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Abstract. The paper is devoted to the study of singularly perturbed fractional Schrodinger
equations involving critical frequency and critical growth in the presence of a magnetic
field. By using variational methods, we obtain the existence of mountain pass solutions ug
which tend to the trivial solution as ¢ — 0. Moreover, we get infinitely many solutions and
sign-changing solutions for the problem in absence of magnetic effects under some extra
assumptions.

1. Introduction and main result

In this paper, we study the following Schrodinger equations involving a critical
nonlinearity

e (=AY u+ V= f(x, Juhu+ K@)u ?u  inRY, (1.1)

driven by the magnetic fractional Laplacian operator (—A)%S of order ¢ € (0, 1),
where N > 2, ¢ is a positive parameter, 2% = 2N /(N — 2a) is the critical Sobolev
exponent, V : RV — Rand A : RV — R are the electric and magnetic potentials
respectivelyand Ay (x) 1= &~ LA (x).If A is a smooth function, the nonlocal operator
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(—A)%, which up to normalization constants can be defined on smooth functions
u as

u(x) — @ ACT)y(y)
|x _ y|N+2a

(—A)%u(x) :=2 lim dy, xeRV,

e—0 BE(x)
has been recently introduced in [13]. The motivations for its introduction are
described in [13,32] in more detail and rely essentially on the Lévy-Khintchine
formula for the generator of a general Lévy process. If the magnetic field A # 0, it
seems that the first work which considered the existence of solutions for problem
(1.1) in the subcritical case with ¢ = 1, formally « = 1 and K = 0 was [16].
For more details on fractional magnetic operators we refer to [19-21] for related
physical background. If the magnetic field A = 0, the above operator is consis-
tent with the usual notion of fractional Laplacian, which may be viewed as the
infinitesimal generators of a Lévy stable diffusion processes (see [1]). This oper-
ator arises in the description of various phenomena in the applied sciences, such
as phase transitions, materials science, conservation laws, minimal surfaces, water
waves, optimization, plasma physics. See [1] and the references therein for a more
detailed introduction. Some interesting models involving the fractional Laplacian
have received much attention recently, such as the fractional Schrodinger equation
(see [2,8,17,22,23]), the fractional Kirchhoff equation (see [18,25]) and the frac-
tional porous medium equation (see [33]). Another driving force for the study of
problem (1.1) arises in the study of the following time-dependent local Schrodinger
equation

., 0y 1 /h 2

i = (S AW) Y+ WY — gy, (1)

at 2m\i

where 7 is the Planck constant, m is the mass of the particle, A : RY — RV is
the magnetic potential, W : RY — R is the electric potential, g is the nonlinear
coupling and v is the wave function representing the state of the particle. This
equation arises in Quantum Mechanics and describes the dynamics of the particle
in a non-relativistic setting, see for example [26]. Clearly, the form i (x, 1) =
e_"“”hflu(x) is a standing wave solution of (1.2) if and only if u satisfies the
following stationary equation

£ 2
(;V — A(x)) u+Vxu= f(x,u)u. (1.3)
where ¢ = 71, V(x) = 2m(W(x) — w), f = 2mg and
(8 2 5 2¢e 2 e .
;V — A(x)) u=—e"Au— TA(x) -Vu+ |Ax)|[“u — ;dlvA(x)u. (1.4)

See [14] and the references cited therein for recent results in this direction (see also
[31]). Similarly, we could derive the fractional version of (1.3)as A = Oand e = 1,
which is a fundamental equation of fractional Quantum Mechanics in the study of
particles on stochastic fields modeled by Lévy processes, see [23]. Also we refer
the reader to [22] for extended physical description.
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Recently, the study on fractional Schrédinger equation has attracted much atten-
tion. On the one hand, some recent works involving the subcritical case have been
obtained. Felmer et al. [17] studied the following equations with A = 0and V =1

(=A)u+Vx)u = f(x,u). (1.5)

Using critical point theory, they obtained the existence of a ground state. Regular-
ity, decay and symmetry properties of these solutions were also analyzed. Cheng
[10] investigated the existence of ground state for (1.5) when f(x, t) = 171P~2¢, in
which the coercivity assumption V (x) — +o0 for |x| — oo is imposed. In [27],
by using Mountain Pass arguments and a comparison method, Secchi considered
the existence of ground state for (1.5) when the potential V satisfies the assumption
liminf|y| 00 V(x) > Voo. In [24], assuming that V~1(0) has nonempty interior,
Ledesma obtained the existence of nontrivial solutions and explored the concentra-
tion phenomenon of solutions for (1.5). Chen and Zheng [9] studied the problem

=AU+ V@ u= f(x,u) inRY, (1.6)

where N < 3, f(x,t) = |t|? 2t and V (x) satisfies some smoothness and bounded-
ness assumptions. By using the Lyapunov—Schmidt reduction method, they showed
that (1.6) has a nontrivial solution u, concentrating to some single point as ¢ — 0.
In [11], assuming that f(x,t) = |1|P~2¢ and V is a sufficiently smooth potential
with infpy V > 0, Ddvila et al. recovered various existence results already known
for the case @ = 1 and showed the existence of solutions around k nondegener-
ate critical points of V for (1.6). Shang and Zhang [30] studied the concentration
phenomenon of solutions for (1.6) under the assumptions f(x, ) = K (x)[t|? —2,
V, K are positive smooth functions and infgy V > 0. By a perturbative methods,
they showed existence of solutions which concentrate near some critical points of
the function

Lo = (V)7 % (K () 791,

On the other hand, there are some recent papers dedicated to the study of frac-
tional Schrodinger equations with critical growth under various hypotheses on the
potential function V (x). Shang and Zhang [29] studied the existence for the critical
fractional Schrodinger equation

(=AY u+ Ve =rfw) + [u>*>2u  inRY, (1.7)

where 0 < infpy V' < liminf |y o V(x) < +00. Based on variational methods,
they showed that problem (1.7) has a nonnegative ground state solution for all
sufficiently large A and small . Moreover, Shen and Gao [28] obtained the existence
of nontrivial solutions for problem (1.7) under assumptions that potential function
V is nonnegative and trapping, namely lim inf | o V (x) = +00. As for the case
e = 1, we refer to [34,35] for some recent results.

Motivated by the above works, especially by [14,15], we are interested in critical
fractional Schrodinger equations with the magnetic field and the critical frequency
case in the sense that minpy V = 0. It is worth mentioning that the study of
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fractional Schrodinger equations with the critical frequency was first investigated
by Byeon and Wang [4,5]. Main difficulties arise, when dealing with this problem,
because of the appearance of the magnetic field and the critical frequency, and of
the nonlocal nature of the fractional Laplacian. For this, we need to develop new
techniques to overcome difficulties induced by these new features.

We shall assume the following conditions:

(V1) V e C(RY,R) and mingy V = 0;

(V) Thereexistsa > OsuchthatV* = {x € RN : V(x) < a} has finite Lebesgue
measure;

(K) There exist Ko, K1 > 0 such that Ko < K(x) < K; forany x € RN

(f1) f € CRYN x RT,R) and there exists co > 0 and p € (2, 2%) such that

|f(x, 0] < co(1 +121P72),  forany (x,1) € RN x RY;

(f2) lim; o4 f(x,1) = 0 uniformly in x € RV;

(f3) There exists u > 2 suchthat wF (x, 1) < f(x, )t>foranyt > 0, F(x, 1) :=
fot f(x,s)sds;

(fa) There existcy > 0, g € (2,2%) such that f(x,t) > c1t972 forany t > 0.

We say that u € X, is a (weak) solution of problem (1.1) if for any v € X,

/ (u(x) _ ei(x—y)‘As($)u(y)> (U(x) _ ei(x_y)'AS(%)v(y))
Re
R2N

|x _ y|N+2a dXdy
+e*2°‘Re/ V(x)uvdx
RN
_ o 2a 252\ —
—¢ Re/ (f(x, ) + K () |u> u> Tdx.
RN
where z denotes complex conjugate of z € C, Rez is the real part of z, (X, || - | x,)

is a suitable subspace of the fractional space HXS (RN, C). See Sect. 2 for more
details.

We are now in a position to state the main result of the paper.

Theorem 1.1. Assume that (V1)—(V2), (f1)-(f4), (K) hold and that A €
C (RN, RN). Then there exists g > 0 such that for any ¢ € (0, &), problem
(1.1) admits a nontrivial mountain pass solution us € X such that |luglx, — 0
as e — 0.

Remark 1.1. (i) unlike solutions with concentration phenomena constructed in
some earlier works without the magnetic field, our nontrivial solutions are
closed to the trivial solution.

(i) If A=0anda 1, then Theorem 1.1 reduces to a result of Ding and Lin in
[15]. To our best knowledge, it seems that there is no result on the existence
of solutions for singularly perturbed fractional Schrodinger equations with
an external magnetic field.
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(i) In [32] it was proved that, in the singular limit for « ' 1, the operator (1 —
o)e (—A)%y converges, in a suitable sense, to the classical local magnetic
operator (1.4). Whence, up to multiplication by 1 — « the nonlocal theory is
somehow consistent with the classical one.

The paper is organized as follows. In Sect. 2, we recall some necessary defini-
tions and properties of the functional spaces. In Sect. 3, we provide some prelimi-
nary results. In Sect. 4 we prove Theorem 1.1. In Sect. 5, we get some results for
problem (1.1) in the case A = 0.

2. Functional setting

For the convenience of the reader, in this part we recall some definitions and basic
properties of fractional magnetic Sobolev spaces Hy_ RV, C). For a wider treat-

ment on these spaces, we refer the reader to [13]. Let Lz(RN , C) be the Lebesgue
space of complex-valued functions with summable square, endowed with the real
scalar product

(u, v) 2 1= Re/ uvdx,
RN

for any u, v € L2(RY, C). For any o € (0, 1), the space Hg‘g (RN, C) is defined
by

HE RN, C) = iu e L*RY,C) : [ulg.a, < oo},

where [u]y, 4, denotes the so-called magnetic Gagliardo semi-norm, that is

1
i(x—v)- Xty 2
ju(x) = A u(y) P
[Ulg, A, == (AARZN 4 dxdy

|x _y|N+2oc

and HY, (RN, C) is endowed with the norm

1/2
et a, = (12,4, + lul2)

If A =0, then Hf{g (RV, C) reduces to the well-known fractional space H*(R™).
Also, HXE (RN , C) is a Hilbert space with the real scalar product

(U, Vg, A, = (U, V)2

® (u(x) — ei(xfy)‘Aa%)u(y))(v(x) _ ei(xfy)‘As(%)v(y))
TRe R2N |x _y|N+2a

dxdy,

forany u, v € HY, (RN, C). The operator (=), HY, RN, C) —> H“ RN, ©)
is defined by '
((=a)%,u, v)

- (u(x) _ ei(x_y)‘AS(%)u(y))(v(x) _ ei(x—y)‘As(%)v(y))
= Re RIN |x —y|N+2°‘

dxdy,
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via duality. Furthermore, the space Djs (RN, C) is defined as
DY (RN, C) = {u e L%®R",C) : [uly,a, < 00}

and endowed with the norm [-]q, 4, . We recall (cf. [13, Lemma 3.5]) the following
embedding

Proposition 2.1. (Magnetic embeddings) The embeddings
DY RV, C) — L%®RN,C), Hf RN, C)— L'®R",0),
is continuous for any v € [2,2}]. Moreover, the embedding
HY ®R",C) == Lj,,®", C)
is compact for any v € [1,27}).

In this paper, we will use the following subspace of Dis (RV) defined by

X, = {u e D4 RY,C): / V() |ul>dx < oo}
]RN

with the norm

12
||u||xg=([u]§,Ag+/ V(x)|u|2dx) ,
e

where V is nonnegative. For any ¢ > 0, the norm | - ||x, is equivalent to the
following norm

1/2
lull == ([u]ﬁ A, FE / V(x)|u|2dx> :
k) & RN
which will be used from time to time.

Proposition 2.2. (X, embedding) If (V>) holds, the injection X, — HXE (RN, C)
is continuous.

Proof. Leta > 0 be as in assumption (V;). For any u € X, we obtain
/ V() u>dx = / V() |ul* dx +/ V(x)|ul* dx.
RN IRN\V" ya

By the Holder inequality,

2
2 a l—l* % % 1 a l_l* 2
wuldx < v % wZdx ) < —v' T w ]l ,
ya va So oA
o

where | - | denotes the Lebesgue measure and S} is the best Sobolev constant of the
magnetic Sobolev embedding D%F (RV,C) — L% (RN, C),

2
55 = e

= inf — (2.1)
ueDg, RN} flull7 5
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Then, it follows from condition (V;) that

1 1
lalf, = Sl a, + 5l +/ V(@) luf? dx
RN\V“

1 1 2
S+ SelverE T [ wldxra [ i
2 e 2 va RN\ ya

v

. 11 l*—l a 2
me{Z’Z MLAIR ,E}HMHO[,Agv

which implies that X, is continuously embedded in Hf{p RN, C). O

3. Preliminary results

Throughout this section, we assume that conditions ( f1)—(f1), (V1)—(V2) and (K)
are satisfied. Without loss of generality, we assume that

V(0) = min V(x) = 0.
xeRN

To obtain the solution of problem (1.1), we will use the following equivalent form
(=), u+ eV = fx, uDu+ K@ ?u, G

where ¢ > 0. The energy functional associated with (3.1) on X, is defined as
follows
1 ) 8—201 5
I (u) == E[M]W,As + 7 Jo V(x)|ul”dx
—2a

2*

o

g / F(x, |ul)dx — & / K (x)|u|% dx.

RN RN
It is easy to check that I, € C L(X,, R) and that any critical point for I, is a weak
solution of problem (3.1). In the following, let {u, },en be a (PS). sequence for I,
namely I (u,) — cand I[(u,) — 0in X}, asn — oo, where X is the dual space
of X,.

By standard arguments, we get that {u,},cN is bounded in X,. Passing to a
subsequence, still denoted by {u,},eN, We assume that u,, — u weakly in X,
up — win L (RN, C), L (RN, C) and u,(x) — u(x) ae. in RN, It is easy to
verify that //(u) = 0 and I;(#) > 0. Due to the loss of compactness for the critical
embedding, we do not expect that the energy functional /; satisfies the Palais-Smale
condition ((PS) condition for short) at any positive energy level, which makes the
study via variational methods rather complicated. As in the celebrated contribution
by Brézis and Nirenberg [3], we show that the (PS) condition holds for energy
level less than some positive constant. Then, by the Minimax Theorem, we get the
existence of solutions to (3.1).

First of all, we give some preliminary results to show that /. satisfies the (PS).
at energy levels ¢ below some constant. From now on {u, },cn denotes the afore-
mentioned (PS). sequence.
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Lemma 3.1. (Vanishing) There is a subsequence {unj} jeN of the (PS). sequence
{untnen C X¢ such that for any o > 0, there exists ro > 0, which satisfies

lim supf |ttn; *dx <o (3.2)
Bj\Br

j—o00
orany r > rg, wheres =2 ors = p, and B, = {x e RY : |x| < r}.
y p

Proof. For any r > 0, fB lup|* dx — fB. |u|® dx as n — oo. Then, there exists
nj € Nwithnjy; > n; such that

N N 1
lun;|” dx — lu|*dx < —.
B; B; J

J J

For any o > 0, there exists v, > 0 such that for any r > r,,

/ lul* dx < o.
RN\ B,
If j > ry, we have

/ |unj|sdx=/ |unj|sdx—/ |u|sdx—|—/ lu|® dx
Bj\B, Bj B; Bj\B,

+ |u|sdx—/ lun; |* dx
B, B,

1
<zbat [wrdx= [ e
J B, B,

for any r > r,, which yields the desired assertion. O

Take ¢ € C°(RV) such that 0 < ¢ < 1, p(x) = 1 for |x| < 1 and ¢(x) = O for
|x| > 2. Define

2x

B =g u0, ¢ =¢(Z). jeN
Then we have the following preliminary result.
Lemma 3.2. (Stability of truncation) Forany e > 0, [[i; — ulls — 0as j — oo.

Proof. Tt is readily seen that

2 . . 2
Bl <2 / GO R SO N
e R2V |x — y|N+2 (3.3)
i(x—v)- Xty 2 .
+2/ (@ (y) = D2 u(x) — 450y ed
R2N |x_y|N+2a Yy

Note that u € X, |¢j(y) — 1| <2and ¢;j(y) — 1 — O ae.as j — oo. Then, the
Dominated Convergence Theorem yields

() — D2lulx) — dC=ACE) )2
/ (0;(») — D?|u(x) 62 dxdy — 0
]R2N

|x—y|N+2°‘
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as j — oo. In the following, we will prove that

/ u?(x) (g (x) — ;)2
RZN

|x—y|N+2°‘

dxdy - 0 as j — oo.

Note that
RY x RN = (RM\B)) U Bj) x (RM\B;) U B))
= (RM\B;) x RM\B;)) U (B; x RY) U (RM\B)) x B)).

(i) (x,y) € RN\B;) x (R¥\B;), we have ¢;(x) = ¢;(y) = 0.
(i) (x, y) € Bj x RY. One has

2 N — o (2
/ dx/ u (x)|<p](x)N+<201(y)| dy
B, {yeRN:|x—y|<1 j} lx — y|V=e
/d / u2<x)|w@>|2|@|2d
= X y
B; {yeRN:|x—y|<1 j} |x — y|N+2a

U2
(x)
<Cj~ / dx/ ————dy
{(yeRN:|x—y|<1j} ) lx — y 22

:Cj_z"‘/ u’(x)dx,
B

J

where £ = 2j—y + 1:2()‘}._’7), 7 € (0, 1) and

2 2
u”(x)|p;(x) —@;(y)l
/ dx/ . N+2é dy
B; {yERNzlx—y|>%j} lx — yl

u2
cf o
{yeRN:|x—y|> 1 j} Ix =l ad

= Cj_za/ u?(x)dx.
B

J

(i) (r,y) € RY\B;)) x Bj. If [x — y| < Lj, then |x| < |x — y| + |y| < 3/.
Furthermore,

J u?(x)|gj(x) — ¢/<y)|2d
N X |x— |N+2a y
RN\B; {(veBj:lx—yl<ij} y

2
(x)
dx/ —————dy
/B3 {yeBj:|x— y|<21} |X—Y|N+20‘ 2

< Cj—Z“/ u*(x)dx.
B3 .

Notice that, for any k > 4, there holds

RM\B; By ;U (RN\ng).
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Ifjx —y| > %j, then we obtain

2 X . 2
/ dx/ u (x)le(X)N+<§,(y)| dy
Bk ; {yeB_;:lx—y|>%j} [x — yl «

<C/ d/ u (x)
X
Iy — vINT2a
Bk {yeBj:|lx— y|>21} |x - |N+ 01

< ijz"‘/ u(x)dx.
By .

If (x, y) € (RN\ng) x Bj,then |x —y| > |x| —|y| = Bl +-%j— j > Bl Holder
inequality yields

J ﬁummm—%@wd
X . — N2« y
RN\B%]_ {veBj:lx—y|>3j} |X J’|
2
RN\B%I_ {yeBj:lx—y|> 1) 1X]

2
N u-(x)
= C] /I‘QN |x|N+2°‘ dx
\By
2.

2
2%
<ck N / lu(x)|% dx
RN\By .
By combining (i), (ii) and (iii), we get
2 () — s (V)2
/ u”(0)|p;(x) — @i (y)l dxdy
R2N |x _ y|N+2a
2 2
u(0)e;(x) — @iyl
= / +/ s dxdy
BjxRN  J(RN\B,)xB; lx — ¥l

2/2%
< Cj_z"‘/ u?(x)dx + Ck~N / lu(x) % dx
By . RN\By .
<Cj7%® 4 kN,

Therefore, we have

2 ) — o (v))2
hmsup/ u (x)(wj(x)N f,(y)) dxdy
j—oo JR2N |x — y| V=

) ) (3.4)
— lim limsu / G COACTAC et I 1S D)
= ln, P R2N |x — y|N+2a y=u

J—>00
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It follows from (3.3) and (3.4) that
(t0j — ulg,a, = 0, as j — oo.

Note that, as j — oo,

f V()@ (x) —u@x))?dx = / V(x)(pj(x) — D*u?(x)dx — 0,
RN RN

we deduce from the Dominated Convergence Theorem that

f V()@ (x) — u(x)|*dx — 0,
RN
as j — oo. Thus |[; —ul — Oas j — oo. ]

Lemma 3.3. (Shifted Palais-Smale) Let {u,;}jen C X be the sequence intro-
duced in Lemma 3.1. Moreover, for any j € N, let us denote

u,llj = Uy, —uj, j=1

Then, Ig(u,ij) — ¢ — I.(u) and Ia/(u}lj) — 0in X} as j — oo.
Proof. Notice that, it holds

Te(uy ) = Te(un)) + 1 (@)

~ i(x—v)- LR AN
B () = AT
- lx — |N+2a xay
R2N X y

i(r—v) A (XEY ~ i(r—v)-A. (XY y~
() = A0, () (7 ) = 04Tz () )
- Re/ dxdy
R2N

|x _ y|N+2a
+g—2af V()i |* dx — 5_2“Ref V (x)up, i dx
RN RN

+e /RN(F(X’ lin, 1) = Fx, lun, —10]) — F(x, [@;]) dx

87205
+

2% —~ 2% —~ 2
= /NK<x)(|un,.|a—|un,.—uj|w—|u,<|w)dx.
o R

As Un; = U weakly in X, and iij — u strongly in X, we could derive that

Ti(x) — eG4 CE 5 ()12
/ Juj (x) O dxdy
R2N

jx — y| V2

ix—v)-A. (X2 ~ i(x—=v)-A. ()~
. / (unj(x)_el(x V)-Ae (5 )un_f(y)) (uj(x)_el(x V)-Ae (7 )uj(y)>
— K€
R2N

=y dxdy—0

and, as j — oo,

/ V(x)[a;*dx — Re/ V(*)un, i dx — 0.
RN RN ’
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Arguing as for the proof of the Brézis-Lieb Lemma and recalling that u; — u
strongly in X as j — 00, it is easy to prove that

/ (F(x,unj)—F()C,Mn/.—it\j)—F(x,ii\j))dx—)O,
RN ’

[ KOO, P = g, = P2 = 175 0,

R

Thus, Ig(u},j) — ¢ — I;(u), as j — oo. Taking now ¢ € X, with |||l < 1, we
obtain

(I Gy ) = I y) + 1)), )
= 8_2aRe /%N(f(x’ Iunj|)unj_f(-xv |unj _ﬁ]D(unj _ﬁj)_f(-xv |ﬁ]|)ﬁ])$d-x
+e—20‘Re/ K )l 1%y,
RN

~ 22 a2
— lun; —ujl" ™ (un; —uj) — lujl™ “uj)¢ dx.

It follows, again by a standard argument, that

-0

2% ~ 252 ~ P P
/NK(x)(mn,.w U, — ln; — W12, — ) — (0% 20)) dx
R

uniformly in ¢ € X, with ||¢]| < 1, as j — co. Meanwhile, we have

fRN (F O, Tt Dty = F 6 Nty — 5Dty — 8) — £, 8D dx

5/3 | f ol Ditn; — f Qe iy — W5y —5) — f(x, i) ] - 1@ dx

+f | £ G Vit it — £, ity — 1)t — )
RN\ B,
—f o Dy | - 191 dx

for any r > r,, where r, > 0 is as in Lemma 3.1. Since iij — u and Un; = U in

L?(B,,C), we get

/ Gt Dt — F 6, Tty — 07Dt — 1)) — x| D)1 - 1@l dx — 0
B,

(3.5)
uniformly in ¢ € X, with ||¢|lc < 1. By (f1) and (f2), for any ¢ > 0 we obtain

|f G0t < C(e| + 10177,
which implies (we recall that 7i; = 0 on RN\ B jforany j > 1)

[ Gl Dt = £, =0, =) = £, 0 g
RN\B,
= /B y |f Qs futn; Ditn; — O Jny — 051, —uj) — fx, [u; )iy - @] dx

< cf Ity + 151 + it 1P~ + 1751771 - 1] dix.
B

j\Br
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For any o > 0, by inequality (3.2), the Holder inequality and Proposition 2.2, we
have

limsup/ (lttn; |+ L, 1P71) - 1] dx
Bj\Br

j—o00
1 1
flimsup(/ |“n,-|2dx>2(/ |¢|2dx>z
j—o00 Bj\Br ’ Bj\B,
D 1 1 p—1
-Himsup(/ |unj|pdx> p (/ |¢|de)” <C(o2+0 7).
j—ooc “JBj\B, Bj\B,

Since ; — u in X, as j — oo, Proposition 2.2 yields that ; — u in LRV, C)
and L? (RN, C). Then, by the Holder inequality, for any » > r, (up to enlarging
rs) We obtain

lim sup/ (7] + (@171 - ¢l dx
j—o00 Bj\Br
—1
=/ (|u|+lulp_1)~|¢|dXSC<0%+0PP>. (3.6)
RN\ B,
From (3.5)—(3.6), we have
lim sup/ | Gl Dty = F G, Nty = B 1ty = 72
j—oo JRN ’ ’

-1
PG DT -l dx < C <a% +a”p>

uniformly in ¢ € X, with ||¢|| < I. Letting o — 0 yields,

lim sup /RN Lf e, ltn; Duan; — f Cx, i, —ﬁj|)(unj —uj)

Jj—0o0
—f(x, [ujDujl - ¢l dx = 0.
As I;(up;) — Oand I;(;) — I;(u) = 0, we get that Ig’(u}lj) —0,as j — 00.0

In what follows, we will show that for any ¢ > 0, I, satisfies (PS). condition for
energy level ¢ below some positive constant depending on &.

Lemma 3.4. (Palais-Smale) Let Ko, K1 > 0 and . > 2 be as in conditions (K)
and ( f3) and let us denote by c¢» > 0 a suitable constant depending upon f. Then,
forany e > 0, if

2%
Se )zaz (25 — WKo

—00 < ¢ < Cole)eN 2, Cs::(
o(e) o(e) ot K 2

thenu,,. — uin Xg as j — oo.
J £
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Proof. By the definition of {u}” }jen and Lemma 3.2, it suffices to have u}lj — 0
in X; as j — oo. By means of conditions ( f3) and (K), we have

1
Ie(uy,) — ;u;(u,i,), )

(11, 1y L, .
= (5 - ;) [uﬂ_i]a,Ag + (5 - ;) e oy V(x)|un_,-| dx
- 1
e | (;f(x, ub Dl 12 = P, |u,;,,|)) dx
+872a l_L / K(x)|ul.|22dx
w25 ) Jry nj

1 1 %
> g2 (— — —) KO/ |u,1!.|2‘¥ dx.
o2 Ry

Then, from Lemma 3.3, we get

. 1 2% /J,2;:92a
imsup [ 1), P < 6 e ren 37

Suppose that u,llj 4 0in L% (RN, C). Then, we have

liminf flu, ||, 2 > 0. (3.8)
j—o00 J

Noting that (Z; (u, ), uy ) — Oas j — oo, we have

[“;ij]gz‘As +e /N V(x)|u}11j|2dx

R 3.9

- 8‘2“/ £ Gty Dl [ dx +s‘2°‘/ K ()luy, 12 dx + 0 (1).
RN 4 J RN X

It follows from (2.1) that

2
12 % 12
S(i (AN |un1| “ d'x) = [urlj]a,Ag
28—2“/ f(x, |u,11j|)|u,£j|2dx+£_2“/ K(x)|u,1,j|2; dx
RN RN
—5—2“/ V)lul 1*dx +o0j(1).
RN J

By (f1) and (f>), for any A > 0, there exists C (1) > 0 such that

1f, 0] <A+ COJe|%2. (3.10)
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Thus

2
* 2% *
SE (/ |u,1,j|2'1 dx) EAS_Z“/ |u,1,j|2dx+C(A)8_2‘”/ |u},j|2a dx
RV RV RV
+8_2“K1/ |u,1,.|2; dx —8_2"‘/ a|u;.|2dx
RV RY (311
—}-8720{[ a|u,1,_|2dx
RN !
—8—2“/ V()lu) 1*dx + 0 (1).
RN !
Since V¢ has finite Lebesgue measure, we obtain |[V4\Bg| — 0 for R — oo.

Then, for any 1 > 0, there exists Ry > 0 such that |[V*\Bgr| < n for any R > Ry.
We have

/ (a—V@E)|u! >dx < / (a—VE)|u! 1>dx
RN ! va !
— / (a—VE)|u! 1>dx
V@\Bg, !
+/ (a—V)|u) |>dx.
VanBg, /

Now the Holder inequality gives

/ (a — V(x))|u,1,_|2dx < / a|u,1,_|2dx
va\Bg, ' va\Bry

2 1—2 _2
[VA\Bgy| % <Cnp 2.

1
<alu) |12,

As u,ﬁj — O weakly in X, u,llj — 0in L2(BR0, C), as j — o0. Then, for the above
n > 0, there exists jo € N such that for any j > jo,

/ (a—V)lu! >dx < a/ lul 12dx < an. (3.12)
VanBg, / !

Bry

Let A = a/2. In terms of (3.11)—(3.12), there exists ¢ > 0 depending on f such
that

2
* g * ],l*
S;i(/ mkﬁ”‘”) < (2 + K)e™™ f luy [P dx + Ce™ >y 2
RV RN
+8_2“ar;+0j(1).

Letting n — 0, we have

2
¢ 12 % “2a 12 ‘
Sy lu, |7 dx < (c2+ Ky)e lu, | dx +o0;(1).
RN RN
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From (3.7) and (3.8), we get

-5

* 20 2%

n2e

SE < (cr+ Kpe ™ <—
* Ko(2% — )

(c - Is(u)))

Then Co(e)eN 2% < ¢ — I, (u) < c. If ¢ < Co(e)eN 2%, we get a contradiction,
which implies

u,llj —~ 0 inL% RN, ©).

It follows from (3.10) that

1 12 1,2 1 2%
‘/RN F e lub Dl P dx szN<A|unj| +COlul, %) dx.

As {u}”_}jeN is bounded in L2(RV), we have

. 1 125 1 : 1 12,
hmsup/RN f(x, |unj|)|unj| dx = hmsuphmsup/RN f(x, |“n,-|)|”nj| dx = 0.

Jj—00 A—>0 j—o0
By (3.9), it follows that u}” — 0in X, as j — oo0. o
Next we provide a result to show that I, has a Mountain Pass geometry.

Lemma 3.5. (Mountain Pass geometry I) For any ¢ > 0 and § > 0, there exist
to =to(e,8) > 0and Yo 5 € X, such that I.(to e 5) < 0.

Proof. We first verify that

. ¢x) — I o _
inf {AN dedy . ¢ € CO (RN) with ”¢”Lq(RN) — 1} =0.

Let¢ € C(‘)X’(IRN) with ||¢”Lq(RN) = 1 and supp ¢ C By, where ro > 0. Then we
have

f 189 ¢(8x)|7 dx = 1
]RN

and, as § — 0,

0 _ 50 2
/ |64 ¢(8x) —874(8y)l dxdy
R2N

|x—y|N+2°‘

(N—2a _ 2
=5W/ 90 =W | g
R2N

|x _ y|N+2a

Hence, for any § > 0, there existrs > 0 and ¢s € Cgo (RN) with lpsll 1q RNy =
1 and suppgs C By, such that

_ 2 IN—(N—20)
SR
R2N |x _ y|N+2a
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Let ¥5(x) := A0 ps(x) and ¥ 5(x) := ¥s(e~'x). By (fy), forany r > 0 we
get

2
t
I (t¥e.5) < E[ws,,s]i,Ag
28720[ 2 qcl —2a q
+1 V() Wre s (x) 12 dx — 19 —¢ e 5 (x)] dx
2 Jrw q RN
P . ex+tey
e s (x) — e ATy (y) 2
=¢ — dxdy
2 Jrow x — y|N+2a

2
+%/ V(ex) s ()2 dx
RN
- t"i]—lfRN [¥rs ()| dx} =: N2 T (1),

Now it is easy to see that assumption g > 2 implies there exists 7y > 0 such that

Lo (t0Ve,5) < &2 T (19s) < 0.
This finishes the proof. O

Let y5(x) = A 0)x ¢s(x), where ¢s is as in the proof of Lemma 3.5. Then, we
have the following

Lemma 3.6. (Norm estimate) For any § > O there exists g = €0(8) > 0 such that

. extey
Y5 (1) =T AT Dys ()2 Wewzms 1 oy 4o
dxdy<Cs 4 + ——8%+ -5,
/RzN |x — y|N+2a rar= l -« o

Jorall 0 < € < g, for come constant C > 0 depending only on [¢]q.0.

Proof. For any § > 0, we have

. sx+ey
/ [ (x) — AT g5 ()2 d
RZN

v — y|N+2e

xdy

ex+ey

- A X (x) — l=)AC )eiA(O)'y%(y)lzd J
= _ v|N+2a ray
R2N lx — vl
_ 2
cof BEBOE,,
RN |x_y|N+20l

2= (AO-A(FE) _ 2
e —
2/ s (¥)1°] | Ixdy.
R2N

|x _y|N+2a

Next we will estimate the second term in the above inequality. Notice that

ex+tey

2
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1 1
. 1 a 1 *
Forany y € By, if |x — y| < 5ll¢sll;,, then |x| < rs + 557, Hence, we have

ex + ey
2

e 1 1
<5 (25l ).

Since A : RN — R¥ is continuous, there exists 9 > 0 such that for any 0 < ¢ <
807

‘A(O) 4 (sx—;—sy

_1 1 1
)’ < 8llgsl . forlyl = rs and x| = rs + 5l .
which implies

= AO-ACE) 1P 2 - 262 e
e < Ilx—=yl75lesl 2 -

Forall § > O and y € B,,, let us define

1 1
Mj., = {x eRN :|x—y| < Enmnzz}.

Then gathering the above facts, for all 0 < & < gp, we have

21 i —y)-(AQ)—A(EEEE2y)y 12
10) e 2 1
/ZN lps ()|~ | Ixdy

|x — y|Nt2e

= (/ |¢a(y)|2d)’/
B, Ms.y

)

5 = NAO-AEFE) 2
+ d / dx
[, 1soray RN\MM) oy

B

<[ 16sy)Pd P g E
= B ) y y |X—y|N+2a 5 LZ

s Ms.,y
+ [ oty [ 4
sy y T o Nt2a X
By RN\M;, 1X — y|N+2e
1 4
< 820{ _82()( .
T 22« + 20
Combining the previous inequalities concludes the proof. O

Let typ = tp(e, §) > 0 and ¥ 5 of Lemma 3.5. Then, we have the following
Lemma 3.7. (Mountain Pass geometry Il) For any ¢ > 0 and § > 0, there exist
d8,5 >0 and 0< Pe,s < ||t0¢8,5||87

with I.(u) > dg s foru € X, with ||ulle = pe.s and I.(u) > 0 for any u € X \{0}
with [lulls < pr.s.
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Proof. By (f1) and (f>), for any T > 0, there exists C(r) > 0 such that
|F(x,0)| < t1> + C(7)t] .
For any u € X, from Proposition 2.2, we derive

1 9% K *
2 —2a 2 —2a o —20 1 2,
Ie(u) = Ellulls —te Tlullpy = Cme T ull 5 — —2:,; lluell s

1 -
2 —2a 2 2
z Sllulle — e “c@)llully = C@)lulls,

where c(e) > 0 is the embedding constant of (X, || - ||¢) — L*(RN, C). Letting

T < we get

820:
4c2(e)’

Lo 2%
I (u) > ‘—1||M||E = C(&)|lulle".

Then, there exist dg s > 0 and 0 < pg s < |[foV¥eslle such that Io(u) > d 5 for
u € X, with ||ull = pe,s and I (u) > O for any u € X \{0} with |lu|l; < pes. O

Proposition 3.1. (Sobolev constant bounds) There exists Sy, S* > 0 independent
of € with

Se <85 < 8%, foreverye > 0.

In particular, with reference to Lemma 3.4, the Palais-Smale for I, holds for

2%
S )zaz (2% — Ko

—00o<c < CoeN 2 Cyi= <
¢+ Ky w2

(3.14)

Proof. By virtue of the pointwise diamagnetic inequality [13, Remark 3.2]

[lu @) = )| < |ux) — ei(xfy)'Ae(%)u(y)L fora.e. x,y € RV and all £ >0,

we have
()| = [u()]? 1/2
D= 270 dxdy
[u]? ( / N+« )
S = in QZ’AS > inf Y x =yl 5
ueDg RO} [lull7,x — DE ®V\(0) el

ZSOH

where S, > 0 is the Sobolev constant for the embedding D¥(RV) < L% (RV).
Concerning the opposite inequality, fix ¢ € CSO(RN )\{0} with [l@]l, 2 = 1 and
use the function

X : x
e
&

in the definition of S;,. We have

¥) — el G=-(AEFD)—A0) 2
s S/M o (x) eI dxdy <T; + 1,
R

|x _ y|N+2a
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where

lp(x) — o(I?
I =2 ——dxdy,
! /sz x — V2

2 i(xfy)~(A(0)fA(—“+”)) 112
e 2 1
I, 2/2N o7 | Ixdy.

|x _y|N+2a

It is sufficient to estimate [, from above independently of ¢ > 0. If K is the support
of ¢, let

M, = {xe]RN:Ix—y|§l}, yeKk,
Taking into account (3.13), for some C > 0 independent of ¢, we have

(=) (A0)—A(ZH2)) 12

le
Hz:(/,("”(”'zdyﬂf/K |<p<y>|2dy/RN\M) oy

y
lx — yI?
<C 2d ———d
< /K|<p(y>| nyv v

1
+ Cf |¢<y>|2dy/ st
K RN\, |X — y[N+2

concluding the proof. O

4. Proof of Theorem 1.1 concluded

We shall prove that there exists g9 > 0 such that for any ¢ € (0, gp), problem (1.1)
admits a solution u; € X, close to the trivial one in X, for the norm || - ||x,. For
any ¢t > 0, from Lemma 3.6 we have

ex+ey

L(tyes) < c_‘f%_q _ 281\’—211 |5 (x) — e ACT Dy ()2
¢ &8l =41 2q R2N |x_y|N+201

dxdy

412
+/ V<ex>|wa|2dx)
RN

7‘172('1_28N—2a Caw_'_ 1 82a+i82a
2q 11—« o

+/ V(sx)|1ﬂ,;|2dx) "
RN

Choose now § > 0, depending only upon N, «, f, A, K, such that

2 g2 2N—(N—2a) 1 4 =
P (caq L PR 5)q < Co.
2q l—«o o
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where Cy is defined in (3.14). Since V(x) — 0 as |x| — 0, there is x5 > 0 with

[V(x)| < ———, forall [x| < xqs.

lls ||

We take &1 = min {80, } Then, for any ¢ < ¢1, we have
/ V(ex)|ys(x))? dx < 8.
B

)

From the above estimate, we obtain

max I (1Y) < Coe™¥ 2%
>0
Denote, for every ¢ > 0,

ce := inf max I.(y(t)), T¢:= {7/ € C([0, 1], X¢) : y(0) =0, y(1) = towe,s}-
yel te[0,1]

Then, we have

inf Ig(u) > Ig(o) > Ie(towe,é)

lulle=pe.s
and, by using the curve y (¢)(x) := ttoy s(x) of I, we get

0 <des < ce < max I(ttoPes) < max [o(t95) < Coe™ 2. (4.1)
tel0,1] t>0

By the Mountain Pass Theorem, there exists a sequence {u,},en C X¢ such that
I (up) = ¢ and I.(u,) — 0in X} (the dual space of X,), asn — oo.

By Proposition 3.1, there is a subsequence {un }jen such that Un; — U in X,.
Thus I, (us) = ce and I} (us) = 0, namely u, is a nontrivial weak solut10n of (1.1).
Besides, from (4.1) we get

B 1
Coe™ ™ > ¢p = I (ue) — ;<1;(u8), te)

1 1 1 Iy _
> <§ - ;) [Ma]ig,qs + (z - ;) g /RN V() |ug|* dx,

which implies that

ZCOM 8N—2a

2C
ZHOR N
D) _

[”a]a A, <

, /V(x)|u8|2dx<
RN

Then u; — 0 in X, for the norm | - | x,, as & — O. O
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5. Some results without magnetic field

In this section, we consider the existence of solutions for (1.1) without magnetic
field, i.e. A = 0. We first establish the existence of m pairs of solutions of via the
Ljusternik-Schnirelmann theory of critical points.

Let X(X,) be the family of sets F € X (X,)\{0} such that F is closed in X,
and symmetric with respect to 0, i.e. x € F implies —x € F. For F € X(X,),
we define the genus of F to be k, denoted by gen(F) = k, if there is a continuous
and odd map ¥ : F — RX\{0} and & is the smallest integer with this property.
The definition of genus here, which was by Coffman [6], is equivalent with the
Krasnoselski original genus. Denote by I', the set of all odd homeomorphisms
g € C(X,, X¢) such that g(0) =0and g(B1) € {u € X; : I.(u) > 0}. We denote
by I',, the set of all compact subsets F of X, which are symmetric with respect to
the origin and satisfies gen(F N g(dB1)) > m for any g € I',.. We refer to [7] for
more details.

Theorem 5.1. Assume that hypotheses (V1)-(V2), (f1)-(f1) and (K) are fulfilled.
If the subcritical nonlinearity f(x,t) is oddint, for any m € N there exist e, > 0
such that for any € € (0, &), problem (1.1) has at least m pairs of nontrivial weak
solutions in X,.

Proof. AsinLemma 3.5, for any m € N, we can take ¢>5" € Cgo (RN ) such that, for
any j=1...,m,

2N—(N—2a)q

suppdy C By, ;(xj8), ldjllea =1, [¢plao<CSs ¢

with By, ; (xi.5) N By, ; (x;.5) = ¥, forany i # j. Sete! ;(x) = ¢] (¢~'x). Thus

j j 2
le! ((x) —e! ()] 2N—(N—=2a)q :
f &4 Ngfh dxdy < Cs~ ¢ gN=2, / le 5|7 dx = V.
RN |x =yl RN 7

=2 L g —2 2N—(N=2a)q a2
m a2 Cl 4 2— <C(S q +8> < CO-
q

Let now forany j = 1,...,mradii Rj s > 0 with By, ;(x;s) C Bg,;(0). There-
fore, since V(x) — O as |x| — 0, there is x; 5 > 0 with

[V(x)| < , forall |x| < xj 5.

72
167112,

.
Then, for any & < R%’ we have
Js

J

V(ex)lg] (0P dx < / V(ex)|pl (0)]> dx < 6.

T, (X)) BRj.é'(O)
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.....

we get

_ 2
18(,4)51/ ) =M ) gy
2 Jr

w o |x — y|Nt2e
—2a

—2u
& g
/ V(x)u?dx — a / lu|? dx
2 Jry q RN
m L el —el s
- 24/ 5,8 2,8 dxd
- jz_:l(m 2 Jaon  px—y N Y

+

% , ¢l .
e 2m2L [ vxlel Pdx— e / el 419 dx)
s J &,
RN q RN

SSN_zai([mz / 0= HOF

= R2N |x _y|N+2a

4 £2 14
~|—m2/ V(gx)|¢g|2dx]i — c1i>
RN 2 q
q
3g—2 —2_g — IN—(N—2a -2
S mﬁcl q72q 2 (C(S‘i )g +8>q 8N—2(x < C08N—20[.
2q
Since dim(F,;i"s) < 00, ||  ILe@wny and || - || are equivalent. Then /(1) — —oo,

asu € F,f,"S with |lu|| — oo. Forany 1 < j <m, let

¢/ = inf max I (u),
Fel'y, ueF

we have

< cg << < sup L(u) < CoeN 2,

e =
uEF,f;’a

1
d: <c,

From Proposition 3.1, I, satisfies (PS)C ; condition. Thus, ¢/ is a critical value of I,
&

and u, ; is a critical point of I, with I (u. ;) = cg. As f(x,t)is oddin ¢, we derive
that —u, ; is also a critical point of /. Then I has at least m pairs of nontrivial
solutions. |

Finally, we verify that problem (1.1) has one pair of sign-changing solutions. We
recall that a map n : RN — RV is called an orthogonal involution if n # 1d
and n? = Id where Id denotes the identity map in RV, Let g : RN — R" be an
orthogonal involution. Then the action of g on X is defined by

gu(x) = —u(gx), foranyu € X,.

If V(gx) = V(x), h(gx) = h(x) and f(gx,t) = f(x,1), it is easy to verify
that I, is g-invariant, i.e. I;(gu) = I (u) and I/(gu) = gI}(u). The subspace of
g-invariant functions is defined by

Xg={ueX;:gu=uj.
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Then the critical points of IN‘E = I.|x, are critical points of /. Therefore, it suffices
to prove the existence of critical points for /; on X,. As a consequence, we obtain
the following result:

Theorem 5.2. Assume that (V1)-(V2), (f1)-(f4) and (K) are satisfied. If the non-
linearity f(x,t) is odd in t and there is an orthogonal involution g such that
Vigx) = V(x), h(gx) = h(x) and f(gx,t) = f(x,1t), then there exist e* > 0
such that for any € € (0, €*), problem (1.1) has at least one pair of sign-changing
weak solutions in X.

Proof. Note that for any ¢ € C°(RY), b=
verify that

¢ +2g¢ € CSO(RN)ﬁXg. One could

. ¢ (x) — () .
inf {/RZN %dxdy L ¢ € CPM®RY) N X, with 1§l oy = 1} —0.

Then, it is readily seen that T, has a Mountain Pass geometry: for any ¢ > 0 and
5> 0:

(1) there exists to >0ande; s € X, such that 1 (toe‘9 §) < 0
(2) there exists d}3 > 0and 0 < pg < |1f0€e.s]le such that Ig(u) > dg for any
u € X, with flull = pe and I (u) > O forany u € X, with |lulls < pe.
Denote
Ce = inf max L(y@)),
yel' te
where I' = {y € C([0, 1], X,) : y(0) =0,y(1) = 7()2'8,5}. Then, there is
&* > 0 with, for0 < ¢ < ¢*,
| ﬁnf L) > T.(0) > I, (102:.5).
Ulle=pPe
- N ~ ,%zq -2 2N—(N—2a)q 4 N_>
0<de <c¢. < Is(ttoes,é) = 7 2_(C8 4 +8)q_2 -
q
< C()SN_ZO[.

where Cj is as in Proposition 3.1. Then there exists it € X, such that Ts’(ﬁg) =0.

Then, i, is a critical point of I, and U (x) = gl (x) = —u(gx). Itis easy to show
that i, (gx) is also a critical point of I, and u.(x), i, (gx) change sign. O
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