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Abstract. In this paper, we are concerned with the coupled nonlinear Schrödinger system{
−ε2�u + a(x)u = μ1u

3 + βv2u in R
N,

−ε2�v + b(x)v = μ2v
3 + βu2v in R

N,

where 1 � N � 3, μ1, μ2, β > 0, a(x) and b(x) are nonnegative continuous potentials, and ε > 0 is a small parameter.
We show the existence of positive ground state solutions for the system above and also establish the concentration behaviour
as ε → 0, when a(x) and b(x) achieve 0 with a homogeneous behaviour or vanish in some nonempty open set with smooth
boundary.
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1. Introduction

1.1. Background

Consider the following two-component coupled nonlinear Schrödinger equations (also known as
Gross–Pitaevskii equations):{

−i� ∂
∂t

�1 + V1(x)�1 = �
2

2m
��1 + μ1|�1|2�1 + β|�2|2�1, in R

N, t > 0,

−i� ∂
∂t

�2 + V2(x)�2 = �
2

2m
��2 + μ2|�2|2�2 + β|�1|2�2, in R

N, t > 0,
(1.1)

where N � 3, i is the imaginary unit, � is the Plank constant, μ1, μ2 > 0 and β �= 0 is a coupling
constant. System (1.1) has applications in many physical problems, such as nonlinear optics, contin-
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uum mechanics, plasma physics and Bose–Einstein condensates theory for multispecies Bose–Einstein
condensates. In the context of Bose–Einstein condensates, �j(x, t)(j = 1, 2) are the corresponding
condensate amplitudes; Vj(x) are the traping potentials; μj and β are the intraspecies and interspecies
scattering lengths. The physically realistic spatial dimension are 1 � N � 3. When N = 2, problem
(1.1) arises in the Hartree–Fock theory for a double condenstate, i.e., a binary mixture of Bose–Einstein
condensates in two different hyperfine states |1〉 and |2〉 (see [12,26]). The sign of β determines whether
the interactions of states are repulsive or attractive. The interaction is attractive if β > 0 and repulsive if
β < 0, where the two states are in strong competition.

A standing wave solution of (1.1) is of the following form

�1(x, t) = e−iEt /�u(x) and �2(x, t) = e−iEt /�v(x). (1.2)

Substituting (1.2) into (1.1), then system (1.1) is reduced to the following elliptic system{
− �

2

2m
�u + (V1(x) − E)u = μ1u

3 + βv2u, in R
N,

− �
2

2m
�v + (V2(x) − E)v = μ2v

3 + βu2v, in R
N.

(1.3)

Renaming the parameters by

ε =
√

�2

2m
, a(x) = V1(x) − E, b(x) = V2(x) − E,

we obtain the folowing elliptic system{
−ε2�u + a(x)u = μ1u

3 + βv2u in R
N,

−ε2�v + b(x)v = μ2v
3 + βu2v in R

N.
(Cε)

Before going further, we point out that the system (Cε) also possesses a trivial solution (0, 0) and semi-
trivial solutions of type (u, 0) or (0, v). A solution (u, v) of (Cε) is nontrivial if u �≡ 0 and v �≡ 0.
A solution (u, v) with u > 0 and v > 0 is called a positive solution.

When ε = 1, a(x) and b(x) are positive constants, the existence, multiplicity, bifurcation and con-
centration behavior of positive solutions of (Cε) have been entensively studied, see Refs. [1,2,4,5,11,
14,18,20,21,25,34]. Sign and size of β are important in the study of constant coefficient system. Par-
ticularly, the interesting paper [25] proved that there exists 0 < β̄1 < β̄2 such that (Cε) has nontrivial
positive solutions for 0 < β < β̄1 or β > β̄2. For the non-constant potentials case, according to Bohr’s
corresponding principle, the classical description of the mechanical physics should be recovered by con-
sidering the semiclassical limit, i.e. when the Planck constant goes to zero. Therefore beside proving
existence of solutions to (Cε), it is physically relevant to study the asymptotic limit as ε → 0 of such
solutions.

The semiclassical limit is well understood for the nonlinear Schrödinger equation

−ε2�uε + V uε = |uε|p−1uε in R
N.

The semi-classical states of the above equation have different limiting behaviors depend upon infRN V >

0 or infRN V = 0, the latter is regarded as the critical frequency case. When infRN V > 0, P. Rabinowitz
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[24] proved that the above problem has a least energy solution for ε > 0 small in the case that infRN V <

lim inf|x|→∞ V (x). In case infRN V > 0, solutions concentrating at critical points of the potential V have
been construted by topological and variational methods [10,13,24,31] and many others. Motivations
can be dated back to Floer and Weinstein in there pioneering work [13]. However, the semi-classical
solutions exhibit quite different characteristic features that the energy governed by the shape of the
potential V near the zero set of V in the critical frequency case infRN V = 0 [7,8].

The semi-classical case (Cε) with trapping potentials a(x) and b(x) has been studied in some years.
Lin and Wei [19] studied (Cε) by analyzing least energy non-trivial vector solutions. They studied both
of attractive interaction and replusive interaction. Especially, when β > 0, they showed the existence
of a least energy. In [22], for small β > 0, Montefusco, Pellacci and Squassina exhibited the existence
of nonnegative ground state solutions of (Cε) concentrating around the local minimum points of the
potentials, which are in the same region. Ikoma and Tanaka [15] also considered the case β > 0. They
connected the solutions of (Cε) with the limiting system with λ1 = a(x0) and λ2 = b(x0) for a fixed
x0 ∈ R

N . Assume that there exists an open bounded set � ⊂ R
N such that

inf
x0∈�

m(x0) < inf
x0∈∂�

m(x0),

where m(x0) is the ground state energy level of the limiting system. When β > 0 is relatively small, they
constructed a family of solutions to (Cε) which converge to a positive vector solution. For the large β > 0
case, Shi and Wang [33] showed the existence of positive ground state solution of (Cε) concentrating
near the minimum points of potential functions. They also showed that multiple positive concentration
solutions exist when the topological structure of the set of minimum points satisfies certain condition.
We also refer to [19,23,32] for the study of (Cε) when β < 0.

Note that in all works mentioned above, they all assumed that a(x) and b(x) are positive bounded
away from 0. In this paper, we consider the semi-classical in the critical frequency case

inf
x∈RN

a(x) = inf
x∈RN

b(x) = 0.

For the large β > 0 case, Chen and Zou [9] assumed a(x) and b(x) are non-negative and may vanish
at someplace and decay to 0 at infinity. They proved the existence of positive solutions for (Cε) which
concentrate around local minima of the potentials as ε → 0 under suitable conditions on the behaviour
of a(x) and b(x). Lucia and Tang [17] obtained synchronized solutions which trapped near zero sets of
the potentials for n-coupled system under some conditions. In [27], Tang and Wang obtained multi-scale
segregated positive solutions which are trapped near the nondegenerate critical points as well as the zero
set of potentials by using the Lyapunov–Scjmidt reduction method. Tang and Xie [28] studied a(x) and
b(x) admitted several common isolated connected components by using spectral analysis. They obtained
the existence synchronized positive vector solutions which are trapped in a neighbourhood of the zero
set of potentials and also the local maximum points of potentials for ε small.

1.2. Motivation

In this paper, inspired by Byeon and Wang [7], we are concerned with the asymptotic behavior of pos-
itive ground state solutions of (Cε) in the critical frequency case for β > 0 sufficiently large. Obviously,
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problem (Cε) is variational. That is, our main aim is to find nontrivial solutions of problem (Cε) by seek-
ing nontrivial critical points in some weighted Sobolev space of the corresponding energy functional Jε

given by

Jε(u, v) = 1

2

∫
RN

[
ε2

(|∇u|2 + |∇v|2) + a(x)u2 + b(x)v2
] − 1

4

∫
RN

(
μ1v

4 + 2βu2v2 + μ2v
4
)
.

In the sequel, the potentials a(x) and b(x) may achieve 0 with homogeneous behaviour or vanish on the
closure of an open set, but remain bounded away from 0 at infinity. Throughout the paper, we assume
that

(f1) μ1, μ2, β > 0.
(f2) a ∈ C(RN, [0, +∞)) and 0 = infx∈RN a(x) < lim inf|x|→∞ a(x) := a∞ < ∞.
(f3) b ∈ C(RN, [0, +∞)) and 0 = infx∈RN b(x) < lim inf|x|→∞ b(x) := b∞ < ∞.
One of the difficulties in the study of (Cε) is that it has semi-trivial solutions of type (u, 0) and (0, v),

where u(x) and v(x) solve

−ε2�u + a(x)u = μ1u
3, in R

N. (1.4)

−ε2�v + b(x)v = μ2v
3, in R

N. (1.5)

By [7], problem (1.4) and (1.5) both admit ground state solutions for ε small enough. Here, we borrow
an idea of [25] to overcome this difficulty. Denote by U1ε and V1ε a positive ground state solution of
(1.4) and (1.5) respectively.

1.3. Main results

Let A = {x ∈ R
N |a(x) = 0}, B = {x ∈ R

N |b(x) = 0} and 	 = A ∪ B. Throughout this paper, we
assume that 0 ∈ 
 = A ∩ B �= ∅. Let

βε
0 = max

{
μ2

∫
RN V 4

1ε∫
RN U 2

1εV
2

1ε

, μ1

∫
RN U 4

1ε∫
RN U 2

1εV
2

1ε

}
.

Definition 1.1 ([7]). A function W : RN → R is called positive γ -homogeneous if W(y) > 0 for all
y �= 0 and W(ty) = tγ W(y) for any t ∈ [0, +∞) and y ∈ R

N .

For any given positive γ -homogeneous function W , we consider the following coupled system

{
−�u + W(x)u = μ1u

3 + βv2u in R
N,

−�v + W(x)v = μ2v
3 + βu2v in R

N,
(1.6)

which will play as the limit problem of (Cε) with homogeneous potentials and whose corresponding
functional JW(u, v) ∈ C1(HW(RN) × HW(RN)) is defined by

JW(u, v) = 1

2

∫
RN

|∇u|2 + W(x)u2 + |∇v|2 + W(x)v2 − 1

4

∫
RN

μ1v
4 + 2βu2v2 + μ2v

4.
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Here HW is the completion of C∞
0 (RN) with respect to the norm

‖u‖HW
=

(∫
RN

|∇u|2 + Wu2

) 1
2

.

Since the potential W is coercive, one can show that, for β > 0,

EW := inf
{
JW(u, v)|(u, v) ∈ HW × HW \ {

(0, 0)
}
,
〈
J ′

W(u, v), (u, v)
〉 = 0

}
,

can be attained by a positive ground state solution.
Now, we are in position to state the first result as follows.

Theorem 1.2. Assume that (f1)–(f3) hold and there exists γ > 0 such that for every x ∈ 
, one of the
following two hypotheses holds

(H1)

lim
z→x

a(z)

|z − x|γ = +∞,

(H2) for some positive γ -homogeneous function W ∈ C(RN), there holds that

lim
z→x

a(z) − W(z − x)

|z − x|γ = 0.

Additionally, (H2) holds for at least one point x ∈ 
, where there also holds that

lim
z→x

b(z) − W(z − x)

|z − x|γ = 0. (1.7)

Then for sufficiently small ε > 0 and β > βε
0 , system (Cε) has a positive ground state solution (Uε, Vε).

Moreover, denoting by {xi; i ∈ I} all points where (H2) and (1.7) both hold. For β > β0 (see below),
there exists x∗ ∈ {xi; i ∈ I} and a positive γ -homogeneous function W∗ ∈ C(RN) such that

lim
x→x∗

a(x) − W∗(x − x∗)
|x − x∗|γ = 0 and lim

x→x∗

b(x) − W∗(x − x∗)
|x − x∗|γ = 0,

and as ε → 0,

ε
− γ

γ+2
(
Uε

(
ε

2
γ+2 · +x∗

)
, Vε

(
ε

2
γ+2 · +x∗

)) → (ω, φ) in H 1
loc

(
R

N
) × H 1

loc

(
R

N
)

and

lim
ε→0

Jε(Uε, Vε)

ε
2

γ+2 (N+2γ )
= EW∗ = inf

i∈I
EWi

.

Here (w, φ) is a ground state solution of the limit problem (1.6) with W = Wx∗ .
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Remark 1.3. Without loss of generality, assume 0 ∈ {xi; i ∈ I}. Notice that the conclusion of [7,
Theorem 3.2.3] also holds for any least-energy solution. Then it follows from [7, Theorem 3.2.3] that

rescaled functions ε
− γ

γ+2 U1ε(ε
2

γ+2 ·) and ε
− γ

γ+2 V1ε(ε
2

γ+2 ·) subconverge to ωγ,μ1 and ωγ,μ2 uniformly on
R

N respectively as ε goes to zero. Here, for i = 1, 2, ωγ,μi
is a least-energy solution of the problem

below

−�u + W(x)u = μiu
3 in R

N.

Therefore, ε
− 4γ

γ+2
∫
RN U 4

1ε(ε
2

γ+2 x) and ε
− 4γ

γ+2
∫
RN V 4

1ε(ε
2

γ+2 x) are bounded and

lim
ε→0

ε
− 4γ

γ+2

∫
RN

U 4
1ε

(
ε

2
γ+2 x

) =
∫
RN

ω4
γ,μ1

> 0,

lim
ε→0

ε
− 4γ

γ+2

∫
RN

V 4
1ε

(
ε

2
γ+2 x

) =
∫
RN

ω4
γ,μ2

> 0,

and

lim
ε→0

∫
RN

ε
− 2γ

γ+2 U 2
1ε

(
ε

2
γ+2 x

) · ε
− 2γ

γ+2 V 2
1ε

(
ε

2
γ+2 x

) =
∫
RN

ω2
γ,μ1

ω2
γ,μ2

> 0.

Then

0 < lim
ε→0

βε
0 := β0 = max

{
μ1

∫
RN ω4

γ,μ1∫
RN ω2

γ,μ1
ω2

γ,μ2

,
μ2

∫
RN ω4

γ,μ2∫
RN ω2

γ,μ1
ω2

γ,μ2

}
< ∞.

Next we consider the case that the potential a and b vanish on the nonempty open set with smooth
boundary for the nonlinear Schrödinger system. That is, we assume that int(A) and int(B) are nonempty
with smooth boundary. For the sake of simplicity, int(A) and int(B) are connected.

Remark 1.4. It follows from [7, Theorem 3.1] that ε−1U1ε subconverges pointwise to U0 on int(A) and
to 0 on R

N \ int(A). Similarly, ε−1V1ε subconverges pointwise to V0 on int(B) and to 0 on R
N \ int(B).

Here U0 is a positive ground state solution of{
−�u = μ1u

3, x ∈ int(A),

u ∈ H 1
0 (int(A))

and V0 is a positive ground state solution of{
−�v = μ2v

3, x ∈ int(B),

v ∈ H 1
0 (int(B)).

Hence ε−4
∫
RN U 4

1ε and ε−4
∫
RN V 4

1ε are bounded and

lim
ε→0

ε−4
∫
RN

U 4
1ε =

∫
A

U 4
0 > 0,
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lim
ε→0

ε−4
∫
RN

V 4
1ε =

∫
B

V 4
0 > 0,

and

lim
ε→0

ε−4
∫
RN

U 2
1εV

2
1ε =

∫



U 2
0 V 2

0 > 0.

Set

β1 = max

{
μ2

∫
B V 4

0∫



U 2
0 V 2

0

, μ1

∫
A U 4

0∫



U 2
0 V 2

0

}
,

one can get that

lim
ε→0

βε
0 = β1.

Denote by int(
) the interior of subset 
. Our second result states as following.

Theorem 1.5. Let β > β1. Assume that (f1)–(f3) hold and int(
) is a nonempty open set with smooth
boundary, then, for ε > 0 small, system (Cε) has a positive ground state solution (Uε, Vε). Moreover,
if μ1, μ2 > 0 small, there exists a ground state solution (w, z) ∈ H 1(RN) × H 1(RN) of the following
problem

⎧⎪⎨
⎪⎩

−�w = μ1w
3 + βz2w, x ∈ int(
),

−�z = μ2z
3 + βw2z, x ∈ int(
),

w, z ∈ H 1
0 (int(
))

such that, as ε → 0,

ε−1(Uε, Vε) → (w, z) in H 1
(
R

N
) × H 1

(
R

N
)
.

For the proof of our theorems, we shall consider an equivalent system to (Cε). By the scaling a(x) =
a(εx), b(x) = b(εx), we then deduce that

{
−�u + a(εx)u = μ1u

3 + βuv2 x ∈ R
N,

−�v + b(εx)v = μ1v
3 + βu2v x ∈ R

N.
(Pε)

Thus, in the sequel we focus only on system (Pε).
The rest of this paper is organized as follows. In Section 2, we introduce a variational setting of our

problem and present some preliminary results about the extended problem. Section 3 is devoted to the
study of positive ground state solutions of problem (Pε). Section 4 is devoted to the proof of Theorem 1.2.
Section 5 is devoted to the proof of Theorem 1.5.
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2. Preliminaries

To prove the main results, we use the following notations.
• H := H 1(RN) × H 1(RN) with norm

∥∥(u, v)
∥∥
H

= (‖u‖2
H 1 + ‖v‖2

H 1

)1/2;

• Hloc := H 1
loc(R

N) × H 1
loc(R

N)

• L
q(RN) := Lq(RN) × Lq(RN);

• L
q

loc(R
N) := L

q

loc(R
N) × L

q

loc(R
N);

• C
∞
0 (RN) := C∞

0 (RN) × C∞
0 (RN);

• 2∗ = 6 when N = 3, and 2∗ = +∞ when N = 1, 2.
For ε > 0, we define the rescaled weighted Sobolev space Ha,ε by

Ha,ε =
{
u ∈ H 1

(
R

N
)| ∫

RN

a(εx)u2 < +∞
}
,

endowed with the norm

‖u‖a,ε =
(∫

RN

|∇u|2 + a(εx)u2

) 1
2

.

Define E := Ha,ε × Hb,ε with norm

∥∥(u, v)
∥∥

E
= (‖u‖2

a,ε + ‖v‖2
b,ε

)1/2
.

For any (u, v) ∈ E, set

F(u, v) =
∫
RN

μ1u
4 + 2βu2v2 + μ2v

4

and the energy functional for (Pε) is defined by

Iε(u, v) := 1

2

∫
RN

|∇u|2 + a(εx)u2 + |∇v|2 + b(εx)v2 − 1

4
F(u, v).

We first illustrate the space E can be embedded continuously into the Sobolev space H for fixed ε > 0,
even though the potential a and b have a nontrivial set of zeros. Similar to [29], we have

Lemma 2.1. Let a : R
N → [0, +∞). If lim inf|x|→∞ a(x) > 0 then for every ε > 0, there exists a

constant Cε > 0 such that for u ∈ Ha,ε(R
N), u ∈ H 1(RN) and

∫
RN

|∇u|2 + |u|2 � Cε

∫
RN

|∇u|2 + a(εx)u2.
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Similar result holds for Hb,ε. Lemma 2.1 implies that the space E embeds into H continuously. More-
over the space E can be continuously embedded in L

q(RN) when q ∈ [2, 2∗]. It then follows that the
functional Iε is well defined in E and Iε ∈ C1(E,R).

Definition 2.2. (u, v) is called a ground state solution of problem (Pε), if Iε(u, v) is the least among all
nontrival critical points of Iε. Namely, (u, v) has the least energy among nontrivial solutions.

A natural method to search the groundstate is to minimize the functional Iε on the Nehari manifold of
problem (Pε) which is defined by

Nε := {
(u, v) ∈ E \ {

(0, 0)
}|〈I ′

ε(u, v), (u, v)
〉 = 0

}
.

The corresponding groundstate energy is described as

cε := inf
(u,v)∈Nε

Iε(u, v).

Lemma 2.3. For given ε > 0, the ground state energy cε is positive and Nε is a manifold of class of C1.
Moreover, if (u, v) ∈ Nε is a critical point of Iε|Nε

, then I ′
ε(u, v) = 0 in E∗.

Proof. For any fixed ε > 0 and (u, v) ∈ E \ {(0, 0)}, we have that

t (u, v) ∈ Nε ⇔ t2
∥∥(u, v)

∥∥2

E
= t4F(u, v).

As a consequence, for all (u, v) ∈ E \ {(0, 0)}, there exists a unique t > 0 such that t (u, v) ∈ Nε.
Moreover, since F(u, v) is homogeneous with degree 4, there is ρ > 0 such that

∥∥(u, v)
∥∥2

E
� ρ > 0, ∀(u, v) ∈ Nε.

Hence, for any (u, v) ∈ Nε, we have

Iε(u, v) = 1

4

∥∥(u, v)
∥∥2

Hε
� 1

4
ρ > 0,

thus, cε > 0. We define gε(u, v) = 〈I ′
ε(u, v), (u, v)〉 for each (u, v) ∈ Nε,

〈
g′

ε(u, v), (u, v)
〉 = −2

∥∥(u, v)
∥∥2

E
� −2ρ < 0, (2.1)

which implies that Nε is a smooth complete manifold of codimension one in E. Moreover, if (u, v) ∈ Nε

is a critical point of the restricted functional Iε|Nε
, then there exists λε ∈ R, such that

I ′
ε(u, v) = λεg

′
ε(u, v) in E∗. (2.2)

Then, we have

λε

〈
g′

ε(u, v), (u, v)
〉 = 〈

I ′
ε(u, v), (u, v)

〉 = 0

and deduce by (2.1) that λε = 0. The conclusions follows then from (2.2). �
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3. Existence of positive ground state solutions of (Pε)

Lemma 3.1. (Mountain–Pass geometry) Assume that (f1) holds, then the functional Iε satisfies the
following conditions.

(i) There exists a positive constant r > 0 such that Iε(u, v) > 0 for ‖(u, v)‖E = r;
(ii) There exists (e1, e2) ∈ E with ‖(e1, e2)‖E > r such that Iε(e1, e2) < 0.

Proof.

Iε(u, v) = 1

2

∥∥(u, v)
∥∥2

E
− F(u, v);

� 1

2

∥∥(u, v)
∥∥2

E
− C

∥∥(u, v)
∥∥4

E
.

Hence, there exists r > 0 such that

inf
‖(u,v)‖E=r

Iε(u, v) > 0.

For any (u, v) ∈ E \ (0, 0) and t > 0,

Iε(tu, tv) = t2

2

∥∥(u, v)
∥∥2

E
− t4

4
F(u, v),

which implies that Iε(tu, tv) → −∞ as t → +∞. �
That is, Iε has a mountaion-pass structure. From Lemma 3.1, one can apply the Mountain–Pass Theo-

rem [3] without (PS)c condition, and it follows that for any small ε > 0, there exists a (PS)c sequence
{(un, vn)} ⊂ E (with c = c∗

ε defined below) such that

Iε(un, vn) → c∗
ε = inf

γ∈�ε

max
0�t�1

Iε

(
γ (t)

)
,

I ′
ε(un, vn) → 0, as n → ∞,

where �ε = {γ ∈ C([0, 1], E) : Iε(γ (0)) = 0, Iε(γ (1)) < 0}. �

Lemma 3.2. cε = c∗
ε .

Proof. Define

c∗∗
ε := inf

(u,v)∈E\{(0,0)}
max
t�0

Iε(tu, tv).

For any (u, v) ∈ E \ {(0, 0)}, there exists a unique tu,v > 0 such that (tu,vu, tu,vv) ∈ Nε, and

Iε(tu,vu, tu,vv) = max
t�0

Iε(tu, tv),
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which follows that cε = c∗∗
ε . There exists t0 > 0 large enough such that Iε(t0u, t0v) < 0, and

c∗
ε � max

t�0
Iε(tt0u, tt0v),

c∗
ε � c∗∗

ε = cε can be obtained. To show c∗
ε � cε, we only need to prove that for any γ ∈ �ε, γ ([0, 1]) ∩

Nε �= ∅. For any (u, v) ∈ E with 0 < ‖(u, v)‖E � 1,

∫
|∇u|2 + a(εx)u2 + |∇v|2 + b(εx)v2 >

∫
μ1u

4 + 2βu2v2 + μ2v
4.

Since Iε(γ (0)) = 0, γ is continuous in t ∈ [0, 1], Iε(γ (t)) > 0 for 0 < t < δ. Thus, if set γt = (ut , vt ),∫
|∇ut |2 + a(εx)u2

t + |∇vt |2 + b(εx)v2
t >

∫
μ1u

4
t + 2βu2

t v
2
t + μ2v

4
t

holds for sufficiently small t . If γ ([0, 1]) ∩ Nε = ∅, then

∫
|∇u1|2 + a(εx)u2

1 + |∇v1|2 + b(εx)v2
1 >

∫
μ1u

4
1 + 2βu2

1v
2
1 + μ2v

4
1 .

This is a contradiction with Iε(γ (1)) < 0. �

In order to obtain the existence of ground state solutions for (Pε), we prove some compactness lemma
for the functional Iε to analysis the Palais–Smale sequence properties for the functional Iε.

Now, we consider the limit problem

{
−�u + τu = μ1u

3 + βv2u in R
N,

−�v + θv = μ2v
3 + βu2v in R

N,

where (τ, θ) ∈ (0, +∞)×(0, ∞). The corresponding energy functional and Nehari manifold are defined
by

Iτθ (u, v) = 1

2

∫
RN

|∇u|2 + τu2 + |∇v|2 + θv2 − 1

4
F(u, v)

and

Nτθ = {
(u, v) ∈ H \ {

(0, 0)
}|〈I ′

τθ (u, v), (u, v)
〉 = 0

}
.

Define

cτθ = inf
(u,v)∈Nτθ

Iτθ (u, v).

One can show that cτθ can be achieved by some (u, v) ∈ H \ {(0, 0)} for any τ, θ, β > 0.
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Lemma 3.3. The map c : (0, +∞) × (0, +∞) → R; (τ, θ) �→ cτθ , is non-decreasing in τ and θ .

Proof. The proof is similar to the proofs of Lemma 2.3 in [33] and we omit it here. �

Lemma 3.4. Assume that (f2)–(f3) hold and 
 �= ∅. For any fixed ε > 0, Iε satisfies Palais–Smale
condition at level c < ca∞b∞ .

Proof. Let c < ca∞b∞ , {(un, vn)} ⊂ E be a sequence such that Iε(un, vn) → c, and I ′
ε(un, vn) → 0.

A standard argument leads us to the fact that (un, vn) is bounded in E, which implies that

(un, vn) ⇀ (u, v) weakly in E, I ′
ε(u, v) = 0, Iε(u, v) � 0.

Set wn = un − u, zn = vn − v, and (wn, zn) ⇀ 0. By Brezis–Lieb Lemma [30], it follows that,

Iε(wn, zn) = Iε(un, vn) − Iε(u, v) + o(1) � c + o(1),

I ′
ε(wn, zn) → 0 as n → ∞.

There exists tn > 0 such that tn(wn, vn) ∈ Na∞,b∞ , from which it follows that

t2
n

∫
RN

|∇wn|2 + a∞w2
n + |∇zn|2 + b∞z2

n = t4
n

∫
RN

μ1w
4
n + 2βw2

nz
2
n + μ2z

4
n, (3.1)

Suppose that (wn, zn) � (0, 0) in E, we first claim that

lim sup
n→∞

tn � 1. (3.2)

Otherwise, we can assume that tn � 1 + δ for δ > 0. From I ′
ε(wn, zn) = o(1), we have that

∫
RN

|∇wn|2 + a(εx)w2
n + |∇zn|2 + b(εx)z2

n =
∫
RN

μ1w
4
n + 2βw2

nz
2
n + μ2z

4
n + o(1). (3.3)

According to (3.1) and (3.3), we have

∫
RN

(
a∞ − a(εx)

)
w2

n + (
b∞ − b(εx)

)
z2
n = (

t2
n − 1

) ∫
RN

μ1w
4
n + 2βw2

nz
2
n + μ2z

4
n + o(1) (3.4)

For any ε > 0, there exists R = R(ε) such that

a(εx) > a∞ − ε and b(εx) > b∞ − ε for |x| � R. (3.5)

Since (wn, zn) → 0 in L
2
BR(0) and (3.5), there exists C > 0 such that

(
t2
n − 1

) ∫
RN

μ1w
4
n + 2βw2

nz
2
n + μ2z

4
n � Cε + o(1)
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Since (wn, zn) � (0, 0), there exists a sequence {yn} ∈ R
N and positive constants r, ζ > 0,

lim inf
n→∞

∫
Br(yn)

(
w2

n + z2
n

)
� ζ. (3.6)

Set (w̃n(x), z̃n(x)) = (u(x + yn), v(x + yn)). Then {(w̃n, z̃n)} is bounded and (w̃n, z̃n) ⇀ (u, v) in E,
(w̃n, z̃n) → (u, v) in L

2
loc(R

N). Moreover, there exists a subset � ⊂ R
N such that (u, v) �= (0, 0) a.e. in

�, then it follows from Fatou’s lemma that

0 <
[
(1 + δ)2 − 1

] ∫
�

μ1u
4 + 2βu2v2 + μ2v

4 � Cε,

for any ε > 0, which yields a contradiction. Thus (3.2) holds. Using the fact that tn(wn, vn) ∈ Na∞,b∞ ,
and (3.2)

ca∞b∞ � Ia∞b∞(tnwn, tnzn) − 1

4

〈
I ′
∞

(
tn(wn, vn)

)
, tn(wn, vn)

〉
= t2

n

4

∫
RN

|∇wn|2 + a∞w2
n + |∇zn|2 + b∞z2

n

� 1

4

∫
RN

|∇wn|2 + a(εx)w2
n + |∇zn|2 + b(εx)z2

n + o(1)

= Iε(wn, zn) + o(1) � c + o(1)

Let n → ∞ in the above inequality, we have ca∞b∞ � c which is impossible. Hence lim supn→∞ tn � 1
cannot happen. It implies (un, vn) → (u, v) in E. �

Lemma 3.5. cε < ca∞b∞ for sufficiently small ε > 0.

Proof. Taking any τ ∈ (0, a∞), θ ∈ (0, b∞), let (u, v) be a ground state solution for Iτθ . Choose
η ∈ C∞

0 (RN, [0, 1]) such that η(x) = 1, for |x| � 1
2 , and η(x) = 0, for |x| � 1. For any n ∈ N, define

(un, vn) = η( ·
n
)(u, v) and (wn, zn) = tn(un, vn) such that (wn, zn) ∈ Nτθ . Since (un, vn) → (u, v) in H

as n → ∞, and (u, v) ∈ Nτθ , it is easy to see that limn→∞ tn = 1. Consequently, as n → ∞, we have

Iτθ (wn, zn) = Iτθ

(
tn(un, vn)

) → cτθ < ca∞b∞ .

Now, we have (wn, zn) → (u, v) in H and (wn, zn) ∈ Nτθ , which implies that

Iτθ (wn, zn) = max
t�0

Iτθ (twn, tzn).

By assumption (f2)–(f3) and 0 ∈ 
 = A ∩ B, for any τ, θ > 0, there exists R > 0 small such that
a(x) < τ, b(x) < θ for |x| < R and

a(εx) < τ, b(εx) < θ, for |x| <
R

ε
.
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Define

HR/ε := H 1
0

(
BR/ε(0)

) × H 1
0

(
BR/ε(0)

)
,

c
R/ε

τθ := inf
(u,v)∈HR/ε\{(0,0)}

max
t�0

Iτθ (tu, tv),

then

cε = inf
(u,v)∈E\{(0,0)}

max
t�0

Iε(tu, tv) � inf
(u,v)∈HR/ε\{(0,0)}

max
t�0

Iε(tu, tv)

� inf
(u,v)∈HR/ε\{(0,0)}

max
t�0

Iτθ (tu, tv) = c
R/ε

τθ .

Then for any fixed n with Iτθ (wn, zn) < ca∞b∞ and sufficiently small ε > 0 such that R/ε > n, we have
(wn, zn) ∈ HR/ε and

c
R/ε

τθ = inf
(u,v)∈HR/ε\{(0,0)}

max
t�0

Iτθ (tu, tv) � max
t�0

Iτθ (twn, tzn) = Iτθ (wn, zn) < ca∞b∞ .

Then the conclusion follows cε < ca∞b∞ for sufficiently small ε > 0. �

Lemma 3.6. Assume (f1) holds, then for β > βε
0 and sufficiently small ε > 0, (Pε) has a nontrivial

ground state solution.

Proof. From Lemmas 3.4-3.6, one sees that problem (Pε) has a ground state solution (uε, vε) for suffi-
ciently small ε. Thus, (Uε, Vε) = (uε(

·
ε
), vε(

·
ε
)) is a ground state solution of problem (Cε) for sufficiently

small ε. It is sufficient to prove that for sufficiently small ε > 0,

cε < min
{
Iε

(
U1ε(ε·), 0

)
, Iε(0, V1ε(ε·)

}
. (3.7)

First, as in Lemma 3.3 of [25], we know that for β > 0,

cε = inf
(u,v)∈E\{(0,0)}

Kε(u, v),

where

Kε(u, v) = (‖u‖2
a,ε + ‖v‖2

b,ε)
2

4F(u, v)
.

For (s, t) ∈ � = {(s, t) : s � 0, t � 0, (s, t) �= (0, 0)}, we define a function

fε(s, t) = Kε

(√
sU1ε(ε·),

√
tV1ε(ε·)

)
= (s‖U1ε(ε·)‖2

a,ε + t‖V1ε(ε·)‖2
b,ε)

2

4
∫
RN μ1s2U 4

1ε(εx) + 2βstU 2
1ε(εx)V 2

1ε(εx) + μ2t2V 4
1ε(εx)

.
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It follows that

fε(s, 0) = ‖U1ε(ε·)‖4
a,ε

4
∫
RN μ1U

4
1ε(εx)

= Iε

(
U1ε(ε·), 0

)
,

fε(0, t) = ‖V1ε(ε·)‖4
b,ε

4
∫
RN μ2V

4
1ε(εx)

= Iε

(
0, V1ε(ε·)

)
.

Thus, to guarantee (3.7) it is sufficient to prove that fε does not attain its minimum over � on the line
s = 0 or t = 0. The function fε is a fraction of two quadratic forms in (s, t), and elementary analysis
shows that the quantity

(as + bt)2

cs2 + 2dst + et2
, a, b, c, d, e > 0

does not attain its minimum in � on the axes if and only if

ad − bc > 0, bd − ae > 0 (3.8)

and then the minimum is attained at (ad − bc, bd − ae). Clearly, to verify (3.7), it suffices to show

β > μ2

∫
RN V 4

1ε∫
RN U 2

1εV
2

1ε

and β > μ1

∫
RN U 4

1ε∫
RN U 2

1εV
2

1ε

.

Thus, if β > βε
0 , then (3.7) holds sufficiently small ε > 0. �

Proposition 3.7. Assume that (f1)–(f3) hold, then for β > βε
0 and small ε > 0, system (Pε) has a

positive ground state solution.

Proof. From Lemma 3.1 the functional Iε satisfies a mountain pass geometry. By Lemma 3.2 and
Mountain Pass Theorem [3], there exists a (PS)cε

sequence {(un, vn)} ⊂ E such that Iε(un, vn) → cε

and I ′
ε(un, vn) → 0. Then standard argument shows that {(un, vn)} is bounded. Up to a subsequence,

Lemma 3.5 implies that there exists (uε, vε) such that (un, vn) → (uε, vε), cε = Iε(uε, vε) and
I ′
ε(uε, vε) = 0. Moreover, since β > βε

0 , from Lemma 3.6, we know that uε �≡ 0 and uε �≡ 0. Thus we
prove (uε, vε) ∈ Nε. Finally, we prove that uε, vε > 0. Since (|uε|, |vε|) ∈ Nε and cε = Iε(|uε|, |vε|),
we deduce that (|uε|, |vε|) is a nonnegative solution of (Pε). Using elliptic estimates and a Harnack
inequality, we infer that |uε|, |vε| > 0. The proof is completed. �

4. Proof of Theorem 1.2

Lemma 4.1 ([29]). Let a function V ∈ C(RN,R) and γ > 0. If V � 0 on R
N with lim inf|x|→∞ V (x) >

0, and if for each x ∈ R
N such that

lim inf
z→x

V (z)

|z − x|γ > 0,
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then there exist l ∈ N, a1, . . . , al ∈ R
N , μ > 0 and ν > 0 such that for each x ∈ R

N ,

V (x) � min
{
μ, ν|x − a1|γ , . . . , ν|x − al|γ

}
.

Let us set

k = − γ

2 + γ
.

Proposition 4.2. Under the assumptions of Theorem 1.2, there holds

lim sup
ε→0

cε

εk(N−4)
� m = inf

i∈I
EWxi

.

Proof. For i ∈ I, xi ∈ 
, let Wi ∈ C(RN) be the positive γ -homogeneous function such that

lim
x→xi

a(x) − Wi(x − xi)

|x − xi |γ = 0 and lim
x→xi

b(x) − Wi(x − xi)

|x − xi |γ = 0, (4.1)

and let (η, ϕ) ∈ C
∞
0 (RN) \ {(0, 0)}, we define ηε(resp. ϕε) : RN → R by

(
ηε(x), ϕε(x)

) = ε−k

(
η

(
x − xi/ε

εk

)
, ϕ

(
x − xi/ε

εk

))
.

Computing directly, we have∫
RN

|∇ηε|2 +
∫
RN

|∇ϕε|2 = εk(N−4)

∫
RN

|∇η|2 + |∇ϕ|2;
∫
RN

a(εx)|ηε|2 + b(εx)|ϕε|2 = εk(N−4)

∫
RN

a(εk+1x + xi)

ε(k+1)γ
|η|2 + b(εk+1x + xi)

ε(k+1)γ
|ϕ|2;

∫
RN

μ1η
4
ε + 2βη2

εϕ
2
ε + μ2ϕ

4
ε = εk(N−4)

∫
RN

μ1η
4 + 2βη2ϕ2 + μ2ϕ

4.

Since the function Wi is γ -homogeneous and satisfies (4.1), we have

lim
ε→0

a(εk+1x + xi)

ε(k+1)γ
= lim

ε→0

Wi(ε
k+1x)

ε(k+1)γ
= Wi(x) and lim

ε→0

b(εk+1x + xi)

ε(k+1)γ
= Wxi

(x), (4.2)

uniformly for x ∈ supp(η) ∩ supp(ϕ). Thus by Lebesgue’s dominated convergence theorem, we have

lim
ε→0

1

εk(N−4)

∫
RN

a(εx)|ηε|2 + b(εx)|ϕε|2 =
∫
RN

Wi |η|2 + Wi |ϕ|2.

Choosing tε > 0 such that 〈I ′
ε(tεηε, tεϕε), (tεηε, tεϕε)〉 = 0, we observe that tε → t∗ ∈ (0, +∞) as

ε → 0. Moreover, there holds∫
RN

|∇η|2 + Wi |η|2 + |∇ϕ|2 + Wi |ϕ|2 = t2
∗

∫
RN

μ1η
4 + 2βη2ϕ2 + μ2ϕ

4,
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which implies

lim sup
ε→0

cε

εk(N−4)
� lim

ε→0

Iε(tεηε, tεϕε)

εk(N−4)
= JWi

(t∗η, t∗ϕ) = sup
t∈(0,+∞)

JWi
(tη, tϕ).

Then by density of C∞
0 (RN) in the space EW := HW ×HW , by taking the infimum with respect to η and

ϕ, we have

lim sup
ε→0

cε

εk(N−4)
� EWi

.

By the arbitrary choice of i ∈ I, we obtain the conclusion. The proof is completed. �

Proof of Theorem 1.2. Let (uε, vε) be any positive ground state of system (Pε) obtained in Proposi-
tion 3.7 and satisfying Iε(uε, vε) = cε. Define

ωε = εkuε

(
εk·),

φε = εkvε

(
εk·),

one has∫
RN

|∇uε|2 = εk(N−4)

∫
RN

|∇ωε|2;∫
RN

a(εx)u2
ε = εk(N−4)

∫
RN

ε2kaε(x)|ωε|2;∫
RN

μ1u
4
ε = εk(N−4)

∫
RN

μ1ω
4
ε;∫

RN

βu2
εv

2
ε = εk(N−4)

∫
RN

βω2
εφ

2
ε .

(4.3)

Similarly, one can get that

−�ωε + ε2kaε(x)ωε = μ1ω
3
ε + βωεφ

2
ε ; (4.4)

−�φε + ε2kbε(x)φε = μ2φ
3
ε + βω2

εφε, (4.5)

where aε(x) = a(εk+1x), bε(x) = b(εk+1x). Consequently, there holds∫
RN

|∇ωε|2 + ε2kaε(x)ω2
ε + |∇φε|2 + ε2kbε(x)φ2

ε =
∫
RN

μ1ω
4
ε + 2βω2

εφ
2
ε + μ2φ

4
ε , (4.6)

By Proposition 4.2, we deduce that, for small ε > 0,∫
RN

|∇ωε|2 + ε2kaε(x)ω2
ε + |∇φε|2 + ε2kbε(x)φ2

ε � 4m. (4.7)
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Step 1. Now we claim that there exists a sequence {xε} ∈ R
N such that

lim inf
ε→0

∫
B1(xε)

ω4
ε + φ4

ε > 0.

It suffices to show that

lim
ε→0

sup
x∈RN

εk(4−N)

∫
B

εk(x)

u4
ε + v4

ε > 0. (4.8)

We adopt some ideas in [29] to show that (4.8) holds. By the scaled version of the classical Sobolev
embedding theorem, for every x ∈ R

N

(∫
B

εk(x)

u4
ε

) 1
2

� C1ε
− kN

2

∫
B

εk(x)

ε2k|∇uε|2 + u2
ε,

where C1 is independent of x ∈ R
N and ε. By [29, Lemma 3.4], for some constant C2 independent of

x ∈ R
N and ε small enough, we obtain

(∫
B

εk(x)

u4
ε

) 1
2

� C2ε
− kN

2 +2k

∫
B

εk(x)

|∇uε|2 + a(εx)u2
ε,

and then

(∫
B

εk(x)

u4
ε

)
� C2ε

− kN
2 +2k

(∫
B

εk(x)

u4
ε

) 1
2
∫

B
εk(x)

|∇uε|2 + a(εx)u2
ε. (4.9)

By integration both sides on (4.9) with respect to x over RN ,

∫
RN

u4
ε � C2ε

− kN
2 +2k

(
sup
x∈RN

∫
B

εk(x)

u4
ε

) 1
2
∫
RN

|∇uε|2 + a(εx)u2
ε.

Similarly,

∫
RN

v4
ε � C2ε

− kN
2 +2k

(
sup
x∈RN

∫
B

εk(x)

v4
ε

) 1
2
∫
RN

|∇vε|2 + b(εx)v2
ε .

Denote C∗ = max{(supx∈RN

∫
B

εk(x)

u4
ε)

1
2 , (supx∈RN

∫
B

εk(x)

v4
ε )

1
2 },

∫
RN

u4
ε + v4

ε � C∗C2ε
− kN

2 +2k

∫
RN

|∇uε|2 + a(εx)u2
ε + |∇vε|2 + b(εx)v2

ε
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can be obtained. Since (uε, vε) is a solution of problem (Pε) satisfing

0 <

∫
RN

|∇uε|2 + a(εx)u2
ε + |∇vε|2 + b(εx)v2

ε

=
∫
RN

μ1u
4
ε + 2βu2

εv
2
ε + μ2v

4
ε � (μ1 + μ2 + β)

∫
RN

u4
ε + v4

ε

� C∗C2(μ1 + μ2 + β)ε− kN
2 +2k

∫
RN

|∇uε|2 + a(εx)u2
ε + |∇vε|2 + b(εx)v2

ε ,

one get that

(
C∗)2

ε− kN
2 +2k �

(
C2(μ1 + μ2 + β)

)−2
.

It follows that

lim inf
ε→0

sup
x∈RN

εk(4−N)

∫
B

εk(x)

u4
ε > 0,

or

lim inf
ε→0

sup
x∈RN

εk(4−N)

∫
B

εk(x)

v4
ε > 0.

As a consequence, (4.8) holds.
Step 2. We claim that

lim inf
ε→0

∫
B1(xε)

ω4
ε > 0 and lim inf

ε→0

∫
B1(xε)

φ4
ε > 0. (4.10)

We argue by contradiction. Suppose that

lim sup
ε→0

sup
x∈RN

∫
B1(x)

ω4
ε = 0,

by the Lions Concentration–Compactness Principle [16], we deduce that ωε → 0 in Lp(RN) for 2 <

p < 2∗. Multiplying (4.4) and (4.5) by ωε and φε respectively and integrating both sides with respect to
x over RN , we obtain

∫
RN

|∇ωε|2 + ε2kaε(x)ω2
ε = oε(1),

∫
RN

|∇φε|2 + ε2kbε(x)φ2
ε =

∫
RN

μ2φ
4
ε + oε(1).

(4.11)
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Therefore, there exists tε > 0 such that∫
RN

|∇φε|2 + ε2kbε(x)φ2
ε = t2

ε

∫
RN

μ2φ
4
ε . (4.12)

Combing the fact that lim infε→0
∫
B1(xε)

φ4
ε > 0, it follows that tε → 1 by (4.11) and (4.12), as ε → 0.

Hence

lim
ε→0

εk(4−N)Iε(uε, vε) = lim
ε→0

[
1

2

∫
RN

(|∇φε|2 + ε2kbε(x)φ2
ε

) − μ2

4

∫
RN

φ4
ε

]

= lim
ε→0

[
t2
ε

2

∫
RN

(|∇φε|2 + ε2kbε(x)φ2
ε

) − μ2t
4
ε

4

∫
RN

φ4
ε

]

= lim
ε→0

εk(4−N)Iε(0, tεvε).

Noting that Iε(0, tεvε) � Iε(0, V1ε(ε·)), one has

lim
ε→0

εk(4−N)cε � lim
ε→0

εk(4−N)Iε

(
0, V1ε(ε·)

)
. (4.13)

By rescaling U1ε and V1ε, fε obtains its minimum at (sε, tε), where

sε = μ1ε
− 8γ

γ+2

∫
RN

U 4
1ε

(
ε

2
γ+2 x

)[
β

∫
RN

U 2
1ε

(
ε

2
γ+2 x

)
V 2

1ε

(
ε

2
γ+2 x

) − μ2

∫
RN

V 4
1ε

(
ε

2
γ+2 x

)]

and

tε = μ2ε
− 8γ

γ+2

∫
RN

V 4
1ε

(
ε

2
γ+2 x

)[
β

∫
RN

U 2
1ε

(
ε

2
γ+2 x

)
V 2

1ε

(
ε

2
γ+2 x

) − μ1

∫
RN

U 4
1ε

(
ε

2
γ+2 x

)]
.

It follows from Remark 1.3 that sε → s0, tε → t0 as ε → 0, where

s0 = μ1a0[βc0 − μ2b0], t0 = μ2b0[βc0 − μ1a0],
and

a0 =
∫
RN

ω4
γ,μ1

, b0 =
∫
RN

ω4
γ,μ2

, c0 =
∫
RN

ω2
γ,μ1

ω2
γ,μ2

.

Meanwhile,

εk(4−N)fε(s, t) = f0(s, t) + oε(1) uniformly for (s, t) ∈ �, as ε → 0,

where

f0(s, t) = (sμ1a0 + tμ2b0)
2

4(μ1s2a0 + 2βstc0 + μ2t2b0)
.
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It follows that

f0(s, 0) = μ1a0

4
= lim

ε→0
εk(4−N)Iε

(
U1ε(ε·), 0

)
,

f0(0, t) = μ2b0

4
= lim

ε→0
εk(4−N)Iε

(
0, V1ε(ε·)

)
.

Moreover, for β > β0,

f0(s0, t0) = min
(s,t)∈�

f0(s, t) < min
{
f0(s, 0), f0(0, t)

}
.

Then we observe that

lim
ε→0

εk(4−N)fε(sε, tε) < lim
ε→0

εk(4−N) min
{
Iε

(
U1ε(ε·), 0

)
, Iε

(
V1ε(ε·), 0

)}
.

By Lemma 3.6,

lim sup
ε→0

εk(4−N)cε < lim
ε→0

εk(4−N) min
{
Iε

(
U1ε(ε·), 0

)
, Iε

(
V1ε(ε·), 0

)}
,

which contradicts (4.13).
Step 3. We claim that εk+1xε → xi for some i ∈ I. By Step 1–2, for some ω̃, φ̃ ∈ H 1

loc(R
N) \ {0},

such that, up to a subsequence, ωε(·+xε) ⇀ ω̃ and φε(·+xε) ⇀ φ̃ weakly in H 1
loc(R

N) as ε → 0. Then
if εk+1xε → ∞ as ε → 0, by Fatou’s Lemma,

lim inf
ε→∞

∫
RN

aε(x)ω2
ε + bε(x)φ2

ε �
∫
RN

a∞ω̃2 + b∞φ̃2.

It follows from (4.7) that

∫
RN

a∞ω̃2 + b∞φ̃2 = 0,

which implies that a∞ = b∞ = 0. This is a contradiction. As a consequence, up to a subsequence,
εk+1xε → x∗ for some x∗ ∈ R

N as ε → 0. Then Fatou’s Lemma tells us that

∫
RN

a(x∗)ω̃2 + b(x∗)φ̃2 = 0

and then x∗ ∈ A ∩ B
Now, we claim that x∗ = xi for some i ∈ I. By the assumption of Theorem 1.2, there exists some

positive γ -homogeneous function W∗ ∈ C(RN), such that

lim
x→x∗

a(x) − W∗(x − x∗)
|x − x∗|γ = 0 or ∞.
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For any x �= x∗, let

λ(x − x∗) = a(x) − W∗(x − x∗)
|x − x∗|γ , μ(x − x∗) = b(x) − W∗(x − x∗)

|x − x∗|γ ,

then to conclude the claim, we just need to show that limx→0 λ(x) = 0, which implies that
limx→0 μ(x) = 0.

According to (4.7),

lim sup
ε→0

inf
x∈B1(xε)

[
aε(x)

ε(k+1)γ
+ bε(x)

ε(k+1)γ

]
< ∞.

Thus there exists yε ∈ B1(xε) such that

lim sup
ε→0

[
a(εk+1yε)

ε(k+1)γ
+ b(εk+1yε)

ε(k+1)γ

]
< ∞

and εk+1yε → x∗ as ε → 0. For ε small, by Lemma 4.1, there holds a(εk+1yε) � c|εk+1yε − x∗|γ and
b(εk+1yε) � c|εk+1yε − x∗|γ for some c > 0. Then for ε small and some C > 0,

∣∣εk+1yε − x∗
∣∣ � Cεk+1,

from which it follows that∣∣∣∣xε − x∗
εk+1

∣∣∣∣ � C + 1.

So for R > 0 large enough, we have B1(xε) ⊂ BR( x∗
εk+1 ). Due to (4.10), for some ω, φ ∈ H 1

loc(R
N) \ {0},

such that, up to a subsequence, ω̃ε := ωε(·+ x∗
εk+1 ) ⇀ ω and φ̃ε := φε(·+ x∗

εk+1 ) ⇀ φ weakly in H 1
loc(R

N)

as ε → 0.
If limx→0 λ(x) = +∞, then for any x ∈ R

N ,

ε2ka
(
εk+1x + x∗

) = W∗(x) + λ
(
εk+1x

)|x|γ

and

ε2kb
(
εk+1x + x∗

) = W∗(x) + μ
(
εk+1x

)|x|γ .

Thanks to (4.7) and μ(·) is bounded from below in R
N , by Rellich’s theorem,

4m � lim inf
ε→0

∫
BR( x∗

εk+1 )

ε2kaε(x)ω2
ε + ε2kbε(x)φ2

ε

= lim inf
ε→0

∫
BR(0)

ε2ka
(
εk+1x + x∗

)
ω̃2

ε(x) + ε2kb
(
εk+1x + x∗

)
φ̃2

ε (x)
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= lim inf
ε→0

∫
BR(0)

W∗(x)
(
ω̃2

ε(x) + φ̃2
ε (x)

) + |x|γ (
λ
(
εk+1x

)
ω̃2

ε(x) + μ
(
εk+1x

)
φ̃2

ε (x)
)

� lim inf
ε→0

∫
BR(0)

|x|γ (
λ
(
εk+1x

)
ω̃2

ε(x) + μ
(
εk+1x

)
φ̃2

ε (x)
) = ∞,

which is a contradiction. Thus,

lim
x→x∗

a(x) − W∗(x − x∗)
|x − x∗|γ = lim

x→x∗

b(x) − W∗(x − x∗)
|x − x∗|γ = 0.

By the assumption of Theorem 1.2, x∗ = xi for some i ∈ I.
Step 4. It is easy to know∫

RN

|∇ω̃ε|2 + ε2ka
(
εk+1x + x∗

)
ω̃2

ε + |∇φ̃ε|2 + ε2kb
(
εk+1x + x∗

)
φ̃2

ε

=
∫
RN

μ1ω̃
4
ε + 2βω̃2

ε φ̃
2
ε + μ2φ̃

4
ε ,

Next, we prove (ω, φ) is a critical point of JW∗ . By Fatou’s Lemma and the lower semi-continuity of the
norm,∫

BR(0)

|∇ω|2 + W∗ω2 + |∇φ|2 + W∗φ2

� lim inf
ε→0

∫
BR(0)

|∇ω̃ε|2 + ε2ka
(
εk+1x + x∗

)
ω̃2

ε + |∇φ̃ε|2 + ε2kb
(
εk+1x + x∗

)
φ̃2

ε

� 4m.

Since R is arbitrary, we get that∫
RN

|∇ω|2 + W∗ω2 + |∇φ|2 + W∗φ2 � 4m (4.14)

and then ω, φ ∈ H 1(RN). For any ξ, η ∈ C∞
0 (RN), Multiplying equation (4.4) and (4.5) by ξ(· − x∗

εk+1 )

and η(· − x∗
εk+1 ) and making ε → 0,

∫
RN

∇ω∇ξ + W∗ωξ + ∇φ∇η + W∗φη =
∫
RN

μ1ω
3ξ + βφ2ωξ + βω2φη + μ2φ

3η,

which implies J ′
W∗(ω, φ) = 0 in (HW∗ ×HW∗)

∗ and JW∗(ω, φ) � EW∗ . Due to (4.14), JW∗(ω, φ) � m =
infi∈I EWi

. Therefore,

JW∗(ω, φ) = inf
i∈I

EWi
.

and (ω̃ε, φ̃ε) → (ω, φ) in Hloc as ε → 0. The proof is completed. �
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5. Proof of Theorem 1.5

This last section is devoted to the proof of Theorem 1.5, which covers the case that the potential a and
b vanish on the closure of some smooth bounded open set.

Proof of Theorem 1.5. Step 1. Similarly to Theorem 1.2, for sufficiently small ε > 0 and β > βε
0 , we

prove that system (Cε) has a positive ground state solution (Uε, Vε). Define

Eε :=
{
(u, v) ∈ Hloc :

∫
RN

ε2|∇u|2 + a(x)u2 < ∞,

∫
RN

ε2|∇v|2 + b(x)v2 < ∞
}

endowed with norm

∥∥(u, v)
∥∥

ε
=

(∫
RN

ε2|∇u|2 + a(x)u2 +
∫
RN

ε2|∇v|2 + b(x)v2

) 1
2

.

Define the auxiliary functional Jε ∈ C1(Eε) by for each (w, z) ∈ Eε,

Jε(w, z) = 1

2

∫
RN

|∇w|2 + a(x)

ε2
w2 + |∇z|2 + b(x)

ε2
z2 − 1

4
F(w, z).

Set

dε := inf
{
Jε(w, z) : (w, z) ∈ Eε \ {

(0, 0)
}
,
〈
J ′

ε(w, z), (w, z)
〉 = 0

}
.

For any (u, v) ∈ E∗ = H 1
0 (int(
)) × H 1

0 (int(
)), set

J∗(w, z) = 1

2

∫



|∇w|2 + |∇z|2 − 1

4

∫



μ1w
4 + 2βw2z2 + μ2z

4.

Similarly to Lemma 3.6, for sufficiently small ε > 0 and β > βε
0 ,

dε = εN−4cε < εN−4 min
{
Iε

(
U1ε(ε·), 0

)
, Iε(0, V1ε(ε·)

}
. (5.1)

Moreover, for sufficiently small ε, problem (Cε) admits a ground state solution (Uε, Vε), which is fully
nontrivial. By virtue of the Nehari manifold method, one can show that for any β > 0, the following
problem⎧⎪⎨

⎪⎩
−�w = μ1w

3 + βz2w, x ∈ int(
),

−�z = μ2z
3 + βw2z, x ∈ int(
),

w, z ∈ H 1
0 (int(
))

(5.2)

admits a ground state solution. Moreover, set

0 < c∗ = inf
{
J∗(w, z) : (w, z) ∈ E∗ \ {

(0, 0)
}
,
〈
J ′

∗(w, z), (w, z)
〉 = 0

}
,
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it is easy to check that dε = Jε(ε
−1Uε, ε

−1Vε) � c∗ � c̃∗, where c̃∗ is the least energy of the following
problem

⎧⎪⎨
⎪⎩

−�w = βz2w, x ∈ int(
),

−�z = βw2z, x ∈ int(
),

w, z ∈ H 1
0 (int(
)).

Step 2. Let wε = ε−1Uε and zε = ε−1Vε. Noting that for any ε > 0,

∫
RN

|∇wε|2 + a(x)

ε2
w2

ε + |∇zε|2 + b(x)

ε2
z2
ε � 4c∗. (5.3)

It follows from [29, Lemma 2.1] that there exists C > 0 (independent of ε) such that

∫
RN

(|∇wε|2 + w2
ε

)
� C

∫
RN

(|∇wε|2 + a(x)w2
ε

)
,

which implies that
∫
RN (|∇wε|2 + w2

ε ) � 4Cc∗ if ε � 1. Similar result holds for zε. So, (wε, zε) is
bounded in H if ε � 1 and for some (w, z) ∈ H, (wε, zε) ⇀ (w, z) in H and (wε, zε) → (w, z) in
L

2
loc(R

N) as ε → 0.
For R > 0 large enough such that a(x) � a∞

2 and b(x) � b∞
2 for |x| � R. By (5.3),

1

2
min{a∞, b∞}

∫
RN\BR(0)

w2
ε + z2

ε �
∫
RN\BR(0)

a(x)w2
ε + b(x)z2

ε � 4c∗ε2 → 0, ε → 0.

So Rellich’s theorem tells us that wε → w and zε → z strongly in L2(RN). On the other hand, due to
J ′

ε(wε, zε) = 0, for ε > 0 small and some C, C1 (independent of ε),

∥∥(wε, zε)
∥∥2

4 � C
∥∥(wε, zε)

∥∥2

H
� C1

∥∥(wε, zε)
∥∥4

4,

which shows that ‖(w, z)‖4 > 0 and (w, z) �= (0, 0).
We claim that w, z �≡ 0. Otherwise, without loss of generalization, if z ≡ 0, then zε → 0 strongly

in L2(RN) as ε → 0. Noting that {zε} is bounded in H 1(RN), by the Gagliardo–Nirenberg–Sobolev
inequality, zε → 0 strongly in L4(RN) as ε → 0 and

lim
ε→0

∫
RN

|∇zε|2 + b(x)

ε2
z2
ε = 0.

Then similarly to Section 4,

lim inf
ε→0

dε � lim inf
ε→0

εN−4Iε

(
U1ε(ε·), 0

)
,

which gives a contradiction by using (5.1) similarly as above.
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Step 3. We show that w, z ∈ H 1
0 (int(
)) for μ1, μ2 > 0 small. By (5.3), we have

lim
ε→0

∫
RN\	

a(x)w2 + b(x)z2 = lim
ε→0

∫
RN\	

a(x)w2
ε + b(x)z2

ε = 0,

which implies that w = z = 0 in R
N \ 	. Similarly,

lim
ε→0

∫
	\


a(x)w2 + b(x)z2 = 0

which implies that w = 0 in int(B) \ A and z = 0 in int(A) \ B. That is, w ∈ H 1
0 (int(A)) and

z ∈ H 1
0 (int(B)).

On the one hand, one can get that wε + zε satisfies, in the weak sense,

−�(wε + zε) � max{μ1, μ2, β}(wε + zε)
3, x ∈ R

N.

Recalling that {wε + zε} is uniformly bounded in H 1(RN) with respect to ε and μ1, μ2 > 0 small,
similarly as that in [6, Proposition 2.2], one can get that {wε + zε} is uniformly bounded in L∞(	) with
respect to ε and μ1, μ2 > 0 small. Moreover, ‖z‖∞ + ‖w‖∞ � C for some C (independent of μ1, μ2).
On the other hand, denote by φ1 and λ1 the first eigenfunction and eigenvalue of (−�, H 1

0 (int(B) \A)))

respectively. Since

−�zε + b(x)

ε2
zε = μ2z

3
ε + βw2

εzε, x ∈ R
N,

we obtain that

λ1

∫
int(B)\A

zεφ1 =
∫

int(B)\A))

(
μ2z

3
ε + βw2

εzε

)
φ1.

Taking the limit as ε → 0,∫
int(B)\A

zφ1
[
λ1 − μ2z

2
] = 0.

So if μ2 > 0 is small such that λ1 − μ2z
2(x) > 0 a. e. in int(B) \A, we know z = 0 in int(B) \A. That

is, z ∈ H 1
0 (int(
)). Similarly, w ∈ H 1

0 (int(
)).
Step 4. For any η, ϕ ∈ H 1

0 (int(
)), we have

∫
int(
)

∇wε∇η + ∇zε∇ϕ − μ1w
3
εη − βz2

εwεη − βw2
εzεϕ − μ2z

3
εϕ = J ′

ε(wε, zε)(η, ϕ) = 0

and hence∫
int(
)

∇w∇η + ∇z∇ϕ − μ1w
3η − βz2wη − βw2zϕ − μ2z

3ϕ = 0.
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In view of the regularity assumptions on the set 
 and by classical regularity theory, (w, z) is a fully
nontrivial solution of problem (5.2) and J∗(w, z) � c∗.

We also have

lim sup
ε→0

∫
RN

|∇wε|2 + |∇zε|2 + w2
ε + z2

ε

� lim
ε→0

∫
RN

|∇wε|2 + a(x)

ε2
w2

ε + |∇zε|2 + b(x)

ε2
z2
ε + w2

ε + z2
ε

= lim
ε→0

F(wε, zε) + ‖w‖2
2 + ‖z‖2

2

= F(w, z) + ‖w‖2
2 + ‖z‖2

2 =
∫
RN

|∇w|2 + |∇z|2 + w2 + z2.

This implies (wε, zε) → (w, z) strongly in H as ε → 0. Due to dε = Jε(wε, vε) � c∗, the following
inequality holds

J∗(w, z) � lim sup
ε→0

Jε(wε, zε) � c∗,

which yields that (w, z) is a ground state of problem (5.2). The proof is completed. �
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