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Abstract. We obtain some nonlocal characterizations for a class of variable exponent Sobolev spaces arising in nonlinear
elasticity, in the theory of electrorheological fluids as well as in image processing for the regions where the variable exponent
p(x) reaches the value 1.
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1. Introduction

Let � be a smooth bounded domain, p � 1 and ϕ : [0, +∞) → [0, +∞) be a continuous function,
except at a finite number of points, such that ϕ(0) = 0 and

γn,p

∫ +∞

0
ϕ(t)t−(p+1) dt = 1,

where

γn,p =
∫
Sn−1

|ω · e|p dHn−1(ω), e ∈ S
n−1.

If ϕ satisfies further growth conditions, Brezis and Nguyen proved recently in [7] that for every function
u ∈ W 1,p(�) with p > 1

lim
δ→0+ δp

∫
�

∫
�

ϕ(|u(x) − u(y)|/δ)
|x − y|n+p

dx dy =
∫

�

∣∣∇u(x)
∣∣p dx.

Hence the p-Dirichlet energy functional

W 1,p(�) � u �→
∫

�

∣∣∇u(x)
∣∣p dx

can be approximated by a suitable class of nonlocal nonconvex energy functionals.
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A similar pointwise convergence result was investigated in [6] for smooth functions in the case p = 1,
relevant for image processing. In this case, the above nonlocal nonconvex functionals are related to image
processing theories. For nonsmooth functions the situation is much more involved and the convergence
only holds in the sense of Γ -convergence [6]. As a model function for the above results one can think of

ϕ(t) = a

{
tp+1, for 0 � t � 1,

1, for t > 1,
a > 0. (1.1)

Other types of nonlocal nonconvex approximations of p-Dirichlet energies where previously investi-
gated by Nguyen in [14–16] after more classical convex approximations like the one by Bourgain, Brezis
and Mironescu where studied, see [3,4].

On the other hand, differential equations and variational problems involving variable p(x)-growth
conditions, and hence variable exponent Sobolev spaces W 1,p(·), arise from nonlinear elasticity theory
and electrorheological fluids, and have been the target of various investigations, especially in regularity
theory, see [1,2,10]. A model investigated by Chen, Levine e Rao [8] was elaborated with the idea of
merging parts of the domain where p(x) = 2 (isotropic diffusion) is a suitable choice and parts where
p(x) = 1 (total variation case) is instead more suitable. They investigated the minimization problem

min
∫

�

|Du|p(x) + λ

2

∫
�

|u − f |2 dx

with 1 � p(x) � 2 and λ � 0. It is thus natural to wonder if also the p(·)-Dirichlet energy

W 1,p(x)(�) � u �→
∫

�

∣∣∇u(x)
∣∣p(x)

dx

can be approximated by a suitable class of nonlocal nonconvex energy functionals. We will prove that,
in fact, under suitable assumptions on the function ϕ(x, t)

lim
δ→0+

∫
�

∫
�

δp(x) ϕ(x, |u(x) − u(y)|/δ)
|x − y|n+p(x)

dx dy =
∫

�

∣∣∇u(x)
∣∣p(x)

dx,

for every u ∈ W 1,p+
(�) ∩ W 1,p−

(�) in the case inf p > 1 and for u ∈ C1(�) in the case inf p = 1. As
an example of function ϕ consistent with the meaningful constant case (1.1), one can consider

ϕ(x, t) =
{

a(x)tp(x)+1, for 0 � t � 1,

b(x), for t > 1,

where a(x) is a measurable function and

b(x) = p(x)

(
1

γn,p(x)

− a(x)

)
, a(x) � p(x)

γn,p(x)(p(x) + 1)
� b(x),

for a.e. x ∈ �, in order to fulfill the normalization

γn,p(x)

∫ +∞

0
ϕ(x, t)t−(p(x)+1) dt = 1, (1.2)
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where we have set, for a.e. x ∈ R
n,

γn,p(x) :=
∫
Sn−1

|ω · e|p(x) dHn−1(ω), e ∈ S
n−1.

Previously, in the recent work [12], two of the authors proved a different approximation result in the
variable exponent case. More precisely, for u ∈ W 1,p+

(Rn) ∩ W 1,p−
(Rn), then

lim
δ→0

∫
Rn

∫
Rn∣∣u(x)−u(y)

∣∣>δ

δp(x)

|x − y|n+p(x)
dx dy =

∫
Rn

Kn,p(x)

∣∣∇u(x)
∣∣p(x)

dx,

where we have set

Kn,p(x) := 1

p(x)

∫
Sn−1

|ω · e|p(x) dHn−1(ω), e ∈ S
n−1.

This extends the results in [14].
The limitations to u ∈ W 1,p+

(�) ∩ W 1,p−
(�) in place of u ∈ W 1,p(·)(�) is related to failure of the

continuity inequality for the maximal function when p(x) is not constant. More precisely, taken any
ω ∈ S

n−1, we define Mω(u)(x) = suph>0
1
h

∫ h

0 |u(x + sω)| ds as the maximal function of u along the
direction ω. By [17, Lemma 3.1] there exists C > 0 such that, for all ω ∈ S

n−1,∫
Rn

∣∣Mω(u)(x)
∣∣p dx � C

∫
Rn

∣∣u(x)
∣∣p dx, ∀u ∈ Lp

(
R

n
)
.

For variable exponents the inequality fails in general [9,13]. For instance, if p(x) = 2 on (−∞, −2)

and p(x) � 4 on [2, +∞), then
∫
R

|u|p(x) dx < +∞, but
∫
R

|M(u)|p(x) dx = +∞ for the function
u(x) = |x|−1/3χ[2,∞)(x).

2. Main results

Let us now formulate the main results. Consider p : � → [1, +∞) measurable and set

p− := ess inf
�

p and p+ := ess sup
�

p.

We set

W 1,p±
(�) := W 1,p+

(�) ∩ W 1,p−
(�),

Let ϕ : Rn × [0, +∞) → [0, +∞) be a continuous function – except at a finite number of points in
(0, +∞) – such that ϕ(x, 0) = 0 for a.e. x ∈ R

n and satisfying the following assumptions

∃a � 0 : ϕ(x, t) � atp(x)+1, ∀t ∈ [0, 1], (2.1)

∃b � 0 : ϕ(x, t) � b, ∀t ∈ R
+, (2.2)
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for a.e. x ∈ R
n. In the spirit of [7], we introduce the following nonlocal functionals


δ(u) :=
∫

�

∫
�

ϕδ(x, |u(x) − u(y)|)
|x − y|n+p(x)

dx dy,

where

ϕδ(x, u) := δp(x)ϕ(x, u/δ), δ > 0.

As anticipated, we will prove that, in the above framework, if 1 � p− � p+ < +∞, then

lim
δ→0+ 
δ(u) =

∫
�

∣∣∇u(x)
∣∣p(x)

dx

for u ∈ W 1,p±
(�) when p− > 1 and for u ∈ C1(�̄) when p− = 1. As already pointed out this is not

a technical limitation, but a true difference between p− > 1 and p− = 1. Further sufficient conditions
for a function to belong to W 1,p(·)(�) can be found in Proposition 2.2 and Theorem 2.3. The integrals of
[14–16] corresponds to ϕ(x, t) = χ(1,+∞)(t), up to small changes in the formulation of the results.

2.1. The case p− > 1

We have the following main result

Theorem 2.1. Let 1 < p− � p+ < +∞ and u ∈ W 1,p±
(�). Assume (1.2), (2.1), (2.2). Then

(a) there exists C > 0, depending on p± and the domain �, such that for every δ > 0


δ(u) � C
(‖∇u‖p+

Lp+
(�)

+ ‖∇u‖p−
Lp−

(�)

);
(b) we have

lim
δ→0+ 
δ(u) =

∫
�

∣∣∇u(x)
∣∣p(x)

dx.

Proof. First of all, we prove the results in the case � = R
n.

(a) By making the change of variables z = x − y and using polar coordinates for z, we can write

δ(u) as


δ(u) =
∫
Rn

∫
Rn

δp(x) ϕ(x, |u(x) − u(y)|/δ)
|x − y|n+p(x)

dx dy

=
∫
Rn

∫
Sn−1

∫ +∞

0
δp(x) ϕ(x, |u(x + hω) − u(x)|/δ)

|hω|n+p(x)
hn−1 dh dHn−1(ω) dx

=
∫
Rn

∫
Sn−1

∫ +∞

0
δp(x) ϕ(x, |u(x + hω) − u(x)|/δ)

hp(x)+1
dh dHn−1(ω) dx.
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By setting h = δh̃ and relabeling h̃ as h, we have


δ(u) =
∫
Rn

∫
Sn−1

∫ +∞

0
δp(x) ϕ(x, |u(x + hω) − u(x)|/δ)

hp(x)+1
dh dHn−1(ω) dx

=
∫
Rn

∫
Sn−1

∫ +∞

0
δp(x) ϕ(x, |u(x + δh̃ω) − u(x)|/δ)

(δh̃)p(x)+1
δ dh̃ dHn−1(ω) dx

=
∫
Rn

∫
Sn−1

∫ +∞

0

ϕ(x, |u(x + δhω) − u(x)|/δ)
hp(x)+1

dh dHn−1(ω) dx,

so that


δ(u) :=
∫
Rn

∫
Rn

ϕδ(x, |u(x) − u(y)|)
|x − y|n+p(x)

dx dy

=
∫
Rn

∫
Sn−1

∫ +∞

0

ϕ(x, |u(x + δhω) − u(x)|/δ)
hp(x)+1

dh dHn−1(ω) dx.

Now, from the fundamental theorem of calculus, the inequalities chain

|u(x + δhω) − u(x)|
δ

� 1

δ

∫ δh

0

∣∣∣∣ d

ds
u(x + sω)

∣∣∣∣ ds

= 1

δ

∫ δh

0

∣∣∇u(x + sω) · ω∣∣ ds � hMω(∇u)(x)

follows for a.e. (x, h, ω) ∈ R
n × R

+ × S
n−1, where Mω(∇u)(x) denotes the maximal function of ∇u

along the direction ω ∈ S
n−1 that, for a general function f : Rn → R, is given by

Mω(f )(x) := sup
h>0

1

h

∫ h

0

∣∣f (x + sω)
∣∣ ds.

Let us set

ϕ̃(x, t) :=
{

atp(x)+1, t ∈ [0, 1),

b, t ∈ [1, +∞).

ϕ̃(x, ·) is a non-decreasing function for a.e. x ∈ R
n and, according to hypothesis (2.1) and (2.2), we have

ϕ(x, t) � ϕ̃(x, t), ∀t ∈ R, for a.e. x ∈ R
n.

For these reasons,

ϕ
(
x,

∣∣u(x + δhω) − u(x)
∣∣/δ) � ϕ̃

(
x,

∣∣u(x + δhω) − u(x)
∣∣/δ) � ϕ̃

(
x, hMω(∇u)(x)

)
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for a.e. (x, h, ω) ∈ R
n × R

+ × S
n−1, so we obtain


δ(u) =
∫
Rn

∫
Sn−1

∫ +∞

0

ϕ(x, |u(x + δhω) − u(x)|/δ)
hp(x)+1

dh dHn−1(ω) dx

�
∫
Rn

∫
Sn−1

∫ +∞

0

ϕ̃(x, hMω(∇u)(x))

hp(x)+1
dh dHn−1(ω) dx

=
∫
Rn

∫
Sn−1

∫ +∞

0
ϕ̃(x, t)

(Mω(∇u)(x)

t

)p(x)+1 1

Mω(∇u)(x)
dtdHn−1(ω) dx

=
∫
Rn

∫ +∞

0
ϕ̃(x, t)t−(p(x)+1) dt

∫
Sn−1

∣∣Mω(∇u)(x)
∣∣p(x)

dHn−1(ω) dx, (2.3)

where we have set t = hMω(∇u)(x). We are now ready to prove the existence of a constant C > 0,
depending on p±, such that


δ(u) � C
(‖∇u‖p+

Lp+
(Rn)

+ ‖∇u‖p−
Lp−

(Rn)

)
.

First of all, for how the function ϕ̃ was built, let us observe that, for a.e. x ∈ R
n, the term

∫ +∞

0
ϕ̃(x, t)t−(p(x)+1) dt

is bounded. In fact, recalling that 1 < p− � p(x) � p+ < +∞, we have

∫ +∞

0
ϕ̃(x, t)t−(p(x)+1) dt =

∫ 1

0

(
atp(x)+1

)
t−(p(x)+1) dt +

∫ +∞

1
bt−(p(x)+1) dt

� a + b

∫ +∞

1

1

tp
−+1

dt = α < +∞,

for a.e. x ∈ R
n, so that equation (2.3) becomes


δ(u) � α

∫
Rn

∫
Sn−1

∣∣Mω(∇u)(x)
∣∣p(x)

dHn−1(ω) dx. (2.4)

At this point, the integral

∫
Rn

∣∣Mω(∇u)(x)
∣∣p(x)

dx

can be splitted over the sets of x ∈ R
n with

Mω(∇u)(x) � 1 or Mω(∇u)(x) > 1,
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in order to estimate the integrands by using, respectively, the exponents p− or p+ and then by extending
them to the whole R

n. In this way, we get

∫
Rn

∣∣Mω(∇u)(x)
∣∣p(x)

dx �
∫
Rn

∣∣Mω(∇u)(x)
∣∣p−

dx +
∫
Rn

∣∣Mω(∇u)(x)
∣∣p+

dx, ∀ω ∈ S
n−1.

By the theory of maximal functions, as treated in [18] and adapted to the variable exponent case in [12],
there exists positive constants Cp± , depending on p±, such that

∫
Rn

∣∣Mω(∇u)(x)
∣∣p−

dx +
∫
Rn

∣∣Mω(∇u)(x)
∣∣p+

dx

� Cp−

∫
Rn

∣∣∇u(x)
∣∣p−

dx + Cp+

∫
Rn

∣∣∇u(x)
∣∣p+

dx

� Cp±
(‖∇u‖p−

Lp−
(Rn)

+ ‖∇u‖p+
Lp+

(Rn)

)
, ∀ω ∈ S

n−1,

where Cp± := max{Cp−, Cp+}. For this reason, equation (2.4) becomes


δ(u) � α

∫
Rn

∫
Sn−1

∣∣Mω(∇u)(x)
∣∣p(x)

dHn−1(ω) dx.

� αCp±
(‖∇u‖p−

Lp−
(Rn)

+ ‖∇u‖p+
Lp+

(Rn)

)
Hn−1

(
S

n−1
)
.

The assertion follows taking C := αCp±Hn−1(Sn−1).
(b) By the notion of directional derivative, let us observe that

lim
δ→0+

|u(x + δhω) − u(x)|
δ

= ∣∣∇u(x) · ω∣∣h (2.5)

for a.e. (x, h, ω) ∈ R
n × R

+ × S
n−1. As a consequence, since – for a.e. x ∈ R

n – ϕ(x, ·) is continuous
at 0 and almost everywhere on (0, +∞), we have

lim
δ→0+

1

hp(x)+1
ϕ

(
x,

|u(x + δhω) − u(x)|
δ

)
= 1

hp(x)+1
ϕ
(
x,

∣∣∇u(x) · ω
∣∣h)

for a.e. (x, h, ω) ∈ R
n×R

+×S
n−1. Making the integral of this quantity over the sphere Sn−1 and respect

to h ∈ [0, +∞), by replacing t = |∇u(x) · ω|h, for a.e. x ∈ R
n we get

∫
Sn−1

∫ +∞

0

1

hp(x)+1
ϕ
(
x,

∣∣∇u(x) · ω∣∣h)
dh dHn−1(ω)

=
∫
Sn−1

∫ +∞

0

|∇u(x) · ω|p(x)+1

tp(x)+1
ϕ(x, t)

1

|∇u(x) · ω| dt dHn−1(ω)

=
∫ +∞

0
ϕ(x, t)t−(p(x)+1) dt

∫
Sn−1

∣∣∇u(x) · ω∣∣p(x)
dHn−1(ω). (2.6)
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Since, for every V ∈ R
n and for all x ∈ R

n,

∫
Sn−1

|V · ω|p(x) dHn−1(ω) = |V |p(x)

∫
Sn−1

|ω · e|p(x) dHn−1(ω), e ∈ S
n−1.

taken V = ∇u(x), equation (2.6) becomes

∫
Sn−1

∫ +∞

0

1

hp(x)+1
ϕ
(
x,

∣∣∇u(x) · ω∣∣h)
dh dHn−1(ω)

= ∣∣∇u(x)
∣∣p(x)

∫
Sn−1

|ω · e|p(x) dHn−1(ω)

∫ +∞

0
t−(p(x)+1)ϕ(x, t) dt

= ∣∣∇u(x)
∣∣p(x)

γn,p(x)

∫ +∞

0
ϕ(x, t)t−(p(x)+1) dt = ∣∣∇u(x)

∣∣p(x)
, (2.7)

for a.e. x ∈ R
n, where we used hypothesis (1.2) on ϕ. Integrating the last equation with respect to x over

the space R
n, we have

∫
Rn

∫
Sn−1

∫ +∞

0

1

hp(x)+1
ϕ
(
x,

∣∣∇u(x) · ω
∣∣h)

dh dHn−1(ω) dx =
∫
Rn

∣∣∇u(x)
∣∣p(x)

dx.

Keeping into account what we have done in the first part of the proof, we are able to apply the dominated
convergence theorem, so that

lim
δ→0+ 
δ(u) = lim

δ→0+

∫
Rn

∫
Sn−1

∫ +∞

0

ϕ(x, |u(x + δhω) − u(x)|/δ)
hp(x)+1

dh dHn−1(ω) dx

=
∫
Rn

∫
Sn−1

∫ +∞

0
lim

δ→0+
ϕ(x, |u(x + δhω) − u(x)|/δ)

hp(x)+1
dh dHn−1(ω) dx

=
∫
Rn

∫
Sn−1

∫ +∞

0

1

hp(x)+1
ϕ
(
x,

∣∣∇u(x) · ω∣∣h)
dh dHn−1(ω) dx

=
∫
Rn

∣∣∇u(x)
∣∣p(x)

dx

and the assertion follows.
We are now ready to discuss the case in which � ⊂ R

n is a bounded and smooth domain.
(b) Let D � � and fix t > 0 small enough such that

B(x, t) = {
y ∈ R

n : |x − y| < t
}
� �, ∀x ∈ D.

For every u ∈ W 1,p(·)(�), we have


δ(u) �
∫

D

∫
B(x,t)

ϕδ(x, |u(x) − u(y)|)
|x − y|n+p(x)

dy dx.
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By using polar coordinates and – more precisely – making the change of variables x − y = δhω, for
ω ∈ S

n−1, the previously equation becomes


δ(u) �
∫

D

∫ t/δ

0

∫
Sn−1

δp(x) ϕ(x, |u(x + δhω) − u(x)|/δ)
(δh)n+p(x)

δnhn−1 dt dHn−1(ω) dx

=
∫

D

∫ t/δ

0

∫
Sn−1

ϕ(x, |u(x + δhω) − u(x)|/δ)
hp(x)+1

dt dHn−1(ω) dx

By employing Fatou’s lemma, remembering equations (2.5) and (2.7), it follows

lim inf
δ→0+ 
δ(u) � lim inf

δ→0+

∫
D

∫ t/δ

0

∫
Sn−1

ϕ(x, |u(x + δhω) − u(x)|/δ)
hp(x)+1

dt dHn−1(ω) dx

�
∫

D

lim inf
δ→0+

∫ t/δ

0

∫
Sn−1

ϕ(x, |u(x + δhω) − u(x)|/δ)
hp(x)+1

dt dHn−1(ω) dx

=
∫

D

∫ +∞

0

∫
Sn−1

ϕ(x, |∇u(x) · ω|h)

hp(x)+1
dt dHn−1(ω) dx

=
∫

D

∣∣∇u(x)
∣∣p(x)

dx,

so, from the arbitrariness of D � �, we have

lim inf
δ→0+ 
δ(u) �

∫
�

∣∣∇u(x)
∣∣p(x)

dx. (2.8)

Now, we want to prove that

lim
δ→0+ 
δ(u) =

∫
�

∣∣∇u(x)
∣∣p(x)

dx, ∀u ∈ W 1,p±
(�).

Let u ∈ W 1,p±
(�). Taken a bounded subset V ⊂ R

n containing the domain �, there exists an extension
ũ ∈ W 1,p±

(Rn) of u, defined over the entire space R
n, such that

i. ũ(x) = u(x) for a.e. x ∈ �;
ii. ũ is compactly supported in V , that is supt(ũ) ⊂ V ;

iii. there exist constants C± > 0, depending on p±, � and V , such that

‖ũ‖W 1,p+
(Rn) � C+‖u‖W 1,p+

(�), ‖ũ‖W 1,p−
(Rn) � C−‖u‖W 1,p−

(�)

and

‖ũ‖Lp+
(Rn) � C+‖u‖Lp+

(�), ‖ũ‖Lp−
(Rn) � C−‖u‖Lp−

(�).

Notice that it is possible to find an extension over the entire space W 1,p±
(Rn) because, in the classi-

cal extension theorem, the approximation sequences involved do not depend on the exponent p of the
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Sobolev space considered, but only the constant C – satisfying the norms inequality – depends on it (See
[11, Part II, Chapter 5]).

Once we have extended u through ũ, we have


δ(u) �
∫

�

dx

∫
Rn

ϕδ(x, |ũ(x) − ũ(y)|)
|x − y|n+p(x)

dy,

so, by making the superior limit as δ → 0+ – being now in the R
n case –, we have

lim sup
δ→0+


δ(u) � lim sup
δ→0+

∫
�

dx

∫
Rn

ϕδ(x, |ũ(x) − ũ(y)|)
|x − y|n+p(x)

dy

=
∫

�

dx lim
δ→0+

∫
Rn

ϕδ(x, |ũ(x) − ũ(y)|)
|x − y|n+p(x)

dy

=
∫

�

∣∣∇ũ(x)
∣∣p(x)

dx =
∫

�

∣∣∇u(x)
∣∣p(x)

dx.

Remembering equation (2.8),∫
�

∣∣∇u(x)
∣∣p(x)

dx � lim inf
δ→0+ 
δ(u) � lim sup

δ→0+

δ(u) �

∫
�

∣∣∇u(x)
∣∣p(x)

dx,

so that the limit exists and is

lim
δ→0+ 
δ(u) =

∫
�

∣∣∇u(x)
∣∣p(x)

dx,

as we wanted to prove.
(a) Finally, let us show that


δ(u) � C
(‖∇u‖p+

Lp+
(�)

+ ‖∇u‖p−
Lp−

(�)

)
.

Up to replacing u(x) with u(x) − ∫
�

u(ξ) dξ , we may assume that
∫
�

u(x) dx = 0. Then, since � is
smooth – as shown in [5, Chapter 9] – there is an extension ũ ∈ W 1,p±

(Rn) such that∫
Rn

∣∣∇ũ(x)
∣∣p+

dx � Cp+

∫
Rn

∣∣∇u(x)
∣∣p+

dx and
∫
Rn

∣∣∇ũ(x)
∣∣p−

dx � Cp−

∫
Rn

∣∣∇u(x)
∣∣p−

dx.

Being


δ(u, �) � 
δ

(
ũ,Rn

)
� C̃

(‖∇ũ‖p+
Lp+

(�)
+ ‖∇ũ‖p−

Lp−
(�)

)
� C̃

(
Cp−‖∇u‖p+

Lp+
(�)

+ Cp+‖∇u‖p−
Lp−

(�)

)
,

the assertion follows. �
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We assume now that

ϕ(x, ·) is a non-decreasing function, (2.9)

for a.e. x ∈ R
n.

Proposition 2.2. Let 1 < p− � p+ < +∞ and let u ∈ Lp(·)(�) ∩ C2(�). Suppose that ϕ satisfies the
following properties

∃α, a > 0 : αtp
++1 � ϕ(x, t) � atp(x)+1, ∀t ∈ [0, 1], for a.e. x ∈ R

n, (2.10)

∃β, b > 0 : β � ϕ(x, t) � b, ∀t ∈ R
+, for a.e. x ∈ R

n, (2.11)

and also hypothesis (1.2) and (2.9). Then

lim sup
δ→0+


δ(u) �
∫

�

∣∣∇u(x)
∣∣p(x)

dx.

In particular, u ∈ W 1,p(·)(�) whenever supδ>0 
δ(u) < +∞.

Proof. It is sufficient to treat the case

F := lim sup
δ→0+


δ(u) < +∞,

otherwise the inequality is obvious. First of all, let us suppose further that u ∈ L∞(�) and let

A := 2‖u‖L∞(�). (2.12)

Taken δ0 ∈ (0, 1) and fixed ε ∈ (0, 1/2), we have

T (ε, δ0) :=
∫ δ0

0
εδε−1
δ(u) dδ =

∫ δ0

0
εδε−1 dδ

∫
�

∫
�

δp(x)ϕ(x, |u(x) − u(y)|/δ)
|x − y|n+p(x)

dx dy. (2.13)

By making the change of variables t = |u(x) − u(y)|/δ, we get

T (ε, δ0)

=
∫

�

∫
�

∫ |u(x)−u(y)|
δ0

+∞
ε|u(x) − u(y)|ε−1

t ε−1

|u(x) − u(y)|p(x)

tp(x)

×
(

−|u(x) − u(y)|
t2

)
ϕ(x, t)

|x − y|n+p(x)
dt dx dy

=
∫

�

∫
�

ε|u(x) − u(y)|p(x)+ε

|x − y|n+p(x)
dx dy

∫ +∞

|u(x)−u(y)|/δ0

ϕ(x, t)t−1−p(x)−ε dt.
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It follows that

T (ε, δ0) :=
∫

�

∫
�

ε|u(x) − u(y)|p(x)+ε

|x − y|n+p(x)
dx dy

∫ +∞

|u(x)−u(y)|/δ0

ϕ(x, t)t−1−p(x)−ε dt

�
∫

�

∫
�∣∣u(x)−u(y)

∣∣<δ2
0

ε|u(x) − u(y)|p(x)+ε

|x − y|n+p(x)
dx dy

∫ +∞

|u(x)−u(y)|/δ0

ϕ(x, t)t−1−p(x)−ε dt

� c0

∫
�

∫
�∣∣u(x)−u(y)

∣∣<δ2
0

ε|u(x) − u(y)|p(x)+ε

|x − y|n+p(x)
dx dy (2.14)

where, using (2.10) and (2.11), we introduced c0 > 0 (depending only on p and β) through the following
inequalities (recall that |u(x) − u(y)|/δ0 < δ0 on the integration set)

∫ +∞

|u(x)−u(y)|/δ0

ϕ(x, t)t−1−p(x)−ε dt �
∫ 1

δ0

αt1+p+
t−1−p(x)−ε dt +

∫ +∞

1
βt−1−p(x)−ε dt

� α

∫ 1

δ0

tp
+−p−−ε dt + β

∫ +∞

1
t−1−p+−ε dt

� β

2p+ =: c0

Now equation (2.14) can be written as

T (ε, δ0) � c0

∫
�

∫
�

ε|u(x) − u(y)|p(x)+ε

|x − y|n+p(x)
dx dy − c0

∫
�

∫
�∣∣u(x)−u(y)

∣∣�δ0
2

εAp(x)+ε

|x − y|n+p(x)
dx dy,

remembering that we posed A := 2‖u‖L∞(�). Let τ > 0 and δ0 small enough such that

c0 � (1 − τ)

(∫
Sn−1

|ω · e|p+
dHn−1(ω)

)−1

(2.15)

and


δ(u) � F + τ, ∀δ ∈ (0, δ0). (2.16)

We have∫
�

∫
�∣∣u(x)−u(y)

∣∣�γ

1

|x − y|n+p(x)
dx dy < +∞, ∀γ > 0. (2.17)
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In fact, let us fix t0 > 0 such that inf� ϕ(x, t0) > 0 and observe that


δ(u) �
∫

�

∫
�∣∣u(x)−u(y)

∣∣�γ

ϕδ(x, |u(x) − u(y)|)
|x − y|n+p(x)

dx dy

� δp+
inf
x∈�

ϕ(x, γ /δ)

∫
�

∫
�∣∣u(x)−u(y)

∣∣�γ

1

|x − y|n+p(x)
dx dy.

Taken 0 < δ < min{δ0, γ /t0} and applying equation (2.16), we get

F + τ � δp+
inf
x∈�

ϕ(x, γ /δ)

∫
�

∫
�∣∣u(x)−u(y)

∣∣�γ

1

|x − y|n+p(x)
dx dy,

so (2.17) follows since F < +∞. Thanks to this equation, we have

0 � lim
ε→0+ c0

∫
�

∫
�∣∣u(x)−u(y)

∣∣�δ2
0

εAp(x)+ε

|x − y|n+p(x)
dx dy

� lim
ε→0+ εc0 max

{
Ap++ε, Ap−+ε

} ∫
�

∫
�∣∣u(x)−u(y)

∣∣�δ2
0

1

|x − y|n+p(x)
dx dy = 0,

so that

lim inf
ε→0+ T (ε, δ0) � lim inf

ε→0+ c0

∫
�

∫
�

ε|u(x) − u(y)|p(x)+ε

|x − y|n+p(x)
dx dy

− lim
ε→0+ c0

∫
�

∫
�∣∣u(x)−u(y)

∣∣�δ0
2

εAp(x)+ε

|x − y|n+p(x)
dx dy

= lim inf
ε→0+ c0

∫
�

∫
�

ε|u(x) − u(y)|p(x)+ε

|x − y|n+p(x)
dx dy. (2.18)

Remembering – as shown in [12] – that, for every u ∈ Lp(·)(�) ∩ C2(�) it holds

∫
�

γn,p(x)

∣∣∇u(x)
∣∣p(x)

dx � lim inf
ε→0+

∫
�

∫
�

ε|u(x) − u(y)|p(x)+ε

|x − y|n+p(x)
dx dy

and – being γn,p+ � γn,p(x) for a.e. x ∈ � – we have

∫
Sn−1

|ω · e|p+
dHn−1(ω)

∫
�

∣∣∇u(x)
∣∣p(x)

dx � lim inf
ε→0+

∫
�

∫
�

ε|u(x) − u(y)|p(x)+ε

|x − y|n+p(x)
dx dy. (2.19)
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We are now ready to conclude. By combining (2.18), (2.15) and (2.19), we get

lim inf
ε→0+ T (ε, δ0)

� lim inf
ε→0+ c0

∫
�

∫
�

ε|u(x) − u(y)|p(x)+ε

|x − y|n+p(x)
dx dy

� (1 − τ)

(∫
Sn−1

|ω · e|p+
dHn−1(ω)

)−1

lim inf
ε→0+

∫
�

∫
�

ε|u(x) − u(y)|p(x)+ε

|x − y|n+p(x)
dx dy

� (1 − τ)

∫
�

∣∣∇u(x)
∣∣p(x)

dx. (2.20)

From the definition of T (ε, δ0) stated in (2.13) and equation (2.16), we have

T (ε, δ0) :=
∫ δ0

0
εδε−1
δ(u) dδ �

∫ δ0

0
εδε−1(F + τ) dδ = (F + τ)δε

0

so it follows that

lim sup
ε→0+

T (ε, δ0) � F + τ. (2.21)

Thanks to equations (2.20) and (2.21), we have

lim sup
δ→0+


δ(u) + τ � lim sup
ε→0+

T (ε, δ0)

� lim inf
ε→0+ T (ε, δ0) � (1 − τ)

∫
�

∣∣∇u(x)
∣∣p(x)

dx,

so for the arbitrariness of τ > 0, we finally get

lim sup
δ→0+


δ(u) �
∫

�

∣∣∇u(x)
∣∣p(x)

dx

for all u ∈ Lp(·)(�) ∩ C2(�) bounded.
If instead u is not bounded, for M > 0 let TM ∈ C∞(R) be such that TM(s) = s if |s| � M and

TM(s) = M + 1 if |s| � M + 1 and denote uM := TM(u). Then, we have

∣∣TM(s1) − TM(s2)
∣∣ � |s1 − s2|, for all s1, s2 ∈ R.

Hence 
δ(uM) � 
δ(u) by the monotonicity of ϕ and the assertion follows from the previous case by
the arbitrariness of M since uM → u in W 1,p(·)(�) by dominated convergence. �
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2.2. The case p− = 1

We have the following main result

Theorem 2.3. Let 1 � p− � p+ < +∞. Assume (1.2), (2.1), (2.2) and (2.9). Then

lim
δ→0+ 
δ(u) =

∫
�

∣∣∇u(x)
∣∣p(x)

dx

for every u ∈ C1(�̄) or – in the case � = R
n – for every u ∈ C1

c (R
n). Also, we have

lim inf
δ→0+ 
δ(u) �

∫
�

∣∣∇u(x)
∣∣p(x)

dx. (2.22)

Hence, u ∈ W 1,p(·)(�) provided that lim infδ→0+ 
δ(u) < +∞.

Proof. Let us first consider the case � = R
n and u ∈ C1

c (R
n). Taken M > 1 such that u(x) = 0 if

|x| � M − 1, we can split 
δ(u) as follows


δ(u) =
∫

|x|>M

dx

∫
Rn

ϕδ(x, |u(x) − u(y)|)
|x − y|n+p(x)

dy

+
∫

|x|�M

dx

∫
Rn

ϕδ(x, |u(x) − u(y)|)
|x − y|n+p(x)

dy. (2.23)

Since ϕ is bounded and ϕ(x, 0) = 0 for a.e. x ∈ R
n, being

∫
|x|>M

dx

∫
|y|<M−1

1

|x − y|n+p(x)
dy < +∞,

from the choice of M , we have for all δ > 0

∫
|x|>M

dx

∫
Rn

ϕδ(x, |u(x) − u(y)|)
|x − y|n+p(x)

dy =
∫

|x|>M

δp(x) dx

∫
|y|<M−1

ϕ(x, |u(x) − u(y)|/δ)
|x − y|n+p(x)

dy

� Cδ

∫
|x|>M

dx

∫
|y|<M−1

1

|x − y|n+p(x)
dy,

so, letting δ → 0+,

lim
δ→0+

∫
|x|>M

dx

∫
Rn

ϕδ(x, |u(x) − u(y)|)
|x − y|n+p(x)

dy = 0.
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Let us now consider the second integral of (2.23). Through the change of variables z = x − y and by
using polar coordinates for z, we get∫

|x|�M

dx

∫
Rn

ϕδ(x, |u(x) − u(y)|)
|x − y|n+p(x)

dy

=
∫

|x|�M

dx

∫ +∞

0
dh

∫
Sn−1

ϕδ(x, |u(x + hω) − u(x)|)
hp(x)+1

dHn−1(ω)

=
∫

|x|�M

δp(x) dx

∫ +∞

0
dh

∫
Sn−1

ϕ(x, |u(x + hω) − u(x)|/δ)
hp(x)+1

dHn−1(ω).

By setting h = δh̃ and relabeling h̃ as h, we have∫
|x|�M

δp(x) dx

∫ +∞

0
dh

∫
Sn−1

ϕ(x, |u(x + hω) − u(x)|/δ)
hp(x)+1

dHn−1(ω)

=
∫

|x|�M

dx

∫ +∞

0
dh

∫
Sn−1

ϕ(x, |u(x + δhω) − u(x)|/δ)
hp(x)+1

dHn−1(ω).

Since

lim
δ→0+

|u(x + δhω) − u(x)|
δ

= ∣∣∇u(x) · ω∣∣h (2.24)

for a.e. (x, h, ω) ∈ R
n × R

+ × S
n−1, remembering that ϕ(x, ·) is continuous at 0 almost everywhere on

(0, +∞), it follows

lim
δ→0+

1

hp(x)+1
ϕ

(
x,

|u(x + δhω) − u(x)|
δ

)
= 1

hp(x)+1
ϕ
(
x,

∣∣∇u(x) · ω
∣∣h)

for a.e. (x, h, ω) ∈ R
n × R

+ × S
n−1. By integrating over the sphere S

n−1 and respect to h ∈ [0, +∞),
replacing t = |∇u(x) · ω|h, for a.e. x ∈ R

n we get∫
Sn−1

∫ +∞

0

1

hp(x)+1
ϕ
(
x,

∣∣∇u(x) · ω∣∣h)
dh dHn−1(ω)

= ∣∣∇u(x)
∣∣p(x)

γn,p(x)

∫ +∞

0
ϕ(x, t)t−(p(x)+1) dt = ∣∣∇u(x)

∣∣p(x)

(2.25)

where we have used again that, for V ∈ R
n and any e ∈ S

n−1, we have∫
Sn−1

|V · ω|p(x) dHn−1(ω) = |V |p(x)

∫
Sn−1

|ω · e|p(x) dHn−1(ω), x ∈ R
n,

and the normalization condition on ϕ. As a consequence, we have∫
|x|�M

dx

∫
Sn−1

∫ +∞

0

1

hp(x)+1
ϕ
(
x,

∣∣∇u(x) · ω∣∣h)
dh dHn−1(ω) =

∫
|x|�M

∣∣∇u(x)
∣∣p(x)

dx.

AUTHOR  C
OPY



I. Cinelli et al. / Approximations of anisotropic Sobolev norms 229

Setting ϕ̃ : Rn × [0, +∞) → R as

ϕ̃(x, t) =
{

atp(x)+1, for 0 � t � 1,

b, for t > 1.

then ϕ̃(x, ·) is a non-decreasing function for a.e. x ∈ R
n,

ϕ(x, t) � ϕ̃(x, t)t � 0, for a.e. x ∈ R
n

and

∫ +∞

0
ϕ̃(t)t−(p(x)+1) dt < +∞. (2.26)

Since u ∈ C1
c (R

n), we have

∣∣u(x + δhω) − u(x)
∣∣/δ � Ch ∀(x, h, ω) ∈ R

n × [0, +∞) × S
n−1

for some constant C � 0. Then

ϕ
(
x,

∣∣u(x + δhω) − u(x)
∣∣/δ)/hp(x)+1

is dominated by ϕ̃(x, Ch)/hp(x)+1, which is summable as

∫
|x|�M

dx

∫ +∞

0
dh

∫
Sn−1

1

hp(x)+1
ϕ̃(x, Ch) dHn−1(ω) < +∞.

We are now able to apply the dominated convergence theorem, getting

lim
δ→0+ 
δ(u) = lim

δ→0+

∫
|x|�M

dx

∫ +∞

0
dh

∫
Sn−1

ϕ(x, |u(x + δhω) − u(x)|/δ)
hp(x)+1

dHn−1(ω)

=
∫

|x|�M

dx

∫ +∞

0
dh

∫
Sn−1

ϕ(x, |∇u(x) · ω|h)

hp(x)+1
dHn−1(ω)

=
∫

|x|�M

∣∣∇u(x)
∣∣p(x)

dx =
∫
Rn

∣∣∇u(x)
∣∣p(x)

dx.

The proof of (2.22) is very similar, as a consequence of equations (2.24), (2.25) and Fatou’s lemma.
Let us now suppose that � ⊂ R

n is a smooth and bounded domain and let u ∈ C1(�̄). If we take
D � � and fix t > 0 small enough such that

B(x, t) = {
y ∈ R

n : |y − x| < t
}
� �, ∀x ∈ D,
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than we have 
δ(u) = Aδ + Bδ + Cδ, where

Aδ :=
∫

D

∫
B(x,t)

ϕδ(x, |u(x) − u(y)|)
|x − y|n+p(x)

dy dx,

Bδ :=
∫

D

∫
�\B(x,t)

ϕδ(x, |u(x) − u(y)|)
|x − y|n+p(x)

dy dx,

Cδ :=
∫

�\D

∫
�

ϕδ(x, |u(x) − u(y)|)
|x − y|n+p(x)

dy dx.

By the change of variables x − y = δhω and dominated convergence theorem, we get

lim
δ→0+ Aδ = lim

δ→0+

∫
D

∫
B(x,t)

ϕδ(x, |u(x) − u(y)|)
|x − y|n+p(x)

dy dx

=
∫

D

lim
δ→0+

∫ t/δ

0

∫
Sn−1

ϕ(x, |u(x + δhω) − u(x)|/δ)
hp(x)+1

dHn−1(ω) dh dx

=
∫

D

∫ +∞

0

∫
Sn−1

ϕ(x, |∇u(x) · ω|h)

hp(x)+1
dHn−1(ω) dh dx =

∫
D

∣∣∇u(x)
∣∣p(x)

dx. (2.27)

Now we claim that

lim
δ→0+ Bδ = 0 and Cδ � CLn(� \ D). (2.28)

In fact, for all δ ∈ (0, 1), we have

Bδ =
∫

D

δp(x) dx

∫
�\B(x,t)

ϕ(x, |u(x) − u(y)|/δ)
|x − y|n+p(x)

dy

�
∫

D

δp(x) dx

∫
�\B(x,t)

b

tn+p(x)
dy � δ

min{tn+1, tn+p+}b
(
Ln(�)

)2
.

Secondly, since

Cδ =
∫

�\D
δp(x) dx

∫
�

ϕ(x, |u(x) − u(y)|/δ)
|x − y|n+p(x)

dy dx

�
∫

�\D
δp(x) dx

∫
�

ϕ̃(x, |u(x) − u(y)|/δ)
|x − y|n+p(x)

dy dx

�
∫

�\D
δp(x) dx

∫
�

ϕ̃(x, L|x − y|/δ)
|x − y|n+p(x)

dy, ∀δ ∈ (0, 1),
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where L is the Lipschitz constant of u over �, by making the change of variables z = L(y − x)/δ and
using the definition of ϕ̃, we have

Cδ �
∫

�\D
δp(x) dx

∫
�

(
L

δ

)p(x)
ϕ̃(x, |z|)
|z|n+p(x)

dz

�
∫

�\D
δp(x) dx

∫
�∩{|z|�1}

(
L

δ

)p(x)
a

|z|n−1
dz

+
∫

�\D
δp(x) dx

∫
�∩{|z|>1}

(
L

δ

)p(x)
b

|z|n+p(x)
dz

�
∫

�\D
Lp(x) dx

(
a

∫
{|z|�1}

1

|z|n−1
dz + b

∫
{|z|>1}

1

|z|n+1
dz

)

� CLn(� \ D),

where C depends on L, a, b and n. Being∣∣∣∣
δ(u) −
∫

�

∣∣∇u(x)
∣∣p(x)

dx

∣∣∣∣ �
∣∣∣∣Aδ(u) −

∫
D

∣∣∇u(x)
∣∣p(x)

dx

∣∣∣∣ + Bδ + Cδ +
∫

�\D

∣∣∇u(x)
∣∣p(x)

dx,

by using (2.27) and (2.28), we get

lim sup
δ→0+

∣∣∣∣
δ(u) −
∫

�

∣∣∇u(x)
∣∣p(x)

dx

∣∣∣∣ � CLn(� \ D) +
∫

�\D

∣∣∇u(x)
∣∣p(x)

dx.

By the arbitrariness of D � � the assertion follows. �
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