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1. Introduction

Letd>1,p>1,g>1,7>0,0<a<1, a 3,7 €R be such that

1 v 1 a 1 p
S22 2 Py
P e I

and

i) o)

In the case a > 0, assume in addition that, with v = ao + (1 — a)s,

0<a—o
and
1 v 1 a-1
—-c<1 if —+-—=—-—4+—.
a—o < i T+d p—i— d

Caffarelli, Kohn, and Nirenberg [5] (see also [4]) proved the following well-known in-
equality
v < O||x|*Vul|% T [N Cl(R? 1.1
[ ull - @ey < Clll2*Vull Lo gaylll2] ull g gay  for uwe G (R). (L.1)
In this paper, we extend this family of inequalities to fractional Sobolev spaces W*P.
In the case a = 1, 7 = p, the corresponding inequality was obtained for « = 0 and v = —s
in [7,6] and for 7 = pd/(d— sp), —(d—sp)/p < a = < 0,and 1 < p < d/s in [1]. To our
knowledge, a general version of such inequalities in the framework of fractional Sobolev
spaces was not available.

Forp>1,0<s<1, aa,a € R with a; + as = «, and 2 a measurable subset of
RY, set

P _ |z Pyl *Plu(z) — u(y)|” !
|u|W3,p,a(Q) = / o = y|dre drxdy < +oo  for u € L (Q).

Q Q

In the case a; = ap = a = 0, we simply denote |u|ys».0(q) by |u|ws»)-
Let d>1,p>1,¢>1,7>0,0<a<1,a, §,v € R be such that

l+1:a(%+a;s)+(1—a)(é+§>- (1.2)

In the case a > 0, assume in addition that, with v = ao + (1 — a)s,
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0<a-—o (1.3)

and

Then, we have

Theorem 1.1. Let d>1,p>1,0<s<1,g>1,7>0,0<a <1, a, as,, B,7v€R
be such that o = a1 + s, and (1.2), (1.3), and (1.4) hold. We have

i) if 1/7+~/d >0, then

a 1—a
e ull ety < Cluly oy llelPul (o) forw € CARY,

i) if 1/7+~/d <0, then
a 1—a
2 ull - gty < ClulfyemagealllzlPull gy, for we CHRE\{0}).

Assertion i) was established in [6] for a =1, 7 = p, @1 = a9 =0, and v = —s.

The proof of Theorem 1.1 is given in Section 2. Note that the conditions

1 « 1 B

-+-=, —-+=>0

p d q d

are not required in Theorem 1.1. Without these conditions, the RHSs in the estimates
of Theorem 1.1 are finite for u € C}(R%). The case 1/7 + «/d = 0 will be considered in
Section 3. In contrast with the mentioned results on fractional Sobolev spaces where the
condition a; = ag = /2 is used, this is not necessary in our work.

The idea of the proof is quite elementary and inspired by the work [5]. In the case
0 < a—o < s, the proof uses a variant of Gagliardo—Nirenberg’s interpolation inequality
for fractional Sobolev spaces (Lemma 2.2) and is as follows. We decompose R? into annuli
), defined by

o, = {z e R : 28 <|z| < 2V}

and apply the interpolation inequality to have

<][ ‘u _ ][u T dx)l/T - C(27(d75p)k|u|Ws‘p('ka))a/P(][ ‘u|q>(17a)/q-
oy,

%k ﬂk

Here and in what follows, we denote
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1 /
v=— [ vdx
J[ D]
D D

for a measurable subset D of R? and for v € L'(D). Using again the interpolation
inequality in a slightly different way, we can obtain appropriate estimates for the averages
and derive the desired conclusion. This is the novelty in our approach. The proof in the
case @ — o > s is via interpolation and has its roots in [5]. Similar ideas in this paper are
used in [8] to obtain several improvements of (1.1) in the classical setting. In the case
1<p<d, a=0,and o > —1, one can derive (1.1) using the results in [2], [3] and [7]
(see Remark 2.3).

The paper is organized as follows. In Section 2, we present the proof of Theorem 1.1.
In Section 3, we discuss the case 1/7 ++/d = 0.

2. Proof of the main result

We first state a variant of Gagliardo—Nirenberg inequality for fractional Sobolev
spaces.

Lemma 2.1. Letd>1,0<s<1,p>1,¢>1,7>0, and 0 < a <1 be such that

1 1 s 1—a
- = - — = . 2.1
T a(l’ d>+ q 21)

We have
[ull 1 (ay < Clulfyen@ayllull ofaay — forue Co(R?),

for some positive constant C' independent of .

Proof. The result is essentially known. Here is a short proof of it. We first consider the
case 1/p—s/d > 0. Set p* := pd/(d— sp). We have, by Sobolev’s inequality for fractional
Sobolev spaces,

||u||LP*(Rd) < C|U|stp(m<d)-

In this proof, C' denotes a positive constant independent of w. Inequality (2.2) is now a
consequence of Holder’s inequality. We next consider the case 1/p — s/d < 0. Since

1/p—s/d#1/q,

by a change of variables, one can assume that

[ulwer@a)y = lull orey = 1.
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Since 7 > g > 1 by (2.1), it follows from John—Nirenberg’s inequality that
[ull - ay < C.
The proof is complete. O

The following result is a consequence of Lemma 2.1 and is used in the proof of Theo-

rem 1.1.

Lemma 2.2. Letd>1,p>1,0<s<1,¢q>1,7>0, and 0 < a <1 be such that

1 <1 s) 1—a
Z>al=-=-2)+ )
T p d q

Let A >0 and 0 <r < R and set

D= {z e R*: ) < |z| < AR}.
Then, for u € C*(D),

T 1/7 (1—a)/q

a/
][ u— ][u dx < C’()\Sp_d|u|%,s,p(D)) ’ ][|u|qu (2.2)

D D D

for some positive constant C' independent of u and A.

Proof. By scaling, one can assume that A = 1. Let 0 < s/ < s and 7 > 7 be such that

1 (1 s’>+1—a
T/—ap 7 .

From Lemma 2.1, we derive that

w— ][ " < Cluliye oy lullist)-

D L"/(D)

The conclusion now follows from Jensen’s inequality and the fact |u\WSI,p(D) <

Clulysspy- O
We are ready to give

e Proof of Theorem 1.1 in the case « — 0 < s. By Lemma 2.2, we have, for k € Z,

T 1/7 a/ (1—a)/
(][ ‘u - ][u dm) < 0(2_(d_3p)k|u|€vs,p(ﬂk)) p( ][ |u]? dx) . (2.3)
.!ka ,ka

oy
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Using (1.2), we derive from (2.3) that
1
J1etur do < 02070 ol Ol lelPullS 20
ka Q{k

Let m,n € Z be such that m < n — 2. Summing (2.4) with respect to k from m to n, we
obtain

T T T T . aT 1 T
ol do < € 3 207 faf .03 0l Pl
k=m o k=m

{2m <|z|<2n+1}

(2.5)
Step 1: Proof of 7). Choose n such that
suppu C Ban.
We have
‘][u — ][ (disp)km‘gvsm(dkumﬂl))M/p( ][ luf? d$>(1—a)f/q'
Pt AUy

It follows that, with ¢ = [(1 4+ 277+4) /2]~ < 1,

T+d)k T+d)(k+1 (1—a)T
207+ \][ I B R PPN [ At

Hosr
We derive that
> 2] Lol <03 Wl N e Sy 20
k=m k=m
Combining (2.5) and (2.6) yields
el dr < O [l o Pl e
k=m

{lz[>2m}
One has, for s >0, ¢t > 0 with s+t > 1, and for z > 0 and y; > 0,
s n t
S anit< (Y a) (T ) @
k=m k=m

Applying this inequality with s = a7/p and ¢t = (1 — a)7/q, we obtain that
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T T aT l1—a)T
[ ul” de < Clulifma ey ll2lPullfeE (2.8)
{lz[>2m}
since a/p + (1 —a)/q > 1/7 thanks to the fact & — o — s < 0.
Step 2: Proof of ). Choose m such that
supp u N Bam = (.
We have
at/p (1-a)7/q
d—sp)k
‘][u— ][ < C 9—(d—sp) ‘U|Ws,p(g{kudk+l)) ( ][ |U|q) .
oy ﬂk{»l vQ{kU@{kJrl
It follows that, with ¢ = (1 +277t%)/2 < 1,
- T (1—a)T
o0y +d)(k+1)’ ][ < 2T +d)k ‘][ +C|U|Wsp . dkudk+1)|||m‘ﬁu||Lq(Jﬁ)}¢Uﬂk+1).
41
We derive that
- (
T l—a)T
pOES ey ][ <C S Wil (29)
=m k=m-—1
Combining (2.5) and (2.9) yields
n—1
T (1—a)T
2"l de < C Y7 Tl om0 e -
{lz<2n+1} h=mt
As in Step 1, we derive from (2.7) that
T, |T at (1—a)T
el de < Clulifemaqy el S o

{l=|<2n+1}

The proof is complete in the case « —0 <'s. O
We next turn to

e Proof of Theorem 1.1 in the case « — o > s. We follows the strategy in [5]. Since

1 oz—s?él_i_é7
q d

p+d




2668 H.-M. Nguyen, M. Squassina / Journal of Functional Analysis 274 (2018) 2661-2672

by scaling, one might assume that
|U‘Ws,p,a(Rd) =1 and HUHL‘I(Rd) =1.

It is necessary from (1.4) that 0 < a < 1. Let 0 < ay,a2 < 1 (a1, aq are close to a and
are chosen later) and 71,7, > 0 be such that

1 ai a8 l—aq as 1l—a

a
—=——-— if ———+ >0,
nop d q p d
1 ai ais l—aq . a as 1l—a
—>—Z——— if - — — + S(), (210)
T 7n p d q p d q
and
1 e 1l o
T2 p q
Set
m=aa+(1—a)8 and 3 =as(a—s)+(1—a)s.
We have
1 m (1 a—S) (1 6)
— 4+ L > - 1-— -+ = 2.11
atazul; T +( m)q+d (2.11)
and
1 v (1 a—S) (1 B)
—+ == - 1- ~+=. 2.12
7'2+d a2p+ d + a2) q+d ( )
Recall that
1 v 1 a-s 1 B
I AN 1 (f 7)_ 2.13
T+d a(p+ d >+( @) q+d ( )
We now assume that
lar — a] and |ag — a| are small enough, (2.14)
1 - 1
a1 < a<ay if 2—? ad5<§+§, (215)
<a< ¢ Lpo-s 1.0 (2.16)
a if - —+ = .
2 a al d q d

Using (2.14), (2.15) and (2.16), we derive from (2.11), (2.12), and (2.13) that

1T 7w 1 ~v 1 m
I< —+=<—+=2< —4+—. 2.17
<<t (2.17)
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2669
Since a > 0 and a — ¢ > s, it follows from (2.14) that
ST T T
and, if ¢ — 4 + 122 >0,
Tty o) Gama) >0 (219)

Since, by (2.10), (2.18), and (2.19),

1/7>1/m and 1/7 > 1/79,

it follows from (2.17) and Holder’s inequality that

Mzl ullLr@anpy) < Clllz[™ullpn @ey  and [z ullL-,) < Clllz[u]l L2 ga)-
Applying the previous case, we have

1 1—
el s gty < Clalf e el Pl 2s) < €
and

1—
a2l s oy < CRlZ e el Pl U5 2) < €.
The conclusion follows. O

Remark 2.3. In the case 0 < p < d, one has, for 1/2 < s <1 (see [7]),

u—][u SC(l—s)l/p|u|Ws,p(D).
b lLe* (D)

The same proof yields, with a; = as =a =0, 0 > —s, and 1/7 +v/d > 0,

a a 1—
2wl ey < CO = 8)P[ulfyn oy 2] ull o ny — for u e CLR).
Using the results in [2,3], one knows that

lim (1 — $) /P |ulwep ey = Cap

|Vullppray for u e CL(RY).
We then derive that

a 1—
Il ull - gty < ClIVUG 0 g |2l Pl iy for we CERY).
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Remark 2.4. In the case o — o < s, the proof also shows that if 1/7 +~/d > 0, then

1 a
[ ull - g,y < Clulfyea gy s, lleull g 5., for ue CHRY,
and if 1/7 4+ v/d < 0, then
(1
e[ ullzr(5,) < Clulfyemaplllzlullm,  for ue CHRI\{0}),

for any r > 0. In fact, the proof gives the result with » = 27 with j = m in the first
case and 7 = n + 1 in the second case. However, a change of variables yields the result
mentioned here.

3. On the limiting case 1/7 +~v/d = 0

The main result in this section is

Theorem 3.1. Letd > 1,p>1,0<s<1,g>1,7>1,0<a <1, a1, as,a,3,7v€ER
be such that o = aq + g, (1.2) holds, and

0<a—oc<s.
Let u € CHR?), and 0 < r < R. We have

1) if 1/7+~v/d =0 and suppu C Bpg, then

27 g YT (1
(/m'“ dz) " < Cluliypo g el ul i,
Rd

ii) if 1/7 +~/d =0 and suppun B, = 0, then
ik o\ YT (1—a)
(/WW dﬂU) <C|U"W”’”(]Rd)”|x| U||Lq(Rd)
Rd

Proof. In this proof, we use the notations in the proof of Theorem 1.1. We only prove
the first assertion. The second assertion follows similarly as in the spirit of the proof of
Theorem 1.1. Fix £ > 0. Summing (2.4) with respect to k from m to n, we obtain

1
——— 2|7 |u|" dx
/ 1111+5(T/|93\)| .

{lz|>2m}

1 a)T
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By Lemma 2.2, we have

a/p (1-a)/q
d—sp)k
)][u— ][ ‘ < C’ —(d—sp) |u|ng(kawk+1 ) ( ][ |u|‘1) )

oy, «Q{lﬁ»l .kaUJZ{k+1

Applying Lemma 3.2 below with ¢ = (n — k + 1)¢/(n — k + 1/2)¢, we deduce that

n—k—i—lﬁ‘][

= n—k+1/2f‘ ][

2l 41

—1— T l—a)T
+Cn =k + 1)l e (oo Pl e e (32)
We have, for £ > 0 and k£ < n,

1 1 1
(n—k+1)§ (m—k+3/2¢  (n—Fk+ et

Taking £ =7 — 1 > 0, we derive from (3.2) and (3.3) that

n

1 T - ar (1—a)T
Z (n—k+1)1+¢ ’ ][U‘ =C Z ‘U|Ws’p’&(WkUﬂ7k+1)H|x| uHLq(&ka@fkﬂ) (34)
k=m s k=m
Combining (3.1) and (3.4), as in (2.8), we obtain

|x|'y‘r . (1—a)T
| ey 4 S O X e st o
{l=|>2m} -

Applying inequality (2.7) with s = ar/p and t = (1 — a)7/q, we derive that

mw T at (1—a)T
a4 S Ol o Nl IS

{lz[>2m}

This yields the conclusion. O
In the proof of Theorem 3.1, we used the following elementary lemmas:

Lemma 3.2. Let A > 1 and 7 > 1. There exists C = C(A, 1) > 0, depending only on A
and T such that, for all 1 < ¢ < A,

¢ — |b]” for all a,b € R.

(la] + o)™ < cla]™ + D
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Remark 3.3. In Theorem 3.1, we only deal with the case 7 > 1 (recall that Theorem 1.1
holds for 7 > 0). Similar proof as in the one of Theorem 3.1 holds for the case 7 > 0
under the condition that the constant 7 for the power log is replaced by any positive
constant (strictly) greater than 1.
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