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Abstract

We study a class of quasi-linear Schrodinger equations arising in the theory
of superfluid film in plasma physics. Using gauge transforms and a derivation
process we solve, under some regularity assumptions, the Cauchy problem.
Then, by means of variational methods, we study the existence, the orbital
stability and instability of standing waves which minimize some associated
energy.

Mathematics Subject Classification: 35J40; 58E05

1. Introduction and main results

Several physical situations are described by generic quasi-linear equations of the form

i+ Ap + ol (191 AL(DIP) + f(I9I)¢p =0 in (0, 00) x RY, (1.1

(0, x) = ap(x) in RV, D
where ¢ and f are given functions. Here i is the imaginary unit, N > 1, ¢ : R¥Y > Cisa
complex valued function. For example, the particular case £(s) = +/1 + s models the self-
channelling of a high-power ultra short laser in matter (see [6, 13,33]) whereas if £(s) = /s,
equation (1.1) appears in dissipative quantum mechanics [15]. Itis also used in plasma physics
and fluid mechanics [14, 26], in the theory of Heisenberg ferromagnets and magnons [2] and in
condensed matter theory [29]. The dynamical features are closely related to the two functions
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£ and f. Only few intents have been done to develop general theories for the Cauchy problem
(see nevertheless [10, 18, 31]). In this paper we focus on the particular case £(s) = s, that is

{i¢r+A¢+¢A|¢|2+f(|¢|2)¢=0 in (0, 00) x RV,

@0, x) = ap(x) in RN, (1.2)

Our first result concerns the Cauchy problem. Due to the quasi-linear term, it seems difficult
to exhibit a well-posedness result in the natural energy space

Xc = {u e H'®R",C): f [u)?|V]u|>dx < oo} .
RN

The local and global well posedness of the Cauchy problem (1.1) have been studied by
Poppenberg in [31] in any dimension N > 1 and for smooth initial data, precisely
belonging to the space H*°. In [10], equation (1.1) is solved locally in the function space
L®0, T; H*?2®RY)) N C(0, T); H*(RY)), where s = 2E(N/2) + 2 (here E (a) denotes the
integer part of a) for any initial data and smooth nonlinearities £ and f such that there exists
a positive constant C, with

1 —40t?*(0) > Col(0), forall o € R,. (1.3)

Note that the function £(c) = o does not satisfy (1.3) and, then, it is not possible to apply [10,
theorem 1.1] to problem (1.2). Before stating our result, we introduce the energy functional £
associated with (1.2), by setting

1 1
£@) =3 fR |V$|* dx + 2 fR IVIg*)* dx — fR F(lp|*) dx,

for all ¢ € X, where F (o) = foa f(u) du. Note that £(¢) can also be written

1
) = 5/ |V¢|2dx+f |¢>|2|V|¢||2dx—/ F(l¢|*) dx.
RN RN RN
We prove the following.

Theorem 1.1. Let N > 1, s = 2E(N/2) + 2 and assume that ag € H**?(RY) and
f € C**2(RY). Then there exists a T > 0 and a unique solution to the Cauchy problem
(1.2) satisfying

¢ (0, x) = ap(x),
¢ € L0, T[; H**@RY)) N C ([0, T[; H*(RY)),
and the conservation laws

@2 = llaoll2. (1.4)
E(@(1)) = E(ao), (1.5)
forallt € [0, T].

The proof of theorem 1.1 follows the approach developed in [10]. It is based on energy
methods and to overcome the loss of derivatives induced by the quasi-linear term, gauge
transforms are used. We rewrite equation (1.1) as a system in (¢, ¢) where Z denotes the
complex conjugate of z. Then, we differentiate the resulting equation with respect to space
and time in order to linearize the quasi-linear part and we introduce a set of new unknowns
(see (2.2)). A fixed-point procedure is then applied on the linearized version. Since (1.3)
does not hold we need, with respect to [10], to modify the linearized version and to perform
different energy estimates on the Schrodinger part of the equation.
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From now on and in the rest of the paper we assume that f is a power nonlinearity
f(lo) = o' for some p > 1. In this case (1.2) becomes
i+ Ap+PAlpI +¢IP ' =0  in (0, 00) x RY,
(0, x) = ap(x) in RV,
For these power nonlinearities, motivated by the classical results of the Schrodinger equation
i+ Ap+ )P 'p =0 in (0, 00) x R¥,
¢(0, x) = ap(x) in RY,

we address the question of existence of standing waves. We also study the standing waves
associated with ground states, see theorem 1.3, their orbital stability or instability.

(1.6)

(1.7)

Remark 1.2. Note that if p > 1 is an odd integer or p > 4E(N/2) +9 then f(0) = o'
belongs to C**(R*). Clearly it would be very interesting to derive a local Cauchy theory
without the restrictions on the smoothness of the nonlinearity f (o) and the data ay. It seems
out of reach with the approach used to prove theorem 1.1. We also point out that, even under
smoothness assumptions, we do not say anything about possible global existence. However,
our theorem 1.5 regarding instability or theorem 1.9 dealing with stability provides some
indications in that direction.

By standing waves, we mean solutions of the form ¢,, (¢, x) = u,(x)e™’. Here ® > 0
is a fixed parameter and ¢,, (¢, x) satisfies problem (1.6) if and only if u,, is a solution of the
equation

— Au—ulA(ul?) +ou = |u|”'u, in RV, (1.8)

For reasons explained in remark 1.7, we assume throughout the paper that 1 < p <
BN+2)/(N—-2)if N >23and p > 1if N = 1,2. A function u € Xc is called a
(complex) weak solution of equation (1.8) if

R /RN (Vu -V +V(ul®) - V) + oug — [ul”'ug) dx =0 (1.9)
for all ¢ € C§° (RY, ©) (here R(z) is the real part of z € C). We say that a weak solution
of (1.8) is a ground state if it satisfies

Eo(u) =my, (1.10)
where

m, = inf{&, (1) : u is a nontrivial weak solution of (1.8)}.

Here, &, is the action associated with (1.8) and reads
1 1 1

&ﬂ0=-/ Ww%u+—f Wmm%u+9/ P dx — —— | ful"* dx.
2 Jer 4 Jr 2 Jrw p+1 Jpw

We denote by G, the set of weak solutions to (1.8) satisfying (1.10). It is easy to check that u
is a weak solution of equation (1.8) if, and only if,

Eo(u+1) — E,(u)
t

E (u)¢ = lim 0,
t—0*
for every direction ¢ € C°(RY, C).
Our second result establishes the existence of ground states to (1.8) and derive some
qualitative properties of the elements of G,. Our existence result complements the ones
of [1,12,27,28,32].
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Theorem 1.3. For all v > 0, G, is non-void and any u € G,, is of the form
u(x) =e’lu()),  xeR",

for some 0 € S'. In particular, the elements of G, are, up to a constant complex phase, real
valued and non-negative. Furthermore any real non-negative ground state u € G, satisfies
the following properties:

(i) u > 0inRY,

(ii) u is a radially symmetric decreasing function with respect to some point,
(iii) u € C*(RM),
(iv) for all o € N with |a| < 2, there exists (cy, 84) € (Rji)2 such that

ID*u(x)| < Coe >, forallx e RV,

Moreover, in the case N = 1 there exists a unique non-negative solution to (1.8), up to
translations. In particular, there is a unique non-negative ground state to (1.8), up to
translation.

Remark 1.4.

(1) Observe thatif u € G, is real and positive any v(x) = eu(x — y) ford € S' and y ¢ RV
belongs to G,,.

(2) Except when N = 1 we do not know if there exists a unique real positive ground state, up
to translation. Regarding the existence of excited states we conjecture that, when N > 2,
there exist, at least, infinitely many radial real solutions to (1.8), as it is the case of the
semi-linear equation

— Au+ou = |ul’u, in RV (1.11)

corresponding to (1.7).

(3) The proof of theorem 1.3 uses the so-called dual approach introduced in [12] which
transforms equation (1.8) into a semi-linear one which belongs to the framework handled
in [4,5]. We also mention that, as it is apparent from its proof, the conclusions of
theorem 1.3 hold for more general nonlinearities than power-type. Precisely when (1.8)
is replaced by

— Au—uA(lul>) + ou = g(u), in RV (1.12)

and g(u) — wu satisfies the assumptions (g0)—(g3) of [12, theorem 1.2].
(a) As pointed out to us by Selvitella [34] a boots-strap argument makes it possible to show
that any ground state actually belongs to M;-oH’(R") and, in particular, is of class C*°.

Next we establish, for p > 1 sufficiently large, a result of instability by blow-up.

Theorem 1.5. Assume that w > 0,

4 3N +2
3+ —<p<
N N-—-2

and that f(o) = o e 2 (R*). Let u € X¢ be a ground state solution of
— Au+ulAu)® +ou = ul’u inRY. (1.13)

Then, forall ¢ > 0, there existsay € H S+2(RNY such that ||ag—u | gs2@yy < € and the solution
¢ (t) of (1.6) with ¢ (0) = ag blows up in finite time in the H**2@RN) norm.
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Remark 1.6. Concerning the nonlinearity f, the assumptions of theorem 1.5 hold for
p=29whenN =1, p=7,9,1lorp > 13if N =2,
p=5"79ifN=3 and p=5if N =4. (1.14)

Clearly any weakening of the smoothness assumptions in theorem 1.1 would extend the
conclusion of theorem 1.5.

To prove theorem 1.5 we assume by contradiction that the solution ¢ (¢) exists globally
in H**>(R") and we show that, actually, a blow-up behaviour must occur. For this we first
establish a virial type identity. Then, we introduce some sets which are invariant under the flow,
in the spirit of [3]. At this point we take advantage of ideas of [23]. Namely, by introducing a
constrained approach and playing between various characterizations of the ground states, we
are able to derive the blow-up result without having to solve directly a minimization problem,
in contrast to [3].

When 1 < p < 3 +4/N, we conjecture that the ground state solutions of (1.8) are orbitally
stable. However, we do not manage to prove this result. Instead, we consider the stability
issue for the minimizers of the problem

m(c) =inf{Ew) : u € X, |lul3 = c}, (1.15)

where the energy £ reads as

1 1
Eu) = —/ |Vu|2dx+/ lu|?|V|ul|)? dx — —/ lu|PPdx.  (1.16)
2 RN RN p+1 RN

This problem is interesting for itself but also, hopefully, could be a first step towards considering
the orbital stability of ground states of (1.8) for fixed @ > 0. Indeed take any solution u to
problem (1.15), namely ||u||% = c and £(u) = m(c). Then it is a classical fact that there
exists a parameter »*, depending on ¢ and u, such that u solves equation (1.8) with = »*
(see lemma 4.6). However, to study the orbital stability of the ground states of (1.8) via the
constrained approach (as it is the case in the classical paper of Cazenave—Lions [9] on (1.11))
we need to have more information on the ground states of (1.8). In particular we need to know
that they share the same L? norm. Except when N = 1 where we have the uniqueness of the
ground states, this information is not available to us. Now, when N = 1 we still need to know
if, when u; and u; are two distinct solutions to the minimization problem (1.15), then we have
o] = ;. We do not manage to show this.

Concerning problem (1.15) we show thatif p < 3+4/N thenm(c) > —oo forany ¢ > 0.
In contrast, when p > 3 +4/N, we have m(c) = —oo for any ¢ > 0.

Remark 1.7. The key point to show that m(c) > —ocoif 1 < p < 3 +4/N is the use of the
following Gagliardo—Nirenberg inequality: for some K > 0 depending only on N and for any

MEXC
1-60 %
f|u|f’“dx<1<</ |u|2dx) ([ |u|2|V|u||2dx) ,
RN RN RN
with
) (=D =2
2N +2)

When p < 3+4/N we have 6N/(N —2) < 1 and thus the negative term in (1.16) can
be controlled by the second one. Recall that the corresponding functional setting associated
with (1.11) is given, on H'(RV), by

1 1
I(u) = -/ |Vu|2dx——/ lu|P*! dx
2 RN p+1 RN
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and

d(c) =inf{I(u): u e H'R"), |ul} = c}.
In this case to control the negative term, and thus to ensure that d(c) > —oo, requiring that p <
1+4/N is necessary. These considerations show that the exponent 3 +4 /N plays for (1.8) the
role of 1 +4/N in (1.11). The same Gagliardo—Nirenberg inequality, and the definition of X¢,
also permits the range of the power to be extended to 1 < p < (3N +2)/(N — 2). The value
(BN +2)/(N — 2) corresponds to the classical limiting Sobolev exponent (N +2)/(N — 2).

Remark 1.8. We recall that for (1.11) the ground states are stable for | < p < 1+4/N
and unstable for p > 1 +4/N (see [3,9]). Thus, in light of remark 1.7, not surprisingly the
condition p > 3 +4/N appears in our theorem 1.5.

Denote b_y G(c) the set of solutions to (1.15) and observe that if u € G(c), then any
v(x) =e%u(x — y) for 0 € S! and y € R" belongs to G(c). Our result of orbital stability is
the following.

Theorem 1.9. Assume that

1 3+4
<p< —,
P N

and let ¢ > 0 be such that m(c) < 0. Then G(c) is non-void and, if f(c) = o e o (RY),
it is orbitally stable.

Remark 1.10. In theorem 1.9 when we say that G(c) is orbitally stable we mean the following:
for every & > 0, there exists § > 0 such that for any initial data ap € X¢c N H**2(R") such
that inf,eg() [lao — u|l g1 < & the solution ¢ (¢, -) of (1.2) with initial condition ay satisfies
sup inf gz, ) —ullm <eé,
0<r<T, 4€9(c)
where Ty > 0 is the existence time for ¢ given by theorem 1.1. We observe that our assumptions
permit one to treat the case p = 3 in any dimension N > 1.

The proof of theorem 1.9 relies, in an essential way, on the convergence of any real
minimizing sequences for (1.15). This convergence result being established, the proof of
orbital stability follows in a standard fashion.

Theorem 1.11. Assume that 1 < p < 3 +4/N and ¢ > 0 is such that m(c) < 0. Then for
any real minimizing sequence of (4.2), there exists a subsequence that is strongly converging
in X, up to a translation in R".

The proof of theorem 1.11 itself relies on the use of concentration-compactness arguments.
The key difficulty is to rule out a possible dichotomy. For this when one considers (1.11) it
suffices to use the fact that the nonlinearity is superlinear. Here it is essential to make use of
the autonomous feature of (1.8) as we need to use scaling properties.

We end this paper discussing the condition m(c) < 0.

Theorem 1.12. The following results hold:
(1) If1 < p<1+4/N, thenm(c) <O forall c > 0.
(2) If 1+4/N < p <3+4/N, then there exists c(p, N) > 0 such that

(i) If0 < ¢ < c(p, N) then m(c) = 0 and m(c) does not admit a minimizer.

(ii) If ¢ > c(p, N) then m(c) < 0 and m(c) admits a minimizer. In addition, the map

(c(p, N), 00) > A —> m(A) is strictly decreasing.

Remark 1.13. Werecall that dealing with (1.11) we have thatm(c) < Oforanyc > 0(see[35])
ifandonly if I < p < 1+4/N. Theorem 1.12 reveals that the minimizing problem (1.15)
has a much richer structure.
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Notations.

(1) For a function f : RY — RV and 1 < j < N, we denote by d; f the partial derivative
with respect to the jth coordinate.

(2) M(R") is the set of measurable functions in RY. For any p > 1 we denote by L?(R")
the space of f in M(RY) such that [, | |7 dx < oo.

(3) The norm ([ | f|7 dx)'/7 in L7 (R") is denoted by || - |,

(4) For s € N, we denote by H*(R") the Sobolev space of functions f in L2RM) having

generalized partial derivatives 8{‘ fin L2@®RM), fori =1,...,Nand 0 < k <.
(5) The norm (fpy [f1*dx + [on IV f*dx)"/? in H'(R") is denoted by || - || and, more
generally, the norm in H* is denoted by || - || s

(6) LN (E) denotes the Lebesgue measure of a measurable set E C RV,
(7) For R > 0, B(0, R) is the ball in RY centred at zero with radius R.
(8) 9N(z) (respectively J(z)) denotes the real part (respectively the imaginary part) of acomplex
number z.
(9) For a real number r, we denote by E(r) the integer part of r.
(10) X denotes the restriction of X¢ to real functions.
(11) K, K(p, N) denote various constants which are not essential in the problem and may vary
from line to line.

Organization of the paper

In section 2, we prove theorem 1.1 concerning the well-posedness result for equation (1.2).
In section 3, we establish the existence and properties of the ground states solutions of (1.8),
theorem 1.3 and we prove the instability result, theorem 1.5. In section 4, we study the
minimization problem (1.15). Assuming that m(c) < 0 we prove the existence of a minimizer
and we study under which conditions m(c) < 0 hold. Finally, in section 5, we prove
the convergence of all minimizing sequences of (1.15) and thus derive the stability result,
theorem 1.9.

2. The Cauchy problem

This section is fully devoted to the proof of theorem 1.1. _
We first rewrite equation (1.2) into a system involving ¢ and ¢ in the following way:

(4, A\ (261V812 + b (6P) )
201 L — | - — — = 2.1
’(@)Mw)(m) <—2¢|V¢|2—¢f(|¢|2) 0 @b

where

—2
—¢ —(1+1¢1%
A direct calculation shows that A(¢) is invertible and that

1 2 2
A(¢):<+|¢| ¢ )

1
—1 _
ATP) = o A).

In order to overcome the loss of derivatives and to linearize the quadratic term involving V¢,
we differentiate the equation with respect to space and time variables to obtain a new system
in ¢o, ..., Pns2, Where ¢pg = ¢ and

VI<j<N, ¢, =0, v =g gy, =etPHIAG. 2.2)
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The functions g and ¢ are used as gauge transforms and their role will be explained later. We
also set * = (¢; ;VZO and ® = (¢ j)j-\’:g. Equation (2.1) can be rewritten as

(@) Ady o
2i ((50);) + A(go) <A¢To) + Fo(®™) =0, 2.3)

where Fy is a smooth function depending only on ®*. Differentiating equation (2.3) with
respect to x; for j = 1,..., N, we obtain

. (¢,~),> (Aqu) s (Tqusm)
20 = Z B i
’((qu), +AG) 7 +; @0-90\ 775,

e a1o g F(®*, ¢))
+C(¢07 ¢j) (eq(¢°|2)$N+2> + (—f(q)*,j¢j)> - 0’

where B, C and F are smooth functions of their arguments and especially

dod; +dod;  2¢0d;

C(o, ¢;) = 9;A( )=< = — - — .

P 0) =AW=\ 55 5 —ged; — Fods
Fori, j=1,..., N, T is the following operator of order 0
T = 0;0;,A" (e 904 g).
We can rewrite these equations as follows:

. (¢j)t> <A¢j) *

20 [ = +A )+ Fi(DF, , T =0, 2.4
((qu)t (¢0) A, (D, pns2, TPn2) 2.4)

where F; is a smooth function of its arguments. Differentiating equation (2.3) with respect to
t, we derive

(e /DMy 1), F o) e~ 119y s INCRASIRI I
2 <(e—f(|¢o|2)$N+l)t +C(o.¢ Pnt) -1l +Aldo) INGRALIRr I,

N (I 2 (Il
(e 1Dy 1) F(@*, e~ /1900gy 1)
+Y B, e R : =0,
k=1 (0090 <3k(ef(¢°| "G ni1) —F(@%, e/ 1"Dgy.)

2.5)

which can be rewritten as

(@) Agnar) | v (aum])
2i [ = - D(¢o, = D, Ton+2) =0, 2.6
z(( ¢N+1>z) + A(¢o) ( A ¢N+1) +,§ (#0.90) | 55" ) +9(@ Thyea) (2.6)

where D and G are smooth functions of their arguments. By applying the operator A on
equation (2.3), we obtain

((@ne) A | v (amm)
2i | = = E(¢o, = (D, Tons) =0, 2.7
z(( ¢N+z)t> + A(go) ( A ¢N+2) +; @0, 80 {5 " ) +T(® Toxsa) @7

where £ and 7 are also smooth functions of their arguments. At this point, we need to make
more precise the matrices B, D and £ since they represent the quasi-linear part of the equations.
A direct computation gives

2¢0dr ¢k )

Bigo. 90 = (—zm 25y
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Podi + podx 0 o )
0 Pobi + Podr)

Goi+ ot 0 )
0 odi + bodr)

Usual energy estimates for Schrodinger equations require that the diagonal coefficients of D
and £ in equations (2.6) and (2.7) are purely imaginary. Roughly speaking, this allows one to
integrate by parts the bad terms including first order derivatives of the unknown. This is why
we make use of gauge transforms g and ¢. Finally, in order to avoid any smallness assumption
on the initial data, we need to transform slightly equation (2.3) in the following way. We
multiply the equation by A~!(¢) and we split the matrix in front of the time derivatives of
¢o into

D(¢o, $r) = B(do, dr) — 2.1 (I¢ol*).A(gho) <

E (o, ¢x) = B(do, ¢) +2C (¢o, i) — 2A(b0)g (Igol*) (

A (o) =1d + (A7 (¢p) — 1d)

where Id is the 2 x 2 identity matrix. Then recalling that 8,¢p = e (% @y, we rewrite
equation (2.3) in

. [ (@o): Ao B
g ((%);) ¥ (A%) +Go(®) =0, 238)

where
Go(®) = A (o) Fo(@%) +ie ¢ 10 (41 (¢g) — 1d) (gN”) ,
N+1

We have then transformed equation (1.2) into the following system:

. [ (@0): Ay B
g (@o)f) ¥ (A%) +Go(®) =0, 2.9
forj=1,...,N
i)t Ao;
z G%,i) - A (A%) 7@ fvaa T) = 0. (2.10)

. [ (@Dn+1): Agn - <3k¢N+1 )
2i [ 2 =z D(¢o, =z &, Tnsa) =0, 2.11
i (( ¢N+1)l) + A(¢o) ( A ¢N+I) +k§ (#0.90) | 55" ) +9(@ Toyaa) @.11)

(q_5N+2)t A$N+2 8k_N+2

We now apply a fixed-point theorem to system (2.9)—(2.12). Let s be as in theorem 1.1 and
introduce the function space

@ = (¢))5 : ¢; € C(O, T1; L*(RY)) N L>(0, T; H*(RV)),

N
2i ((¢N+2)’) + A(@0) (M’N*z> +D €@ d) (‘”ﬁ’m) FI(P, Thyao) = 0. (212)
k=1

_ N+2

Xr =
1lx, =D sup llg; Ol @y < oo
im0 OI<T

For M = (m; 7:3 € (R*)M*3 and r € R, we denote

D= ()2 eXr :Vj=0,., N+2 ||¢jllr~o.7: 15 @Yy < M
Xp (M, r) = J7j=0 JUL>®O,T;H*RY)) X M) 7

LGOI, < g 7. (30 vy < T 0 B0(0, ) = a0 ()
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and let ¥ = (1//,)N € Xr(M,r). Denote ¥* = (1//,) _o and consider the linearized version
of system (2.9)— (2 12) as follows:

(@0 . (Ado
y %o W) =0 2.13
((cbo)f) * <A¢o> "o =0 o
forj=1,...,N
A .
z @% ) + AWo) (A%f) + Fj (W% Yo, TYe) =0, 219

. [ (@Dn+1): Ay Y (3k¢N+1 >
2i [ 2 Z D (o, Z U, Tyne) =0, (215
z(( ¢N+1)z) + A(o) ( A ¢N+1) +k§ Wo. v (57" ) + 98 Thwa) 2.15)

(¢N+2)t A¢N+2 ak¢N+2
Let Z = [L®(0, T; H*(RY)) N C([0, T]; L2RM )]
(2.16) with the initial condition

$0(0,x) = ap(x), for j =1,..., N, ¢;(0,x) = d;ao(x),

Pn+1(0, x) = —eg(‘““*")( A(¢o(0)) Aag(x) — Fo(¥*(0))),

420, x) = 10O Agy(x),
defines a mapping S
S:Z2— Z
VY — O.

N
2i (("—5”*2){) + AGo) (A?N”) + 3 W0, v (a@m) ST, Ty =0, (216)
k=1

. Then the Cauchy problem (2.13)-

For more details on the existence result for system (2.13)—(2.16), we refer to [10, 31]. In order
to prove theorem 1.1, we have to find a time 7 > 0 and constants M € (R¥)"¥** and r € R*
such that S maps the closed ball X7 (M, r) into itself and is a contraction mapping under the
constraint that it acts on X7 (M, r) in the norm Ziv;'é sup,cjo.71l1#;112. We begin with equation

(2.16) and perform an H*-estimate. Following [10], we apply the operator (1 —A)? on equation
(2.16) and multiply the resulting equation by A~ (¢) to obtain, denoting x = (1 — A)Z¢y.2,

O0:
2iA <w>((_)> ( ) Zz(wo,wk,akw())(a XM)

+\7;:0(DI\I[1 DJ¢N+21 TwN+2) = 01 (2'17)

where D/ denotes any space derivation of order less than or equal to s with respect to the jth
space coordinate. The matrix £ reads

LYo, Y, o) = A~ (Yo) (E(Wo, i) + s AW)) -

We note here that the dependence of 7 in ¢y, and its derivatives is affine. We are now able
to choose the gauge transform ¢g. Recall that

o, ¥i) = B(Wo. ¥) +2C(Wo. ¥) — 240000 (1ol )(‘”0‘” Hove 0 )

Yo+ Yovn)
a direct calculation shows that for j = 1, 2 (denoting by b'! and b?? the diagonal coefficients
of a 2 x 2 matrix b),

9 (A~ (Wo) (B(o, Yi) +2C (Yo, ¥2)))” = oWy + Vo) -

3
1+2|¢)? (
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Then choosing
g(0) = 3In(1 +20)
gives
R (A~ W0 EWo, Yi)) " =0.
Furthermore, by differentiating equation (2.17) s times in space, we add in matrix £ the term

sA™ (W) 3 A(o) which is not eliminated by g. As a consequence we have to use a second
gauge transform by putting x = e?(¥0) ¥ solution to

24 (o) ((907) 4 (2 +§:M(w v, dew) (246
A@,) o) T TR T ke

+IC5_o (DI, DIy a, Trwaa, (Vo)) = 0, (2.18)
where
oxb 2 0
Mo P o) = £ wk’aka)_2< e akb(|wo|2>)'

Note that the matrix K also depends on (1),. Once again, an easy calculation shows that if
we choose b such that

b(o) = %ln(l +20),

then for j = 1,2

(o abvol) 0 VY _
0" (sA (Y0) 0k A(Yo) — 2 ( 0 Bkb(ll/f0|2)>) -

We are now able to perform the suitable energy estimate on equation (2.18). Multiplying
equation (2.18) by &, integrating over R" and taking the first line of the resulting system lead to

1 2 2
i/ io'zkfdx+i/ szfdx+/ Axkx dx
o T4 2190 o T4 21v0] -
N
30 [ MU v @R+ [ M. B B0
o RN RN

+ / K5 _o(DW, DY sz, T2, (0),)C dx. (2.19)
RN

We take the imaginary part of equation (2.19). We have

1+ [o)? 2
Ts(l/ L()lz/cidx+i/ LZE,de)
ry 1+ 2[0] rY 1+ 2]

2 2 -2
:/ M|K|fdx+/ L(EZ)H_L(KZ% dx
ry 2+ 4| 0)? ry \ 4(1+2[%0[?) 4(1 +2[v0)?)

2 2 72
_d / 1+ 4o Mzd“/ ¥y 2 ¥y 2\ dx
dr \ Jgn 2+4|y)? 'y \ 4(1 +2|¥0]?) 401+ 2|0l
1+ |o)? ’
_/RN <2+4|wo|2)t"(' &

_/ ( 1//(% ) E2+ w; K2 dx
ry \\4(1+2[v0?) /, A1 +20Y0l) | '
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The other terms in equation (2.19) are classical and can be treated exactly as in [10]. The
important point to notice is that since the diagonal coefficients of M are pure imaginary, one
hasfork=1,..., N

lic|?

%<A;NM“(¢0, wk,akwoxamm) :/RNI’" (M W0, Y, o)) 0= dx,
2
- —/RN  (Tm (M (o, Y. 390))) %dx,

by integration by parts. This makes it possible to overcome the loss of derivatives of this
quasi-linear Schrodinger equation and brings the following estimate

dff 1+l o Vo Vo o
di (fRNz+4|wo|2'K' d“/RN (4(1+2|1/f0|2)K ST A

<4 / N(|wo|2),|x|2dx+cl<M, Mllxll3, (2.20)
R

where C,(M, r) is a constant depending only on M and r. To derive inequality (2.20), we
have used the fact that

1+ [ol? _ (yol*): 1+ Yo ,
(2+4|W0|2>t T2+ 42 -4 ((2+4|¢0|2)2) (%P,

< v >= W) _( v )(W)
4 +2lpoP) /420yl \ 201 + 219022 ;

AL+200l) ) 40+ 20Y0]?) 2(1 +2[y0l*)? l

and then

2 2 -2
/(214&> ae= [ (%) @ (s ) ©) o
R + 4ol /, R (I +2[%0l) /; (1+2l40l*) ],

< 4/ (Yol e dx.
RN

Using the fact that

<r
®Y)

sup ” (w())t ”HE(%)H

te[0,T]

and the continuous embedding HE(2)*!(RV) <> L>°(RV), we can find a constant C>(M, r)
such that

2 2 s
d / 1+ Yol |/<|2dx+/ Vo 2+ Vo 2 dx
dr \ Jry 2 + 4|02 ry \ 41 +2[Y0?) 4(1 +2[yo1?)

< Co(M, 1)K 3. (221
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Integrating inequality (2.21) from O to ¢ gives
2 2 =2
f ERALLIOINPATER +f W gy YO 2] g,
ry 2+ 4P (1) ry \ 4(1+2[¢0()[%) 41+ 2%

<[ L+ 1O
wr 2+ 410 (O)F

2 —2
+ / <—% © ©2(0) + __Y® K2(0)> dx
RN

lk (0)]? dx

4(1+2[90(0)[%) 4(1+ 2% (0)[%)

+Co(M, r>f I (s)113 ds.
0

Forall ¢ € [0, T], we have

L+l v, Vo(t) )
2+ 80l O i 2mon” O i 2anopt @
1 2
= WVCUN .
Denoting by
1P
Cly(0) = /R T A O ds

2 —2
+ / %O ©2(0) + _ ¥O ©2(0) ] dx,
ry \ 4(1 +2[%0(0)[?) 4(1 +2[y0(0)[?)

we derive

1 2 ' 2
AN —2+4|%(I)|2|K(t)| dx < Clyp(0) + Co(M, r)/o le(s)lzds.  (2.22)

Recalling that o € L>(0, T; H*(R")) and the continuous embedding H*(R") < L®(R")
and denoting by C}, the best constant of this embedding, we have

1o @)l L=@yy < Cpmp.

This provides

1 1
f —— k()P dx > ﬁ/ |k ()| dx
rY 2+ 40D 2+4CHm3 Jpy

which gives

t
/ lkk(®)]* dx < (2+4Cim}) <C1N+2(O) +Co(M, 1) / lle ()13 ds) . (2.23)
RN 0
Since the gauge transform b does not depend on v/ and forall ¢ € [0, T'], |0 (#) ] L ®yy < Mo,

there is a constant C (mm() depending only on mg such that

—b 22
sup [l PO gy < Clmo).
t€[0,T]

Recalling that « (0) = e?() (1 — A)2 (e Agy) and choosing 1 x> such that
Mm%, = 2C(mo) (2 +4CEm2)C Iy (0) + 1, (2.24)
one can find a positive T such that for this choice of m .

sup @2 llas®yy < M. (2.25)
te[0,T]
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Note that my,, depends only on the initial data ay and mg. Performing the same kind of
estimates on equations (2.16), one can find a positive T and constant m y.; depending only on
ap and m satisfying

m%,.; = 2C(mg)(2 +4CEm2)C Iy, (0) + 1, (2.26)

where

_ [ 1xmor
CIN+](O) - /I;N 2+4|1p0(0)|2

2 —2
" f ( 1/IO (O) 52(0) + WO(O) U2(0)> dx
RN

[v(0)|? dx

4(1+ 2]y (0)]?) 4(1+ 2|9 (0)]?)

with

v(0) = ep(laolz)(l _ A)%(eg<lao‘2>a,a0),
such that

sup llon+illas@yy < M. 2.27)

1€[0,T1
Dealing with equation (2.14), we introduce for j = 1,..., N

1j(0) = (1= A)329;ag
and

o [ LEOP
ChO = [ Tty OF &

__BO gy, O
+/RN (4(1 TR +2Wo(0>|2)ﬂj(o)> "

Choosing m ; depending only on ag and m such that

m3 > 22 +4C;m3)C1;(0) + 1, (2.28)
we derive
forj=1,...,N, sup [¢;llmwr) < mj. (2.29)
tel0,T]

Treating now equation (2.13), we introduce
§0) = (1 - A)2ag

and
CI(0) = /R . |£(0)]* dx.

It is crucial to remark here that equation (2.13) is not quasi-linear. As a consequence, we can
perform a classical energy estimate on it and choose the constant m such that

m§ > 2CIH(0) + 1. (2.30)
The choice of m( depends only on the initial data ay.

Remark 2.1. If we work with equation (2.3) instead of equation (2.9) and perform the energy
estimates of equation (2.16), for example, we have to choose m such that

mi > 22 +4Ctmd)CIy(0) + 1,
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where

[ 1+ ROP
ETy(0) = A e O

V20 O
— 0 0+ ——"£50) )] dx.
+/RN (4(1+2|wo(0)|2)‘S O sa 2o ¢ )) )

Such a choice requires of course a smallness assumption on the initial data ag.

Let us take mg as in (2.30). Then one can also find a positive T such that

sup ||Poll s @yy < mo. 23D
t€[0,T]

We refer to [10] for the technical details. Due to the structure of the space Ay, it remains to
estimate (Yg), in HEW/2*I(RN), This is done directly on equation (2.13) and provides that
there exists a constant Cy(M) depending only on M such that

sup [[(@o)ell et guy S Co(M). (2.32)

1€[0,7] ®Y)

As a conclusion, we choose constants M, r and T as follows. We first fix my depending only
on ag such that (2.30) holds. Then we take (m ), my.; and my,, depending only on ag and
my satisfying, respectively, (2.28), (2.26) and (2.24). Finally take r such that

r = Co(M)
and T sufficiently small such that

Co(M, 1T < 4,

and similar conditions to take into account the equations on ¢y, ¢; and ¢ . For such a choice
of parameter, we have shown

S(Xr(M,r)) C Xr(M,r).

The fact that the mapping S is a contraction for the suitable norm is very standard and we
refer once again to [10] since the proof reads exactly the same. By the contraction mapping
principle, there exists a unique solution

® = (¢o, (@,)}_0> Bvs1, Pn12)
to system (2.13)—(2.16). Furthermore, for each 0 < j < N + 2, the function ¢; satisfies
¢; € L0, T; H*RY)) N C([0, T]; L*(RY)).

To conclude the proof, we have to show that the solution ® solves system (2.9)—(2.12) and has
the following regularity:

® e (L0, T; H[RY) N C([0, T1; HS(RN)))N+3.

This can be done exactly as in [10]. The proof of the conservation laws (1.4)—(1.5) is very
standard once we have proved that ¢ is regular and so we omit it. At this point the proof of
theorem 1.1 is completed.
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3. Existence of ground states and orbital instability

In this section we derive the existence, as well as some qualitative properties, of the ground
states solutions of (1.8). When p > 3 +4/N we shall also prove that the ground states are
instable by blow-up.

We begin with the following Pohozaev-type identity.

Lemma 3.1. Any u € Xc solution of (1.8) satisfies P(u) = 0, where P : X¢c — R is the
function defined by

N-2/1
Pu)=—— <-/ |Vu|2dx+/ |u|2|V|u||2dx)
N 2 RN RN

1
+2f lul>dx — —— lu|P*! dx.
2 RN p+1 RN

Proof. Since the proof only uses classical arguments, we shall just sketch it and refer to [11]
for further details. Let u € X¢ be a solution to equation (1.8). From [27, section 6, appendix]
we learn thatu € L, (RY) (the proof given there extends easily to complex valued functions).
We are then able to pursue as in [11, proposition 2.1]. Let ¢ € C{° (R™) be such that ¢ > 0,
supp(y) C B(0,2) and ¢ = 1 on B(0, 1). Forall j € N*, we set ;(x) = ¥ (x/j). Now let
(n)nen be a sequence of even positive functions in L' (RY) with [, p, dx = 1 such that, for
allk € LY(RN), p, *« tends to x in LY(RN), asn — oo, forall 1 < q < oo. First, we take the
convolution of (1.8) with p,. Then, we multiply the resulting equation by ¥; x - V(u * p,),
integrate over RY and consider the real part of the equality. From that point, the calculus
is standard consisting of various integrations by parts. Hence, we omit the details and we
refer the reader to [11]. In order to conclude the proof, it is sufficient to apply the Lebesgue
dominated convergence theorem. O

Proof of theorem 1.3. We shall distinguish between the cases N = 1 and N > 2, which
require a separate treatment.

e Case N > 2. We divide the proof into four steps.

Step I (existence of a solution to (1.8)). We prove the existence of a solution u,, € X¢ to (1.8)
satisfying conditions (i)—(iv) of theorem 1.3. Following the arguments of [12], we perform
a change of unknown by setting v = r~!(u), where the function r : R — R is the unique
solution to the Cauchy problem

1
J1+2r2(s)

Here u € Xc is assumed to be real valued. Then, in [12] it is proved that if v €
H'@®RY) N C2(RY) is a real solution to

r'(s) = r(0) =0. (3.1)

A= (r )P ) — or(v) (32)

V1+2r2(v)

then u = r(v) € Xc N C%(RY) and it is a real solution of (1.8). Let us set

k(v) := (Ir@IP~'r () — wr@)) = r' @) (Ir @7 'r @) - or @),

1
J1+2r2(v)



Stability and instability for quasi-linear Schrodinger equations 1369

and denote by 7, : H'(RY) — R the action associated with equation (3.2), namely
1

T,(v) = -/ |Vv|2dx—/ K (v) dx,
2 Jrw RN

1 1
- -/ Vo2 dx — —/ Ir ()] P! dx+‘i)/ Ir(v)|? dx,
2 RN p+1 RN 2 RN

where we have set K () = fof k(s)ds. Now, it is straightforward to check that k satisfies
assumptions (g0)—(g3) of [12]. Thus, from [12] (see also [4,5]) we deduce the existence of
a ground state v,, of (3.2) satisfying conditions (i)—(iv) of theorem 1.3, that is v,, solves (3.2)
and minimizes the action 7, among all nontrivial solutions to (3.2). Therefore, setting
u, = r(v,), we get that u,, solves (1.8) and satisfies conditions (i)—(iv) of theorem 1.3
(see [12, theorem 1.2]).

Step I (existence of a ground state to (1.8)). In this step we prove that u,, minimizes the
action &,, over the set of nontrivial solutions to the original equation (1.8). To achieve this
goal, we make the following observations. Note first that, if u = r(v) with u € X¢ real, then
Eo(u) = 71,(v). Indeed, we have

1 , 1
e =3 [ Pk [ rPRovEas- —— [ et a
RN RN RN

+9/ Ir()[? dx
2 Jon

1 1
= —/ —|Vv|2dx+/ —— r()}Vv)* dx
2 Jry 142r2(v) ry 14 2r2(v)

1
_ /|r(u)|/’+1dx+9/ Ir(v)? dx
p+1 Jry 2 Jrw

1 1
= —/ IVolPdx — —— [ )P dx + 9] Ir ()2 dx = T,,(v),
2 RN p+1 RN 2 RN

thanks to the Cauchy problem (3.1). Also, if u € X is a solution to (1.8) we have, in light of
lemma 3.1, that

1
E,(u) = N/ IVul? +2|u)?|V|u||? dx. (3.3)
]RN

Once these facts have been observed, take any solution # € X¢ to (1.8) (note that u can be a
complex valued function) and set v = ! (Ju|). Due to the well-known point-wise inequality
[V]u(x)|| < |Vu(x)| for a.e. x € RY, it holds that

/|V|u(x)||2dx</ [Vu(x)|* dx, (3.4)
RN RN

so that &, (Ju]) < &,(u) (note that all the other terms in the functional &, are invariant to the
modulus). Thus, in turn, we have

Eo) 2 Ep(lul) = Eu(r(v)) = 7,(v). (3.5)
Now, let us set
A={ve H'®R): P(v) =0},

where P : H'(RY) — R is the functional defined as

P(v) = (N—2)/ |Vv|2dx—2N/ K (v) dx.
RN RN
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Clearly, for any v € A, we have
1
7,(v) = —/ |Vu|?dx. (3.6)
N RN
Also, as f0r~ the proof that £, (u) = 7, (v), itis readily checked that if v = r~'(u) withu € X¢
real, then P(v) = P(u). Finally, it is well known (see, e.g., [4, 5]) that v,, satisfies
Vo € A, 7,(vw) = ing%(v)- (3.7)
ve
Now, if N = 2, it follows from the definition of P in lemma 3.1 that P(|u|) = 0. Thus, in
turn, P(v) = 0 and, using (3.5) and (3.7), it follows that
Eou) =2 1,(v) 2 Tp(vy) = Eu(Ug), (3.8)
proving the desired claim. If N > 3, one of the following possibilities occurs.

(1) P(Ju]) = 0. In this case inequality (3.8) holds exactly as in the case N = 2.

(i) P(Ju]) = P(v) < 0. In this case there exists a number 6 € (0, 1) such that, setting
vg(x) = v(x/0), we have P(vg) = 0. Now, since vy € A, using (3.3), (3.4), (3.6), (3.7),
it follows that

1 5 QN—Z 5
7,,(ve) = v Vg |“dx = N Vo]~ dx
RN RN

0N—2
= IV ul* +2|u*|Vu|* dx
N Jgy
9N72
< IVul? +2[ul*|V]ul|* dx
N Jgy
9N—2

= NE, () =0V 72E,(u) < E,u).
Thus, we get
Eo) > 1,(ve) = 1,,(Vy) = Eu(Uy).

Then, in conclusion, we proved that for both the cases N = 2 and N > 3, u,, € X¢ indeed
minimizes the action &, over the set of nontrivial solutions to (1.8).

Step 111 (real character of solutions). First we prove that, if u € X¢ is a ground state solution
to (1.8), then |u| € X is also a ground state. We set v = r~!(|u|). Observe that it holds

My = Eu() 2 Eu(lul) = 1o (v). (3.9

In the case N = 2, we have P(v) = P(|u]) = 0 and, thus, we conclude &,(|u]) = m,, by
using (3.7), (3.9) and recalling that 7, (v,,) = Ew(uw)Nz Me. IfFN > 3,and P(v) = P(ju|) <O
we introduce, as before, the rescaling vy such that P(vy) = 0. Then, we get

T, (vg) < Eul(u) = my,,

and we immediately reach a contradiction by arguing as before. Now, let u € X¢ be a ground
state solution of (1.8) and assume that

LY ({x € RN : |V]u|(x)] < |[Vux)[}) > 0.

Then we get
1 1

mwz—/ |V|u||2dx+/ |u|2|V|u||2dx+g/ lulPdx — —— | |ul"dx
2 Jrn RN 2 Jrn 1

p+1Jry
1 1
<—/ |Vu|2dx+/ |u|2|V|u||2dx+9f |u|2dx——/ lu|P™ dx = m,,.
2 RN RN 2 RN p+1 RN
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This is obviously not possible and, hence, we have |V]u(x)|| = |Vu(x)|, for a.e. x € RV,
But this is true if, and only if, RuV(Ju) = IJuV (R u). Whence, if this last condition holds,
we get

uVu =RuVu)+3IuV(Su), a.e.in RV,

which implies that 9 (iu(x)Vu(x)) =A0 a.e. in RV, This last identity immediately gives the
existence of 0 € S! such that u(x) = e |u(x)]|.

Step IV (properties (i)—(iv) for any real non-negative ground state). In light of some recent
achievements [7,30], we can prove that any real ground state solution to (1.8) is radially
symmetric and radially decreasing about some point. In fact we observe first that for any
given solution u of (1.8), by [27, section 6, appendix], u € L;’:c(RN ) and in turn u € C2(RM)

(cf [20]). Considering now the strictly increasing function ¢ : R — R such that
w(s) =vV1+2s2, uw(0) =0, (3.10)

itis easy to see that v = w(u) is a solution of (3.2). Note that u is precisely the inverse function
of the function r introduced in step I, r o u = w o r = Id. Furthermore, we claim that if
u is any given ground state of (1.8), then v = u(u) = r~'(u) is a ground state of (3.2). In
fact, taking into account the computations in step II of the proof, for any nontrivial solution w
of (3.2), r(w) is a (nontrivial) solution of (1.8), and we have

To(w) = Eu(r(w)) = my = Ey(u) = Eu(rv)) = Ty (v),

which yields the desired conclusion. At this point the fact that any ground state solution is
radially symmetric and radially decreasing about some point is a consequence of the results
of [7] applied to equation (3.2). Here let us point out that the radial symmetry (plus radial
decrease) could have also been proved by arguing directly on equation (1.8) which, in fact,
satisfies a scaling property being the essence of the results of [7]. Now letu € G, be such that
u > 0in RY. Since u € C*(RY) we have by the maximum principle (applies to v = w(u))
that ¥ > 0 on R". Finally using [5, lemma 2] on equation (3.2) we immediately derive the
exponential decays indicated in the statement of theorem 1.3.

eCase N = 1.

By taking advantage of the transformation of problem (1.8), via the dual approach, into the
semi-linear equation (3.2), we know that equation (1.8) admits a unique positive and even
solution (see [5, theorem 5]). Thus it just remains to prove that any solution u of (1.8) is of
the form u = e'?¢, where & € R and ¢ > 0 is a solution to (1.8). In fact |u| > 0, otherwise
we would get a contradiction with the identity

lrz l 22 @0 p+l _
2Iul +4I(|u| )| 2IMI + +1IMI =0.

This identity is obtained multiplying (1.8) by the conjugate of u’ and by performing standard
manipulations. Then, we can write down the solution in polar form, u = peig, where
0,6 € C>(R). By direct computation, it holds u” = [,09”+2,0’9/]ei"i+[p”—p(é/)z]ei‘). Then,
by dropping this formula into equation (1.8), exactly as in [8, proof of theorem 8.1.7(iii)], one
immediately reaches (by comparison of real and imaginary parts) the following identity

00" +2p'6' =0, @3.11)

namely ' = K/p?, for some K > 0. At this point it is sufficient to follow the argument
of [8, proof of theorem 8.1.7(iii)] to prove that K = 0 and get the desired property. Thus,
when N = 1, theorem 1.3 holds true and the set of solutions of (1.8) is essentially unique. [J
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In the rest of this section we prove the instability result, theorem 1.5. We start with two
preliminary results. We define the variance V(z), by

V(z) =/ X2 (t, x)|* dx, t € [0, 00) (3.12)
RN
and derive a so-called virial identity in the following lemma.
Lemma 3.2. Let ¢ be a solution of (1.6) on an interval I = (—ty, t1). Then,

V() = 8Q(¢ (1)), tel, (3.13)

where we have set

N(p-—-1)
Q(¢) = / Vo[> dx + (N +2>/ BP1VIglPdx — 52— [ jp|r+ dx, (3.14)
RN RN 2(p+ 1) RN
forall ¢ € Xc.
Proof. We introduce the following notations:
N
z=(',....7" eCV; zw=>) 7w, zweC
i=1
0
o =2 ¢:RY = C.
8)(,'
Let us first prove that
V() = 43/ (x . V¢)$dx, tel. (3.15)
RN

Multiplying equation (1.6) by 2¢ and taking the imaginary parts yields

il — _

Elfﬁl2 = —23(¢Ad) = =2V - (IpV). (3.16)
Now, multiplying (3.16) by |x|?, and integrating by parts in space, we get (3.15). In order to

prove (3.13), let us multiply equation (1.6) by 2x - V¢, integrate in space on RY and, finally,
take the real parts yielding

0= 29’t/ i(x - V)¢, dx +2mf (x - Vo) A¢ dx
RN RN

+2m/ (x-v$)¢A|¢|2dx+2m/ (x - V)|p|" ¢ dx.
RN RN

We rewrite the last identity in the form
I=11+1I, 3.17)

where

I=2.‘R/ i(x - V), dx,

RN

1= —291‘/ (x - VP Apdx —2R [ (x - VP)pA|g|*dx,
RN RN

I = —29%/ (x-V)|p|" ¢ dx.
]RN
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For the first term, recalling formula (3.15) for V', we have

= /RN Z x1¢ ¢ _xj¢/¢t dx = / ij (¢ ¢ — (‘15‘1_5:)/] dx

j=1

= im/ i(x-v$)¢dx+Nm/ ipg, dx

dr RN RN

= is/ (x-Vq))de—Nf Vo> dx
dt RN RN

+ N/ |¢|2A|¢|2dx+N/ ||+ dx.
RN RN

1d
= ——V(t)—N/ |V¢|2dx—4N/ |¢|2|V|¢||2dx+N/ |7 dx. (3.18)
4d RN RN ]RN
A multiple integration by parts in formula II gives

II:(2—N)/ |V¢|2dx+2(2—N)f |61?|V|p||* dx. (3.19)
RN RN

As for the term III, we write it by components

+1
== Zf g1 20, ‘f’)dx—‘zzf azlﬁlp] = pzivl /R 1171 dx.

(3.20)
Finally, recollecting (3.17), (3.18), (3.19), (3.20) and (3.15) and taking into account the
definition of Q, the proof of (3.13) is complete. O

In our next preliminary result we establish some qualitative properties of a class of L>-
invariant rescaling.

Lemma 3.3. Let v € X¢ with Q) < 0 and assume that
4
3+ —. 3.21
p>3+y (3.21)

Let 0 > 0 and define the rescaling ¥° (x) = o N2y (o x). Then there exists oy € (0, 1] such
that the following facts hold:

(1) Q™) =0;

(2) oo = lifand only if Q(y) = 0;

(3) (0/00)E,(Y?) > 0 for o € (0, 0p) and (0/30)E,(Y°) < 0 for o € (0p, 00);
(4) o — E,(Y?) is concave on (opy, ),

(5) (0/00)Eu(¥?) = Q(¥7) /0.

Proof. By direct computation, we have
2

e =5 [ ViR asea™ [y EviviP s

N(p—1

+9/ u?de — 2 /|¢|P+1dx,
2 RN p+1 RN

so that, using the functional Q defined by (3.14), for all ¢ > 0, we get

isww"):a/ |W|2dx+<N+2>oN“/ PRIV dx
do RN RN

_N(p_]) W—l/ +1 _l o
25+ ° - [y 1P dx = S 2W7).
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Then, taking into account (3.21), it is readily seen that there exists oy € (0, 1] such that

a
Q™) =0y 8—&0(1#“)\":"0 =0,
o

as well as (3/00)E,(¥?) > 0 for o € (0,0p) and (3/00)E,(Y°) < 0 for o € (09, 00).
Furthermore, writing o = toy, we have

2
soz€on) = [ VuPar e VW e ol [ wRIvivIE ds
RN RN

do
N(p—-1) (N(p—1) 1 tiN(’;’”fzaON(pzi”_Z/ |w|[7+1 dx,
2(p+1) 2 RN

=V (tiNf |V1/f|2dx+(N+2)(N+1)0(§V/ [ 2|V |¥||? dx
RN RN

_ Np-1D N(P—l)_l ZW%WQ/ i dr ).
2p+1) 2 -

Since, of course, we have

/|V¢|2dx+(N+2)(N+1)0(§V/ [¥ PV dx
RN RN

N(p—-1) (N(p—1 Moo _
N )((p )_1>%2>2/ WP e <0
RN

2(p+1) 2
and ¢+ > 1, it follows that the quantity within parentheses is negative. Hence the map
o — &,(¥?) is concave on (09, 00), concluding the proof. O

In order to establish the instability of ground states we now show in the spirit of [23] that
they enjoy two additional variational characterizations. First, we have the following.

Lemma 3.4. Assume that o > Oand3 < p < BN+2)/(N—-2)if N >23and3 < pif
N =1, 2. Then the set of minimizers of

dy, = inf{&,(u) : Z,(u) = 0}, (3.22)

where
I,(u) = / VoI dx + wf |1 dx +4/ 6Vl dx — / 17! dx
RV RY RW R
is exactly the set of ground state G,,. In addition the value of the infimum is equal.

Proof. First we show that if u € X is a minimizer of d,, then |u| € X is also a minimizer of
d,. Letu € X¢ with Z,(u) = 0. Then &, (Ju]) < E,(u) as well as Z,(Ju|) < Z,(m) = 0. In
particular and since p > 3, there exists ¢ € (0, 1] such that Z,(¢|u|) = 0. Observe now that,
for all v € X such that Z,,(v) = 0, it holds

2?1;11) Vo de Z: 13
Thus, since p > 3, it is readily seen that
0 < &, (tlul) < 28, ().
In particular, if u € X¢ is a complex minimizer of d,,, then we have
Eolw) =dyy = inf £,(@) < Eu(tlul) < PEw).

1
/ WPVl dx + 0oL—— [ |u?dx.
RN

fov) = 20+ 1) Jor

Now, recalling that £,(u) > 0 and ¢t < 1, we immediately get r = 1. Thus Z,(|u|) = Z,(u)
and in turn &, (Ju|) = &,(u) proving that |u| € X is also a minimizer. Obviously it is only
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possible if the set {x € RY : |V]u|(x)| # |Vu(x)|} has zero Lebesgue measure, which in
turn implies that u = |u|e'?, for some # € S' (see, e.g., step III of the proof of theorem 1.3).
Now, when &, is considered over X, in [27, theorem 1.1], it is established that there exists a
nontrivial solution to the minimization problem (3.22) and that this minimizer is a solution to
equation (1.8) (cf [27, lemma 2.5]). Clearly, since any minimizer is of the form u = |u|e!? it
is also a solution to equation (1.8). Now, any element u € X of G, must satisfy Z,(u) = 0
and thus we deduce that the set of ground states G,, and the set of minimizer of (3.22) coincide
and that the values of the two infimum values are equal. |

We also have the following.

Lemma 3.5. Let us set

Co = nf{E, (@) : ¢ € M}, where M ={¢p € X \ {0} : Q(¢) =0, Z,(¢) < 0}.

Then c, = d, (= m).

Proof. Let u € X¢ be a solution to (3.22). By lemma 3.4 it is a ground state solution of (1.8)
and applying the virial identity (3.13) to a standing wave solution we immediately deduce
that Q(u#) = 0. By definition Z,(u) = 0 and thus we have u € M. Hence ¢, < d,, since
E,(u) = d,. On the other hand, given ¢ € M, either Z,(¢) = 0 (so that £,(¢) > d,) or

Z,(¢) < 0. In this second case, if o > 0 and we consider the rescaling ¢° (x) = oV/2¢ (o x),
we have Z,,(¢') < 0 and

lim Z,(¢°) = lim <02/ |V¢>|2dx+a)/ || dx
o—0* o—0* RN RN
*4"N+2/ I$121VIgI 2 dx — o 5" / 17! dx) =0
RN RN
In turn, one can find 6 € (0, 1) such that Z,,(¢°) = 0. Then, we get £,(¢°) > d,,. Since

0(¢p) = 0and [|¢]> = [¢% |2, from lemma 3.3 we obtain &,(¢) > E,(¢°) > d,. Whence
Eu(¢) > d, holds true for any ¢ € M, which yields ¢, > d,,, proving the claim. g

Proof of theorem 1.5. Lete > 0be fixed and consider u® (x) = o/2u(o x) for the ground state

solution . We have ||u||, = ||u®||, and by the continuity of the mapping o — o ?u(ox),
it is clear that, for o sufficiently close to 1, [[u — u® || gs2®ryy < € (We recall that the ground
state u belongs to H**>(R") for all s). Furthermore,

E,u?) < E,(u), ow’) <0, Z,(u’) < 0, (3.23)
provided that o > 1 is sufficiently close to 1. The first two inequalities just follow by
lemma (3.3). Concerning the last one, it holds

2 4 ) 2 2 2
ZoW®) =28,u°)+ =0W°) — — [u? |“|Vu | dx — — |Vu® |~ dx
N RN N Jrw

N
2 2
f|u|2|w|2dx—i/ |Vu|? dx
RN N RN

4 2 2 2 2
= — |u|“|Vul|*dx — — |Vul|~dx
N RN N RN

4O_N+2
N

4 2
— —0N+2)/ lu)?|Vu>dx + =(1 —02)/ |Vu|*dx < 0.
N RN N RN

N+2

202
lu|?|Vu|? dx — —/ |Vu|* dx
RN N RN
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Now fixing a o > 1 such that (3.23) holds, let us set v := u® € H**?(R"). Hence,
Eo(v) < E,(u), QW) <0, Z,(v) < 0. (3.24)
Assume now that ¢ (¢) is the solution of (1.6) with initial data ¢(0) = v. Then, we claim that

En(P(1) < Eu(u), Q1) <0, Z,(p() <0, forall 7 € [0, Tiax), (3.25)

Tmax € (0, oo] being the maximal existence time. First, due to the conservation of the energy
and (3.24), we get

ga)(d)(t)) =Ey(v) < &Ey(u), forall 7 € [0, Tnax)-

In turn, it follows immediately that Z,,(¢(¢)) # 0 for all ¢ € [0, Thhax). Hence Z,,(¢(¢)) < O
for all # € [0, Tiax) since it is negative for t = 0. Similarly, Q(¢ (¢)) # O forall ¢ € [0, Tiax),
otherwise if Q(¢(ty)) = 0 for some 7y € [0, Thax), we would have ¢ (f)) € M, yielding
Eu(P(t9)) = &, (u) which contradicts the first inequality of (3.25). Hence Q(¢ (¢)) < 0 for all
t € [0, Thax) as it is negative for ¢+ = 0, concluding the proof of (3.25).

Let now ¥ = ¢(¢) be the solution to (1.6) at a fixed time ¢ € (0, Thhax) and let 1 be the
usual L2-invariant rescaling. We know that Q (/) < 0. Hence there exists & € (0, 1) such that
Q%) =0. If Z,(¥°) < 0 we do not change the value of &, otherwise we pick 6 € (7, 1)
such that Z,,(¥%) = 0. In any case, one obtains &, (%) > d,, and Q(¥®) < 0. Therefore, by
lemma 3.3

EoW) = Eu(¥) = E,(P7) + (1 — 5)8%5w(1ﬂ“)|0:1
= &)+ (1 =5)QW) > dy+ Q).
Putting o¢ :=d,, — &,(v) > 0, concluding we have
Q@) < —oo, forall 7 € [0, Tiax)-
Finally, assuming that Tmax = +00 and using the virial identity of lemma 3.2, we obtain
0 < V() < V() + V' (0)r — 4oot>

which yields a contradiction taking ¢ sufficiently large. Then 0 < Tmax < +oo and the
solution blows up in finite time. This concludes the proof. |

4. Stationary solutions with prescribed L? norm

In this section we study the minimization problem (1.15). We prove the existence of a minimizer
when 1 < p <3+4/N and m(c) < 0. We also discuss the condition m(c) < 0 and we prove
theorem 1.12. Consider the (complex) minimization problem

minimize € on |ull3 = c, 4.1)
where c is a positive number. We have the following result.
Proposition 4.1. Let v be a solution to the minimization problem (4.1). Then

v) =e’u(xhl,  xeRY,

for some 6 € S'. In particular, the solutions of problem (4.1) are, up to a constant complex
phase, real-valued positive and radially symmetric.
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Proof. The proof has some similarities to the final part of the proof of theorem 1.3 so we will
be brief here. Let X denote again the restriction of X¢ to real-valued functions. We set

oc =inf {E(v) : v € Xc, I3 =}, op =inf {E() 1 v € X, [v]3 =c}.

Let us prove that o¢c = og. Trivially one has o¢c < og, since X C X¢. Moreover, if v € X,
we see using (3.4) that £(Jv|) < £(v). In particular, we conclude that og < o, yielding the
desired equality oc = or. Now let v € X be a solution to o¢ and assume by contradiction
that the Lebesgue measure £V of the set {x € RY : |V|v|(x)| < |Vv(x)|} is positive. Then,
of course, |||v|||% = ||v||% = ¢, and

1 1
om—/ |V|v||2dx+/ PIVIv|Pdy — —— [ |v[P*dx
RN RN p+1 RN

2
1 1
< —/ |Vv|? dx +/ v)?|V|v]]?dx — —— / [v]”*! dx = o,
2 Jrw RN p+1 Jry
contradicting equality oc = og. Hence, we have |V|v(x)|| = |Vv(x)| for a.e. x € R" and as
in the proof of theorem 1.3 this gives the existence of § € S! such that v = €' |v|. Finally the
result of radial symmetry is a direct consequence of [30, theorem 2]. (|

From proposition 4.1 we deduce that it is sufficient to study the (real) minimization problem
minimize £ on |||} = ¢ withu € X 4.2)
for a positive number c. We set
m(c) =inf{Ew) : u € X, |lul3 =c}. 4.3)
Lemma 4.2. We have the following.
(1) Assume that1 < p <3+4/N. Thenm(c) > —oo for any ¢ > 0. In addition if (u,) C X

is any minimizing sequence for problem (4.2) then (u,) is bounded in X and the sequence

1
/ lun|* | Vu, > dx = -f |V (u2))* dx (4.4)
RN 4 RN

is bounded in R.

(2) In the case p = 3 +4/N the same conclusions hold provided that ¢ > 0 is sufficiently
small.

(3) Assume that3+4/N < p <4N /(N — 2). Then m(c) = —oo for any ¢ > 0.

Proof. Note that using Holder and Sobolev inequalities we have for

g P DWN=-2
T 2(N+2)
and some K > 0 depending only on N, that for any u € X

1-6 6
f |u|f’+1dx<</ |u|2dx) </ |u|~472dx>
RN RN RN
1-6 N
<K</ |u|2dx> (/ |u|2|Vu|2dx> ) 4.5)
RN RN

Here we have used the fact that

/|u|%dx=/ |u?| 2 du, /|V(u2)|2dx=4/ u|?|Vu|? dx.
RN RN RN RN
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From (4.5) we get that

ON
5(u)>/ lu*|Vul>dx —
RV p+

1 1-6 2 2 N2
Kc P\ Vu)rdx ) .
1 -

If we assume that p < 3 +4/N, we see that 9N /(N — 2) < 1 and thus the sequence (4.4) is
bounded in R. From (4.5) we then get that (||u, || ,+1) is bounded and thus also that (|| Vi, ||2) is
bounded. This proves point (1). In the limit case p = 3 +4/N we still reach the boundedness
result for any positive ¢ such that Kc¢!'=% < p+1, where K, 6 > 0 are the numbers introduced
in the proof. Now for point (3) we fix ¢ > 0 and take u € X such that ||u||% = c¢. Then,
considering the scaling,

o N
o u’(x)=02u(ox),

we get, forall o > 0,

/ |u"|2dx=/ lul*dx =c, / |Vu"|2dx=02/ |Vu|* dx,
RN RN RN RN

N(p—1)
/|u”|p+1dx=0 2 /|u|p+1dx, /|u”|2|Vu“|2dx=o(N+2)/ lu*|Vu|* dx.
RN RN RN RN

Thus [[u?||3 = c forall o > 0 and

2 Np=D

o o 2
EW®) = —/ |Vu|2dx+c7(N+2)/ |u*|Vu|*dx — / lu|P*! dx.
2 RN RN p+1 RN

Now just note that in the range 3+ 4/N < p < 4N /(N — 2) the dominant term is

N(p=1)
o 2
lu|P*! dx.
P + 1 RN
Thus £(u®) — —oo as 0 — +oo. This concludes the proof of (3). O

Concerning the existence of a minimizer we first show the following.
Lemma 4.3. Assume that 1 < p <3 +4/N. The following facts hold.

(1) If u, — u in X then setting
1
T(u) = -/ |Vu|2dx+/ lu)?|Vu|* dx,
2 RN RN
we have
T(u) < liminf T (u,).

(2) For any u € X there exists a Schwarz symmetric function u™ € X satisfying

T < Tw), /Iu*lzdxzf Jul® dx, /|u*|1’“dx:/ ulP*! dx.
R¥ RN RN RN

(3) Let (u,) C X be a minimizing sequence for (4.2) of Schwartz symmetric functions
satisfying u, — u in X. Then we have

Ew) < liminf E(u,) = m(c). 4.6)
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Proof. Point (1) is standard. Defining j : [0, 00) x [0, 00) — R by j(s, &) = &2 + 572,
then {§¢ — j (s, &)} is convex and thus the result follows from classical results of loffe (see,
e.g., [16,17]). Concerning assertion (2) all we need is T (u*) < T(u), which follows by
standard rearrangement inequalities. For point (3), we claim that

/|u,,|”+'dx—>/ lu|P*! dx 4.7)
RN RN

asn — oo. Infact, since (#,) C X is minimizing we have, by lemma 4.2, point (1) that V(uﬁ)
is uniformly bounded in L?(R") and thus by the Sobolev embedding SUP, N ||u3 I < 0o,
which gives sup, ||un||% < o0o. Now, using the fact that (u,) C X consists of
radial decreasing functions, from the radial lemma A.IV of [5], we deduce that (u,) has
a uniform decay at infinity (with respect to both n € N and |x|) and this shows, by
standard argument, that (4.7) holds. Now we conclude observing that, from point (1),
T(u) <liminf,_ o T (u,). O

We now prove the existence of a minimizer for problem (4.2).

Lemma 4.4. Assume that 1 < p < 3+4/N and let ¢ > 0 be such that m(c) < 0. Then
problem (4.2) admits a minimizer which is Schwartz symmetric.

Proof. Let (u,) be a minimizing sequence for (4.2). By lemma 4.3 we know that (u,) C X
can be replaced by a minimizing sequence (#;) C X of Schwarz symmetric functions such
that u} — u* and

Ew™) < liminf E(u}y) = m(c). (4.8)

We still denote u* by u. To conclude we just need to prove that ||u||§ = c¢. Since
E(u) < m(c) < Onecessarily u # 0. Assume thus that 0 < ||u||§ = A < c and consider the
scaling v(x) = u(o‘ﬁx) for o > 1. Then ||v||% = o) and for o = ¢/\ we have ||v||% =c.
Now we also get that

1
Ew) =o'~ % IVl + [VauPluPdx | = —Z— | uP dx.
RN 2 p+1 RN

Thus, since 0 > 1 and £(u) < 0 we conclude that £(v) < £(u), which is a contradiction.
This proves that |u||> = ¢ and thus (4.2) admits a minimizer. Finally, observe that, since
luill ps1 = llu*llp+1 as n — oo, necessarily ||Vulllo — [|[Vu*|l, as n — oo and we deduce
that the Schwarz symmetric sequence strongly converges to u* € X. ]

We now start to discuss the condition m(c) < 0.
Lemma 4.5. We have the following.

(1) Assume that 1 < p < 1+4/N. Then m(c) < 0 for any ¢ > 0.

(2) Assume that 1 +4/N < p < 3+4/N. Then m(c) < 0 for any ¢ > 0. This inequality
also holds if p =3+ 4/N and ¢ > 0 is small.

(3) Assume that 1 +4/N < p < 3 +4/N. Then there exists a ¢ > 0, sufficiently large, such
that m(c) < O.

Proof. For points (1) and (2) we use the scaling introduced in the proof of lemma 4.2, point (3).
When p < 1+4/N we see that the dominant term, as o — 0%, is

N(p=1)

g / lu|P*! dx
p+1 RN ’
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and this proves point (1). For point (2), since £u°) — 0 as ¢ — 0*, we directly have that
m(c) < 0 for any ¢ > 0. Now for point (3) we consider, for a fixed R > 0, the radial function
wg € H'(RV) defined by

1 ifr <R,
wr(r):=31+R—r fR<r<R+1,
0 ifr > R+1.

Integrating in radial coordinates, we have
/ lwr(IxD)I> dx = Cy RN + &1 (RM1),
RN
where e, (RV"1)/RY — 0, as R — o0. Also
[ ronei s = xR s ex® D [ Ve dx = ek,
RN RN
and

/ lwr (XD Vwgr(Ix])[* dx = eg(RY ),
RN

where &;(RY"1)/RY — 0, as R — oo, for any i = 2, 3, 4. Thus letting R — 0o we have
||wR||§ — 400 and £(wg) — —oo. This proves point (3). 0

In preparation for the proof of theorem 1.12 we also show the following.

Lemma 4.6. Assume that 1 < p <3 +4/N and that u. € X is a minimizer of (4.2) for some
¢ > 0. Then u, € X weakly satisfies

— Aue — Aelte — MCA|uC|2 = |Mclp_luc (49)
with the Lagrange multiplier 1. € R being strictly negative.

Proof. It is standard to show that u. € X satisfies (4.9) for A, € R being the associated
Lagrange multiplier, namely

E (u,) = rete. (4.10)
Now applying Pohozaev identity to (4.10) yields

1 N-211 A
—— | fu P dx = —— —/ |Vuc|2dx+f |uc*|Vuc)* dx ——Cf |uc|* dx.
p+1 Jpy N 2 Jrw RN 2 Jrwy

Thus, we obtain
1 2 2 2 Ae 2
E(w,) = — |Vue|™ +2|uc|“|Vue|”dx + — luc|” dx.
N Jpy 2 Jpy
Since £(u.) < 0, see lemma 4.5, we deduce that A, < 0. O

We can now give the following.

Proof of theorem 1.12. The proof of (1) is lemma 4.5, point (1). To show (2)-(i) we assume
by contradiction that there exists a sequence (¢,) C R* withc, — 0asn — oo and (u,) C X
such that m(c,) is reached by u, € X. Then we know, from lemma 4.5, point (2), that
E(u,) <0, forall n € N and using (4.5), we get

ON

N-2
fN Jun |Vt |* dx < K (/ |un|2|Vun|2dx) o372 (.11)
R R
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If p=3+4/N wehaveON/(N —2) = land2—260 = 4/N > 0. Thus, since ||u, ||, — 0, we
immediately get a contradiction from (4.11). Now if p < 3+4/N,wehave ON/(N —2) < 1
and thus,

/ |||V |* dx — 0, asn — 00. 4.12)
RN

Still using (4.5), we see from (4.12) that [lu, || j+1 — 0 as n — oo. In turn, also
Vuulla — 0, asn — 00, (4.13)

since £(u,) < 0 implies that
2
Vi, 13 < mnu,,njjji, foralln € N.

At this point we distinguish two cases. First assume that 1 +4/N < p < (N +2)/(N —2)if
N >3,1+4/N < pif N =1, 2. By Holder and Sobolev inequalities we have

1 =D +=5(p—1)
lunl®5y < K (ps NIVuully " lually 2770
Since £(u,) < 0 it follows that
2 N(p—1) +1-Y(p-1)
Vi, |13 < —/ 1P dx < K (p, NIVuglly 7 llually 2770 (4.14)
p+1 RN

If p=1+4/N wehave N/2(p —1) =2and p+1— N/2(p — 1) > 0. Thus we get
directly a contradiction since ||u,||; — 0. If 1 +4/N < p < (N +2)/(N —2)for N > 3 and
1+44/N < pforN=1,2wehave N/2(p —1) >2and p+1 — %(p — 1) > 0. Thus there
exists ad > 0 such that ||Vu,||, > d for all n € N, yielding a contradiction with (4.13).

Now we treat the remaining case (N +2)/(N —2) < p <3 +4/N with N > 3. First,
let us show that for any g > 4N /(N — 2) the sequence (u,,) C X belongs to L4 (RM) and it is
uniformly bounded in L9 (R"). For this we follow a Moser’s iteration argument presented in
the proof of [27, lemma 5.10]. Since u, € X is a minimizer for (4.2) with ¢ = ¢, we know,
by lemma 4.6, that u, € X weakly satisfies (4.9). Namely that

/ (1 +2[un|HVtty - Vo + 2u, [Vitn ¢ — hpttn® — P unp dx = 0,
RN

where 4, < 0is the Lagrange parameterand ¢ € C5°(RY, R). By an approximation argument,
it is easily seen that we can take as test functions any function in X which satisfies

/ u?|Vep|?dx < oo and / |Vu|*¢? dx < oo.
RN RN

In particular, setting go = 4N /(N — 2), we can choose as test function, for any M > 0 and

any fixedn € N, oM = [uM|0=r=1yM where u™ = u, when |u,(x)| < M and u = +M

when u,, > M. We then have, since |[u| < |u,|and |VuM| < |Vu,|foranyn € N, M > 0,
and using the fact that A, < 0, that

(qo—p>/ (1+2|uf,”|2>|u34|%*"*1|w,i”|2dx</ 4] i,
RN RN

Since gg — p > 1 we have, in particular,

2/ luM | 0=PH vy M |2 dx <f
]RN

R
Finally, for n € N fixed, letting M — +00 we obtain that

2/ |t |97+ |V, |2 dx g/ |t |0 dx. (4.15)
RN RN

[, |70 dx.
N
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Now, note that, by Sobolev inequality,
_ 2 ~
2] g |77 |V, | dx = L(p, N)/ Viual"|"dx = L(p, N)llu [ .
RN RN N-2

for some constants L, L> 0, and where
_qo—p+3
-
Thus (1,) C L¥2(RM) and since, by (4.12), (u,) C L%(RY) is bounded, by (4.15),
(u,) C L (RY) is also bounded. Since p < (3N +2)/(N — 2) it follows that
2Nr
>
N -2

and the Moser iteration can be continued further on. Thus, we obtain that (u,) C L?(R") for

any g > qo with (u,) C L9(R") bounded. At this point, by Holder and Sobolev inequalities
we can write

r

q0

luall75} < CCpu NIVt 15 il (4.16)
with

_2N(p—-1 —2(p+1) ond b= N(p— 1) (N-2(p+1)—2N
(p=DIN=2)=-2 (p—=DN(N =2) =2N

Now as in (4.14), using the fact that £(u,) < 0, we get that

Vit 13 < K (po MIIVata 5 aa o

As p > 1 we have o > 2 and since (u,) C L»~YN(RV) is bounded we obtain again a
contradiction with (4.13). Note that, in (4.16), the coefficient (p — 1)N has no particular
meaning, we just choose it sufficiently large in order to ensure that, in turn, ¢ > 2. This proves
point (i) since if m(c) < 0 a minimizer always exists by lemma 4.4.

For the proof of point (2)-(ii) we know from lemma 4.5, point (3), that there existsac > 0
such that m(c) < 0. Now let d > 0 be such that m(d) < 0 and u € X be an associated
minimizer. We consider the scaling v(x) = u(o~'/Nx) used in the proof of lemma 4.4. For
o > 1 we have ||v||% > d and £(v) < £(u). This proves the claim. We also point out that
very likely the function {¢ — m(c)} is continuous for ¢ > 0 so that also m(c(p, N)) = O.
However we do not pursue this further. ]

5. Orbital stability

In this section we prove the orbital stability result, theorem 1.9. Its proof crucially relies on
the relative compactness of any minimizing sequence as expressed by theorem 1.11.

Proof of theorem 1.11. Let (u,) C X be any minimizing sequence for problem (1.15). To
prove its relative convergence, up to translation, we use Lions’s compactness-concentration
principle (cf [24, 25]), applied to the sequence

Pn(x) = u; (x), neN.

First we prove that the vanishing, namely

sup / lup)? dx — 0 forall R > 0,
y+Br

yeRN



Stability and instability for quasi-linear Schrodinger equations 1383

cannot occur. By lemma 4.2, we know that
(u,) C X is bounded and / |V(u3)| dx is bounded in R. ;.1
RN

We apply [25, lemma 1.1] to the sequence p,. Indeed, p, is bounded in L'(RV) and Vp, is
bounded in L2(R"). Then for every 1 < a < 2N /(N —2), p, — 0in L*(R"), as n goes to
oo. Taking @ = p + 1/2 (this choice is valid since 1 < p < 3 +4/N) provides

2
lonll ezt = lltnllpy — O asn — 00,

and then liminf,_, o, £(u,,) > 0, which contradicts the fact that m(c) < 0. Now, we claim
that there exists a subsequence u,, (that we still denote by (u,)) such that either compactness
occurs or dichotomy occurs in the following sense: there exists « € (0, ¢) such that, for all
& > 0, there exists ky > 1 and two sequences (u,‘,), (u,%) bounded in X such that, for all k > ko,

Ny — ) +ub) o <8(), 1<p <3+, with 8(¢) — 0 fore — 0, (5.2)
'/ (u,:)zdx—oe < e, )/ (u,ll)zdx—(c—a) < e,
RN RN
dist(suppu}, suppu?) — oo, asn — oo,
liminf/ (V> — |Vul? = |[Vu2 [} dx > 0, (5.3)
k—o00 RN
lim inf / (IV@)*1> = IV @) = IV@)*?) dx > 0. (5.4)
— 00 RN

We point out that only inequalities (5.2) and (5.4) have to be proved, the other inequalities are
already contained in [24, lemma III.1]. Because of (5.1) and taking into account inequality (4.5)
there exists a positive constant K such that, for all n € N,

1-6
/ |un|p+l dx g K </ |un|2 dx> , 0 = W. (5.5)
- - 2(N +2)

Thus, inequality (5.2) follows from the corresponding inequality for the L? norm given in [24,
lemma III.1]. Now inequality (5.4) can be obtained by arguing as for the proof of (5.3)
in [24]. Indeed, note that if @ is a given smooth cut-off function, 0 < ¢ < 1, 9 = 1 on
B(0, R), pr = O outside B(0, 2R) and |Vyg| < 1/R, and v, is a sequence in X satisfying the
boundedness condition (5.5), then we have

IV(@rva)1* — 0|V | = 4p3vs Vg - Vo +4¢p| Vor|*v,
< 2¢xIVorlvs +2¢0% [ Vor| VUil + 49k Vor | vy,
for all n > 1, yielding

/ |V(¢Rvn>2|2dx—/ @rIVUI*dx
RN RN

for some positive constant C independent of n. This last inequality is therefore sufficient to
obtain inequality (5.4).

Now, it is standard to see that if the dichotomy property holds (with the inequalities
indicated above), then sending ¢ to zero, the following inequality holds true

C
< =, foralln > 1,
R

m(c) = m(a) + m(c — ).
To conclude we now prove that instead we have, for any ¢, ¢, > 0 such that ¢; + ¢; = ¢,

m(c) < m(cy) +m(cy). 5.6)
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In light of [24, lemma II.1], to show that (5.6) holds, it is sufficient to prove that, for any d > 0
such that m(d) < O,

m(id) < dm(d), for any A > 1. 6.7

To prove inequality (5.7) we observe that if u; € X is a minimizer of m(d), then setting
v(x) = ug(h" ¥ x) we have [[v|} = Ad and

1
Ew) = Al~w [/ —|Vug|?* + |ud|2|Vud|2dxi| — )\/ lug|P*! dx
RN 2 RN

1
:x[rﬁ/ (—|Vud|2+|ud|2|Vud|2dx> —/ |ud|”+1dx:| < am(d).
RN 2 RN

Thus £(v) < Am(d) which lead to m(Ad) < Am(d), proving the claim.

Since we ruled out both vanishing and dichotomy, we have compactness for p,, namely
we know that there exists a sequence (y,) C RY such that, for any ¢ > 0, there is R > 0 with

/ lun|>dx > ¢ —e. (5.8)
Ynt+Br

We then denote i, = u,(- + y,) and clearly from inequality (5.8) we have i, — u strongly
in L2(RV), as n — oo. By (5.5) we then see that i, — i strongly in L”(R"). At this
point, taking into account point (1) of lemma 4.3, and since &, — u in X, we get that
Em) < liminf £(u,) = m(c). This proves that # € X minimizes (4.2) and then, necessarily,
Vii, — Vuin L>(RV), as n — oo, proving the strong convergence of i, to & in X. This
concludes the proof. |

Now we can state the following proof':

Proof of theorem 1.9. First note that if (1,,) is a minimizing sequence for (4.2), then (|u,|)
is also a minimizing sequence and is real. Then by theorem 1.11, there exists a subsequence
(lun,|) of (Ju,|) and a sequence (y,,) C RY such that (ltty, (- — yn,)|) converges strongly
in H'(R") towards u where u is real and solves (4.2). Then the result follows by standard
considerations (see, for example, [9]). O
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