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1. Introduction

This paper presents an asymptotic mean value property for harmonic functions for a class of anisotropic
nonlocal operators. To introduce the argument, we notice that as known from elementary PDEs facts, a C?
function u : & C R™ — R is harmonic in Q (i.e. it holds that Au = 0 in ) if and only if it satisfies the
mean value property, that is
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u(z) = ][ u(y)dy, whenever B, (x) C €.

B, (z)

As a matter of fact, this condition can be relaxed to a pointwise formulation by saying that u € C?(Q)
satisfies Au(z) = 0 at a point x €  if and only if

u(z) = ][ gy +o(r?),  asr —0. (1.1)
B, (x)

This asymptotic formula holds true also in the viscosity sense for any continuous function. A similar property
can be proved for quasi-linear elliptic operators such as the p-Laplace operator —A,u in the asymptotic
form, as the radius r of the ball vanishes. More precisely, Manfredi, Parviainen and Rossi proved in [20]
that, if p € (1, 00], a continuous function u : & C R™ — R is p-harmonic in € in viscosity sense if and only if

24n
pt+n

][ o)y + o(r?), (1.2)

B, (x)

() > () 22 (max o+ min ) +
X max min
¥ T T 2p+2n\B, (o) L4 B, (z) ¥

for any ¢ € C? such that u — ¢ has a strict minimum (strict maximum for <) at € Q at the zero
level. Notice that formula (1.2) reduces to (1.1) for p = 2. Formula (1.2) holds in the classical sense for
smooth functions, at those points # €  such that Vu(z) # 0. On the other hand, the case p = oo offers a
counterxample for the validity of (1.2) in the classical sense, since the function |z|*/3 — |y[*/3 is co-harmonic
in R? in the viscosity sense but (1.2) fails to hold pointwisely. If p € (1, 00) and n = 2 Arroyo and Llorente [4]
(see also [18]) proved that the characterization holds in the classical sense. The limit case p = 1 was finally
investigated in [16].

Since the local (linear and nonlinear) case is well understood, it is natural to wonder about the validity
of some kind of asymptotic mean value property in the monlocal case. As a first approach, we want to

investigate this type of property for a nonlocal, linear, anisotropic operator, defined as

§(u, x, pw)

Lu(x) :7(1/) / da(w)W, (1.3)
0 snt

where

6(u, z,y) = 2u(x) —u(z —y) —u(z +y).
Here, a is a non-negative measure on S" 1, finite i.e.
/ da < A (1.4)
S§n—1

for some real number A > 0. We refer to this type of measure as spectral measure, as it is common in
the literature. We notice that when the measure a is absolutely continuous with respect to the Lebesgue

measure, i.e. when

da(w) = a(w)dA" 1 (w)
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for a suitable, non-negative function a € L'(S"~1), the operator can be represented (using polar coordinates)
as

Lu(z) = /5(u,x,y)a (é) |y|ﬁzs (1.5)
R

Moreover, if a = 1 then the formula gets more familiar, as we obtain the well-known fractional Laplace
operator (see, e.g. [10,12,26] and other references therein).

We remark also that the operator £ is pointwise defined in an open set @ C R™ when, for instance,
u € C%FE(Q) N L®(R™). (Here, C%**<(Q) denotes C%2T¢(Q) or C12T¢71(Q) for a small € > 0, when
2s + € < 1, respectively when 2s +¢ > 1.)

As a matter of fact, the operator (1.3) has been widely studied in the literature, being £ the generator of
any stable, symmetric Levy process. In particular, regularity issues for harmonic functions of £ have been
studied in papers like [5-7,15,27] (check also other numerous references therein). There, some additional
condition are required to the measure, in order to assure regularity. A typical assumption when L is of the
form (1.5) is

0<c<aly) <C in S,
or less restrictively
aly) >ec>0 in a subset of positive measure ¥ c S"7'.

Furthermore, for instance in [5] the measure needs not to be absolutely continuous with respect to the
Lebesgue measure. In [23,24], the optimal regularity is proved for general operators of the form (1.3), with
the “ellipticity” assumption

wesn—1

inf / |w - @] da(w) > A >0 (1.6)
S§n—1

for some real number A\. We note that the assumptions (1.6) are satisfied by any stable operator with
the spectral measure which is n-dimensional (that is, when the measure is not supported on any proper
hyperplane of R™). We will discuss some details related to this ellipticity requirement in Section 4 and in
Remark 5.2.

In this paper, for (1.3) and (1.4), we will adopt a potential theory approach, by using a “mean kernel”,
and provide a necessary and sufficient condition for a function to be harmonic for £, in the viscosity sense.
To be more precise, we denote for some r > 0

() = c(n, s, a)r> / dp / da(w) & +<2°§)_+§)(fp )
‘s S’!L*l

with

c(n, s,a) = SIS / da

™

The following is the main result of the paper.
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Theorem 1.1. Let Q C R™ be an open set and u € L™ (R™). The asymptotic expansion
u(z) = Miu(x) + O(r?), asr —0 (1.7)
holds for all x € Q in the viscosity sense if and only if
Lu(x)=0
in the viscosity sense.

We point out here the paper [13], where the author studies a general type of nonlocal operators defined by
means of mean value kernels. Furthermore, the readers can check [1,9,17] or the very nice recent monograph
[14] and other references therein, for details on the mean kernel and the mean value property for the
fractional Laplacian.

As further results, we provide some asymptotics for s /1 of the operator £ and of the mean value .Z?.
We also prove a Bourgain—Brezis—Mironescu type of formula, for a nonlocal norm related to the operator L.
In fact, as s 1, we obtain the “integer”, local counterpart of the objects under study.

This paper is organized as follows: in the next section we introduce some notations and some preliminary
results. Section 3 deals with the viscosity setting and with the proof of Theorem 1.1. In Section 4 we make
some remarks about the weak setting. In the last Section 5 we study the asymptotic behavior as s 1 of
our fractional operators and prove a Bourgain—Brezis—Mironescu type of formula.

2. Preliminary results and notations

Notations
We use the following notations throughout this paper.

e For some r > 0 and any x € R™

By(z) ={y e R" ||z —y| <r}, B, := B,(0).
S"t = 0By.

o For any = > 0, the Gamma function is (see [3], Chapter 6):

I(z) = /t“"*le*lt dt.
0

o For any z,y > 0, the Beta function is (see [3], Chapter 6):

taf—l

Blz,y) = (] dt

We remark as a first thing the following integral identity.

Lemma 2.1. For any r > 0
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Proof. Changing coordinates, we get that

o0 o0

TQS/ dp B l/ dt Bl —s,s) T
(P2 —r2)sp 2 ) ts(t+1) 2 ~ 2sin(7s)’

T 0

where we have used formulas 6.2.2 and 6.1.17 in [3]. O
We obtain the asymptotic mean value property for smooth functions, as follows.
Theorem 2.2. Let u € C?(2) N L>=(R"). Then
u(z) = Au(x) + c(n, s,a)r* Lu(z) + O(r?)
asr — 0.

Proof. We fix € 2 and ¢ > 0 such that Bas(x) C Q. For any 0 < 7 < ¢, by Lemma 2.1 we have that

u(z) — Au(x) =c(n, s, a)r /dp / da(w)(pfﬁ(g)sp — Miu(x)
r gn—1

c(n, s,a)r /dp/ uxg)w)
p—r)p

nsa/dp/ uxrpw)
,0—1),0

Notice that 1 < §/r, so we write

M) /dp/d“ e /d /d“ = (21)

=: Il —‘rIg
We have that
T o(u, x,rpw 1
Ilz/dp/da(w) ( 1+2SP) 5-
p (1 — L)
é‘ S§n—1 P2

Denote by
1
ti=—-¢ (07 Z)
p 0
and for r small enough with a Taylor expansion we have that
(1 =375 =14 st® + o(t?).

So
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T, = /dp [ date 2] +s/dp / dafu) X272

§ S§n—1

+/dp / da(w)d(u, z,rpw)o (p~372%) .
5 gn-1

Notice that

u, T, rpw
/dp / da Tsp) <4||u||Loo(]Rn / da/ 3425

712+2s 572723

SQA”U”LOO(R'IL) 1—s

It follows that

On the other hand we write

(u,x,rpw) p**
—1).
+1/ dp / dalw pltes (p* — 1)

S§n—1

Then putting together Z; and Z into (2.1) we have that

u(x) — Au(z) O(u, @, rpw)
c(n s,a) /dp / da(w 1+25

—|—/dp / da(w)a(u;ﬁ;fw) ((prisl)s B 1) +O(r?)

1 §n—1

T §(u, x, Tpw
0

S§n—1

s

fio [ e ()

S§n—1

1
1 B, 7p)
U, T, T PW s
_/dp / da(w)?;+o(r2+2 )
0

§n—1

=: rzsﬁu(x) +J+ C’)(r2+25).
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Recalling that u € C?(£2), both for p € (1,6/r) and for p € (0,1) we have that

16(u, z, rpw)| < 1% |[ull 2 (B, (a)-

We thus obtain

H\
3l

91 < lulloxar® [ da<w>(

2s ;
dp pl—28 P 1 /d 1-2s
e ((p2 - 1) " ) e

Sn—l
B r2(1 + O(r??))
=¢ 2(1 — s)

The last line follows since

2s 2—2s __ 2 1 1-s
/pl—Qs A W P (" —1)
(p? —1)® 2—2s

Hence in (2.2) we finally get that

u(z) — Aiu(x) = c(n, s,a)r* Lu(x) + O(r?).
This concludes the proof of the theorem. O
3. Viscosity setting

We begin by giving the definitions for the viscosity setting. First of all (as in [11]), we define the notion
of viscosity solution.

Definition 3.1. A function u € L>®(R"™), lower (upper) semi-continuous in 2 is a viscosity supersolution
(subsolution) to

Lu =0, and we write  Lu > (<)0

if for every x € €2, any neighborhood U = U(z) C Q and any ¢ € C?(U) such that

p(z) = u(z)
o(y) < (>)uly), foranyyeU\{z},

if we let

p, inU
u, inR"\U

4
\
,_/H
—
w
=
N

then

Lou(z) > (<)0.

A viscosity solution of Lu = 0 is a (continuous) function that is both a subsolution and a supersolution.
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Definition 3.2. A function u € L>(R"), lower (upper) semi-continuous in §, verifies for any = € Q
u(z) = Miu(z) + O(r?)

as r — 0, in a viscosity sense, if for any neighborhood U = U(z) C © and any ¢ € C%(U) such that

o(z) = u(z)
o(y) < (>)uly), foranyye U\ {z},

if we let

p, inU
v =
u, InR"\U

then
v(z) > (L) MEv(x) + O(?). (3.2)
We can now prove the main theorem of this paper.

Proof of Theorem 1.1. Let x €  and any R > 0 be such that Br(x) C Q. Let ¢ € C?(Bg(z)) be such that

o(y) < u(y), for any y € Br(z)\ {z}.

We let v be defined as in (3.1), hence v € C%(Bg(x)) N L (R™). By Theorem 2.2 we have that
v(x) = Av(x) + c(n, s,a)r* Lo(x) + O(r?). (3.3)

We prove at first that if u satisfies (1.7) in the viscosity sense given by Definition 3.2 then w is a supersolution
of Lu(xz) = 0 in the viscosity sense. Since

v(x) > MEv(x) + O(r?)
dividing by r2¢ in (3.3) and sending r — 0, it follows that
Lo(x) > 0.

At the same manner, one proves that u is a subsolution of Lu(z) = 0 in the viscosity sense.
In order to prove the other implication, if u is a supersolution, one has from (3.3) that

v(x) — M7o(x)

7/.25 Z 0

lim sup
r—0

)

hence (3.2). In the same way, one gets the conclusion when u is a subsolution. 0O
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4. Some remarks about the weak setting

In this section we consider the weak setting, and in particular provide the condition for a weak solution
to be a pointwise, and a viscosity solution.? In this sense, Theorem 1.1 applies also to weak solutions. We
consider here € to be an open bounded set, with C? boundary.

Let us now define the following norms, semi-norms and spaces:

2
[U]Hé(R") = (m/ dx / da(w) (VU(.T) .W)Z , HUHH(}(R") = [U]Hé(R") + ||u||L2(]R"),
n Sn—l
H\R™) = {u € 2R | [ulmer) < +oo},  HLo(R") := Coo(Rm) 6™
and

1
2

[l s ey = / dx / dp / da(w) (u() _IpTl(fQj pw))?

n R S§n—1
Taking into account that

2

|v]| :== (g/ (v~w)2da(w) , veER?,

is a norm in R", it is readily seen that H!(R™) is a Banach space.
We take the operator £ that satisfies the ellipticity assumption (1.6) and we consider weak solutions of
the equation

Lu=0 in Q.
In particular, we take u € L (R™) of finite energy, i.e. such that

[u] s (mry < 00, (4.1)
and look for critical points of the energy

E(u) = i/dm/dp / da(w) %) pllll(ij p))”

R R Sn—1

Then for any ¢ € C°(Q2), we compute formally

E'(u)[p] = %/ da:/dp / da(w) (U(I) —u(z+ pw))(tp(x) — oz + pw)) '
R™ R §n—1

7+

So we say that u € L°°(R"™) of finite energy is a weak solution of

Lu=0 1in®

2 The equivalence between weak and viscosity solutions for the fractional Laplace operator is addressed for instance, in [25]. See
also [21] for the variational analysis of nonlocal problems driven by fractional operators.
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if and only if
E'(u)g] =0, Ve Q). (4.2)

Remark 4.1. Let us justify the fact that if u € L (R™) N C?(Q), of finite energy satisfies (4.2), then Lu = 0
in ) pointwisely. We have that

& (u)[] :% /d:v/dp / da(w) (U(x)—ir;ﬁ:rzspw))w(x)

1

,%/dx/dp / da(io) L1E) ~ 0l )@l + p)

|p|1+28
Rr R st
1 (2u(@) — u(@ + pw) — u(z — pw))p(x)
=3 / dac/dp / da(w) P
R* R st

— [ do Lula)to)

R

where we have used the change of variable y = x + pw and the symmetry in p. So indeed &'(u)[p] = 0
for any ¢ € C°(Q) implies that Lu = 0 almost everywhere in Q. Furthermore, proceeding as in [26,
Proposition 2.1.4] we have that Lu is continuous in 2, hence Lu = 0 pointwise in .

The following is the main result of this section.
Theorem 4.2. Let u € L (R™) of finite energy be a weak solution of
Lu=0 in Q.
Then for any Q' CC Q we have that u € C(Q) is a viscosity solution of
Lu=0 in Q.

Proof. First of all notice that thanks to [23, Theorem 1.1, a)] we have that u € C(€’). Using the approach
in Theorem [25, Theorem 1], we do the following. We consider a sequence of mollifiers of w, more precisely
we take ¢ € C°(Q) and

o) = e (2). @) —urinle) = [ute - vy

gn €
Rn
The basic properties of mollifiers give us that
ue € C*(R")
Ug ﬁ u a.e. in R" (4.3)

e — u locally uniformly in .
e—0

Furthermore we have that (for ¢ small enough) in the weak sense

Lus=0 in®. (4.4)
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Indeed for any ¢ € C°(), using Fubini we get that

e

() Ioif_g:- pw) /dz (u(z) —u(z + pw))@e(x —2)

R

/
[*]
iz [dp [ )™ LD [ (u0) - v+ p)clo - 2)
o f
Pe

da(w)

(u(2) — ulz + pw)) (Ve(2) — Ye(z + pw))

1+

da(w)

where

e (2) = /ili(x)cps(x —z)dx.
Rr

Notice that (for € small) ¢, € C°(Q). Since u is a weak solution of Lu = 0 in , the claim (4.4) follows.
Recalling that wu. is smooth in ', we know that Lu.(z) is well defined for any = € . According to
Remark 4.1 we get that pointwise in €/

Luc(z) = 0.

Taking v that touches u. at ¢ € Q' from below (as defined in (3.1)), i.e. us(zo) = v(xp), with v —u. <0
in R™ we get that

Cotan) = [dp [ a2 ZHEA LD ZUD L) g ) —0,
0 sn-t

This proves that u. is a supersolution. In the same way, one can prove that u. is a subsolution, thus
Lu. =0

also in the viscosity sense. It is enough now to observe that the operator £ satisfies the first two conditions
of [11, Definition 3.1] (one can prove the second item as in [26, Proposition 2.1.4]). Taking into account
(4.3), we can use [11, Corollary 4.6] to conclude that

Lu=0
in Q' in the viscosity sense. 0O

Also, we notice that if one takes u € L>°(R")NC*(R™) for some o > 0 such that o+ 2s is not an integer,
according to [23, Theorem 1.1, b)] we get that u € C*T25(QY') for any Q' CC . As remarked in [23], one
cannot remove the hypothesis that « € C%(R"), in order to obtain the C?**® regularity of u. So, in this
way, a weak solution of Lu = 0 in € is a both viscosity and pointwise solution in '.
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5. Asymptotics as s 1

In this section we provide some asymptotic properties on the operator £, the mean value defined by
A7 and the semi-norm in (4.1). We study their limit behavior as s approaches the upper value 1. Indeed,
re-normalizing (multiplying by (1 —s)) and sending s * 1, we obtain the local counterpart of the operators
under study. It is interesting in our opinion, from this point of view, to understand what is the influence of
the non symmetric measure da in the limit, with respect to having the d.7#"~! measure on the hypersphere.

We begin by showing the following.

Proposition 5.1. Let u € C%(Q) N L*°(R"™). Then for all z € Q

: BN
21}%(1 —8)Lu(z) = ~3 Z / da(w)w;w; (fju(x)

6,j=1 \gn-1

Proof. We fix z € Q. By a Taylor expansion, we have that for every p > 0 (such that B,(x) C Q) and every
w € S"1, there exists h := h(p,w), h := h(p,w) € [0, p] such that

2 2
O(u,x, pw) = —%(Dgu(x + hw)w, w) — %(DQu(m — hw)w, w).

Since u € C%(Q), we have that for any € > 0 there exists r := r(e) > 0 such that

‘<(D2u(m + hw) — D2u(x))w,w>‘ < ‘DQ’LL(.Z‘ + hw) — D?u(x)||w|* < &, (5.1)
whenever |h| = |hw| < p <.

Fixing an arbitrary e and taking the corresponding r := r(g), we write

u Zpr U , TPW
/dp / dCL 1+29 /dp / da 1+2$ )

1 —
—5 /dp / da(w)p'~**(D*u(z + hw)w, w)
0 gn—1

Lu(zx)

- %/po / da(w)p1_2s<D2U(l‘—ﬁw)w’w>

0 §n—1

Now notice that

17}73 = O/d,ogn/1 da(w)<(D2u(a: + hw) — DQu(x))w,w>p172S

T

+ O/d,OSn/1 da(w)(D*u(z)w, w)p' 5.
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By using (5.1) we notice that

]dp / da(w)<(D2u(a?—|—Ew)—DQu(x))w’w>pl—25 < /dp / da(w)ep' 2
v 0 sn-1

T2_2S
<eA——.
=050 =)
On the other hand, we get that
/dp / da(w)(D*u(z)w,w)p' =2 = Z /dpp —2s / da(w)w;w;
0 Sn—1 4,j=1 0 S§n—1
= oI Z / da(w)w;w; (5.2)
3,j=1 gn—1
1 —9) Z i
7,7=1

using the notation
mij = / wiwjda(w).
Snfl
Multiplying by (1 — s), letting s 1 we get that
lim(1—s)I}, = ;
lim(1 ) Zlm] )+ 0e).
0.

In the same way, one gets the same limit for If’s. Notice also that for s close to 1 (hence when for instance
s>1/2)

2 725 oo n A
IJT,SIS r llullz (R™) .

S

Thus we obtain

lim (1 — =0.
51/ml( $)drs =0

Using the arbitrariness of ¢, it follows that
lim (1 — =—— i
lim (1—s)Lu(x Zl m;;0
i,j

hence the conclusion. O

The interested reader can check also Section 3 (and the Appendix U) in [2] for the asymptotics as s — 1
of another (general) type of nonlocal operator.
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Remark 5.2. Notice that the matrix associated to the local operator, given by the constant coefficients

mi; = / da(wW)wiw; 4,j=1,...,n
Sn—1

is symmetric. Then that the local operator that we have obtained, i.e.

1 n
u=-—3 Z mijafju(x)

i,j=1

is the classical Laplacian, up to a change of coordinates, provided that the matrix is also positive definite.
In fact, in order to have this, one should ask that

i cwl? > .
welélnf—l / lw-@*>A>0 (5.3)
n—1

In that case, indeed for any @ € S*~! we have that

Zwiwj/da wzwjfz /da W)wlo;w;il; = /da(w)|w~w|2.

4,=1 gn—1 4,j=1g gn—1
Notice that (5.3) is true if the ellipticity assumption (1.6) holds, uniformly in s.

Furthermore, we have the next result.

Proposition 5.3. Let u € C*(Q) N L>°(R™). For all x € Q and any r > 0 with By, (x) C Q

hm MEu(x / da da(w) (u(z — rw) + u(z + rw)).
—1
Proof. We fix € € (0,1), which we will take arbitrarily small in the sequel. We have that

/dp/da x+pw)+ (?J—W)

—r2)°p

cnsa

- / dp / da(w w+r€>:>_+lz;<w—mw>

= / dp / da(w u(z +rpw) +u(z — rpw) (5.4)

(p* —1)%p
1+e gn-1
1+¢
u(lx +rpw) +ulx —rpw
+/dp/da(w)( p2) ( pw)
(p* —1)%p
1 gn—1
::Il+12.

Now
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|Il|</dp/d \ux—i—rpw)—l—u(m—rpwﬂ

(P> = 1)%p
14 Sn—
t o [ datlte ) bt Zrpe)
2 gn-t

<2Mullcqsan o) / da / LT

n—1 1+e

dp
T / da / __dp
[[wll oo () -1
gn—1 2

2 e’}
2A | ull e By, (2)) dp dp
< - 4A o0 n T~
—<1+s><2+e>sl/ PESTER “‘“2/ Pz

+e

_ 20 ullos,, @ = el=s) N 4AHU||L°°(W)'

- 1—s S

Notice that since

we obtain

lim ¢(n, s,a)Z; = 0.
s—1

On the other hand, integrating by parts, we get that

1+¢

(PP=1pp  (1-s)(c+20(1+e) 1-s

We have that

d u(x — rpw)

< < (Bo ()
PRTESA ‘ < c(r)lluller (B, 2))

hence
14-¢

u(e —rpw) e u(r —r(l 4 e)w) g2-s
/ o 1y (A-s)r2p(lre 1o

In the same way, we get that

1-s 2—s
/d +rpw) et (z+r(l+e)w) < £

P —1p A=9)E+20+e| = 1= Nltlerme @

1+e
u(lr —rpw)  elTu(z —r(l+¢e)w) 1 1—s d u(z — rpw)
[ @ /dp(p_D TRTESVIN

sC(T)HUIIc:l(Bz,.(m))-
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It follows that

6175

(1-9)(e+2)(1+¢)

Iy— / da(w) (u(z —r(l+e)w) +u(z+r(l+e)w))
gn—1
2—s

< T e luller (5, 0)-

Multiplying by ¢(n, s, a) and sending s 1 we get that

(fou 2 da)”
21}% c(n,s,a)ly = (Ej_z)Tsn/l da(w) (u(z —r(1 +e)w) +u(z +r(l +e)w)) + O(e).

For e — 0 we get that

—1
il/‘ni c(n,s,a)ly = % Q/ da / da(w) (u(z — rw) + u(z + rw)).
n—1 Sn

So putting together the limits involving 77,7, into (5.4) we obtain the conclusion. O
We use now the norms introduced at the beginning of Section 4. We have the next inequality.

Proposition 5.4. Let u € H}(R™). Then there exists C > 0 independent of s € (1/2,1) with

(1= 9)[ulirg@n) < Cllulliry @n-

Proof. We have that

[z [ date) ) ~ ula + p))* < Plulfyyen.

Indeed, for all p € R, we have

/dx / da(w) (u(z) — u(z + pw))? / / /1Vu (x +tpw) - wdt
Rr  gn-1 Sn—t 0
/ 0/ dt (Vu(z + tpw) - w)?

S§n—1

1

< p? / dt / dzx / da(w) (Vu(z + tpw) - w)?

0 R Sn—1

= PQ[UE;(RW

Therefore
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1
(1= 9)[ull s @y < 201 — )[ul2 @y / 2 g,

+(1—5) [ dpp™'72% /d(L’ / da(w —u(z 4 pw))?

+(1—5) [ dpp™'72% /d:): / da(w)(u(z) — u(z — pw))?

R» sn—1

< C([“ﬁz;(u@n) + lullZzgny),

H\g '-‘\8

for some positive constant C. O

In what follows, we prove a Bourgain—Brezis—Mironescu type property [8] for anisotropic norms. A dif-
ferent type of anisotropicity in the formula was recently investigated in [22] and in [19].

Proposition 5.5 (BBM type formula). Let u € H) ((R™). Then, we have the formula

lim (1 = s)[u]37; @y = [u]F1 gy (5.5)

s—1

Proof. We prove (5.5) first for any u € C(R"™). We write

/dw/dp [ da(w) (u(=) —p’li,g:zs_’_ p)?
/dx/dp / da(w —;g; )’ y

Je [ [ g Mo

R 0 §n—1

h(p,w),h := h(p,w) € [0, p] such that

Since u € C' by the mean value theorem, there exist h :=

u(z + pw) — u(r) = pw - Vu(z + hw)  and
u(r — pw) —u(x) = — pw - Vu(x + hw).

Furthermore, for any ¢ > 0 there exists r := r(¢) > 0 such that
[Vu(z + hw) — Vu(z)| < e whenever |h] = |hw| < p <. (5.7)

We fix £ > 0 (to be taken arbitrarily small in the sequel) and consider the correspondent r := r(e). We then
write



124 C. Bucur, M. Squassina / J. Math. Anal. Appl. 466 (2018) 107-126

/ d”’“’/m dp / too Ml )
R a

/da:/d,o/da p' 7% (Vu(z + hw) - )

0 S§n—1
2
(u(z) — u(z + pw))
+/dx/dp / da(w) pE=E
R” r §n—1
=L+,

Notice that

I, = / /dpp / da(w)(Vu(z + hw) - ) - (Vu(x)~w)2
Rn

§n—1

1=2s a(W) (Vu(z) - w)?
+R[d O/dpp 2sn[1d<>(w> )

=J + 2.
From (5.7), we have that
[(Vu(e + ) - w)* = (Vu(@) - )’
< | (Vu(e +Fw) = Vu(@)) -w| | (Vu(z + Fw) - Vu(@)) | < 2lfullor @

Therefore, for some compact set K C R™ independent of €, there holds

2—2s

2(1—s) K.

| Trs| < eMllullorn)

Also

J2, = % / dz / da(w)(Vu(z) - w)?.

R Sn—1
It follows that
lim (1 - s)I; , = /dx / da(w)(Vu(z) - w)* + O(e).
S—r
R‘n
Furthermore we get that
o0 2s 2
<% ||u A
12,] < 2ulfaund [ 077 dp = T

T

hence

lim (1 — 3)1375 = 0.

s—1
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We finally get that

lim(1—s /dx/dp / da(w )_ptltg: pw))z :% / da(w)(Vu(z) - w)? + O(e).

s—)l
§n—1

We obtain the same limit for the second term in (5.6) and get (5.5) for u € C}(R™) by sending ¢ — 0. Let
now u € H, o(R™). There exists {u;}; € C2°(R™) such that

v —wjllg1@ny =0 as j— oo.
Then, according to Proposition 5.4 we have that
2 )
(1= s) ([ mz @y = [z @)™ < (1= 8)[u = ul3@mny < Cllu = uj|[F@ny =0 asj— 0.
The conclusion (5.5) for u € H, ((R") immediately follows. O

Remark 5.6. If da = d#" !, the left-hand side of the formula in Proposition 5.5 boils down to
2
) ot (80— + )
oyt = /dx/d'”/ e T

while the right-hand side to

1 7 (W) (w - Vu(z 2:% u(z)|?dx
2R[dsn/lw (@) Vu())? = 22 Q/IV()Id

where

Qs = / 0 - w2d™ = (w)

S§n—1

for some o € S*~!. This is consistent with the usual Brezis-Bourgain-Mironescu formula (see [8]).
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