hence, passing if necessary to a subse-
quence, we have u, — v in Dy?(Q) and u,, — v° almost everywhere in Q. By
Lemma 2.4, it follows that I'(vg) = 0 and u), := u,, —v® € Dy?(Q) is a Palais-Smale
sequence for I, at level ¢ — I(vp), and

[“i]%s,p(RN) = [un]%s,p(RN) - [UO]IZ)s,p(RN) + on(1), as m — oo.

1
n

» Step 2. If u} — 0 in LP:(RY) up to a subsequence, since I’_(u
D=5 (Q) we have

) = 0in

3 / P do = (T (uh) k) = 0a(1) [} e v,



406 LORENZO BRASCO, MARCO SQUASSINA AND YANG YANG
Since this sequence is bounded in D§*(Q), this yields that [w)]ps»@y) — 0 as n

goes to oo, thus completing the proof. Let us now suppose that {ul},cn does not
converge to 0 in LP: (RY). Then, up to a subsequence, we have

inf ub
neN RN

We now take 0 < & < dg, to be specified later on, and introduce the Levy concen-

tration function
Qn(r) ;== sup / luk
¢eRN JB,.(¢)

For all n € N, the function 7 — @, (r) is continuous on R, (see Lemma 3.1 below).
This and the fact that @,,(0) = 0 and @Q,,(c0) > ¢ imply the existence of {\!},,en C

R, such that
Q) =swp [ Jub
¢eRN B, (6)

Moreover, since |u,|[P* vanishes outside €, still by Lemma 3.1 we know that

Ps dg = 6y > 0.

p:d:r, r>0, neN.

i dg = 6.

§=Qn(\) = / - lul|Ps dz,  for some z} € {z € RN : dist(z, Q) < AL}
By (25

Before proceeding further, we record the following observation: since if AL >
diam(2), then
Pe dy = / |l
Q

QM) = swp [ Jul
£ERN J By (€)
we obtain that the sequence {\}},,en is bounded. This in turn implies that {2} },en
is bounded as well, by construction. We consider now the sequence v} : Q, — R
defined by

Podr > 6 =Qu(\L),

1 1

i) = () T w42y, Qe (Q—21)

n

In light of Lemma 2.5 the sequence {v}},en is bounded in Dg? (RY) (because so is
{ul},en) and thus we can assume that

v} — ! in DJP(RY), vl = ol in LT (RY) for every o € [1,p}),

n loc

and
v,lI — vl, a.e. on ]RN,

up to a subsequence. Observe also that

0= / lul |Ps da: = / [vl [P dz = sup / [l |Ps du, (33)
By (1) Bi(0) zerN JB,(2)

and this in turn implies that

|By1(20) N > 0. (34)

» Step 3. The argument that we exploit in this step is substantially different from
the argument originally devised by Struwe in [21], requiring a delicate extension
procedure on the sequence of approximate solutions. We rather follow a related
argument contained in [7].
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We claim that the limit v, found at the previous Step 2 satisfies v; # 0. Suppose
by contradiction that v; = 0 almost everywhere. Then, we would have that v} — 0
in L (RN), for every o € [1,p%). Let h € C§°(RY) be positive and such that

loc
supp(h) C Bi(z) C Bs/2(0), for an arbitrary z € By /2(0). (35)

We now recall that for functions in Dj”(Bs/5(0)) the following Sobolev inequality
holds (see [5, Proposition 2.3] with the choices r = 3/2 and R = 2 there)

_p_
P3
(/ | P dm) < T[u]%syp(BQ(O)), (36)
B3 ,2(0)

for a constant T = T(N,s,p) > 0. By the Holder inequality and (36), since

hv} € Dy*(B3/2(0)), it follows that
P d:r) (/ (h |v;|)ps dx)
Bs/2(0)

/ hP ol |Pe da < / v}
RN Bl(z)

N
1|p: 11P
<T (/ |1)n Ps da’;) [hU"]DSvP(B2(O))7
Bl(z)

for some positive constant 7 depending only on N, s,p. We now observe that by
the very definition of I’

Tp(0 (@) — v () (2(2) = ¢(y)
/]R2N |x—y|N+3P dz dy

:u/ [on
RN

Then, by applying Proposition 2.9 for every n € N with the choices

(37)

P2l pdr + (I (v)), ), for any ¢ € DyP(Q,).

Q:=Q,, Q:=DBy0), u:=uv., v:=h, F::u\v;p:72v,{b+ﬂx}(vi),

we get

/ vk (2) h(z) — vl (y) h(y)|”
B2(0)x B3(0) |z —y|Ntsp

dx dy

_ p
cof 1(0) i)
By(0)xBa(0) |T —y|NTsP

+C sup / %dw / |vl| h? dx
yEBy/2(0) JEN\ B, (0) [& — Y|V FeP By/2(0)

t+C WP (sl do + € (T (0h), oh b))
B3/2(0)
Observe that thanks to (33), we know that Bs(0) N2, is a non-empty open set. We
proceed to estimate the terms on the right-hand side of (38). For the first term on
the right-hand side, we have

(@) = RI” (1 vp
—————— (v, (@)|” + |v,(y)|? ) dz dy
/Bg(o)sz(m |z —y|N+or (| " foaw) )

(loh @) + o)1) do dy
(38)
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dy
<||Vh|} —_— La)|Pd
= || || /BQ(O) <L2(0) |x_y|N+5p—p> "Un(x)| X

dx
P 1 _
* HVh” ~ /Bz(o) </Bz(0) |Jj - y|N+SP—P> |Un(y)|p dy - On(l),

thanks to the local strong LP convergence to 0 of {v}},cn. For the second term on
the right-hand side of (38), we observe that for the same reason we have

/ |v,1L|hpdx = 0,(1),
Bs,/2(0)

while by Holder inequality, for every y € Bs/3(0) we get
pi—p+1

p—1
/ Mdm < (/ |,U1|p: d.r) Py
RV B,(0) [T — Y|V T\ Jgw "
Ps

8 / o —y| " VTP BT g :
RN\ B, (0)

which is uniformly bounded. For the third term, by using inequality (37), and
recalling (33) and (35), we have

J
B3 /2(0)

5P
N

. . p
Pide < T </ |up|Ps dl‘) [h U}l]DSvP(Bz(O))
Bl (Z)

<To¥ [hoy,] [1))&~P(B2(0))

For the last term, since I’_(ul) — 0, we learn from Lemma 2.5 that
sup | (L (wh), )| = 0a1),
PEDYP () [SO]DW(RN)

thus in particular | (I’ (v}), h? vl)| = 0,(1), since the sequence {h” v} }, e is bounded
in Dy?(Q,) in view of Lemma A.1 (recall that {v}},en is bounded in D (£,)).
By introducing the previous estimates in (38), we thus get

[on) e magoy SCT N (0] ooy + 00 (L)
where we recall that C is the constant appearing in the Caccioppoli inequality of
Proposition 2.9 and this depends on p only. By choosing®

N
f=min{-1_, 217
“WMigeT 2

from the previous inequalities we obtain
[hvp] pew(B(0,2)) = on(1), as n — oo.

By using again the Sobolev inequality (36), this in turn implies
[ e e = o)
B3/2(0)

By arbitrariness of h € C§°(B1(z)), we obtain that {v}},cn converges to zero in
Ly: (Bi(z)). Finally, taking into account the condition (35) and the arbitrariness

30bserve in particular that § depends on N, s, p, 4 and dp only. Also observe that we can always
suppose dp < 1.
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of z € By5(0), we obtain that {v}}nen converges to zero in LP:(B;(0)), which
contradicts (33). Hence, v # 0.

» Step 4. We have already seen in Step 2 that the sequences {z!},en and
{AL},.en are bounded, thus we may assume that 2zl — 2 € RY and A\l — M\ > 0.
If A} > 0 then as a consequence of the fact that u), — 0 in Dy?(2), we have v} — 0
in Dy?(RN) by Lemma 2.8 and this is impossible by the previous Step 3. Thus
AL — 0 and by construction this implies

lim dist(z},09) =0 and 25 € Q.
n—oo
We now distinguish two cases:

1 1
either  lim A—ldist(z}” 0Y) =00 or liminf A—ldist(zrll,aﬂ) < 00.

n—roo n—oo
In the first case, by Lemma 2.6 we have I’_(v') = 0 so that
(A0t = plotPam 2ol in RY.
Moreover, by recalling (34), we obtain that
z e {x e Q : dist(x,00) > AL},

for n sufficiently large. In the second case, by Lemma 2.7 we would have v, €
D{P(H) for a suitable half-space H and

(—=4); vt = po! P29l in A,
vt =0, in RV \ H.

On account of Assumption (NA), this case is ruled out.
We set o} = dist(z,09)/2 and take ¢ € C§°(B2(0)) a standard cut-off function,
such that ¢ =1 on B1(0). We consider the sequence

20\ ol (Z )1 z— 2y z— 2 5,p
Un(Z) ’U,n(Z) (An) P v C Ql 61)0 (Q)7

1
)‘n n

by construction we have that A\l /ol converges to 0, as n goes to co. Thus Lemma
2.6 assures that {u2},ecn is a Palais-Smale sequence for I, at the energy level
c—I(vY) — Io(v!) such that

2

[un]%svp(]}{l\’) = [Un}st,p(RN) - [UO]

1
%s,p(RN) —[v ]%s,p(RN) + 0n(1).

» Step 5. We can iterate the previous construction to cook-up a sequence {v*}en
of critical points of I, and, for every k € N, sequences {25} ,en, {\ b nen, {05 bnen
and {ulf},en C DgP(Q) with

k—1

(e = e = O () ¢ (),

1]
i=1 on

where ( is the same cut-off function as above. By construction, we have that
{uF},.en is a Palais-Smale sequence for I, at the energy level

k—1
c—I(°) — Z Ioo(vY),
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and, furthermore,

k—1
[Um%s,p(ugzv) = [un]%s,p(]RN) - Z[UZ}%s,p(RN) + 0n(1).
i=0
Observe that each v!, ... v*~!

is a critical point of I, thus from (28) we get
N
sp

Sp,s
[uﬁ]%s,p(RN) < [un}%s,p(RN) - [vo]%s,p(RN) —(k=1)n (:) + on(1),

which implies that this iterative construction must stop at some kg € N. As at the
beginning of Step 2, this means that [u’fL"}Ds,p(RN) — 0 as n goes to co. This in
turn yields (8), (9) and (10), as desired. O

In Step 2 above we used the following result, which is well-known. We record
its proof for the sake of completeness.

Lemma 3.1. Let f € LY(RY), then its Levy concentration function

Q)= sup [ |flda, 0.
EERN J B,.(£)

is a continuous function. If f =0 outside a bounded set K with smooth boundary,

then for every r > 0 the supremum in the definition of Q¢(r) is actually a mazimum.

More precisely, we have

Qf(r) = max/ |f|dx, with K, = {x € RY . dist(z, K) < r}.
$eK JB.(e)

Proof. The function Q is monotone non decreasing. Observe that for every £ € RY,
the function

re |f| dx
B (§)
is continuous, then @ is lower semicontinuous as a supremum of continuous func-
tions. Let us suppose that there exists rg > 0 such that

0= lim+ Qp(r) # lim Q(r) =:(".

T*}’I"O ’I”*}’I"O

By monotonicity and lower semicontinuity of @ ¢, this means that £ > ¢~ = Q(ro).
Let us set e = £ — Qf(rg), then for every r > ry we have

Qr(r) = Qy(ro) Z &
By definition of Q ¢, we can then choose & = &(e,r) € RV such that

€
s</[ ntde= [ iflae= [ 1l da.
B;-(&o) B (€0) B;-(£0)\Br( (€0)

Since the measure of the annulus B, (&) \ By, (&) converges to 0 as r \, 7¢, this
gives the desired contradiction. Let us now assume that f = 0 almost everywhere
in RV \ K. For every r > 0 the function

70

£ |f| de,
Br(§)

is continuous and it vanishes if B,(¢) € RN \ K. This happens if dist(¢, K) > r
and we conclude the proof. O
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Remark 3.2. We observe that if the level ¢ satisfies
N/sp
s S
2= 25 . 39
CSINH ( 1 ) (39)

then k in Theorem 1.1 is either 0 (compactness holds) or k =1 (compactness fails).
In the second case, the unique function v! must have constant sign and be different
from 0 almost everywhere. Indeed, let us assume (39) and observe that I(v°) > 0,
since vy is a critical point of I. If we suppose that v! is sign-changing, from Lemma
2.10 and the decomposition (10) we would get

s S N/sp
c=TI(") +Io(v) > 2p (p) ;
J7

thus contradicting (39). This implies that v! has constant sign and we can conclude
that v! # 0 almost everywhere, thanks to Proposition B.3.

We say that {un}nen C Dy*(2) is a Palais-Smale sequence with sign for I at
level c if it is a Palais-Smale sequence and
T [l oy = 0.
With minor modifications in the proof of Theorem 1.1, we can get the following

variant for Palais-Smale sequences with sign. We leave the details to the reader.

Theorem 3.3. We assume hypothesis (NA). Let 1 < p < oo and s € (0,1) be
such that N > sp. Let Q C RN be an open bounded set with smooth boundary.
Let {untnen C DyP(Q) be a Palais-Smale sequence with sign for the functional I
defined in (4) at level c.

Then there exist:

e a (possibly trivial) non-negative solution vy € Dy () of
(—A);u+a|u|p72u:uu”:71, in Q,
o a number k € N and vt,v?- .. [ vF € D*P(RN)\ {0} positive solutions of
(—A);u:uup:_l, in RN,
e a sequence of positive real numbers {\i }nen C Ry with Al — 0 and a sequence
of points {z! }neny C {x € Q : dist(x,00) > AL}, fori=1,...,k;
such that, up to a subsequence, conclusions (8), (9) and (10) follow.

The positivity of the limiting profiles v',...,v* in the result above can be ob-
tained by appealing again to the minimum principle of Proposition B.3.

4. Radial case.

4.1. Improved embeddings for radial functions. In the proof of Theorem 1.3,
we need the following embedding result for the space Dngad(B). In what follows,

by K € FE we mean that K is an open bounded set with compact closure contained
in E.
Proposition 4.1 (Compact embeddings). Let 1 < p < oo and s € (0,1), we set

#_{ b ifsp<l1,

pi =4 l—sp’
400, ifsp>1.
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Then we have the compact embedding
Dgfad(BR) — Lq(K)7
for every 1 < ¢ < p¥ and every K € RV \ {0}.

Proof. Let us start with the case sp > 1. We remark that we already know that the
embedding Dy?(Bg) < L}, (R") is compact (for example, see [3, Theorem 2.7]).
A simple interpolation argument permits to infer the desired conclusion. Indeed,
let us take ¢ > p, a set K € RY \ {0}, for every u € Dg%.4(Br) by using Lemma

4.3 and (40) we obtain

/ |u|qu—/ (|x S
<Cxlu DW(BR)/ luf? da.

Thanks to this we can get the desired conclusion.

As far as the case sp < 1 is concerned, we still use that Dg?(Bg) compactly
embeds into LP(Bg) and then the assertion follows by Lemma 4.3 jointly with a
standard interpolation argument in Lebesgue spaces. O

b

Remark 4.2 (The exponent p¥). We observe that p?¥ coincides with the one-
dimensional Sobolev exponent. In the case sp < 1 it is not possible to go beyond
this exponent in Proposition 4.1. Indeed, for sp < 1 it is not difficult to construct
a bounded sequence {uy,}nen C Dy’ ra,d(Bl(O)) such that for a suitable compact set

K Cc RN\ {0} we have
lim |Jup||Le(x) = 00, for p? < ¢ < oo.
n—oo
Let us consider the spherical shells
={zeRY :1-7r, <|z| <1}, with 7, =n " T,
If we denote by 15 the characteristic function of a set E, we observe that the func-

tions u, = nla, belong to D§7, ;(B1(0)). Indeed, if P(E) denotes the perimeter
of a smooth set E c RY, we have

Ty ey = 17 L, e ey < OP |A, 17 P(A,)°F,

where the last inequality is [3, Corollary 4.4]. It is not difficult to see that
e N A

which implies that
[un]Den By (0)) < [alDew@ny < C.

On the other hand, for ¢ > p/(1 — sp) we have

”unH%Q(RN) =nf ‘An| ~nlr, = anlf’sp’

which diverges.
We also point out that the very same example shows that in the limit case ¢ = p#
the embedding is continuous, but not compact.

The previous result was based on the following Radial Lemma for fractional
Sobolev spaces. We give the proof for the reader’s convenience. For more general
results valid in Besov and Triebel spaces, we refer the reader to [20] and [22, Chapter
6].
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Lemma 4.3 (A nonlocal Radial Lemma). Let 1 < p < oo and s € (0,1). Let Br
be the ball centered at the origin with radius R > 0. Then we have the continuous
embeddings:

o ifsp>1
D2a(Br) = L, (R¥\ {0):]al 57)
o ifsp<l1
Dtaa(Br) = Lllocsp (RV\ {0});
e ifsp=1
Dgoa(Br) = Lige(RY \ {0}), Jor every 1 <t < oo.

Proof. Accordingly, we divide the proof in three cases.

Case sp > 1. Let 0 < p < R, since u is a radial function we get
/ |ulP dHN ™t = N wy o™ |u(x)?, for |z| = o.
dB,

We observe that the integral is well-defined, since u has a trace in LP(0B,) thanks
to the hypothesis sp > 1. We can now use the trace inequality for D*P(B,)
(see [23, Section 3.3.3]), so to obtain

1-N
0 N-1
w(x)|P = ulP dH

1 N 1 » 1 »
Sp—
Nwy 0 {[U}Ds,p(gg) + 0°P u”L;v(Bg)}a

for some C' = C(N, p, s) > 0. In order to get the desired estimate, it is now sufficient
to use Poincaré inequality (which again needs sp > 1)

<C’

1 P 1 P R\"P p
TPHUHLP(BQ) < EHUHLP(BR) <C E [U]Ds,p(BR)a 0<o<R.
This gives
» (R\®
lu(z)] < <x|) (U] ps.r(BR)» 0 < |z| <R, (40)

for some C' = C(N, s,p) > 0. Observe that inequality (40) holds for |z| > R as well,
since u = 0 on RY \ Bg.
We now take K € RY \ {0}. Then, there exists 0 < Ry < R; such that

K € Br,(0)\ B, (0).
From (40) we directly get
Ry

’ uHLoc(m =¢ (Ro) (el @),

which proves the desired embedding.

Case sp< 1. Let u € D(S)’f (R N). We first show that for every 0 < Ry < Ry we
have (with a slight abuse of notation)

p f |U )‘pd d 41
[U}Ds.p(RN - |Q—T|1+Sp ear, ( )
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for some C' = C(N, s,p, Ry, R1) > 0. Indeed, by arguing as in [2, Lemma B.2], we

have
oy =C [ [ ) = e 84 (o, o
where
1 2 N-3
1—1
sor= [ 0w
-1 (0?2 —2tor+r2) 2
1 2 N-—-3
1—-t)=
2/ ( ) N+sp dt
1/2 ((Q—r)2+2gr(1—t)) ’
1 ! (1-—¢2)"=" "
o —r|Ntsp /1/2 or e
1+42—=(1—t
( + (g—r)2( ))
For ¢ # r, we make the change of variables
or
25 __(1-t)=r
(Q*T)Q( )

Then, the previous expression becomes
N-3

(0—r1)? ° nes

or 2—- —

1 1 /<w->2 ( 20r T
lo—r[**5P (29r) %2 Jo (1+7)

For every 0 < Ry < R; we thus obtain

[u]%s,pmmzc / u(r) — u(@)? 0¥ N @e, ) dodr

/ |u(r) —u(o)|”
‘Q - 7’|1+8p (42)

dr.

N+4sp
2

Y N-3
.
N—1 o—r
X (QT)T/ er NToo dr| dodr.
0 (1+7) =

In order to estimate the last integral, we observe that for Ry < p < Ry and Ry <
r < R; we have

2
or or Ry

—r|<Ri—R and > > =: . (43

lo=rl < R —Fo (g—r)z—(Rl—RO)2—<Rl—Ro) (43)

Thus, we proceed as follows (we assume for simplicity N > 3)

N-3

2—(QT)27') ’ i

No1 /(eg:ﬂ < 20r
0

r) 2 dr
(e7) RS
No1 [ T
> Ry x5 AT
s (1+71) 2

N-3 o
N—1 07 2 dT
> Ry <§> / —— 55 = CRo,Ri-
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By spending this information into (42), we obtain (41). Observe that on the right-
hand side of (41) we have the one-dimensional Gagliardo seminorm of the function
u on the interval [Ry, R1]. By using Sobolev embedding in dimension 1, we know
that

[u(r) — u(e)” o L S
o [ e ([ )
0 0

for some S = S(s,p, R, R1) > 0.
We now prove the claimed embedding. As above we take K € R \ {0}. Then,
there exists 0 < Rg < Ry such that

K C Bg,(0) \ Br, (0).
For u € Dyt 4 (RY) we have

p
ey = 5o ([ 10

thus we get

D
pi‘m)“ > Sy |Br, (0)] 7 /B o 7
Ry Ro

[u]%s,p(RN) =C [u]%s,p(RN) +C [ul? d,
Br, (0)\Br, (0)
for some C' = C(N,s,p, R1) > 0. We now use polar coordinates, take advantage
of the fact that Ry > 0 and use formula (41). Therefore, we have (the constant C
may vary from line to line)

[u ]Dbp(RN) Clu }DSP(RN +C [ul? d
BR1 (0)\Br, (0)
™ Ju(r) — u(o)|? fu N-1
/ g_r\lﬂp d dr—|—C’/ [ul? 0™ ™" do

| V

Rl |u(r) —u(o)[?
dodr +CR Nfl/ P
/ / |Q_7“1+‘5p 0 T+ 0 o |u‘ 0

1—sp
>C’</ |u|1wd9>
Ro

In the last line we used (44). Finally, by using that R; < +o0, we get

Ry . 1—sp
[u]%s,p(RN) >C / lu| =57 do
Ro
1-sp

c fa N—-1

ZiR( D(l—sp) (L \u|1 S;DQ dQ
—sp

>C’</ u|1wd:c) ,

for some C' = C(N, s,p, Ry, R1) > 0. This concludes the proof in the case sp < 1.

Case sp = 1. This is the same proof as before, we only need to observe that in
this case, in place of (44), we have for every 1 <t < o0
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P

/ /Rl |u )|p dod N /R1 ‘ |pd - 1 /Rl | ‘td B (45)
ear ultag Z & uj-ao )
|Q—7"|1+5p Ro T \Jr,

for some T = T'(s,t,p, Ry, R1) > 0. Then we can proceed as above, we leave the
details to the reader. O

4.2. Proof of Theorem 1.3. The proof is the same as that of Theorem 1.1, we
only need to modify Step 4 and Step 5 as follows. With the previous notations,
as in the proof of Theorem 1.1 we already know that A\l — 0 as n goes to co. We
now show that this implies that
1

z = nh_}rr;@ z, = 0. (46)
Indeed, if this was not the case, up to a subsequence, one would have |zL| > 7o
eventually for some 19 > 0. Taking into account Proposition 4.1, observing that
pt < p# for N > 2 and recalling that ul converges to 0 almost everywhere, we have
ul — 0 in LP: (K) for every K € RN \ {0}. Then, for 0 < 7 < 75, we conclude

LIPs dz + 0, (1) = on(1),

5:/ ‘u;pidx:/ |u1
By (z3) Bj1 (23,)NB-(0)

since, eventually By (z)) N B-(0) = 0, thanks to the convergence of A} to 0.
The property (46) in turn implies that in Step 4 we are in the case covered by
Lemma 2.6, i.e.

lim )\—dlst(z ,0B) =

n— o0

thus we do not need Assumption (NA) this time.

Then, in order to prove (11), we need to remove the translations by zi from
(8). This is done by appealing to (46) and continuity of L? norms with respect to
translations. Indeed, by triangle inequality we have

k
0 A
lu" RPN (A)]
i=1 Ds:p(RN)
k N o
< _ .0 _ i Sp; i *n
i} [“ = (5 ﬂ
i=1 Ds:p(RN)

k i
. sp— N . c—z . .
B (58 )
; An An/ L Do ey

By observing that the both norms converge to 0, we get the conclusion. O

Appendix A. A truncation Lemma. The next result is proved in [9, Lemma
5.3] under the stronger assumption u € DSP(RY) N LP(RY). We need to remove
the last integrability assumption.

Lemma A.1. Let ) be a Lipschitz function with compact support and u € Dy? (RN).
Then pu € DyP(RY) and we have the estimate

[w U]%s,p(RN) <G ||,(/JH1£00(RN) [u}pps,p(RN) + O ||V¢||1£W(RN) HU||1£,,; (RN)’
for some Cy = C1(N, s,p) >0 and Cy = C3(N, s,p, K) > 0, where K := supp(¢)).
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Proof. We notice that

[¥ U]pps,p(RN) < 2p~! ||¢Hioo(]RN) [U]%s,p(RN)

pot [ P WE) VO,
RQN

|z —y|NFsp

With a simple change of variables, the last integral can be written as

/RN |u()|? (/RN Iw(w);|;/}£::p+ h)|P dh) .

By using Holder inequality with exponents p*/p and N/sp, Fubini Theorem and
triangle inequality, the previous integral can be estimated by

/ [u(@)P [¢(z) =Y+ n)P
R2N

|h|N+SP

z)|P [¢(z) — Pz + )P
dx dh
/]RN /{|h<1} |h|N+sP !

)P [¢(z) — oz +h)P
dx dh
/]RN /h|>1} |h|N+sp !
pi "
< ([ ae)
(@) —v@+h)P o\
dh d
X /RN (/{Mgl} |h|N+sp ) T

_ P(x)P
+ 2P 1/ / u(x)P | dx dh
RN {\h|>1}| @)l |h|N+sP

3
S

RN {\h|>1} RN
For the first integral containing v, we observe that the function
P
M/ 6 bl b,
{Ihl<1} |h[N+sP

is compactly supported and bounded, indeed

[U(x) —P(x + h)P / 1—s)—N
dh < || V|| R|PA=)=N gh = C'|| V1| oo
/{|h<1} e IVl {|h|§1}|| VY|

For the second integral containing 1, by using that h — |h|N+5? is integrable at
infinity, we simply have

()P /
u(x)[? dx dh < C |9 e ulP dz < C|K| ¥ |ul?,
/RN /{|h|>1} @ s [l [ |ul %l

For the last integral, we just observe that for every |h| > 1, the function ¥ (- + h) is
compactly supported. We thus have

|1/)( +h)P / / W z +h)P
u(x dx dh = dhdx
/JRN /{h|>1}| (@) |h|NFsp (h|>1} JK—h |h|N+sp
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dh
< |l poo/ (/ updx) -
Wi ()

sp
< C e 1K1l

By collecting all the estimates, we conclude the proof. O

The following result has been crucially exploited in the proof of Theorem 1.1, in
order to localize the rescaled sequences.

Lemma A.2 (Truncation Lemma). Let ¢ € C§°(B2(0)) be a nonnegative function
such that ¢ =1 on B1(0). Then

nh_{r;o [vC(pn ) — U]DS@(RN) =0, (47)
for any v € DyP(RN) N LYRYN) with ¢ < p and {pin fnen C RY such that p, — 0.

Proof. We rewrite the term in (47) as [v 9] ps»@n~), Where ¥, (7) := ((pn ) — 1.
We have v 1), € DyP(RY) thanks to Lemma A.1 and

[v(z) Yn(z) — v(y) n(y) P < 2Ly (2)|P lv(z) —v(y)P

|z —y|[NFsp |z —y[NFsp
+ gt [90(®) = )P I
FRrLETE
Then, since ||¢, ||~ < 1 and v € DyP(RY), the Dominated Convergence Theorem
yields
: v(z) — vy
P —
nh~>ngo R2N |¢n($)| |£C _ y|N+Sp dﬂ? dy - 0

For the second term, we observe that ¥, (x) — ¥ (y) = ((tn ) — ((pn y), introduce
nd)— n P
IRN(y):/RN [Cpn ) = Clun )P

|z —y|NHep ’

and decompose

/N |v|? Ign dy:/ [v|? Ign der/ [v|? Ign dy
R B B

1/pun z/ﬂn\Bl/Hn

+ / |v|P Ipn dy
RN\BQ//»‘TL

n —1/p
:/ / |v(y)|p%dyd9&
Bl/}in RN\Bl/lbn |.'I/' o yl b

+f o) La (v) dy
B2/un\Bl/un

P
+/ / lv(y) [ 7‘C(M"ﬂ dydr =T, + Ty + Is.
RN\B?/un Bayn |LL‘ o yl P

First integral. This is the most delicate one, here the assumption v € L4(RY)
with ¢ < p} will play a major role. We have

C(pn ) — 17
b9 :/ / )P =y, dyda
Bl/#n BQ/H?L\Bl/Mn |£L. - y|

1
vf ()P ——— dyda.
Bi/y, JRN\Bay,,, |.%‘ - y|N+ép
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We observe that for y € By,

[C(pn ) — 1|7 1
/ e e < VGl g
Boun\Biju, 1 7Y Boyun \Bi/p, 1T yl

1
AN / S S
B3/“n (y) |'T - y|N+Sp7p
= O P Ve

The other term is simpler, indeed by observing that |z —y| > |z|/2 for y € By,
and x € RV \ Bs,.,,» we have

————dx < C
N >
/]RN\BQ/un, |aj - y| tep RN\B3,,,,

Thus we can infer

— O 5P
ELERT de =CpP.

P
q

N4+ XN
IléCuip/ ofP dy < C s *“’/ e |
Bi/up

Bi/up

which converges to 0, since
N .
sp—N+Ep>0 = q <p;.

Second integral. This is equivalent to

(ki ) = C(pn y)IP
Zs :/ / v(y) P dy dx
Ba/uy \Bi/p, /B @) |z — y|NFsp

2/pn

p
+ / / lo(y) P 7‘“’“‘"%& dy da.
B2/un\Bl/un RN\BQ/I"W |l‘ o y| P

For the first term, we observe that for y € By, \ By,

¢ (kn ) = C(pn y)IP 1
/ dr < @IVCG [ e
Bajup T yl

|z — y|N+sp Bajp,
1
AN / &
" Bajp () [T —y|NHeP7P

< C P IVEIg -
For the other term, we observe that for y € By, \ By,

¢ (1 y)|P 1
= —dx < b | V¢|[T e dx
/]R{N\Bz/,m |z —y|N+sp " Bi/p, \Ba2/u,, lx —y|[NFsp—p

» ] QNfl
+ C ¢l vy 40

4/, (0= [y)NTsP
o] N—1

s 4
< CHIVC + Ol [ o
Hon n

r
Pedy |,

do

< Cpp? (IVEIL + 1ICHE) -

In conclusion, we obtain

IQSOMZP/

[off dy < C u5? o ( / v
Bz/ﬂn \Bl/ﬂn Bz/ﬂn \Bl/ﬂn
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and the latter converges to 0, since v € LPs (RV).

Third integral. We proceed similarly as before for the integral in x, we have for
every [y| = 4/pn

¢ (pn )P - _N- _
[ Rl e < 0 il o < UG
2/mn

while for 2/u, < |y| < 4/u, we can use the Lipschitz character of ¢ and get
¢ (pn ) [P 1
ey 4 < pp [IVC T [T
/Bz/un |x_y|N+sp " B |x_y|N+sp—p

2/pun
p p 1
< iy, [V

—_—dx
Bou, (v) 1T — y|NFspp
< C P IIVET e

In conclusion we get

%SO%WWWm/

B4/Mn \BZ/Mn

p
wPay+Clcl- [

RN\ By, ly|sP

The first term tends to 0 as before. The second one vanishes since |v|P |y| 5P is
integrable, thanks to Hardy inequality for D*?(R™) (see [11, Theorem 1.1]). O

Appendix B. Some regularity estimates. We collect in this Appendix some
basic regularity results for nonlocal equations needed in the paper.

Proposition B.1. Let 1 < p < 0o and s € (0,1) be such that sp < N. Let E C RV
be an open set with |E| = 400 and let V € DJ*(E) be a weak solution of

—ABV =plVP=2V, inE
V=0 in RY\ E.
Then we have
V e LYRY), for every % < q<pi. (49)

Proof. We first observe that |V| € Dj*(E) is a positive subsolution of (48), in the
sense that

[ (H(V@)I = VWD) (o) —e(v))

|z —y|Ntep

dwdyﬁu/ VPt pdr,  (50)
RN

for every » € DJP(E) nonnegative. We can now closely follow the proof of [4,
Proposition 3.5] for [V]. For 0 < a < 1 and € > 0, we introduce the Lipschitz

increasing function

a—1 o — 1 a—1—p

¢uw=AT@+ﬂp "

‘We observe that

; (51)

4This can be easily seen as in [5].
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where in the second inequality we used that 0 < o < 1. We insert in (50) the test
function ¢ = 9. (|V|) € Dy?(E). This gives

/ oIV (@) = V»)) (¢=(1V (@)]) — ¢e(V(y)]
R2N

|z —y[NFsp
< ,u/ |V
RN

Then one needs to introduce

(1) ::/0 YL(r)rdr =t(e+1)F,

)) dx dy

Pty (V) d.

and pick a level Ky > 0, whose precise choice will be made in a while. Observe
that thanks to Chebyshev inequality, the set {|V| > Ky} has finite measure, thus

for 0 < a < 1 we have
/v K, |
{IVI>Ko}

By using (51) and proceeding exactly as in [4], we get

pita—l gy « 4o,

P

S ([ pcviian) <2 [ qvpreia
RN a J{visKo}

*
Ps—P

P %
LB / |V [P5 da (/ \I/s(|V|)p:dx) ,
@ \J{|V|<Ko} RN

The level Ky = Ko(a, V) > 0 is now chosen so that

which yields

a—1\Ps i 2 .
(/ (V1vi+9) da:) < 2w Ve de,
BN aSps J(vi>Ko}

for every 0 < a < 1. By taking the limit as ¢ goes to 0, we get the desired
integrability (49). O

Next we state a variant of an estimate proved by Di Castro, Kuusi and Palatucci
in [8].

Lemma B.2 (Logarithmic estimate). Let 1 < p < oo and s € (0,1) be such
that sp < N. Let Q C RN be an open bounded set, a € LN/*P(Q) and let u €
DP () \ {0} be such that

(=Apu+awr™ > plult?u, inQ,
u =0, in RN\ Q,

for some uy e R and p < qg<p
have

/ Jp(u(z) — u(y)) (p(x) — ¢(y))
RZN

oy

That is, for every ¢ € DyP(Q2) with ¢ > 0, we

*
e

da:dy—!—/aup_l(pdxz,u/ |u|9™% u o da.
Q Q
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Let us suppose that uw > 0 in By ,.(xo) € Q. Then for every 0 < 6 < 1 there holds

/ (6 + u(x))
log
By.(20) % B (0) 6+ u(y)

p—1
SCTN_Sp {51—prsp/ u—(y) d
R

Y
N\ By 1.(w0) Y — o[V TP

P

dx dy

|z —y|NHep

(52)

+ HCL-O-”LN/SP(B%,.(JUO))
N (1-2% -
+ max{—pu,0}r (-3%) el 2o? i, (zo)>+1}’
3,

where u_ = max{—u,0} and C = C(N,p,s) > 0 is a constant.

Proof. The proof is exactly the same of that of the Logarithmic Lemma for su-
persolutions in the case a = 0, see [8, Lemma 1.3]. We take a test function
¢ € C§°(Bs/2r(20)) such that

0<op<1, ¢ =1 on B,(z9), |Vo| < g

Then we insert the test function ¢ = ¢? (§ +u)'~? in the equation. By using that

5P
N

— d)p / N-— / N
auP ! — _dx < ardx < Cr—°P (ay)77 do ,
/() (6+u)p_1 B% 7‘(évo) * B r(IO) *

3
2

and®

_ o / _
Wl ———da < uwI™P P dx
/Q (0 +u)p—1 By, (w0)

a—p
7

J *
SC’TN_SPTN(l p) / uPs dx )
B%,.(ﬂﬂo)

and proceeding exactly as in the proof of [8, Lemma 1.3] to estimate the nonlocal
term, we end up with inequality (52). O

Proposition B.3 (Minimum principle). Let 1 < p < oo and s € (0,1) be such that
sp < N. Let Q C RN be an open bounded connected set, a € L™/*P(Q) and let
u e DyP(Q2)\ {0} be a non negative function such that

(=Au+auw?™t > pui™t,  inQ,
u =0, in RV \ Q,

for some p € R and p < g < p%. Then we have u > 0 almost everywhere in 2.

5For ¢ = p, we simply have

X » .
/ uq—1¢71dx§/ ¢Pdx < crl.
Ja (6 +u)p~ J By - (20)
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Proof. The proof is the same of that for the case a; = 0 and p > 0, which is
contained in [2, Theorem A.1]. It is sufficient to replace the logarithmic estimate
there with the one of Lemma B.2 and use that u € LP: (Q). We leave the details to
the reader. O
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