NONLOCAL CHARACTERIZATIONS OF
VARIABLE EXPONENT SOBOLEV SPACES

GIANLUCA FERRARI AND MARCO SQUASSINA

ABSTRACT. We obtain some nonlocal characterizations for a class of variable exponent Sobolev
spaces arising in nonlinear elasticity theory and in the theory of electrorheological fluids. We
also get a singular limit formula extending Nguyen results to the anisotropic case.

1. INTRODUCTION

In the last twenty years, starting from the work by Bourgain, Brezis and Mironescu [5], there
has been a considerable effort in the literature to provide some useful nonlocal characterizations
of functions in Sobolev spaces. The results in [5] are mainly for W1?(Q) on a bounded domain
Q, but they can be extended to the whole space setting. In particular, if p € (1,+00) and
u € LP(R"), then u € WHP(R™) if and only if

in which case

s / L5 7 y|n+p)s|p ey =Ky [ [VuP
where
(1.1) Ky, = ;/Snl |w-el? dH" 1 (w), eecS" L

Another nonlocal characterization was obtained by Nguyen in [10-12] involving a nonhomogenous
functional. More precisely, if p € (1, 4+00) and u € LP(R”) then u € WHP(R") if and only if

sup / / dz dy < 400,
5€(0,1) n JRn ‘1’— ’”er

lu(z) —u(y)|[>0
in which case
: P
%1{‘1% /n /n \x—y[”ﬂ? dx dy = nyp/an |VulP dz.
|u(z)—u(y)|>d

Nonhomogeneous quantities like these appear in some new estimates for the topological degree
investigated in [4]. The limiting case p = 1 is related to BV functions but it is actually more
delicate, see [10,11]. On the other hand, differential equations and variational problems involving
variable p(z)-growth conditions, and hence variable exponent Sobolev spaces W1P() (R), arise
from nonlinear elasticity theory and electrorheological fluids, and have been the target of various
investigations, especially in regularity theory and in nonlocal problems (see e.g. [1,2,7,14]).
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2 G. FERRARI AND M. SQUASSINA

Let p: R™ — [1,4+00) be a measurable function. Let’s define
p :=essinfp and pt = esssupp.
Rn Rn

For x € R", we set

(1.2) Ky px) =

We also set

1
p(x)

W (R == W (R N W (RY).
In this framework, in the spirit of the results of [10], we have the following

/ w-eff@ dH" N w), ee S
S§n—1

Theorem 1.1. Let 1 < p~ < pt < +00 and let u € Whr™ (R™). Then
(a) there exists C' > 0, depending only on n and p*, such that for every § > 0

(1.3) /n /n @ y!”+p ydedy < C (HVuIILp+ @y TVl (Rn)>.

lu(z)—u(y)|>d

(b) we have

li orte) ydrd \V/ (@) g
530 /n/n |z — yprr@ y_/Rn Knpia [ Vul@) [ do

lu(z)—u(y)|>d

(¢) if u € LPO) (R™) and

LS e

sup T ay < +0oo

0<6<1 n JRn |x_y|n+p ’
y)|>0

then u € WHPL) (R™).

Unfortunately, it has not been possible to provide a limit formula in the more general context
of the Sobolev space W1P() (R™), the basic problem being that the Hardy-Littlewood maximal
function in one direction on LP(") fails to be bounded (for the modular) unless p(-) is a constant [6],
see also [9]. In the limit case p~ = 1, let u € LPO)(R™) and E = {x € R" : p(x) = 1}. Assume

int(E) # 0 and
sup T ady < +o0.
0<5<1 nJre |7 — |”+p($) Y

y)|>6
Then, if B denotes any ball in R” 1t holds

sup |BI~% / [ o) = )| de dy < +x,
BCint(E) BJB
which, for n = 1, reads as

sup ][][ lu(z) — u(y)| de dy < +oo,

BCint(E

namely u € BMO(FE), the space of bounded mean oscillation functions on E. See Remark 4.6.
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some observations about the failure of boundedness estimates of the Hardy-Littlewood maximal
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the preparation of the first author master thesis in Brescia.



CHARACTERIZATIONS OF VARIABLE EXPONENT SOBOLEV SPACES 3

2. PRELIMINARY STUFF

In this section we recall some basic properties of the variable exponent spaces, see [3,7,8].

2.1. Variable exponents spaces. Let 2 C R" be a measurable set and let p : R” — [1, +00)
be a measurable function. We define LP() (Q) as the space of measurable functions u : Q — R
with

Pp()( / lu(z)|P®) dz < 400,
so, denoting by M (2) the space of measurable functions on the domain 2, we set
LPO(Q) :={u € M (Q) : pyry(u) < +00} .
The function p is called exponent of LP() (Q), while Pp(-y(u) is the modular of u. If u € L0 (Q),

[ull p) () = inf {)\ >0 pp() (}\) < 1}

is a norm for LP() (), called Luxemburg norm, which makes the space complete. In other
words, LP() (Q) is a Banach space with respect to || - || Lr()(q)- Taken alocally integrable function
w: R™ — (0,4+00), we can introduce a weighed version of variable exponent Lebesgue spaces.
We define LP1) (9, w) as the space of measurable functions u :  — R such that

/ u(x yp (z) dx < +o0,
SO we can set
LPO(Qw) o= {u € M(Q) : py,u(u) < +00} .

The function w is called weight of the space. Moreover, Lp(')(ﬂ, w) is a Banach space with norm

[ull re) () = inf {)\ >0 ppe),w (%) < 1} :

The following relationship between the norm and the modular holds:
1

1 1 1 1
1) min {pp0) w(@)7 oy, (@) b < Jull ooy < max {py) w(@)7 oy w(@)7 |

We denote by WP() (Q) the space of u € L) () such that their gradient Vu € LP() (Q), so
that

wieO) (Q) .= {u e PV (Q) : IVu € LV (Q)} .
If u € WP0) (Q), the object
[ullwrp0) (@) = llull oo @) + VUl oo (@)
is a norm for W1P() (Q). Moreover, W'P() (Q) is a Banach space with respect to || - lwe0) (-

2.2. Fractional Sobolev spaces. If s € (0,1), we can also extend the concept of fractional
Sobolev space to the variable exponent case, as follows. Let 2 C R™ be a measurable set and let
p:R"xR" — [1,+00) and ¢ : R™ — [1, +00) be two measurable functions. If we suppose that p
and ¢ are two bounded exponents, then there exist p*,p~,q%, ¢~ € [1,+00) such that

Ve,yeR:  pm <ple,y) <pt, ¢ <qlz)<q".
Taken s € (0,1), we denote by W = W#4():r(>*) (Q) the functions space

L0 (Q) : 3x u(@) = u(y) ") dzd
W:=<ue >0: //)\p ,y|$_y|n+8p o) 3T y < 400 .
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If we set the variable exponent seminorm as

u(z) — u(y)[P@y)
[u]s7p(.7 )= = inf {)\ >0: / / ) |:1: — y|n+8p p dxdy < 1} ,

it is possible to prove that W is a Banach space with respect to the norm

Jullw = [lull o) ) + [ulsp(., )

The concepts introduced are consistent with the classical definitions of the spaces L? (Q2), WP (Q)
and W*P (Q) when the functions p and ¢ are equal and constant.

2.3. Maximal functions. Let v € Ll _(R") be a local summable function. We define its
maximal function M(u) by setting

1
M(w)(a) = sup ][B = s s /B Ll

where £ (A) represents the n-dimensional Lebesgue measure of A C R™. Moreover, we introduce
the Hardy-Littlewood maximal operator as the function M : {u — M(u)}.

Theorem 2.1. Let p € (1,+00]. Then there exists a constant C' > 0, depending only on the
dimension n of the space and on the index p, such that

Vue LP(R?) - M) Le@ny < CllullLo -
In other words, the Hardy-Littlewood mazimal operator M : LP (R™) — LP (R") is bounded.
Proof. See [15, Chapter 1, Theorem 1]. O

For our purposes, taken any w € S*~!, we also define

1 h
M, (u)(x) :=sup — / lu(x + sw)| ds
r>0 I Jo

as the maximal function of u along the considered direction w. Arguing as in [13, Lemma 3.1], it
is possible to prove the existence of a universal constant C' > 0 such that, for all w € S,

/ |IMy(u)(x)|Pdx < C |u(z) P dz, Yu € LP (R"™).
n R

For variable exponents the inequality fails unless p(-) is constant [6,9]. For instance, if p(z) = 2
on (—oo, —2) and p(z) >4 on [2,+00), then [ lu[P®)dz < 400, but Jz [M(u) P@) dg = +o0 for
the function u(z) = \x|_1/3x[2,oo) ().

Definition 2.2. A function « : 2 C R™ — R is called log-Hélder continuous on €2 if there exists
a constant ¢ > 0 such that

(2.2) Ve,y € Q:  |a(z) —ay)| <

C
log (e + |z —y|~1)

Moreover, « satisfies the log-Holder decay condition if there exist as,, € R and ¢ > 0 such that

< °
~ log (e +[x])’
The function « is called globally log-Holder continuous on the domain €2 if it is log-Holder

continuous on €2 and it satisfies the decay condition just introduced. In this case, the constant ¢
satisfying both the equations (2.2) and (2.3) is called log-Hélder constant of a.

(2.3) VeeQ: |a(xr) — axl <
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Now let’s introduce the following class of variable exponents:
1
Plos (Q) = {p € M () : — is globally log-Hélder continuous} .
p

We denote by ciog (), OF clog, the log-Holder constant of 1/p and, if € is a bounded domain, we
are able to introduce the index po, by setting

1 -1
Poo :-( lim ) ,
|z| =400 p(a:)

with the usual convention 1/ + oo = 0.
Let us introduce an important theorem about the boundness of the Hardy-Littlewood maximal
operator M : {u — M (u)} on the Lebesgue space L) (R").

Theorem 2.3. Let p € P8 (R™) be a bounded variable exponent, with p— > 1. Then there exists
a constant K, > 0, depending only on the dimension n of the space and on the log-Hdolder
constant ciog(p) of 1/p, such that

Vue PO R 0 M@l gy gy < Fp- [l oo ny-
In other words, the Hardy-Littlewood mazimal operator M : LP¢) (R™) — LPC) (R™) is bounded.
Proof. See [7, Theorem 4.3.8]. O
As shown in [7, Corollary 4.3.11], the previous theorem holds also in the case of exponents

p € P8 (Q) and functions v € LP0) (Q), with Q C R™.

3. ANISOTROPIC FORMULAS

We are now ready to study the behavior of the singular limit in the anisotropic case. In the
following, unless otherwise stated, we will assume 1 < p~ < p™ < +o0.

Lemma 3.1. Let u € Whp* (R™). Then there exists a positive constant C, dependent only on n
and p*, such that for all § > 0

5p()
/n /n |z — y[rP@) dvdy < € (HquLp+ & T HVUHLP (R”)) '

lu(z)—u(y)|>6
In particular, the integral at the left-hand side is finite.

Proof. By using polar coordinates, we have

5p(@) too gpl@) -
/n/n ‘x— ’ner dxdy—/Sn 1/n/ thrpx)h Ydhdz dH 1( )

)—u(y)|>6 |u(z+hw)—u(z)|>d

+oo  sp(x
/ // ‘5 ————dhdz dH""(w).
Snl n

6

|u(z+hw)—u(x)|>

Thanks to this equation, it is sufficient to prove the existence of a constant C' > 0, dependent
only on pT, such that for all w € S"fl we have

+oo (57’ P~
/n/ dhdilf <C (HVUHLP+ R?) + HVUH n)) :

|u(z+hw)—u(z) |>6
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From the fundamental theorem of calculus,

h
du(:ﬂ—{—sw)‘ ds :/ |[Vu(z + sw) - w| ds
ds 0

h
lu(z + hw)—u(z)| < /0

h
< / |Vu(z + sw)| ds < h My, (Vu) (z),
0

for a.e. (x,h) € R™ x (0, +00), where
M, (u —sup][ |u (x4 sw)| ds
h>0

is the maximal function of u with respect to the direction w € S*~! previously introduced. From
this inequality, it follows the set inclusion

{x e R" : |u(z + hw) —u(x)| > §} C {z € R" : h M, (Vu) (z) > 6},

from which we have

+00 p x) +oo p z)
/ / g dhdr < / / ——7 dhdx
n hp(@)+1 n hp(@)+1
—u(x)|>6

|u(z+hw) hMy(Vu)(z)>6

1 gp) oo p
o | :

0/ Mu(Vu)(z)

_ [ L W) (2)P@ d
= [ oo M (V) @) do.

Recalling that p~ < p(x) < p™, we can increase the multiplicative inverse of p(z) to 1/p~, getting

(3.1) /n/m hpf; dhdz < 1/ M, (V) (2)P@ da.

|lu(z+hen)—u(x)|>d
At this point, we split the integral at the right-hand side, over the sets of x € R™ with
M, (Vu) () <1 or My, (Vu) () > 1,
so that we are able to increase the integrand function by using, respectively, the exponents p~ or
pT and then by extending both the integrals over the entire space R™. In this way, we get
1 p(z) 1 P~ 1 pt

— [ My (Vu) (@)" de < — [ [My (Vu) (@)]" de+— [ My, (Vu) (2)]" da.

P JRrn P Jrn P Jrn
As a direct conseguence of the theory of maximal funcrions, there exist positive constants C=,
depending on p*, such that

1 1 - 1
= [ Mo () @ do < / M (V) () do+— / Mo (Vo) (@) da
]Rn
C
<2 |Vu( WP d:r—l—/ |Vu(z |p dx
D
<c(nwum(w +IVul?, - )

where C' := max {C’p+, Cp- } /p~. The assertion follows. O
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Remark 3.2. Observe that, if p: R" — [1, +00) is bounded and measurable, then we have
Wt (R™) ¢ WO (R™).

In fact, taken u € Whp™ (R™), first of all

/ u(z) @) do = / lu(z)[P®) dz + / lu(z) P da
n u(z)<1 u(z)>1

<l + [lull}

Lp™ (R7) Lp+ R7)

and, at the same time,

[ IVa@P? de < [Vl )+ IVl g

so u € WHPC) (R™),
Theorem 3.3 (Anisotropic limit I). For all u € Wwip® (R™), we have the limit formula

613
im K Vu( p(z)
;l_m /n /n ‘l’— ‘n-i—p dwdy—/ n,p(x ’ u )’ dzx,

lu(z)—u(y)|>6
where Ky, p(,y is defined as in (1.2). In particular, the limit exists and is finite.

Proof. First of all, taken h > 0, let’s prove that, for all w € S*~!, we have

+oo
3.2 su / / dhdx<+oo
(5:2) se( Opl n h”(’”
u(ac+§hw) u(x) h>1
and
(3.3) I / /+°° L ihd —/ 1 Yu@) - wp® d
. 5% A @ T = (@) uw(z) - w .

u(z+dhw)—u(x)
LELO SR h>1

Since u € W™ (R),

h h
u(z + hw) —u(z) = /0 disu(x + sw)ds = /0 (Vu(zr + sw) -w) ds

for all (z,h) € R™ x (0,400). Let’s set
h > 1} ,

h>1},

B:= {(x,h) € R" x (0, +00) : My (V) (z) b > 1},

u(x 4+ dhw) — u(z)
oh

A(6) == {(:U,h) € R" x (0,400) :

A= {(:v,h) € R" x (0,400) : |;iu(:v + sw)

s=0

and let xx (x,h) be the characteristic function of a set K C R" x (0,+00). By the definition of
maximal function, we have the inequalities chain
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M, (Vu) (z) = sup — / Vu(z + sw)| ds
h>0 h

> sup — ! /h du(w+sw)ds
h>0 h/ dS
1 Shw) —
=sup — u(z + hw) — u(x)| > u( + Shw) = u(w) , V6>0,
h>0 h oh
so that
A(0) € B = xas) (z,h) < xB(2,h), V(z,h) € R" x (0, +00).
Since

+oo 1 1
— — - p(z)
fod o @h ade= [ om0 @

from what observed in the proof of the previous Lemma, the right hand side is finite, so we have

+oo +oo
/ / hp(:v)—f—l XA (@,h) dhdx < / / _HXB (z,h) dhdx < +o0,

Xa@) (@, h) x5 (z,h)
hp(z)+1 hp(x)+1 7’

lim XA(&) (z,h) = xa(x,h)

as well as (3.2). The function is dominated by that is summable. Since

for a.e. (z,h) € R™ x R x ( ) from dominated convergence, it follows

“+o0o +oo
%1_% /n/ g dhdr = /n/ +1XA(37 h) dhdx

u(z+5hw) u(x) h>1
p(z)
1 d 1
= —u(z + sw da;:/ — Vau(z) - wP® dz.
Lo st s o] oy V)l

So, since (3.3) holds, we are ready to prove the Lemma. Making the change of variable y—x = dhw,
with w € "1, we have

dx d Foe_or) 6”h”‘1dhd7{”_1 d
/n/n |m_y|n+p(x xy—/n/gnl/ ’5h|n+p (W) X

(y)|>6 u<z+6hw) w@) |psq

+oo 1
dhd?-[" x,
/ . /S / yh\ (w)d

u( z+5hw u(z+dhw)—u(z) h>1

so, by using dominated convergence theorem and equation (3.3), it follows

+oo
li drdy =1 dhdd”l
61—r>l(1) /n/n |$—y|n+p$y lm/Snl/n/ xH ()

‘>(5 u( a:+5hw —u(xz) h>1

/ /|vu ) - wP dz dH" N (w).
S§n— 1 n

Since, for every V' € R™ and for all p > 1, we have

LWVl am ) = p Ky VP
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where K, ;, is defined as in (1.1), then, for every V' € R™ and for all € R", we have

LIVl @i @) = p(o) By VI

As a consequence, we are able to obtain the Nguyen type limit formula

. 2)[P@)

(z)—u(y)|>6

Observe that, by the definition of K, ), we have

_ 5P(@) _ 1 p(@) Jqm—1 p(x)
%13% /n /n e dx dy = /n @) (/§n1 |w - eP'*"™ dH (w)> |Vu(x)|P" dx

Ju(z)—u(y)|>6
< pl_ - w- e’ dH" ! (w) /R ) IVu(z)[P@) da
= K, / ) IVu(z)P® de,

so that the limit is finite. O

Remark 3.4. The function {z — K, ,(,)} is also bounded, since |K,, )| < K, ,~. Moreover
{s — K, s}, for s € [1,400), is a monotonically decreasing function, that tends to 0 as s — +o0.
In fact, we have

d 1 S n—1 _ 1 s n—1
T [s /Sn—l lw-e|®dH (w)] =2 ) lw - e|®dH" ™ (w)

1
—I—/ |w - e|*log |w - e| dH™ 1 (w) < 0, s>1,
S n—1
and the assertions follow. Hence, roughy speaking, very large anisotropic exponents p(x) will
produce, in some sense, a small measure p = K, ;)L™ in the limit formula.
In the classical case, where p is a constant exponent, if we have
: )P
(y)|>6
then we have also
: — P
%gr(l) /n /n |x— |n+p dxdy—pKn,p/Rn |Vu(x)|P dz.
y)|>0

This fact is not obvious in the variable exponent case.

Theorem 3.5 (Anisotropic limit H). For all u € W™ (R™), we have the limit formula

: _ p(z)
i [ ‘x_yw dody = [ pla) Kooy [Vula) ) da,

[u(z)—u(y)[>6

where K, 5y has been introduced previously. In particular, the limit exists and is finite.
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Proof. In analogy to the previous case, taken h > 0, we prove that, for all w € S*71,

+o0
(3.4) sup / / T dhdx < 400
5€(0,1) n
u( :c+5hw) u(z+dhw)—u(z) h>1
and
: i p(x)
(3.5) %1_21(1] /n/ hp(x T dhdz /]R" |Vu(z) - w|P* de.

u(z+6hw) u(x) h>1

Of course, we have the inequality

+00 +0oo
p(x)
/n/ ey dhde < p* /n/ ———dhdz

u(1+5hw —u(x) h>1 u(1+5hw —u(x) h>1

and, by what prev1ously proved, (3.4) holds. Now, taking into account the equations obtained
for the first anisotropic limit formula, we have

—+00
p() _ =)
//0 X (@ h) dhdx—/Rn Moy (V) ()7

where the right-hand side is convergent, as proved in Lemma 3.1. From A(d) C B, we get

p(z) p(x) n
e )+1X ) (x,h) < (@) X (x,h), V(z,h) € R" x (0,+00), V>0,
where p(z)h P (x, h) is summable. Then, by the dominated convergence theorem,

+oo +oo
lim / / dh dx = / /
0—0 n hp((ﬂ n

u(x+5hw) u(x) h>1

1XA (x,h) dhdx —/ IVu(z) - wP® da,
Rn

proving (3.5). Now we are ready to prove the theorem. Settlng Yy — x = dhw, with w € S*~1,

517(33 +o0
/n/n |ac— ‘n+p(z d:vdy—/n/Snl/
(v)

‘>5 u(1+§hw) u(x) h>1

5 dhdH"~ Yw) dz,

so, making the limit as § — 0, it results

lim " drd lim @) A" (w)
6—}0 n n |x - y|n+p y o Sn—1 n hp($)+1

)‘>6 u( z+5hw u(z) h>1

/ /|vu ) - wP) dz dH (w).
Sn— 1 n

In conclusion, applying Fubini-Tonelli’s theorem and recalling that, for any V' € R and x € R"

LIVl @i @) = p(o) By VI

we get

. _ p(z)
& / / P A= [ o) Ko Vuta i
(v)

[>d
Of course the right—hand side is finite, so that the limit is also finite. The proof is complete. [J
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4. SUFFICIENT CONDITIONS

First we state the following

Lemma 4.1. Let u € LPU) (R*) N C? (R™). Then we have

)’p (z)+e

p(a) e Ju(z
/np(x) Kn,p(x) ‘VU( )’ dx < hgl)%lf/n /n ‘x_ ‘n—&—p(m)

Moreover, if u satisfies

dzx dy.

= sup/ / e Julz )‘p dxdy<+oo,
0<e<l JRn JRn |I— |"+p(x)

then u € WHP() (R™),

Proof. By using polar coordinates, we get

+00 _ p(x)+e
= sup / / / £ lu(z + 1w) 11L(x)\ dr dx dH" ! (w).
0<e<1Jsn-1 JRn rP(@)+

Consider the restriction to the open balls By C R™ at the origin with radius A > 0,

0<e<1

Since u € C? (R"), arguing as in the proof of [10, Lemma 4], we have

|Du(z) - rwP@e < |u(z + rw) — u(z)[P@He 4 oppl@)tett V(w,x,r) €

Multiplying by ¢ and dividing by r?®)+1 after integrating, we get

D p(z)+e
i inf/ / / ‘ u Tw’ dr dx d’]—["—l(w)
e—0 sn—1JB, p(2)+1
< lim inf e [u(x + rw) — u(a)[P@)+e
= e—0 §n—1 BA )+1

—|—Clim/ / / e drdr dH" 1 (w)
e—=0 Jen—1 B

_ p(z)+e
:liminf/ / / elu(z + rw) — u(x)]
e—0 §n— 1 BA )+1

+00 p(z)+
sup / / / £ fulz + rw)( T uz)l dr dz dH" H(w) < C(u).
S§n—1 BA

dr dx dH" ™ (w)

dr dz dH"H(w).

11

S"1 % By x (0,1).
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After some computation, we are able to apply Fatou’s Lemma as shown in the following equation

p(x)+e
lim inf/ / / \Du rw[ dr dz dH" ™ (w)
e—0 sn—1.J By,
1
= lim inf/ (/ ere! dr/ |Du(z) - w|P@+e d’H"_l(w)> dx
e—0 Ba 0 S§n—1
— liminf / < / | Du(z) - wP@+ d?-["_l(w)) do
e—0 By Ssn—1
> / </ lim inf | Du(z) - w|P@+e d’H"l(w)> dx
Ba gn—-1 &—0

_ /B A < /S Du(a) ) d?-l"_l(w)) do

_ / P(2) Kooy | D) P@ de,
Ba

hence the inequality

u(x + rw) — u(z)PE)+e "
/BAP(H:) Ky p(a) | Du(@)[P) do < hmmf/Sn 1/BA/ ol rp(x)+1( 2 dr dz dH" " (w).

e—0

By the arbitrariness of A > 0, we conclude that

p(a
/ p(x) Ky, p(o) | Du(2)” @) gy < hmlnf/ / \u| W)l dm dy < C(u).

e=0 x — |n+p(x)
Since pT K, ,+ < p(x) K, sy, if C(u) is finite, we get u € W1r() (R™), concluding the proof. [

Corollary 4.2. Let u € LP0) (R*) N C? (R™) and set w(z) = p(x) Ky p@)- Then

1/p
e Ju(z) — u(y) P
(4.1) IVull oo e, w) < hmlnfmax (/n /n ]a: - y|n+p(x) dx dy

and, if the right-hand side is finite, v € W'P() (R™). In addition, if p € P8 (R"™), we have
M (Vu) € LPO) (R™).

Proof. By Lemma 4.1, we have

p(x)+e
Vu(z) P w(z) de < hmmf £ Jul W)l dz dy,
Rn n Jrn ]w — y[”ﬂ’ (z)

while, remembering property (2.1), we have also

=3
HVUHLP(')(R",w) < miax (/ ’V”u,(q;) ’p(x) w(.ﬁU) d;p) P

1
p(x)+e\ »E
< max lim inf / / e Ju@) —uly)]
e—0 n Jrn ‘x — y‘”ﬂ’
£ lue) )" ~
< hm 1nf max dx dy ,
n n |$ — |n+p
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so the first assertion follows. Since p* K, ,+ < p(x) K, p(x), if the last term is finite, we get

uwe Whrl) (R™). Moreover, if p € Pplog (R™), by applying Theorem 2.3, there exists a constant
K,,- > 0 such that

M (VU)HLP(‘)(R") < K- ||VUHLP<'>(R”Z) )
and the proof is complete. ([

We will need the following lemma.

Lemma 4.3. Let Q) C R" be a measurable set and let b and ¢ be two non-negative measurable
functions on the domain Q x Q. If we take a measurable function o : Q — (—1,+00), then

A //6 () dedy d5 = // Sy aays [ [ 2 deay
#(

P(z,y)>6 z,y)<1 z,y)>1

Proof. From a direct computation, by using Fubini-Tonelli’s theorem, we have

1
/ // 50‘9”)1/136 y dwdydé—//wxy / 6@ 4§ dz dy
0 0

B(z,y)>0 (z,y)>0
://wx Y) / 5o dédxdy—i—//wx Y) / 6@ g8 dz dy
0<p(z,y)< (z,y)>1
(@)+1 1°@Y) sola)+1
://w +1 dxdy+//¢xy +1 dxdy
(z,y)<1 d(zy)>1
¢a :7:)+1(
//1/1 )+1 da:dy+ // Y(z,y) dx dy,
7y <1 ,y >1
and the assertion follows. O

Theorem 4.4. The following facts hold:
(a) for every u € Wwir* (R™), there exists C' > 0, depending only on n and p*, such that

e [u(z) — u(y) P +e
su dz d
0<551 /n /n !w—y!"ﬂ’ z) Y

[u(z)—u(y)|<1
/n/ [z — y[rr@ \n+ dwdy<C<IIWHLp+(Rn +[Vul? n)).
u(@)—u(y)[>1
(b) for every u € Whp™ (Rn)
i e |u(z) — u(y)[P@+e - "

y)<1

Proof.

(a) Let u € Wwiet (R™). By Lemma 3.1, there exists C' > 0, depending only on n and p*, such
that

51)(96

|u(z)—u(y)|>d
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for all 6 > 0. Multiplying this inequation by £6°~!, with & € (0, 1), and integrating with respect
to ¢ over the interval (0, 1), we have

1 cop(@)+e—1 -
(4.2) /0 /n/n dedydd <C <HVUHLP+(W + HVU” n))-

[u(z)—u(y)|>6

By using Lemma 4.3 with
a(r) =plr)+e—1,  ¢(@y) =lul@)—uly) and  P(z,y) =
the integral at the left-hand side of the inequality becomes

goP(@)+e—1 — u(y)[? (x)+e
/ /”/” [ — y[r@ ey = /n/n +<€ )|z — y|tP@) ey

y)|>4 |<1

€
dmd.
/n/n PEE oL
CE

\>1

In particular, by equation (4.2), it follows

€ |u(x) —u(y )’p (=) te + p p-
sup ‘x — e Aoy < OG0 (19l ) + IVl ).
£ n n -
[u(z)—u(y)|<1

Finally, by matching this formula with the starting inequality for § = 1, it follows

p(z)+e
sup / / e Jul@) = uly)| dx dy
0<s<1 n JRn ’2? — y!”+p

(z)—u(y)|<1

2
/n /n dedy <C <HVUHLP+ gy TV, n))
lu(z)—u(y)|>1

for some constant C' depending only on n, p* and the first assertion follows.
(b) Let u € wir® (R™). Let us compute the limit

p(z)
lim 551// ’ 2) + ) e dy ds.

e—0 x — y|ntp g — ynte(z)
lu(z)—u(y)|>o

Taking 7 € (O7 1), we can write the integral with respect to d as

. e—1 +5 6]9(:1:)
E]i%l+ 86 /n /n ’.’1}'— |n+p x) d dyd5
lu(x)—u(y)|>6
p(z)
— lim lim 556 1 / / D)+ dy ds
70+ e—0+ n Jrn |x—y|”+P
(z) |>6

T—=0+t e—=0+ n ‘:L‘ — ‘”"‘p

p(z)
+ lim lim [ et // 2) ) dyds,
()|>6
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On the one hand, the second integral at the right—hand side goes to 0 as € — 0, since

X e 1 _|_ E 5p(33)
eli%i €0 // |;c_ o — @) dx dy do

lu(z)—u(y)|>0

§5p(@)
< lim g(sfl / / (™ + )07 dy do
e—0t n n ’[L‘ — y’n-l—p(:v)

lu(z)—u(y)|>0
<Cp, (Hvunm+ oy V27 Rn)) lim [(p* +¢)(1 —79)] = 0.

On the other hand, we can write the first integral by making the change of variable § = 7z,

1 +€ 5p(x)
/556 /n/n \x—y\"*p dx dy do

(y)|>d

— ! {-_‘7'5,2571 (p($) + 8)(7-2)])(33) dx du dz
0 n n ’.’1}' — y’n-l—p(:v) y )
[u(z)—u(y)|>72

From the arbitrariness of 7 € (0,1), making the limit as 7 — 0% and remembering both the
anisotropic limit formulas, it happens that

p(z)
lim lim 5561 // | z) e dydo
n n T —

7—0t e—=0* y|n+p o — y|nte@)

[u(z)—u(y)[>6

1 (2) p(z)
B i o€ 1 p(z) (T2)” (2)
= T /0 = [ / . (!x @ T g |

|u(z)—u( |>TZ

(72)P(@)
= lim lim / / dm dydz
70t e—=0t n JRn |IE — y|n+p

lu(z)—u(y)|>T2

:/npm Koyt V) P i

In turn, we can conclude that

. +€ €5p( z)+e—1 p(z)
;15%/ /n /n |937 (@) drdydd = /np(:z) Ky p@) | Vu(z) [P dx.

[u(z)—u(y)[>0

Applying Lemma 4.3 with

o(e) =p) +e—1,  Swy) =lu@) —uly) and  lay) = LD

[z — y[+o@)

we write
1 p(x)+e—1 p(x)+e
[ [ e [ [ el
0 Rn JRP |z — y|rtP@) n Jn \a:— y|rtp()
[u(z)—u(y)|>8 lu(z)—u(y)|<1
oSy s
lu(z)—u(y)|>1

Hence, by taking the limit as € — 0, the assertion follows. O
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Theorem 4.5. The following facts hold:
(a) if u € LPO) (R™) N C? (]R") is a bounded C? function and

£ |u(x) — uly )!W / / 1
su dr dy + 7(1[1)(1 < +00,
0<EI<)1 /n /n \x — ’"er y ol )n ) )n ’.1‘ _ |n+p Yy

)—u(y)|<1 >1

then u € WHPL) (R");
(b) if u € LPO) (R™) and

Jg=

sup T dy < +00,

0<6<1 n Jrn |=T— |"+p
(z) y)|>d

then u € WHPL) (R™).

Proof.
(a) Let u € L) (R™) be a bounded C? function satisfying (a). Then

e Ju(z) — u(y) ")
su d:vd
0<eI<)1/n /n Iw - \”*p(’”) Y

p LE +e

< sup / / e Julw) — u(y)| dx dy

I Ix - yl"+p($)
(z)—u(y)|<1

pt+1 pt+1
+2 max{l, HuHLw(Rn / /n @ y‘n+ dwdy < +o00.

lu(z)—u(y)|>1
The assertion follows from Lemma 4.1.
(b) Let u € LP0) (R™) N CF (R™) such that
§p(x)
(4.3) sup / / da; dy < C < 400,
0<5<1 n JRn \m — y|ntr(@

[u(z)—u(y)[>6

for some constant C' > 0. Multiplying the inequality by €671, with € € (0, 1), and integrating
with respect to ¢ over the interval (0, 1), we have

p(x)+e—1
/ / / |‘€5 e oy dedyds < C,
n n Xr — n

y)|>4

Applying Lemma 4.3 with

a(z) =pla)+e—1,  lz,y) =|ul@) —u(y) and  P(w,y) = ——

|z — y[rHpl@)”

the left-hand side of the last inequality becomes

/ / ()‘Pm dxdy—i— / / c drdy < C,
n n +5 |IL’— ‘n—i—p n n +€ ’LU— ’n—i—p x) -

(2)—u(y) \<1 u(z)— U(y)|>1

e [u(z) — u(y)Pre N
sup /n/n ]:):— [P <C(p" +1).

e€(0,1)
lu(z)—u(y)|<1

so we get
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Recalling that, by (4.3),

(y)[>1
assumption (a) of the Theorem is Satlsﬁed, so u € WP() (R™) and the proof is complete. In the
general case, one can argue as in [13] by using a density argument. O
We conclude with an observation dealing with the limiting case p~ = 1.

Remark 4.6. Let u € LP0) (R") with 1 = p~ < pt < 400 and set E = {z € R" : p(x) = 1}.
Assume int(E) # () and

L

= sup T dy < +00.

0<5<1 nJrn | —y ‘"+p(z
(y)|>6

Then
sup |B]_n:vrl/ / lu(z) — u(y)| dr dy < +oo.
BCint(E) BJB
In particular, for n = 1, it reads as

sup ][][|u ) —u(y)| dzdy < 400,
BCint(E
sou € BMO(E ) the space of bounded mean oscillation functions on E. In fact, let zg € int(F)

and B C int(E) a ball centered at xzo. We have, for all ¢ € (0 1)

/ / |lx — y‘n+1 dr dy < /n /n |z — y|n+p(w drdy < A.
y)|>d

Ju(x)—u( (y)|>d

Then, taking into account [12, (a) of Theorem 1], we have

u(z) — u(y)| dedy < C | |B]" dz dy + 5| B|?
s/B |n+1

|u(z —u( |>5
<C <A|B|”;H +6|B| )

for some constant C' depending on n. Then the above assertions follow by the arbitrariness of
§ € (0,1) — making the limit as § — 0" — and B C int(E).
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