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Abstract. In this paper, we are concerned with the coupled nonlinear Schrédinger system
—&2Au+a@)u = pu’ + Bv*u in RV,
—e2Av + b(x)v = uovd + Bu*v in RV,

where 1 < N < 3, uy, n2, B > 0, a(x) and b(x) are nonnegative continuous potentials, and ¢ > 0 is a small parameter.
We show the existence of positive ground state solutions for the system above and also establish the concentration behaviour
as ¢ — 0, when a(x) and b(x) achieve 0 with a homogeneous behaviour or vanish in some nonempty open set with smooth
boundary.
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1. Introduction
1.1. Background

Consider the following two-component coupled nonlinear Schrodinger equations (also known as
Gross—Pitaevskii equations):

—ihL @)+ Vi) @) = EAD) + | @1 2P + B|D2/* @y, inRY, 1 > 0,
iR ®; 4 Va(¥) Py = S5 AP + | 2Dy + BI®1 D2, inRY, 1 >0,

2m

(1.1)

where N < 3, i is the imaginary unit, 7 is the Plank constant, @, uo > 0 and 8 # 0 is a coupling
constant. System (1.1) has applications in many physical problems, such as nonlinear optics, contin-
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uum mechanics, plasma physics and Bose—FEinstein condensates theory for multispecies Bose—Einstein
condensates. In the context of Bose-Einstein condensates, ®;(x,)(j = 1,2) are the corresponding
condensate amplitudes; V;(x) are the traping potentials; «; and B are the intraspecies and interspecies
scattering lengths. The physically realistic spatial dimension are 1 < N < 3. When N = 2, problem
(1.1) arises in the Hartree—Fock theory for a double condenstate, i.e., a binary mixture of Bose—Einstein
condensates in two different hyperfine states |1) and |2) (see [12,26]). The sign of 8 determines whether
the interactions of states are repulsive or attractive. The interaction is attractive if 8§ > 0 and repulsive if
B < 0, where the two states are in strong competition.
A standing wave solution of (1.1) is of the following form

Di(x,t) = ef"E’/hu(x) and D,(x,t) = e*"E’/hv(x). (1.2)

Substituting (1.2) into (1.1), then system (1.1) is reduced to the following elliptic system

~EAu+ (Vi) — Eyu = pu® + Bou, inRY, 3
—%Av + (Va(x) — E)v = v’ + Bu’v, inRV, )
Renaming the parameters by
B2
=/, a(x) =Vi(x) — E, b(x) = Va(x) — E,
2m
we obtain the folowing elliptic system
—&?Au+a(x)u = pwu’ + pv’u  inRY, )
—&2Av + b(x)v = v + Butv  in RV, ‘

Before going further, we point out that the system (C,) also possesses a trivial solution (0, 0) and semi-
trivial solutions of type (u, 0) or (0, v). A solution (u, v) of (C.) is nontrivial if u % 0 and v # O.
A solution (u, v) with u > 0 and v > 0 is called a positive solution.

When ¢ = 1, a(x) and b(x) are positive constants, the existence, multiplicity, bifurcation and con-
centration behavior of positive solutions of (C,) have been entensively studied, see Refs. [1,2,4,5,11,
14,18,20,21,25,34]. Sign and size of B are important in the study of constant coefficient system. Par-
ticularly, the interesting paper [25] proved that there exists 0 < 8; < f, such that (C.) has nontrivial
positive solutions for 0 < 8 < fB; or B > f,. For the non-constant potentials case, according to Bohr’s
corresponding principle, the classical description of the mechanical physics should be recovered by con-
sidering the semiclassical limit, i.e. when the Planck constant goes to zero. Therefore beside proving
existence of solutions to (C,), it is physically relevant to study the asymptotic limit as ¢ — 0 of such
solutions.

The semiclassical limit is well understood for the nonlinear Schrodinger equation

—&2Au; + Vue = |us|” 'u, inRV.

The semi-classical states of the above equation have different limiting behaviors depend upon infgy V' >
0 or infgy V = 0, the latter is regarded as the critical frequency case. When infgy V > 0, P. Rabinowitz
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[24] proved that the above problem has a least energy solution for & > 0 small in the case that infpy V <
liminf},| o V(x). In case infgv V > 0, solutions concentrating at critical points of the potential V have
been construted by topological and variational methods [10,13,24,31] and many others. Motivations
can be dated back to Floer and Weinstein in there pioneering work [13]. However, the semi-classical
solutions exhibit quite different characteristic features that the energy governed by the shape of the
potential V near the zero set of V in the critical frequency case infgy V = 0 [7,8].

The semi-classical case (C,) with trapping potentials a(x) and b(x) has been studied in some years.
Lin and Wei [19] studied (C;) by analyzing least energy non-trivial vector solutions. They studied both
of attractive interaction and replusive interaction. Especially, when 8 > 0, they showed the existence
of a least energy. In [22], for small 8 > 0, Montefusco, Pellacci and Squassina exhibited the existence
of nonnegative ground state solutions of (C.) concentrating around the local minimum points of the
potentials, which are in the same region. Ikoma and Tanaka [15] also considered the case § > 0. They
connected the solutions of (C,) with the limiting system with A1 = a(xp) and A, = b(xg) for a fixed
xo € RY. Assume that there exists an open bounded set A C R" such that

inf m(xg) < inf m(xp),
XpEA Xp€IA

where m(x) is the ground state energy level of the limiting system. When § > 0 is relatively small, they
constructed a family of solutions to (C,) which converge to a positive vector solution. For the large 8 > 0
case, Shi and Wang [33] showed the existence of positive ground state solution of (C,) concentrating
near the minimum points of potential functions. They also showed that multiple positive concentration
solutions exist when the topological structure of the set of minimum points satisfies certain condition.
We also refer to [19,23,32] for the study of (C,) when g < 0.

Note that in all works mentioned above, they all assumed that a(x) and b(x) are positive bounded
away from 0. In this paper, we consider the semi-classical in the critical frequency case

inf a(x) = inf b(x) =0.

xeRN xeRN

For the large 8 > 0 case, Chen and Zou [9] assumed a(x) and b(x) are non-negative and may vanish
at someplace and decay to O at infinity. They proved the existence of positive solutions for (C;) which
concentrate around local minima of the potentials as ¢ — 0 under suitable conditions on the behaviour
of a(x) and b(x). Lucia and Tang [17] obtained synchronized solutions which trapped near zero sets of
the potentials for n-coupled system under some conditions. In [27], Tang and Wang obtained multi-scale
segregated positive solutions which are trapped near the nondegenerate critical points as well as the zero
set of potentials by using the Lyapunov—Scjmidt reduction method. Tang and Xie [28] studied a(x) and
b(x) admitted several common isolated connected components by using spectral analysis. They obtained
the existence synchronized positive vector solutions which are trapped in a neighbourhood of the zero
set of potentials and also the local maximum points of potentials for & small.

1.2. Motivation

In this paper, inspired by Byeon and Wang [7], we are concerned with the asymptotic behavior of pos-
itive ground state solutions of (C;) in the critical frequency case for 8 > 0 sufficiently large. Obviously,
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problem (C,) is variational. That is, our main aim is to find nontrivial solutions of problem (C;) by seek-
ing nontrivial critical points in some weighted Sobolev space of the corresponding energy functional 7,
given by

T (u,v) = %/ [£*(IVul® + |Vv]?) + a(x)u® + b(x)v*] — %/ (11v* + 2Buv* + puov?).
RN RN

In the sequel, the potentials a(x) and b(x) may achieve 0 with homogeneous behaviour or vanish on the
closure of an open set, but remain bounded away from 0 at infinity. Throughout the paper, we assume
that

(f1) m1, 2, B > 0.

(f2) a € C(RY, [0, +00)) and 0 = inf, v a(x) < liminfj, 0 a(x) 1= as < 0.

(f3) b € C(RV, [0, +00)) and 0 = inf, gy b(x) < liminfy 00 b(x) := by < 00.

One of the difficulties in the study of (C,) is that it has semi-trivial solutions of type (u, 0) and (0, v),
where u(x) and v(x) solve

—&*Au+a(x)u = mu3, in RV, (1.4)

—&2Av + b(x)v = upv®, inRY. (1.5)

By [7], problem (1.4) and (1.5) both admit ground state solutions for ¢ small enough. Here, we borrow
an idea of [25] to overcome this difficulty. Denote by U;, and Vi, a positive ground state solution of
(1.4) and (1.5) respectively.

1.3. Main results

Let A = {x € RV|a(x) =0}, B= {x € RV|b(x) = 0} and £ = A U B. Throughout this paper, we
assume that 0 € Q = AN B # @. Let

fRN Vlt wi fRN U;ls }
f]RN Ulza Vlza f]RN Ulza Vlza

T

Definition 1.1 ([7]). A function W : RN — R is called positive y-homogeneous if W(y) > 0 for all
y #0and W(ty) =t”W(y) forany ¢ € [0, +00) and y € RV,

For any given positive y-homogeneous function W, we consider the following coupled system

[—Au+W(x)u = pu® + pv’u  inRY, (1.6)

—Av+ W(E@)v = uov® + u*v  inRV,

which will play as the limit problem of (C,) with homogeneous potentials and whose corresponding
functional Jw (u, v) € C'(Hy (RY) x Hy (R")) is defined by

1 1
T, v) = —f IVl + W + Vol + W — —/ s+ 280202 + .
2 RN 4 RN
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Here Hy is the completion of C§° (RV) with respect to the norm

1

2

Nl = (f |Vu|2+Wu2) .
RN

Since the potential W is coercive, one can show that, for § > 0,
Ew = inf{ Ty (u, v)|(u, v) € Hy x Hy \ {(0,0)}, (T} (u, v), (u, v)) = 0},

can be attained by a positive ground state solution.
Now, we are in position to state the first result as follows.

Theorem 1.2. Assume that ( f1)—(f3) hold and there exists y > 0 such that for every x € 2, one of the
following two hypotheses holds

(Hy)

. a2
lim
=x |z — x|Y

= +o00,

(H,) for some positive y-homogeneous function W € C (RV), there holds that

Coa —Wiz—x)
lim =
7—>X |Z —xly

Additionally, (H,) holds for at least one point x € 2, where there also holds that

b(z) —W(z—
lim 2& = W= _ (1.7)
7—x |Z — x|V
Then for sufficiently small ¢ > 0 and B > B, system (C;) has a positive ground state solution (U,, V).
Moreover, denoting by {x;; i € L} all points where (H,) and (1.7) both hold. For B > By (see below),
there exists x,, € {x;;i € T} and a positive y-homogeneous function W, € C(R") such that

lim a(x) — We(x — x,) —0 and lim b(x) — Wi(x — xy) _

XX X — x| X2 X — x|

0,

and as ¢ — 0,

87#(1]8(8% -+.X*)’ Ve(Sﬁ . +X*)) — (w,¢) in HILC(RN) x HILC(RN)
and

. Te(Ue, Vo) —

o ey = o = e

Here (w, ¢) is a ground state solution of the limit problem (1.6) with W = W,_.
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Remark 1.3. Without loss of generality, assume 0 € {x;;i € Z}. Notice that the conclusion of [7,

Theorem 3.2.3] also holds for any least-energy solution. Then it follows from [7, Theorem 3.2.3] that
2 2

rescaled functions e_ﬁ Ui:(e72.) and 8_# Vi¢(e7+2-) subconverge to w, ,, and w, ,, uniformly on

RN respectively as ¢ goes to zero. Here, fori = 1,2, w, ,, is a least-energy solution of the problem

below

—Au+Wu = pu® inRY,

2 2

4y 4y
-2 4 -2 4
Therefore, £~ 7+2 [y Uy, (e772x) and & 7#2 [ V' (¢7+2x) are bounded and

. _ A
lim g™ 72 Ut (8 V+2x) = ot >0,
le Vi1
RV RV

e—0
. _ A 2
lim g™ 7+2 Vi (e77x) = a)j >0,
e—0 RN RN ’
and
. _2r_ 2 _ v 2
lim g v Ulzg(e 7x) g 7 Vlzg(e 7x) = w2 > 0.
-0 N YRR AL AL
& R R
Then
4 4
: e p _ Hi flRiN Dy M2 fRN Dy 1y
0 < lim B; := By = max > 7 ) 2 < OQ.
=0 fRN ws; , W f N5 @
Va1 7Y 2 R Vo1 7Y 2

Next we consider the case that the potential @ and b vanish on the nonempty open set with smooth
boundary for the nonlinear Schrodinger system. That is, we assume that int(.4) and int(3) are nonempty
with smooth boundary. For the sake of simplicity, int(.4) and int(53) are connected.

Remark 1.4. It follows from [7, Theorem 3.1] that e ~' U;, subconverges pointwise to U, on int(A) and
to 0 on R" \ int(A). Similarly, e !V}, subconverges pointwise to V; on int(3) and to 0 on R" \ int(B).
Here Uj is a positive ground state solution of

—Au = puu’, x € int(A),
u € Hy(int(A))

and V, is a positive ground state solution of

—Av = (v, x € int(B),
v E HO1 (int(B)).

Hence ¢ [y U}, and e=* [, V. are bounded and

lim8_4/ Uy, =f Uy >0,
e—0 RN A
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lims“‘/ v =/ Vy >0,
e—>0 RN B

and

lim ¢~ f ULVE = / Ugv§ > 0.
RN Q

e—0

Set

Js Vo JaYs }

B = max{,uz s
JoUsVs ™ JQUsVe

one can get that
lim B; = Bi.
e—0
Denote by int(£2) the interior of subset 2. Our second result states as following.

Theorem 1.5. Let 8 > B. Assume that ( fi)—(f3) hold and int(2) is a nonempty open set with smooth
boundary, then, for ¢ > 0 small, system (C.) has a positive ground state solution (U,, V). Moreover,
if i1, o > 0 small, there exists a ground state solution (w,z) € H'(RY) x H'(R") of the following
problem

—Aw = ww’ + 2w, x €int(),
—Az = w7’ + Bw?z, x €int(),
w,z € HO1 (int(£2))

such that, as ¢ — 0,
e (U,, Vo) > (w,2) in H'(RY) x H'(RY).

For the proof of our theorems, we shall consider an equivalent system to (C;). By the scaling a(x) =
a(ex), b(x) = b(ex), we then deduce that

—Au +a(ex)u = puu® + puv? x e RV, P

—Av+b(ex)v = puvd + Buv x e RV, (Pe)

Thus, in the sequel we focus only on system (P).

The rest of this paper is organized as follows. In Section 2, we introduce a variational setting of our

problem and present some preliminary results about the extended problem. Section 3 is devoted to the

study of positive ground state solutions of problem (P;). Section 4 is devoted to the proof of Theorem 1.2.
Section 5 is devoted to the proof of Theorem 1.5.
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2. Preliminaries

To prove the main results, we use the following notations.
e H:= H'(RY) x H'(R") with norm

|t o) |y = (el + 0 l30) s

o Hi,. := H! (RV) x H} .(RY)

o LI(RY) := LI(RY) x LI(RV);
o LI (RV):=L! (RV) x LI (RV);

loc loc loc

e CP(RN) := CP(RY) x CRN);

2" =6when N =3, and 2* = +oo when N =1, 2.

For ¢ > 0, we define the rescaled weighted Sobolev space H, . by

H, .= {M € Hl(RN)I/ a(ex)u® < +oo},
RN

endowed with the norm

1

2
”u”a,s = (/ |VU|2 +a(8x)u2) .
RN

Define E := H, . x Hj . with norm

[ o) = (2 + 1013.) "

For any (4, v) € E, set
F(u,v) = / pu +2Buv? + povt
RN
and the energy functional for (P,) is defined by
1 2 2 2 , 1
I.(u,v) .= = [Vul” + a(ex)u” + |Vvu|* + b(ex)v® — = F(u, v).
2 RN 4

We first illustrate the space E can be embedded continuously into the Sobolev space H for fixed ¢ > 0,
even though the potential a and b have a nontrivial set of zeros. Similar to [29], we have

Lemma 2.1. Let a : RY — [0, +00). If lim infjy o0 a(x) > 0O then for every ¢ > 0, there exists a
constant C; > 0 such that for u € H, .(R"), u € H'RY) and

/ IVul> + |u)* < cgf |Vul*> + a(ex)u?.
RN RN
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Similar result holds for Hp, .. Lemma 2.1 implies that the space E embeds into H continuously. More-

over the space E can be continuously embedded in L (R") when ¢ € [2, 2*]. It then follows that the
functional I, is well defined in E and I, € C'(E, R).

Definition 2.2. (u, v) is called a ground state solution of problem (P,), if I, (u, v) is the least among all
nontrival critical points of /.. Namely, («, v) has the least energy among nontrivial solutions.

A natural method to search the groundstate is to minimize the functional I, on the Nehari manifold of
problem (’P.) which is defined by

Ne :={(u,v) € E\ {0, 0 }|{I/(u, v), (u, v)) = 0}.
The corresponding groundstate energy is described as

ce .= inf I.(u,v).
e=,nf . (U, v)

Lemma 2.3. For given ¢ > 0, the ground state energy c, is positive and N, is a manifold of class of C'.
Moreover, if (u, v) € N, is a critical point of 1. |n,, then I (u, v) =0 in E*.

Proof. For any fixed ¢ > 0 and (4, v) € E \ {(0, 0)}, we have that
t(u,v) EN; & tzH(u, U)HZE = t*F(u,v).

As a consequence, for all (u,v) € E \ {(0,0)}, there exists a unique ¢ > 0 such that ¢(u, v) € N..
Moreover, since F (u, v) is homogeneous with degree 4, there is p > 0 such that

H(u,v)’ﬁE >p>0, Vu,v)eN,.
Hence, for any (u, v) € N,, we have
L) = [ ], =205 0,
4 !
thus, ¢, > 0. We define g.(u, v) = (I.(u, v), (u, v)) for each (u, v) € N,

(0., v), (u, v)) = =2|| (u, V)|, < —2p <0, @.1)

which implies that \V; is a smooth complete manifold of codimension one in E. Moreover, if (u, v) € N,
is a critical point of the restricted functional /|, then there exists A, € R, such that

I/(u,v) = Aeg.(u,v) in E*. (2.2)
Then, we have
(gl (u, v), (u, v)) = (I/(u, ), (u, v)) = 0

and deduce by (2.1) that A, = 0. The conclusions follows then from (2.2). [J
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3. Existence of positive ground state solutions of (P.)

Lemma 3.1. (Mountain—Pass geometry) Assume that ( fi) holds, then the functional I, satisfies the
following conditions.

(i) There exists a positive constant r > 0 such that I,(u, v) > 0 for ||(u, v)||g = r;

(ii) There exists (ey, e2) € E with ||(eq, e2)||g > r such that I.(ey, e;) < O.

Proof.
1 2
L(u,v) = E” (w,v)|; — Fu,v);
1
> 2w - cle v

Hence, there exists » > 0 such that

inf  I.(u,v) > 0.

@)l E=r

For any (u,v) € E\ (0,0) and t > 0O,

12 ot
I (tu, tv) = 5”(14, v)||E — ZF(u, v),

which implies that /,(tu, tv) - —oo as t — 4o00. ]

That is, I, has a mountaion-pass structure. From Lemma 3.1, one can apply the Mountain—Pass Theo-
rem [3] without (PS), condition, and it follows that for any small ¢ > 0, there exists a (P S). sequence
{(un, vy)} C E (with ¢ = ¢} defined below) such that

L (up, vy) = ¢ = ylgrfg ghax L(y (@),

Il(uy,v,) > 0, asn— oo,
where I', = {y € C([0, 1], E) : I.(y(0)) =0, I.(y(1)) < 0}. O
Lemma 3.2. ¢, = c}.

Proof. Define

*k

o= inf max I, (tu, tv).

(u,v)eEN{(0,0)} 120

()

For any (u, v) € E \ {(0, 0)}, there exists a unique #,, > 0 such that (¢, ,u, 1, ,v) € N, and

I.(t, yu, t, ,v) = max I (tu, tv),
=0

=
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which follows that ¢, = ¢}*. There exists #, > 0 large enough such that /I, (fou, tov) < 0, and

¢ <max I, (ttou, ttgv),
t>0

=

*
&

¢} < ¢ = ¢, can be obtained. To show ¢} > c,, we only need to prove that for any y € I';, ¥ ([0, 1]) N
N; # @. For any (u,v) € E with0 < ||(u, v)| g < 1,

e
f |Vu|2 +a(ex)u® + |Vv|2 + b(ex)v* > f,uuf + 2ﬂu2v2 + ,u2v4.
Since I.(y(0)) =0, y is continuous in ¢ € [0, 1], I.(y(¢)) > 0 for 0 < ¢t < é. Thus, if set y; = (u;, v;),
/ |Vu,|> + a(ex)ut2 + |V, > + b(sx)vf > /ulu;‘ + 2,3ut2vt2 + szf
holds for sufficiently small z. If y ([0, 1]) N N, = @, then

/ |Vu)? + a(ex)u% + |Vui | + b(ex)vf > /,ulbfl1 + Zﬂufvf + ,uzv‘f.

This is a contradiction with I.(y (1)) < 0. U
In order to obtain the existence of ground state solutions for (P.), we prove some compactness lemma

for the functional I, to analysis the Palais—Smale sequence properties for the functional /..
Now, we consider the limit problem

—Au+tu = pu’ + priu  inRY,
—Av+6v = puov® + Bu’v inRY,

where (7, 0) € (0, +00) x (0, 00). The corresponding energy functional and Nehari manifold are defined
by

1 2 2 2 2 1
Lo(u,v) = 3 |Vul® 4+ tu”+ |Vu|” 4+ 0v° — - F(u, v)
RN 4

and

Neo = {(u, v) € H\ {(0,0)}[(1}o(u, v), (u, v)) = 0}
Define

Crp = (Ml)rg\/g Lo (u, v).

One can show that ¢,y can be achieved by some (u, v) € H \ {(0, 0)} for any 7,6, 8 > 0.
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Lemma 3.3. The map c : (0, +00) x (0, +00) — R; (7, 0) > c1p, is non-decreasing in T and 6.

Proof. The proof is similar to the proofs of Lemma 2.3 in [33] and we omit it here. [

Lemma 3.4. Assume that (f>)—(f3) hold and Q # @. For any fixed ¢ > 0, I, satisfies Palais—Smale

condition at level ¢ < cq4_p,,.

Proof. Let ¢ < ¢, p.., {(un, v,)} C E be a sequence such that I, (u,, v,) — ¢, and I/(u,, v,) — 0.

A standard argument leads us to the fact that (u,, v,) is bounded in E, which implies that
(Up, Vy) = (u,v) weaklyin E, I'(u,v) =0, I.(u, v) > 0.
Setw, = u, —u, z, = v, — v, and (w,, z,) — 0. By Brezis—Lieb Lemma [30], it follows that,

I (wy, z,) = I (uy, v,) — I (u,v) +0o(1) < c+o(l),

I(wy,2,) > 0 asn — oo.

There exists ¢, > 0 such that ¢, (w,, v,) € N, from which it follows that

00sboo

2 2 2 2 2 4 4 2.2 4

t,,/ IVw,|” + acow, + |Vz,| +boozn=tn/ piw, + 2w,z + 12z,
RN RN

Suppose that (w,,, z,) - (0, 0) in E, we first claim that

limsupz, < 1.

n—oo

Otherwise, we can assume that 7, > 1 + § for § > 0. From I/(w,, z,) = o(1), we have that
[ 1Vl atexyud #1920 + b0z = [t + 26uiz + oz + o)
RN RN

According to (3.1) and (3.3), we have

/ (aoo — a(ex))w? + (boo — b(ex))22 = (22 — 1) /
RN

Wy + 2wz + oz, + o(1)
R

For any ¢ > 0, there exists R = R(¢) such that
a(ex) > adeo — €& and b(ex) > by, — & for |x| > R.

Since (wy,, z,) — 0in L%R(O) and (3.5), there exists C > 0 such that

(t; — 1)/ piws + 28wz + oz < Ce + o(1)
RN

(3.1)

(3.2)

(3.3)

34

(3.5)
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Since (w,, z,) - (0, 0), there exists a sequence {y,} € R" and positive constants r, ¢ > 0,

liminf / (w; +z) > ¢. (3.6)
n—00 By (yn)

Set (W, (x), Zu(x)) = (u(x + yu), v(x + y,)). Then {(W,, Z,)} is bounded and (W, Z,) = (u,v) in E,
(w,, Z,) — (u,v)in IL%OC(]RN ). Moreover, there exists a subset A C RY such that (u, v) # (0, 0) a.e. in
A, then it follows from Fatou’s lemma that

0< [(1 +8)? — 1]/ M1u4 + 2,8u2v2 + M2v4 < Ce,
A

for any ¢ > 0, which yields a contradiction. Thus (3.2) holds. Using the fact that 7, (w,, v,) € N,
and (3.2)

00:boo

1 1
Caooboo < IaoobOC (tnwna tnzn) - Z(Ioo(t"(w"’ Un))v tn(wn: Un)>
l2
= if IVw,|? + doow;, + V2, > + booz)
4 RN

1
< 1 / IVw,|? + a(ex)w? + |Vz,|* + b(ex)z2 + o(1)
RN
= Ia(wn’ Zn) + 0(1) < c+ 0(1)

Let n — oo in the above inequality, we have ¢, ;. < ¢ which is impossible. Hence limsup,_, . #, < 1
cannot happen. It implies (u,, v,) — (¥, v)in E. [

Lemma 3.5. ¢, < ¢, ., for sufficiently small ¢ > O.

Proof. Taking any 7 € (0,ax), 0 € (0, by), let (u, v) be a ground state solution for /4. Choose

n e C(‘)’O(}RN, [0, 1]) such that n(x) = 1, for |x| < %, and n(x) = 0, for |x| > 1. For any n € N, define

(Un, vy) = 77(;)(“’ v) and (wy, z,) = t,(u,, v,) such that (w,, z,) € Nre- Since (u,, v,) — (u,v) in H
asn — 00, and (u, v) € Ny, it is easy to see that lim,,_,, £, = 1. Consequently, as n — 00, we have

Io(wy, z2,) = I (tn(una Un)) > Cr0 < Canobeo
Now, we have (w,, z,) — («, v) in H and (w,, z,) € Ny, which implies that

ItG(wna Zn) = I';’l>a(;( IIQ(Iwn’ th)-

By assumption (f2)—(f3) and 0 € Q = AN B, for any 7,0 > 0, there exists R > 0 small such that
a(x) < t,b(x) < 6 for |x| < R and

R
a(ex) < T, b(ex) <0, for|x| < —.
&
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Define

Hg/e := Hy (Bgry(0)) x Hy(Bgr/:(0)),

cfg/g = inf max I¢(tu, tv),
(u,v)€HR/\{(0,0)} 120
then
Ce = inf max I, (tu, tv) < inf max I, (tu, tv)
(u,v)€EN{(0,0)} 120 (u,v)€HR/\{(0,0)} >0
< inf max I (tu, tv) = cfe/e.

~X
(u,v)€HR/e\{(0,0)} 120

Then for any fixed n with I¢(wy, z,) < ¢4 p,, and sufficiently small € > O such that R/e > n, we have
(wny Zn) € HR/S and

R .
crg/g = inf max [o(tu, tv) < max Ig(twy, tz,) = LWy, 2n) < Capbe-
(u,v)€HR/:\{(0,0)} 120 t>0

Then the conclusion follows ¢, < ¢,_p,, for sufficiently small ¢ > 0. [

Lemma 3.6. Assume (f1) holds, then for B > B and sufficiently small ¢ > 0, (P,) has a nontrivial
ground state solution.

Proof. From Lemmas 3.4-3.6, one sees that problem (7;) has a ground state solution (u,, v,) for suffi-
ciently small &. Thus, (Ue, V) = (u:(3), ve(5)) is a ground state solution of problem (C,) for sufficiently
small e. It is sufficient to prove that for sufficiently small ¢ > 0,

ce < min{Z,(Uj.(e+), 0), 1.0, Vis(e-) }. (3.7)

First, as in Lemma 3.3 of [25], we know that for § > 0,

Ce = inf Ke(u, v),
(u,v)€E\{(0,0)}
where
(el , + llvll7)?
Ko, v) = ——o =0

4F (u, )
For (s,t) e I' = {(s,t) : s 2 0,t > 0, (s, ¢t) #~ (0, 0)}, we define a function

Je(s, 1) = ’Cs(\/EUls(g’)s \/Zvls(s’))

_ GIUe(e)lz . + 11 Viee) )
4 fon 12U (ex) + 2Bst UL (ex) VE(ex) + pat Vi (ex)
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It follows that

WUe(e)ld,
fes,0) = ¢ Jow U (ex) — (Ui (e), 0),

Vil
4 [on maVie(ex)

fe(0,1) = 15(07 V15(8')).

Thus, to guarantee (3.7) it is sufficient to prove that f, does not attain its minimum over I" on the line
s = 0 ort = 0. The function f; is a fraction of two quadratic forms in (s, #), and elementary analysis
shows that the quantity

(as + bt)?

, a,b,c,d,e>0
cs? + 2dst + et?

does not attain its minimum in I" on the axes if and only if
ad — bc > 0, bd —ae >0 (3.8)

and then the minimum is attained at (ad — bc, bd — ae). Clearly, to verify (3.7), it suffices to show

Jan Vi Jan UL,
RN "le RN Y le
> —_ and > —_ .
’3 sz]RN U12£ Vlzs IB H fRN U128V128

Thus, if B > B, then (3.7) holds sufficiently small ¢ > 0. [

Proposition 3.7. Assume that ( fi1)—(f3) hold, then for B > B§ and small ¢ > 0, system (P.) has a
positive ground state solution.

Proof. From Lemma 3.1 the functional /. satisfies a mountain pass geometry. By Lemma 3.2 and
Mountain Pass Theorem [3], there exists a (PS),, sequence {(u,, v,)} C E such that I, (u,, v,) = c;
and I(u,, v,) — 0. Then standard argument shows that {(u,, v,)} is bounded. Up to a subsequence,
Lemma 3.5 implies that there exists (u., v.) such that (u,,v,) — (4g, ve), cc = I:(ue, ve) and
I/(u,, ve) = 0. Moreover, since § > f;, from Lemma 3.6, we know that u, # 0 and u, # 0. Thus we
prove (ug, ve) € N,. Finally, we prove that u,, v, > 0. Since (Ju;|, |ve]) € N; and ¢, = I, (Jug|, |ve]),
we deduce that (Ju.|, |ve|) is a nonnegative solution of (P.). Using elliptic estimates and a Harnack
inequality, we infer that |u,|, |v.| > 0. The proof is completed. []

4. Proof of Theorem 1.2

Lemma 4.1 ([29]). Let a function V. € C(RY,R) andy > 0. If V = 0 on RY with liminfj;| o V (x) >
0, and if for each x € RY such that

Vv
liminf — &)
7—Xx |Z — x|)/

> 0,
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then there existl € N, ay, ...,a; € RN, u > 0 and v > 0 such that for each x € R",
Vx) > min{,u, vix —aq1l¥, ..., v|x — a;l”}.
Let us set
___r
24y’

Proposition 4.2. Under the assumptions of Theorem 1.2, there holds

lim sup

g m = il’lf(c;wxi .
e—0

&
gk(N—4) iel

Proof. Fori € Z, x; € Q, let W; € C(R") be the positive y-homogeneous function such that
.ax) = Wilx — x;) . b(x) = Wix — x;)
lim =0 and lim =
X=X |x _xi|7/ X—>X; |X —xl-|V

0, (4.1)

and let (1, ) € CSO(RN) \ {(0, 0)}, we define 7, (resp. ¢;) : R¥ — R by

e (e )]

Computing directly, we have

/zlvnA2+1/ |V¢A2=s“”4{/ V> + |Ve|?
RN RN RN

k+1 k+1
2 2 _ _k(N=4) a(e " x+x) 5,  bETx+x) 2.
/RN a(sx)|775| + b(sx)|(p5| N /RN glk+Dy | l gk+Dy | I

/N iy + 28007 + mogs = VY /N min® + 287°0% + wae®.
R R

’

Since the function W; is y-homogeneous and satisfies (4.1), we have

k+1 . W, (gk+1 bkt .
fim Q€ XX WiETD) ) and fim 26X T
e>0  glk+Dy

e—0  glk+Dy e—>0 gk+Dy = Wy (%), “4.2)

uniformly for x € supp(n) N supp(g). Thus by Lebesgue’s dominated convergence theorem, we have
lim i [ atenin? + b0l = [ Wi+ Wilgl
e—0 gk(N—4) RN ¢ ¢ RN ! ! '

Choosing . > 0 such that <I£(t67769 @), (tene, te@e)) = 0, we observe that t, — 1, € (0, +00) as
& — 0. Moreover, there holds

[ 1R Witnl #1908 + Wil =2 [ uan + 286" + g
R R



T. Chen et al. / Semiclassical states for coupled nonlinear Schrodinger equations
which implies

. Ce . A (teme, o)
limsup ——— < lim ——————— = Jw, (tun, ko) = sup  Jw, (tn, t).
e EFN=H T gh(V-4) e 1€(0,4-00)
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Then by density of C3°(R") in the space Ey := Hy x Hy, by taking the infimum with respect to 7 and

@, we have
limsup ——— < &y,
o ekN—4)

By the arbitrary choice of i € Z, we obtain the conclusion. The proof is completed. [

Proof of Theorem 1.2. Let (u,, v.) be any positive ground state of system (P,) obtained in Proposi-

tion 3.7 and satisfying I, (4., v.) = c.. Define
w0, = ehu, (65,
¢ = " v, ("),

one has
/RN Vi |* = N0 /R Ve |*;

2 k(N—4 2k 2
/Na@x)ug _ ek ’/Ne ()0
R R

4 k(N—4 4
/ g = " )/ oy
R RN

N
2.2 k(N—4 )
/}RNﬂu‘gve3 = gk )/RNﬂa)gqbs.

Similarly, one can get that

—Aw, + 82ka£(x)wa = leg + ,361)8(153;
—Ape + e%be(x)pe = 2> + Bl

where a,(x) = a(e**1x), b,(x) = b(¢**'x). Consequently, there holds

/N Vo | + e*a,(0)w? + |V > + e¥b, (x)$? = /N 11l + 20207 + pad),
R R
By Proposition 4.2, we deduce that, for small ¢ > 0,

/ Vol + *an @)} + IV + % b, ()] < 4.
R

4.3)

(4.4)
4.5)

(4.6)

(4.7)
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Step 1. Now we claim that there exists a sequence {x,} € R" such that

£—0

liminff w! +¢2 > 0.
B (x¢)
It suffices to show that

lim sup 8k<4_N)/ ut + 0t > 0. 4.8)
B

8—>0x€RN )

We adopt some ideas in [29] to show that (4.8) holds. By the scaled version of the classical Sobolev
embedding theorem, for every x € RY

1
2 kN
(/ ug) <Cie™ 2 f EZI‘IVLQ,;I2 + u?,
B B

ek (x) ek (x)

where C is independent of x € R" and &. By [29, Lemma 3.4], for some constant C, independent of
x € R" and & small enough, we obtain

(

and then

([, e
B B

By integration both sides on (4.9) with respect to x over RV,

1
N 2
/ Ul < Cre™2 +2k( sup / u?) |Vue)? + a(ex)u?.
RN xeRN JB RV

ek (x)

2 kN
ug) < C282+2k/ |Vue|* + a(ex)u?,
B

ek (x) ok (x)

1
2
uj) / |Vue)? + a(ex)u?. (4.9)
B

ek (x) ek (x) sk(x)

Similarly,

1
_ay 2
f v < Crem 2 P sup f v Vv |* + b(ex)v?.
RN xeRN JB i RN

1 1
Denote C* = max{(sup, pv [ ko) )2, (Supyepn [ . v},
et (x &t (x

/ u + v} < C*Czs_kTN“k/ |Vue)* + a(ex)u? + [Vve|* + b(ex)v?
RN RN
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can be obtained. Since (u,, v.) is a solution of problem (P.) satisfing
0 < / |Vue|* + a(ex)u? + [Vve|* + b(ex)v?
RN
= / g + 2Buv; + povf < (uy + o +ﬁ)f ug + v}
RN RN
<CCatur + izt e [ VU 4 aeond + V0P + blexe?
RN

one get that

(C*)’e™F % > (Co(uy + 2 + B)

It follows that

liminf sup ek(4_N)/ ul >0,
B

e=>0 | pN o)

or

liminf sup sk(4_N)/ vt > 0.
B

€0 xeRN ok (x)

As a consequence, (4.8) holds.

Step 2. We claim that
lim inf / wf >0 and liminf / ¢! > 0. (4.10)
e>0 JBi(x) e>0 JBi(xe)

We argue by contradiction. Suppose that

lim sup sup / a);t =0,
B (x)

e—>0  xeRN

by the Lions Concentration—-Compactness Principle [16], we deduce that w, — 0 in L?(RY) for 2 <
p < 2*. Multiplying (4.4) and (4.5) by w, and ¢, respectively and integrating both sides with respect to
x over R", we obtain

fN Vo + e%a, ()02 = 0.(1),
R 4.11)

f Vo[ + e%b, (1) = / 126" + 0 (1).
RN RN
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Therefore, there exists ¢, > 0 such that

f W@F+ﬂuuw&=ﬁf
RN

2y
RN

(4.12)

Combing the fact that lim inf,_ fBl(xg) q}? > 0, it follows that ., — 1 by (4.11) and (4.12), as ¢ — 0.

Hence

|
lim 4N 1 (u,, v,) = lim[—f (Ve 2 + %D (x)$2) — &/ ¢j}
E—> RN 4 RN

e—0 o] 2

= lim ﬁ/ (Ve > + £% b, (x)¢?) — M/ o
o]l 2 RN ¢ ¢ € 4 RN €

= lim 4™ [1.(0, 1. v,).

e—0

Noting that 1. (0, t,v.) = I:(0, Vi.(g-)), one has

lim ¥4 Ve, > lim "M, (0, Vio(e1).

e—0 e—0
By rescaling U, and V., f, obtains its minimum at (s,, #.), where

_2_

Se :mg—%/ UlAfe(”Hx)[/g/ Ulze(gﬁx)vlzg(gﬁx) —Mz/ Vlt(g%x)}
RN RN RN

and

Q:mg%/'m@ﬁ@F/z@@ﬁ@m@ﬁ@_m/zm@ﬁ@}
RN RN RN

It follows from Remark 1.3 that s, — s, t, — #; as € — 0, where

so = piaolBeo — pabol, fo = pabolBco — praol,
and

aoz‘/wa?”’”’ bO:LNwi’MZ’ CO:/I;NQ))ZAMC’))%M'
Meanwhile,

=N £ (s, 1) = fo(s, 1) +0.(1) uniformly for (s,7) € ', ase — 0,
where

(spiao + tpabo)?

s,1) = )
fols, 1) 4(182ag + 2Bstco + at?bg)

(4.13)



T. Chen et al. / Semiclassical states for coupled nonlinear Schrodinger equations 147

It follows that

fols, 0) = 52 = Tim VL (U (). 0).

e—0

fo(0. 1) = “fTbo = lim "=V L (0, Vie ().
Moreover, for 8 > B,
folso.10) = min_ fo(s. 1) < min{ fo(s. 0). fo(0.1)}.
Then we observe that
lim 4N (5., 1) < lim 44 min{ 7, (V12 (e-). 0), L (Vie(e). 0) ).

By Lemma 3.6,

lim sup k=N < lim ¥4V min{IE(Ulg(s-),O), Is(Vlg(s-),O)},

e—0 e—>0

which contradicts (4.13).

Step 3. We claim that &*'x, — x; for some i € Z. By Step 1-2, for some &, ¢ € H. (RY)\ {0},
such that, up to a subsequence, w, (- + x.) — @and ¢, (- + x,) — <;3 weakly in HILC(RN) as ¢ — 0. Then
if e¥*1x, — oo as & — 0, by Fatou’s Lemma,

liminf / a.(X)w? + b (x)p? > / Ass®* + b’
RN RN

E—>00

It follows from (4.7) that

/ Aoo®* + bosp? = 0,
RN

which implies that a, = by, = 0. This is a contradiction. As a consequence, up to a subsequence,
gk+lx, — x, for some x, € R" as & — 0. Then Fatou’s Lemma tells us that

/ (6 + b(r)d? = 0
]RN

andthenx, € ANB
Now, we claim that x, = x; for some i € Z. By the assumption of Theorem 1.2, there exists some
positive y-homogeneous function W, € C(R"), such that

. alx) — Welx —xy)
lim

=0 or oo.
X=Xy [x — x4
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For any x # x,, let

_a(x) = Wilx — x,) _ b(x) = Wilx — x,)

)\' - Ax) — ) - Ax) —
(x — xy) T w(x — xy) P
then to conclude the claim, we just need to show that lim,,oA(x) = 0, which implies that
liInx—)O [,L(X) =0.
According to (4.7),

limsup inf
o0 YEBi(xe)

[ ag(x)  be(x) } -

gk+Dy gk+Dy

Thus there exists y, € By(x.) such that

lim sup
e—0

a(ey) | b(e"y,)

gk+Dy gk+Dy <
and e&*'y, — x, as ¢ — 0. For & small, by Lemma 4.1, there holds a(s**'y,) > c|e**'y, — x,|” and
b(e*1y,) > clektly, — x,|” for some ¢ > 0. Then for & small and some C > 0,

k+1

k+1ya—x*|<C8 s

e
from which it follows that

Xx
gk+1

<C+1.

Xg

So for R > 0 large enough, we have Bj(x.) C BR(E,’(%). Due to (4.10), for some w, ¢ € HI})C(RN) \ {0},
such that, up to a subsequence, @, := w, (- + si%) — w and és = ¢ (-+ gi%) — ¢ weakly in HILC(RN)
ase — 0.
If lim,_ o A(x) = 400, then for any x € RV,
82ka(8k+]x +x*) —d W*(x) _|_ k(8k+1x)|)€|y
and

e*b(Mx + x.) = W (x) + (e x) x).

Thanks to (4.7) and () is bounded from below in R", by Rellich’s theorem,

e—0 Xx
s

4m > liminf / e*a. (x)w? + e%b, (x)¢?
BRr(

e—0

= lim inf/ e*a(e"x + x,) @ (x) + ¥b(eM x + x,) 2 (x)
Br(0)
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= lim inf W, () (@7 (x) + @2 (1)) + [x]” (A (e %)@ (x) + w1 x)pZ (x))
e~ Br(0)

> lim iglf/ e l” (A (51 ) @2 (x) + (e x) @2 (x)) = o0,
e Br(0)

which is a contradiction. Thus,

. a(x) = Welx — xy) . b(x) = Wilx — xy)
lim = lim =0.
X— Xy |x—x*|}’ X—> X |x—x*|V

By the assumption of Theorem 1.2, x, = x; for some i € Z.
Step 4. It is easy to know

/ IV, |? + 82ka(8k+1x + x*)c?)f + |V<]38|2 + szkb(sk“x + x*)q;sz
RN
= [ midk + 23202 +
R

Next, we prove (w, ¢) is a critical point of Jy,. By Fatou’s Lemma and the lower semi-continuity of the
norm,

/ IVol* + Wew? + |Vo|* + W
Bgr(0)

e—0

< liminf/ IV |? + 82ka(8k+1x + x*)cbg + IVqS‘,;I2 + ezkb(sk“x + x*)tfbgz
Br(0)
< dm.

Since R is arbitrary, we get that
fN IVo|> + Wow® + |Vo|? + W < 4m (4.14)
R

and then w, » € H'(RY). Forany &, € Cye (RY), Multiplying equation (4.4) and (4.5) by &(- — Efil )

Xx

and 7(- — i7) and making ¢ — 0,

/ VoVE + Wowk + VoV + Wan = / w6 + BFE + PP + b,
RN RN

which implies j‘ﬁv* (w, ¢) = 0in (Hy, X Hy,)* and Jw, (w0, ¢) = Ew,. Due to (4.14), Jw,(w, ) < m =
inf;e7 Ew,. Therefore,

\-7W* (Cl), ¢) = lnf((:W,
ieZ

and (@, &8) — (w, ¢) in Hjo. as &€ — 0. The proof is completed. [
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5. Proof of Theorem 1.5

This last section is devoted to the proof of Theorem 1.5, which covers the case that the potential a and

b vanish on the closure of some smooth bounded open set.

Proof of Theorem 1.5. Step 1. Similarly to Theorem 1.2, for sufficiently small ¢ > 0 and B > B, we

prove that system (C,) has a positive ground state solution (U, V). Define

E, = {(u, v) € Hyq : / 2\Vul> + a(x)u® < oo,/ 2|V + b(x)v? < oo}
RN RN

endowed with norm

1

H(u, v)”s = (/ &2\ Vul* + a(x)u® +/ e2|Vul? +b(x)v2)2.
RN RN

Define the auxiliary functional J, € C'(E,) by for each (w, z) € E.,
1 b(x 1
Je(w, z) = —/ IVw|* + ( a(x) w? 4+ |Vz]? + —= ( ) 2= —F(w, 7).
2 RN 4

Set
de == inf{J:(w, 2) : (w,2) € E. \ {(0,0)}, (J/(w, 2), (w, 2)) = 0}.

For any (u,v) € E, = HO1 (int(£2)) x HO1 (int(£2)), set

1 1
Jo(w, 7) = 5/ |Vw|? + |Vz|* = Z/ piw* + 28wz + ozt
Q Q

Similarly to Lemma 3.6, for sufficiently small ¢ > 0 and 8 > £,

d. =", < eV min{L (U1, (), 0), L (0, Vi.(e1) }.

(5.1)

Moreover, for sufficiently small ¢, problem (C;) admits a ground state solution (U, V;), which is fully
nontrivial. By virtue of the Nehari manifold method, one can show that for any § > 0, the following

problem

—Aw = pw’ + 2w, x €int(Q),
— Az = 7> + Bw?z, x €int(Q),
w, z € Hy (int(2))

admits a ground state solution. Moreover, set

0 < ¢, =inf{J.(w,2) : (w,2) € E.\ {(0,0)}, (J(w, 2), (w, 2)) = 0},

(5.2)
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it is easy to check that d, = J, (e7'U,, e7'V,) < ¢ < é,, where ¢, is the least energy of the following
problem

—Aw = BZ2w, x €int(R),
—Az = Bw?z, x €int(RQ),
w,z € Hol(int(Q)).

Step 2. Let w, = ¢~'U, and z, = ¢~'V,. Noting that for any & > 0,
[ v+ S04 92+ D22 < 53)
RN

It follows from [29, Lemma 2.1] that there exists C > 0 (independent of ¢) such that

[ vwrruty<c [ (vub+amu?),
RN RN

which implies that [y (|Vw,|* + w?) < 4Cc, if ¢ < 1. Similar result holds for z,. So, (w,, z) is
bounded in H if ¢ < 1 and for some (w, z) € H, (w,, z.) — (w, z) in H and (w,, z,) — (w, z) in
L2 (RV)ase — 0.

For R > 0 large enough such that a(x) > == and b(x) > 7"0 for |x| = R. By (5.3),

I .
— min{deo, boo} wf + z? < / a(x)wg + b(x)zg <de,e? >0, &—0.
2 RV\Bg(0) RV\BR(0)

So Rellich’s theorem tells us that w, — w and z, — z strongly in L>(R"). On the other hand, due to
J (we, z;) = 0, for ¢ > 0 small and some C, C; (independent of ¢),

| we. z0)]; < €| we. 25 < €| we. 20 ;-

which shows that || (w, z)|l4+ > 0 and (w, z) # (0, 0).

We claim that w, z # 0. Otherwise, without loss of generalization, if z = 0, then z, — 0 strongly
in L2(RV) as ¢ — 0. Noting that {z,} is bounded in H'(R"), by the Gagliardo—Nirenberg—Sobolev
inequality, z, — O strongly in L*(RV) as ¢ — 0 and

b(x) 2

lim | |Vz )+ —222 = 0.

e—=0 JpN
Then similarly to Section 4,

liminfd, > lim iélfsN*“Ig(Uls(e-), 0),
E—>

e—0

which gives a contradiction by using (5.1) similarly as above.
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Step 3. We show that w, z € H(} (int(2)) for w1, o > 0 small. By (5.3), we have

lim a(x)w? + b(x)z*> = lim a(x)w? +b(x)z2 =0,
e—0 RN\ % e—0 RM\3

which implies that w = z = 0 in R \ X. Similarly,

lim ax)w? +b(x)z> =0
e—0 T\Q

which implies that w = 0 in int(B) \ A and z = 0 in int(A4) \ B. That is, w € H, (int(A)) and

z € Hy (int(B)).
On the one hand, one can get that w, + z. satisfies, in the weak sense,

— AW +z;) < max{u, po, BY(we +20)°,  x € RY.
Recalling that {w, + z.} is uniformly bounded in H'(R") with respect to & and p;, s, > 0 small,
similarly as that in [6, Proposition 2.2], one can get that {w, + z.} is uniformly bounded in L*°(X) with
respect to € and w1, wp > 0 small. Moreover, [|z]|o + [|w|loo < C for some C (independent of 111, o).

On the other hand, denote by ¢, and X, the first eigenfunction and eigenvalue of (—A, HOl (int(B) \ A)))
respectively. Since

b(x)
—Aze + 7& = Mzzz + ﬂw?z‘g, x € RV,
we obtain that

)»1/ ZeP1 =/ (1122 + Bwize ).
int(B)\.A int(B)\.A))

Taking the limit as ¢ — 0,

f Z¢1 [)\.1 * M2Z2] =0.
int(B)\.A

Soif ;t» > 01is small such that A; — p»z%(x) > 0 a. e. in int(B) \ A, we know z = 0 in int(B) \ .A. That
is, 7 € HO1 (int(£2)). Similarly, w € HO1 (int(£2)).
Step 4. For any n, ¢ € HO1 (int(£2)), we have

/ Vw,Vn + Vz, Vo — piwln — Bzowen — wlzeg — pozie = J (we, 2.)(n, ) =0
int(£2)
and hence

f VwVn + VzVe — ww’n — 22wy — Bw’ze — uaz’e = 0.
int(Q)
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In view of the regularity assumptions on the set €2 and by classical regularity theory, (w, z) is a fully
nontrivial solution of problem (5.2) and J,(w, z) = c4.
We also have

limsup/ Vw2 + |V, P+ w? + 22
RN

£—0

a(x)

b(x)
ez ez

<lim [ |Vw.* + Lt w; + 2
e—>0 RN

w? 4+ |Vz|* +

= lim F(we, 22) + [l + 213

:F(w,z)+||w||§+||z||§=/ IVwl* + |Vz]* + w? + 22
]RN

This implies (w,, z.) — (w, z) strongly in H as ¢ — 0. Due to d, = J.(w,, v,) < ¢4, the following
inequality holds

Jo(w, 2) < limsup Jp(we, 2.) < ¢4,

e—0

which yields that (w, z) is a ground state of problem (5.2). The proof is completed. [
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