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1. Introduction

Given w > 0, N >3, a« € (0,N), p > 1 and s € (0,1), we consider the nonlocal
problem

(=AY u+wu = (Ko * |[uP)ulPu, ue HRYN), (P.,)
where K, (z) = |2|*~ and the Hilbert space H*(RY) is defined as
H*(RN) = {u e L2(RY) : (=A)*/?u € L*(RM)},

*Corresponding author

1447


http://dx.doi.org/10.1142/S0218202515500384

1448 P. d’Avenia, G. Siciliano & M. Squassina

with scalar product and norm given by
(u,v) = /(—A)S/2U(—A)S/2“+w/“% lull® = [[(=2)"2ull3 +wul/3.

The fractional Laplacian operator (—A)® is defined by

(—A)su(x) _ _C(];[’ 3) / U(Jﬁ + y) _|;|(]$:+;Sy) — 2“(33) dy, = RN,

where C(N, s) is a suitable normalization constant. Thus, problem (P, ) presents
nonlocal characteristics in the nonlinearity as well as in the (fractional) diffusion.

We point out that when s = 1, p = 2 and a = 2, then (P,,) boils down to the
so-called Choquard or nonlinear Schrédinger—Newton equation

—Au+wu = Ky xuP)u, ue H (RY). (1.1)

This equation was elaborated by Pekar3Y in the framework of quantum mechanics.
Subsequently, it was adopted as an approximation of the Hartree-Fock theory, see
Ref. 6. More recently, Penrose®! settled it as a model of self-gravitating matter.
The first investigations for existence and symmetry of the solutions to (1.1) go
back to the works of Lieb?3 and Lions.?% On this basis, we will refer to (P,,) as to
the generalized nonlinear Choquard equation. In the last few years, the study of
equations involving pseudo-differential operators has steadily grown. In Refs. 26 and
27 the authors discuss recent developments in the description of anomalous diffusion
via fractional dynamics and various fractional equations are derived asymptotically
from Lévy random walk models, extending Brownian walk models in a natural way.
In particular, in Ref. 20, a fractional Schrédinger equation with local power type
nonlinearity was studied. This extends to a Lévy framework the classical statement
that path integral over Brownian trajectories leads to the standard Schrédinger
equation —Au + wu = f(u), see e.g. Ref. 8 and references therein. In the case
s =1/2, problem (P,,) has been used to model the dynamics of pseudo-relativistic
boson stars. Indeed in Ref. 16 the following equation is studied:

V=Au+u=(Ky*[u®)u, uweHY*R?), u>0,

and in Ref. 13 it is shown that the dynamical evolution of boson stars is described
by the nonlinear evolution equation

0p = V=D +m* — (Ka* [Y*) (m >0),

for a field ¢ : [0,T) x R? — C (see also Refs. 18, 19 and 21). The square root of the
Laplacian also appears in the semi-relativistic Schrodinger—Poisson—Slater systems,
see e.g. Ref. 4.

So motivated by the above-cited works, in this paper we have considered (P,,) as
a generalization of (1.1) which takes into account more general convolution kernels
and allows a distribution density of type |u[P. Observe that mathematically Eq. (P,)
involves two fractional operators since it can be seen as a coupled system of two
equations involving fractional Laplacians (see Sec. 5, in particular problem (5.2)).
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We shall say that u € H*(RY) is a weak solution of (P,) if
/(—A)S/zu(—A)S/Qv + w/uv = /(ICQ * |ulP)|ulP~2uv, for all v € H¥(RY).

Let

1+a< <N—|—a
N PSS N o

and introduce the Nehari manifold

N = fu HRONO}  1(-8) 2l + ol = [ (o <1ul)l? =01,

(1.2)

and the C! functional E,, : H*(R") — R defined by

Buw) = 5 (18P + 3 [ = o [ easlurpor. (13

A ground state of (P,) is a solution with minimal energy E,, and can be char-
acterized as

min E,(u).

ueEN,,

The main result of the paper is the following.

Theorem 1.1. Assume that p satisfies (1.2). Then
Existence: There exists a ground state uw € H*(RY) to problem (P,) which is
positive, radially symmetric and decreasing;
Regularity: u € L*(RY) and moreover if s < 1/2, u € CO*(RN) for some p €
(0,25), if s > 1/2, u € CH*(RN) for some p € (0,25 — 1);
Asymptotics: If p > 2, there exists C' > 0 such that

c

U(.’IJ) = W +O(|.’E|7N72S), as |.’E| — OQ;

Morse index: If 2 < p < 1+ (2s + a)/N and s > 1/2, the Morse index of u is
equal to one.

Under some restrictions on the values of p, there exist different ways of obtaining
ground state solutions, via minimization problems which turn out to be equivalent
up to a suitable change of scale, as shown in Propositions 4.1 and 4.2. In particular,
in the range

25+«

o
1+ =<p<l1 , 1.4
ty <p<lt+—F (1.4)

the ground states can be found by minimizing the functional

Bo(w) = 5 [ =)0 = o [ (Ko s fap)lul” (15)

on L2-spheres, which allows to obtain the additional information about the Morse
index of solutions. The information provided in Proposition 4.2 is also useful when
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studying the orbital stability property of the family of ground states for the equation
iy = (—A)*u 4 wu — (Ko * |uP)[ulP2u RY x (0,00). (1.6)

This topic was recently investigated in Ref. 36 in the case p = 2 and with a €
(N — 2s, N), see the introduction therein for the physical motivations. We plan to
investigate (1.6) — in presence of a parameter ¢ of singular perturbation — from
the point of view of soliton dynamics by following an approach used in Ref. 5 to
study the local case s = 1 and motivated by the absence of general results about
the nondegeneracy of ground states.

We point out that, contrary to the local case s = 1, the solutions can only decay
at the polynomial rate |x|~V =25, We refer the reader to Ref. 29 for sharp results
about the exponential decay of ground state solutions in the case s = 1.

Moreover, we have the following multiplicity result.

Theorem 1.2. Assume that (1.2) holds. Then (P,) admits infinitely many radial
solutions with diverging norm and diverging energy levels. If in addition N = 4 or
N > 6, then (P,) admits infinitely many nonradial solutions with diverging norm
and diverging enerqy levels.

Next, we have the following nonexistence result.

Theorem 1.3. Assume that either p <14 a/N orp > (N + «)/(N — 2s). Then
(P.) does not admit nontrivial solutions u € C?*(RY).

As a consequence, the range of p detected in (1.2) is optimal for the exis-
tence of nontrivial solutions. The first complete study of Pohozaev identities and
nonexistence results in star-shaped bounded domains for equations involving the
fractional Laplacian and a local nonlinearity was done in Refs. 32 and 33. Then,
more recently, for fractional equations set on the whole RY, in Ref. 9, the authors
obtained a Pohozaev identity for power type nonlinearities. Theorem 1.3 is based
upon Pohozaev identity (6.1) which is obtained, as in Ref. 9, by the localization
procedure due to Caffarelli and Silvestre.”

Next, we denote by H*(RY) the completion of C°(RY) with respect to the
seminorm [|(—A)%/2 - |5, known as Gagliardo seminorm, and consider the problem

(=A)u= (Ko *uf’)[ul""?u, ue HRY). (Po)
We have the following result.

Theorem 1.4. The following assertions hold:

(1) Let p # 2. Then (Po) does not admit nontrivial solutions u € H(RN) N

L% (RN),

(2) Let p= &t =2. Then the problem writes as

5 =

(=A)u = (||~ * [u*)u, we H*RY), N > 4s, (1.7)
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and any of its solutions of fized sign have the form

N —2s
2

t
Cl5———7 , € RV, 1.8
<t2—|—|x—x0|2) * (18)
for some xog € RN, C >0 and t > 0.

The classification of the solutions to problem (1.7) is reminiscent of that for the

fixed-sign solutions to

(—=A)u = uN"E in RN,
In Ref. 10 (see also Ref. 22) the authors proved that any positive to this problem
has the form of (1.8).

The plan of the paper is as follows. In Sec. 2 we collect some preliminary notions
and results. In Sec. 3 we investigate the Holder regularity and the asymptotic
behavior of weak solutions. In Sec. 4 we prove the existence of least energy solutions
(ground states) determining equivalent ways of characterizing them. Here we also
get their symmetry and monotonicity properties and we investigate the Morse index
of ground states in the particular ranges 2 < p < 1+ (25 + «)/N and s > 1/2.
In Sec. 5 we get the existence of infinitely many solutions, symmetric under the
action of some group. In Sec. 6, we obtain a general Pohozaev identity and we
prove Theorem 1.4. In the paper, C' will always denote a generic constant which
may vary from line-to-line. Unless expressly specified, the integral are meant to be
extended to RY.

2. Preliminaries
First of all, let us recall the following properties which follow from the fractional

Sobolev embedding

2N
H*(R™) — L"(RY 2,27 here 27 1= ———
&) — I'(RY), re[22] where 2= o,
the Hardy—Littlewood inequality and the fractional version of the Gagliardo—
Niremberg inequality
s 1—
lullg < ClI(=A)2ulF[lull§ 7, (2.1)

for ¢ € [2,2%] and § satisfying % = 2ﬁ + % Notice that by Proposition 3.6 of

Ref. 12),
S w(z) —u(y)|?
||(_A)S/2U||§ = C(];f’ ) / | |( ) y|N(+y2)s| : (2.2)

Lemma 2.1. Let p satisfy (1.2). We have that:
(i) 2Np/(N + a) € (2,2%) and for every u € H*(RY):

[ s falu < ClalBy (2.3)
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(i) If
N(Zp—1) Np

<qg<2E 2.4
Nta —157% (2:4)

and u € LYRY), then

1 2p—1 «
o PYly|P~2y € LT(RY - = . 2.
(Ko * [ul?)[ulP"*u € L"(RY)  for - 7 N (2.5)

In particular (2.5) defines a function r = r(q) which is strictly increasing and
maps [N(2p — 1)/(N + a), Np/«) onto [1, Np/(a(p — 1))).

(iil) For every u € H*(RY):

_ Np—N-—a

/ (ot [ul?)ul?” < CII(=A)2ul3 ull 377, 5 25p

(2.6)

Proof. Property (2.1) is trivial. In order to prove (2.5), let ¢ be as in (2.4) and
u € LY(RY). Using Hardy-Littlewood-Sobolev inequality we have that

1 p «
Ko * lulP € LY(RY ith -~ =5%— —.
* u (RY) wi i Te N
Since ¢ < Np/a, then t > 0. Moreover, since p > 1, then
Np N(2p—1)
N+« N+«

)

and so t > 1. Hence, since for p > 1,

Np - N(2p—1)
(07 (07

)

by using Holder inequality we get (2.5). Finally (2.1) easily follows from (2.3) and
(2.1). m|

The next result is an adaptation of a classical lemma of Lions and it is crucial
in the proofs of the existence theorems.

Lemma 2.2. Let q € [2,2%]. For every u € H*(RY) we have that

1—2
q
[ullf < C ( sup / |u|q> [l .
z€RN J By ()

Proof. If ¢ = 2 it is obvious. Let now ¢ € (2, 2*]. Since r := N (¢ — 2)/2s < ¢, for
a.e. © € RV, by Theorem 6.7 of Ref. 12, we have

1(1-2)
[ qr [
Bl (w) Bl (I) B1 (w)

2

23
23
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1—2

<c / )l
( By () (B1(x))

1—2
<c (s [ )l
(maw o) He(B1(2))

where HUH?JS(Bl(a:)) is defined in Eq. (2.2) of Ref. 12. Hence, we cover R with balls
of radius 1 in such a way that each point of RY is contained in at most N + 1 balls.
This procedure works even if in the H®(Bj(z))-norm there is a nonlocal term (the
Gagliardo seminorm) and so we conclude. |

With the same procedure of Lemma 2.2, one proves that, for all u € H*(RY),
2<¢g< 2 and o >0,

Bt

q
u§<c<s1§gpN I )|u|q) Jul?,
xre o (T

where t = ¢+ 2(2% —q)/2% and 5 = q(2F —2)/[q(2F — 2) + 2 2¥] and so one obtains
the following lemma.

Lemma 2.3. If {u,} is bounded in H*(RY) and for some o >0 and 2 < q < 2%
we have

sup / [un]? — 0 asn — oo,
zeR™ J B, (x)

then u, — 0 in L"(RY) for 2 < r < 2.

3. Regularity and Asymptotics
In this section we want to show that any H*(R" )-solution of (P,,) is indeed regular
as well as the asymptotic profile. Let us recall the definition of the fractional Sobolev
spaces for ¢ > 1 and § > 0:

W = {u e LYRN)FH(1+ |¢°)Fu] € LYRN)} (3.1)
(see Ref. 35 for more details) and the following results (see Theorem 3.2 in Ref. 15).
Theorem 3.1. We have the following:

(i) If B > 0 and either 1 <r < q < rj = Nr/(N — fr) < 400 orr =1 and
1 < q< N/(N —3), we have that W5 is continuously embedded in LI(RN).

(ii) Assume that 0 < 3 <2and 8> N/r. If 3—N/r <1 and0 < u<pg—N/r
then WP is continuously embedded in COH(RN). If 3— N/r > 1 and 0 < p <
B — N/r—1 then WP is continuously embedded in C1+(RN).

We prove the following theorem.
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Theorem 3.2. Let u be a solution of (P,). If s <1/2, thenu e L*(RY) N CO#(RY)
for e (0,2s). If s > 1/2, then u € LY(RN) N CH#(RY) for p € (0,25 — 1).

Lemma 3.1. Let u € H*(RY) be a solution of (P,). Then for every ¢ > 1 such

that
1 - o 1 1 2s
q N P N’

we have that u € LYI(RN). Moreover, for every r > 1 such that
1 « 1
->—(1-=),
r N( J

Proof. Let us consider gy = 2Np/(N + ). Since u € H*(RY), by Sobolev embed-
dings we have that u € L% (RY). Moreover by (2.1) of Lemma 2.1 we have that
(Ko * [uP)uP~2u € L™(RY) with 1/r¢ = (2p — 1)/qo — o/N. Thus, since the
Bessel operator preserves the Lebesgue spaces (see Ref. 35) and by (3.1) we have
that u € W?2%™_ Then, by Sobolev embedding in (3.1) of Theorem 3.1, u € L4(R")
for every q € [ro, (10)3,], i.e. for every ¢ such that

o 1) 2 L 2 1 1
N p N ) N —q 1o '

Hence let us define

N(2p—1 N
¢ = max {7"0, M} and ¢! := min {(7‘0);57 p}'
o

we have that u € W32,

N+«

It is easy to see that qo € [q1,¢*[. Moreover, since for every ¢ € [q1,q'[ we have
u € LYRN), then (Ko * |ulP)|[ulP~2u € L"(RY) and so u € W?*" for every r €
[r(q1),7(¢")[, where the map r = r(q) has been defined in (2.1) of Lemma 2.1.
Hence by Sobolev embeddings and again by (2.1) of Lemma 2.1, u € L(RY) for
every q € [r(q1), (r(¢*))3s]. If r(q1) = 1, namely g1 = N(2p — 1)/(N + «), we stop
here from the left-hand side of the interval of ¢’s. Analogously, if 1/(r(¢'))3, =
a/N(1—1/p)—2s/N, namely ¢! = Np/a we stop here from the right-hand side of

the interval of ¢’s. Otherwise we iterate the procedure. We take

M} = max {r(r(qiz)L w}

gi := max {T(qil), Nia Nia

and
ot = min {65 52 b —win {0 (a5 52 ).
We have that

Qi1 <@ < - <q<--<qg <qg"h
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Indeed, by induction, if we assume that ¢; < g;—1 then
1 1 1 1

—_— = < = s
g r(gi-1) (@) Gt
and, analogously, if ¢~ < ¢’ then
1 1 25 1 2s 1

- = - < - = —.
¢+t r(g) N () N ¢

We can conclude this procedure after a finite number of steps; indeed,

Lemma 3.2. For every r > 1, the solution u of (P,) is in W?".

Proof. Let r¢ be such that 1/ro = «(1 — 1/p)/N. By Lemma 3.1 we have that
u € W27 for every r € (1,79). Then by Sobolev embeddings, u € LI(RY) for
every q € [1, (ro)3s). Hence, since p < (N + a)/(N — 2s), then

1 o 1 2s  « N —2s 2s o N —2s o
e ) e g
(ro)ss N D N N N+« N NN+a Np
Thus by K, * |u|P € L®RY) and so (K, * |ulP)|ulP~2u € L"(RY) for every
r € (max{1/(p—1),1},(r0)s,/(p — 1)). Thus u € W?*" for every r € (max{1/(p —
1),1}, (ro)ss/(p — 1)) and so for every r € (1,(ro)5,/(p — 1)). If 7o > N/(25) we
conclude. Otherwise we take r1 := (r9)5,/(p — 1) and we iterate the procedure. If
p < 2, then r1 > ¢ and the procedure stops in a finite number of steps since
i1

1 p-1 _(p—1)1_28(€v—1)i(p_1)j

ri - (ric1)s, o =
_ (-1 2s(p-1)(-(p-1))
To N(2-p)
If p = 2, then r1 > ¢ and the procedure stops in a finite number of steps since
1 1 1 2si

T (7‘1‘,1);5 To0 N ’

If p > 2, then, since

we have that

Tit+1
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and the procedure stops in a finite number of steps since

1 (1 2s(p—1)\ , 2s(p—1)
R ( N(p—2>>+N<p—2>' .

Proof of Theorem 3.2. The conclusions follow from Lemma 3.1 and combining
Lemma 3.2 and (3.1) of Theorem 3.1. m|

The proof of the regularity in Theorem 1.1 is thereby completed.

We note also the following result on the summability property of the fixed sign
solutions which we will need in studying the Morse index. In this context we need
the functional to be C2, and this is achieved for p > 2.

Proposition 3.1. Let s > 1/2 and p > 2. If u € H*(RY) is a solution of (P,)
with |u| > 0, then u € H***L(RN). In particular Vu € H*(RN).

Before to proceed with the proof, we show the following general fact.
Lemma 3.3. Let u be a function in L*(RN)NL®(RN). Then Ky * [ulP € Co(RY).
Proof. Let By C RY be the unit ball centered in 0 and write Ko = 15, Ka+15:Ka,
with:
15K, € L"(RY)  for every r € [1, N/(N — a)),
1p: Ko € L"(RN)  for every r € (N/(N — @), +o<].
Since u € LY(RYN) N L*°(RY), it is possible to choose a small positive ¢ in such
a way that 1p,K, € L*¢(RY) and |u? € L'+1/¢(RV) and we conclude that
(1p,Ko) * |uP € Co(RN). (3.2)
Here Co(RY) the space of continuous functions vanishing at infinity. Analogously,

we can choose a small positive ¢ such that |[u[? € L'**(RY) and 1p:K. €
L'*1/¢(RY) and we have

(1p:Ka) * [ul? € Co(RY). (3.3)
By (3.2) and (3.3) we conclude. m|
Proof of Proposition 3.1. Let us assume u > 0. By Theorem 3.2 and Lemma 3.2,
it is w € L' (RY) N CHH(RY) N HY(RYN). We will show that ||(—A)*t1/2u|; < co. By

Lemma 3.3 we know that Kpxu? € Co(RY). We observe now that Ko *u? € C1(RV).
Indeed, consider n € C°(RY) with supp(n) C B1(0) and 7 =1 on By 5(0). Then:

o Nk, € LYRY),uP € CH(RY) with bounded first-order derivatives;
e (1—-n)K, € C(RY) with bounded derivatives, u? € L*(RY).

Hence, by the usual properties of the convolution, K, * u? is C! with derivatives
given by

0i (Ko xuP) =0y x 0juP + (1 —n)Kq) * O;uP.
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Now, since u € CH#*(RY) and p > 2, we have:
o * Ouf = 0Ky * (puP~t0;u) € L*(RY) « L= (RY) ¢ L>®(RY),
(1 =n)Ka) * 0u? = (1 = n)Ka) * (puP~'0u) € L=(RY) « L'(RY) € L=(RY),

which prove that 9;(Kq * uP) € L®(RYN). Set v := (Kq * uP)uP~1; since p > 2 we
have

v = uP10; (Ko % uP) + (Ko * uP)OjuP~t € L*(RY) N L>=(RY), (3.4)
and then
I(=2)**12ullz = |(=2)°[(=A)* + wI] 7 (=A)?v]|2 < C[| Vo2 < oo
The proof is thereby complete. O
Remark 3.1. Under the hypotheses of Proposition 3.1, we have u € C2?(RY).
Indeed by Theorem 3.2 and (3.4) we know that v € CV#(RY) with
Di(—wu + (Ko * uP)uP™1) € L= (RY).
Thus 0;u satisfies
(—A) 0 = 0i(—wu + (Ko * uP)uP™1),
and, by Proposition 2.1.11 of Ref. 34, we conclude that d;u € C1(RY).

We conclude this section by showing the asymptotic profile of the solutions of
(Pw). For the sake of simplicity we set

Vo= — (Ko * |ulP)|ulP~2.
We get the following theorem.

Theorem 3.3. Let p > 2 and u be a solution of (P,). Then there exist two positive
constants C1,Cy such that, for any x € RV,

lu(@)] < Ci{e) ™72, where (z) = (1 +[«*)"/?,

and

1
u(z) = —Cs (/ Vu) ELE +o(lz|N72%)  for |z| — 4o0.

Proof. For a solution u of (P, ), we have
(=A)Y’u+Vu=—-wu.

By Lemma 3.3 we have V € L®(R") and V(z) — 0 for |z| — oco. Then, for every
7 € (0,1) there exists R > 0 such that V(x) > —7, whenever |z| > R. Then, we are
in a position to apply Lemma C.2 in Ref. 17 to obtain the conclusion. O

As it can be seen in Lemma C.2 of Ref. 17, the constants C7, C depend on the
solutions by their L2-norm.
The decay estimate in Theorem 1.1 is proved.
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4. Ground States

Ground states solutions for (P,) can be found minimizing Ey, defined in (1.5), on
the sphere ¥, = {u € H*(R") : |Jul|2 = p} with p >0, or

ul®

(J (Ko [ulP)ulp) /P’
on (H*(RN) N L2Np/(N+e)(RN))\ {0}, or considering

S(u) =

Np-1)—a N+4a—(N—2s)
1A 2ull, ™ (wlud) ™ e

(J (Ko |ulp)ulp)/»
Indeed, straightforward calculations show the following relationships between these
three functionals.

W(u) :=

Proposition 4.1. For every p > 1 and u € (H*(RN) N L2NP/(N+)(RN )\ {0},

1 1
= (- = p/(p—1)
max E,(Tu) (2 2p> S(u) .
Moreover let u-(-) = u(r-). We have that:
(i) if p satisfies (1.2) then

Np—(N+a)

) T Wy

IP;I@:S(UT) " Nta—(N-2s)p

(i) if p satisfies (1.4) then

2sp <N+a— (N —2s)p
Np— (N + «)

1
2\N+a—(N—-2s)p\ (@s+ta)—N(p—1)
: N/2, \ _ _ (wllul3)
mig Eo(r™"ur) = —a ( W ()27 »
where
N(p—1)—a
. (¢ +2s) =N(p—1) (N(p—1) —a) @F2-Ne-1
N 4sp 2sp ’
(iii) if p =1+ (25 + a)/N then Eo(tN/?u,) = 72 Eo(u);
(iv) if p>14 (254 «)/N then
hT EO(TN/zuT) = —00,
and
1
W(u)281) Np-—D—(2sta)
N/2, N
rllg(nyo(T ur) =b ((wu%)N+a—(N—2s)p )
where
b_N(p—l)—(oz—i—?s)( 2sp )N@—”{(a“’)
2[N(p—1)—a] \N(p-1)—a '
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Hence, arguing as in the proof of Proposition 2.2 of Ref. 29 and applying
Lemma 2.2, we obtain the following theorem.

Theorem 4.1. If p satisfies (1.2), then S achieves the minimum on H®(RN)\{0}.

This proves the existence part of Theorem 1.1. Concerning the symmetry of
these ground states, we have the following result.

Theorem 4.2. Let u € H*(RN) be a ground state of (P,). Then u has fized sign
and there exist xg € RN and a monotone function v : R — R with fized sign such
that u(x) = v(jz — xo).

Proof. Given a ground state u of (P,), u # 0 and u is a solution of

S(u) = inf S().
() e H*(RV)\{0} (?)

Taking into account ||(—A)%/2|ul|l2 < ||(=A)*/?ul|s also |u| is a ground state. Then
(=8)°ful + wlul = (Ko * ul")[ul"~".

By arguing as in the end of Sec. 3 of Ref. 15, if u(xg) = 0 for some ¢ € RY,
then one obtains

[u(wo + y)| + [u(zo —y)|
|N+25

= 07
|$0 -

yielding u = 0, a contradiction. Whence |u| > 0 and u does not change sign. We

shall assume u > 0. Given v € H*(RY) with v > 0 and any half-space H C RY,
the polarization v is defined as

") max{v(z),v(og(z))} ifxeH,
v (z) =
min{v(z),v(op(z))} if x € RN\H,
where o (z) is the reflected of x with respect to OH. Then, |[v7|]3 = ||v|} and,
by (2.2) and Theorem 2 of Ref. 1, [[(—=A)*/20f |3 < [|[(=A)*/2v||3. In turn, since
S(u) < S(u'?), we conclude that
1 7

s« |ulP)|ul? = 12 = s [ |P) [l |P.
/(’C(X | | )| | [S(U)]p Z [S(UH)]p /(’C(X | | )| |

Then, by combining Lemma 5.3 and Lemma 5.4 of Ref. 29, we conclude the proof.
O

As we said in the Introduction, here we are particularly interested into the
precompactness properties of the minimizing sequences of Ey on ¥,. In this case
we have to assume that p satisfies (1.4). Indeed, if p > 1 + 251;,"0‘7 using the same
rescaling 77V/2u, as in Proposition 4.1, we deduce that Fj is unbounded from below.

In the following lemma we collect some basic facts.

Lemma 4.1. Let p > 0 be fized. Then:

(1) Ey is coercive and bounded from below on X ,;
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(ii) my2 = infyex, Fo(u) < 0;
(iii) every minimizing sequence for Ey in X, is bounded and can be assumed non-
negative, radially symmetric and decreasing.

Proof. Let u € ¥,. By (2.6) we have

N =~

Eo(u) > 5[ (~A)*/2ul}3 — Cll(—A)/ 2] 377 p20=0r.

Since p satisfies (1.4), then 0 < Op < 1 we get (4.1). To show (4.1), fix u € X,
and observe that the rescaling 7V/2u, preserves L?-norm. We have that Fo(7"/%u,)
becomes negative for small 7. Finally, the statements in (4.1) easily follow from the
coercivity of Ey and from the fact that ||(—A)*/?u*||o < ||[(=A)%/?ul|z, where u* is
the symmetric radial decreasing rearrangement of u (see Theorem 3 in Ref. 1). O

~—

Hence we have the following compactness result.

Theorem 4.3. For every p > 0, every minimizing sequence for Ey in X, is rela-
tively compact in H*(RN) up to a translation. In particular Eo has a minimum
point on X,, that can be assumed non-negative, radially symmetric and decreasing.

Proof. Let {u,} be a minimizing sequence for Ey on ¥, satisfying E{(u,) — 0 as
n — +oo. In view of Lemma 4.1 it is bounded in H*(R") and then there exists
u € H*(RY) such that u,, — u. Now let R > 0. If it were

lim sup / u? =0,
n yGRN BR(y)

then, by Lemma 2.3, we would have u, — 0 in L9(R"™) and then, by (i) of
Lemma 2.1,

/ (Ko # [t1n]P) 1t ]? — 0,

implying that lim, Ey(u,) > 0, which is a contradiction with (ii) in Lemma 4.1.
Then, possibly passing to a subsequence, there exists a § > 0 such that

sup sup / [, |? > 6.
n yGRN BR(y)

We infer that there exists {y,} C RY such that

/ [, |? > 6.
BR(yn)

Hence, defining v, = u,(- + y») and by the compact embedding of HISOC(]RN ) into

L% (RN) (see e.g. Corollary 7.2 in Ref. 12) we get a bounded minimizing sequence
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whose weak limit v is nontrivial, ||v||2 < p,
[vn = vlI3 + [0]I5 = [[vall3 + 0n(1), (4.1)
1(=2)*"(vn = )15 + [[(=2)20]13 = [(=2)*?va]3 + 0n (1), (4.2)
and, by Lemma 2.4 of Ref. 29,

/ (Ko # [0 — 0[P o — 0P + / (Ko * [0]?)o]?

= [ (o s enl?)lenl? + on1). (4.3)
Assume by contradiction that ||v]|2 = g < p. Since, by (4.1),

N

— 1
[vn — v|l2

Qn = ’

and, by (4.2) and (4.3),
Eo(vn —v) + Eg(v) = my + 0,(1),
and then
Eo(an(vy —v)) + Eo(v) = Eg(vn —v) + Eg(v) + 0, (1) = mp2 + 0,(1).
Then, since ||a, (v, — v)||3 = p? — p2, we get
Mp2_ 2 +my2 < my + on(1). (4.4)

Now let us define for v > 0, X8 = {w € ¥, : [(Kq * [w[?)[w|? > v}. We show
that there exists v > 0 such that

mpy2 = inf Ey(w). (4.5)

wGEZ
Of course m,> < infuegz Ep(u). Assuming by contradiction that, for every v > 0,

my2 < infyexy Eo(w), we can find a minimizing sequence {wy} such that

Eo(w,) — m,2 and /(/Ca * |wy, |P)|wp|P — 0.
Thus
1 s/2 2 1
0= SI(=A)" wnllz = Eo(wn) + ; (Ko # [wn]?)|wn | — mp2 < 0.
Then, by (4.5), we easily get m,z2,2 < 72m2 for every 7 > 1. Thus, for all
1€ (0, p):
Mmpz < My2 +Mmp2_ 2,

which is in contradiction with (4.4). Hence v € X,, ||[v, — v|l2 = 0,(1) and, by
applying (2.1),

[on = vll2np/(v4a) = 0n(1). (4.6)
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It remains to show that ||(—A)%/2(v, — v)|l2 = 0n(1). Since {v,} is a bounded
Palais-Smale sequence, there exists {\,} C R such that for every w € H*(RY):

Ey(wnlo]l = A [ onw=0,(1) and Egun)len] = Aullonlld = 0 (1),
Then we obtain that {\,} is bounded and
(Eq(0n) = Eiom)len = vm] = [ (00 = 0]
—|—)\m/vm(vn — V) — 0 asm,n — oo.
Since, by Hardy—Littlewood—Sobolev inequality and (4.6):

\ [ oo (o = )

2p—1
< C||UnH2110vp/(N+a)”Un - UmH2Np/(N+a) — 0,

and
)\n/vn(vn - Um) - 07

as m,n — 00, we have that {v,} is a Cauchy sequence in H*(R") and we get that
{vn} is relatively compact. The last statement of the theorem is achieved by taking
into account (4.1) of Lemma 4.1. |

Finally, following step-by-step (see proof of Lemma 2.6 in Ref. 11), we get the
following relations between the ground states (as minima of F, on N,,) and the
minima of Ey on X,,.

Proposition 4.2. For every p > 0, the minimization problems

in E, d min E,
min o(u) and  min E,(u)

are equivalent. Moreover the L*-norm p of any ground state u of (P,) satisfies

N — (N -2
2_Nto—( W min B (u)
ws(p—1) uEN.,

and

in E,(u) = min B, (u).
nin w(u) = min E,(u)

Proof. Let p,w > 0,
Ry, ={meR_:3Jue X, st. Ej|s,(u) =0 and Ey(u) =m}
and

An, ={ceR:FueN, st. E, (u) =0 and E,(u) = c},
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where, for all u,v € H*(RY),

E' (u)[v] :/(—A)S/% (—A)S/Qv—I—w/uv—/(lCa* |ulP)|ulP~2uw.

First of all we observe that, by Lemma 4.1 and Theorem 4.3, Ry, is well defined.
Let now u € X, such that Ej|s, (u) = 0 and Ey(u) = m with m < 0. Then there
exists A € R such that

(=AY u — (Ko * [ulP)[uP~%u = —\u, (4.7)
and so
=8)"2ul ~ [ (o aplul? = ~36% (48)
Then, since Ep(u) = m, by (4.8) we get
p—1 ] Ap?
TH(—A) Pull3 =m+ o (4.9)

and so A > 0. Now let

at2s 1/(2s)
w(x) = T2<;:21>u(7'ac) with 7= (;) .

We have that w solves
(—A)Yw +ww — (Ky * |w|p)|w|p_2w =0,

and so w € N, E/,(w) =0 and ¢ = E,(w) € &, .
Vice versa, if w € N, such that £/ (w) =0 and ¢ = E,(w), we consider

2(p—1)

a42s P at2s—N(p—1)
u(x) :=72-Dw(rr) with 7= .
[[wll
We have that u € ¥,, (4.7) holds for
4s(p—1)

FT-NG=T)
A:w7252w<—p ) ,
[[wll

a+2sp—N(p—1) w 2
m = (o= D)

and

2(at2sp—N(p—1))

p a+2s—N(p—1) w
- (W) (e = Sllewll3)- (4.10)

By Pohozaev identity (6.1) and since w € NV, and E,(w) = ¢ we get the system:

N
=t /mmmmmm:a

1(=2)*"2wl]|3 + wllw]3 — /(’Ca # [w|?)lw]” = 0,

(N —26)[[(=2)*2w|)3 +wN||w|3 ~

1 1
SN0 2wl + Sl - 5 [ (o s folul? =c,
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from which
N+oa—(N—2s)p
[wl|5 = — c.
ws(p—1)

Thus (4.10) becomes:

a+2sp—N(p—1)

a+23—N(p—1)< wp2 STz NG
m= —
)p

2 N+a—(N-2s
2s(p—1)
" (s(p — 1)) a2 -NGp—D , (4.11)
c

and, for

N+a—-(N-2s

p? = ws(p(_ 5 )PQ
(4.11) implies
W o

m + Ep =c.

Hence the conclusions easily follow. O

Finally we study the Morse index of the ground state. In the last part of this
section we assume 2 < p < 1+ (25 + a)/N to have that the functional E,, is C?
and s > 1/2. If w is the minimum of Ey on X, we have

/ (D)2 / (Ko * Jul?)ul? = — A2, (4.12)

with A > 0 (by (4.9)). Now consider

EX(u)[§.n] = /(—A)S/Qf(—ﬁ)s/zn + A/fn —p/(’Ca s JulP ™) lulP P ug

1) / (Ko [uf?) P21, (4.13)

To obtain information on the Morse index, we need to study ker EY (u).
Since the problem is invariant for the group of translations, the solutions of
(P.,) will never be isolated: in other words ker E{ (u) # {0} and in particular

span{Vu} C ker EY (u). (4.14)

Indeed, for every a € RY, consider the action of the group of the translations
in RY induced on H*(RY), that is

to:u € H*(RY) — u(- +a) € H¥(RY),

which is linear and isometric. Since Exot, = E\, we have E} (t,u)[v] = Ef (u)[t_qv],
for every u,v € H*(RY). For every u € H*(RY) it is also convenient to introduce
the following map

s, :a € RY —— wu(- +a) € HS(RY).
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Of course, for a generic fixed u € H*(R"), the map s, does not need to be dif-
ferentiable but (for example) whenever u € H*(RY) is a solution of (P,) as in
Proposition 3.1 it does, and the differential in 0 given by

s/ (0)[b] = Vu-be H*(RYN), forall be RV,

u

Hence, in this case, by differentiating in 0 the map
a € RN v+ El(s,(a)) € H*(RY),
we get EY(s,(0))[s,,(0)[b],-] = 0 for all b € RY and this gives (4.14).
It would be interesting to understand if the ground state is nondegenerate in

the sense that
span{Vu} = ker EY (u).

We define the Morse index iporse(t) as the maximal dimension of subspaces of
H*(RY) on which EY(u) is negative definite. We have the following result which
completes the proof of Theorem 1.1.

Proposition 4.3. Let u € %, be a ground state and T,%, = {w € H*(RY) :
Juw = 0}. Then:
(i) EY(u) is positive semidefinite on T,X,;
(ii) infyer,s, BY (u)[w, w] = 0;
(i) intorse(u) = 1.

Proof. Let v be any element of T,,X, and v : (—¢,¢) — X, a smooth curve such
that v(0) = v and +/(0) = v. Since u is the minimum of Ey on X, it is

d2
WEO(’Y(T)”T:O =0,
which explicitly reads as
0< Bj(wlev] + Ey(w)h" () = Ef@loo) = A [w"0). (415)

Of course, 0 = L [ |y(7)2 = 2 [ ~(7)7'(7) implies

S+ [w©) o,

which, plugged into (4.15) gives (i). Property (ii) follows by Proposition 3.1 and the
translation invariance of ¥ ,: indeed 9,,u € T, X, and we know EY (u)[0z, 4, Oz, u] =0
Finally, to prove (4.3), note that by (4.13) and (4.12):

), ] /| mefﬂu%vmwmmw
=2O—p[/MA*M@MW<0

The result then follows from (i) and the direct sum decomposition (see Ref. 2 for
the general setting): H*(RY) = T,,%, & span{u}. O
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5. Multiplicity

We begin with some geometric properties of the functional E,, in (1.3). The assump-
tion (1.2) will be tacitly assumed in the whole section.

Proposition 5.1. The functional E,, satisfies the following geometric assumptions
of the symmetric mountain pass theorem:

(i) it is even, that is E,(u) = E,(—u);
(i) #t has a strict local minimum in 0 with E,(0) = 0;
(iii) there exist a nested sequence {Vi.} of finite-dimensional subspaces of H*(R™N)
and {Ri} C RT such that E,(u) <0 for every u € Vi, with ||ul| > Ry.

Proof. Property (i) is immediate. By (2.3) it holds
1
Ey(u) 2 gllull® = Cllul,

getting (ii). Finally, if {e; };=1,... x is an orthogonal basis of a k-dimensional subspace
Vi of H*(RY), then, writing u = Zle tie;, it is Ey(u) — —oo for |lu|| — oo,
proving (iii). m|

To ensure existence of critical points of E,,, a compactness condition is necessary.
To this aim some preliminaries are in order.

Firstly,let £ > 1, N; >2,i=1,...,f,or { =1 and N > 3, and N:ZleNi.
A point in RY is now denoted with x = (z1,...,2), z; € RYi. Let O(N;) be the
orthogonal group on R and consider the product group

G:=O(Ny) x -+ x O(Ny),
acting on RY by
g-x=(q121,...,90%¢), 9= 1(q1,---,90) € G,
and whose representation in H*(R™) is given by the linear and isometric action
(Tyu)(z) =u(g™" - 2). (5.1)
Set
X :={ue H*RY): Tyu = u for all g € G}.

In particular for £ = 1 we have the radial functions, u(x) = u(|x|). In this we say
that the functions in X are “symmetric”. Then X is exactly the closed and infinite-
dimensional subspace of fixed points for the action (5.1). The importance of this
setting is twofold. Indeed the functional E, is G-invariant, i.e. for every g € G,
E,oT, = E, and the space X has compact embedding into L4(RY), q € (2,2%),
see Ref. 24.
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Secondly, for every fixed u € H*(RY), consider the problem:

71_N/2 N
(~8)°1%p =s()lup, where y(a)i= T TORY
p e H?(RY),

(where I' is the gamma function) whose weak formulation is the following one: we
say that ¢ € H*/2(RY) is a weak solution if for every & € H*/2(RV):

/ (—A)4p(~A)/4E = (a) / Elul?. (5.3)

Recall that for every o € (0, N), (—A)*/?u is defined via the Fourier transform
and H*/?(RN) is defined as the completion of C2°(RY) with respect to the associ-
ated Gagliardo seminorm (these notions coincide with that given in the Introduction
for @ € (0,2)). Observe now that, under the assumption on p, the right-hand side
in (5.3) defines the map

L:ve HY?RN) — /v|u|p eR,
which is linear and continuous; indeed

| Lo| < Cllullzn, (vga) 10l izer2 < CllullPllvll oo

By the Riesz representation theorem there exists a unique weak solution ¢ of
(5.2), represented as a convolution with the kernel ICp, /v (), i.e. ¢ = Ky * |ulP and

1Ko [ul?|| grasz = [ILI] < Cllul”.

As a consequence of the above setting we can prove the following result, which will
help us to recover compactness.

Lemma 5.1. Let {u,},u € X be such that u, — u in H*(RY). Then:

(1) Ka * [tun]? — Ko * |ulP in H*/2(RN);
(ii) f(’Coz # | [P) [un [P — f(’Coz * |ulP)|ulP;
(iii) f(’Coz * |un|p)|un|p_2unu - f(’ca * |ulP)|ulP.

Proof. Define the linear and continuous maps Ly, L : H*/2 (RY) — R such that
L,v= /v|un|p, Lv = /v|u|p, v e HY?(RV).
By the compact embedding we may assume

llwn, — ully — 0, forall g € (2,27).

Then, denoting with (27 /2)’ the conjugate exponent of 27, ,,

27 o lllunl” = lulPll 2z )

Lo = Lol < [ Jolllunl? = ul”] < 1o

< HU”HQ/QETL - 07
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which proves the convergence of L,, to L in the operator norm, yielding (i). We now
observe that:

Ko [unl?] < € € L%/2(RY),  JunlP < p € L2 (RY),
jun P! < € LT (RN).

Hence by the Young inequality we have

1 TN
(Kot Junlun]? < 5=/ + mmmu®r2) € LIRY),
2&/2 (2a/2)
as well as
(Ko * [un[P) un [P~ ful
L o N+a)p—1) 2 N+ a 1N
< *—g a/2 T Tp(Nta)(p—1) | ul| N+t € L' (R

5 SR el ®")

The dominated convergence theorem allows to obtain (ii) and (iii). m|

Theorem 5.1. The functional E,, satisfies the Palais—Smale condition in X.

Proof. Let {u,} C X be a Palais-Smale sequence, that is,
|Ey(un)| < M, E(u,)—0 in H*RY).

Then we deduce in a standard way the boundedness of {u,,} in H*(RY). Hence,
there exists u € X such that, up to subsequences, u,, — u in H*(R"). By Lemma
5.1 we have the convergences:

0 — B, (un)[u] = (ttn, ) — / (Ko # 1t P i 2111t — [Ju]}? — / (Ko # )],
L n)tn] = > = [ (Ko o) a0

o b anl? = [ (Ko

from which we deduce that ||u,| — ||u||. This gives the desired conclusion. O

Theorem 5.2. The functional E, possesses infinitely many critical points
{un} C X such that E,(u,) — o0, and |uy| — oo. In particular, problem (P,)
has infinitely many solutions in X .

Proof. All the hypotheses (geometry and compactness) of the symmetric mountain
pass theorem on the space X are satisfied, so that the existence of infinitely many
critical points {u,} C X with E,(u,) — oo is guaranteed. Then, since [(Kq *
[tn])|un|? < Clun||?P, it has to be ||u,|| — oo. By the Palais Principle of Symmetric
Criticality, the constrained critical points {u,,} C X for E,, are indeed “true” critical
points and hence solutions of (P,). O
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Observe that Proposition 5.1 holds also in the limit cases p = 1+ «/N and
p=(N+a)/(IN —2s). Due to the nonexistence result (see Sec. 6), we see that the
Palais—Smale condition cannot be satisfied for these values.

To obtain nonradial solutions we need a slight modification in the above setting,
as introduced in Ref. 3. Let N =4 or N > 6 and choose an integer m # (N —1)/2
such that 2 < m < N/2. Let us define

G:=0(m)x O(m) x O(N —2m),
whose induced action on H*(RY) is as usual,
(Tgu)(x) = u(gflxlag;1x2a951x3)7 g = (91792793) € G? (54)

where, now r = (v1,22,23) € R™ @ R™ @ RV 2™ We know that X, associated
to the action (5.4), has compact embedding into LI(RY), ¢ € (2,2%). Consider the
involution in R¥:

7w = (v2,21,3),
and the action
(Tu)(2) = u(z), (Tu)(z)=—u(r""-z),
induced by H = {15, 7} on H*(RY). Define also the group
K:=GxyHCO(N),
via the group homomorphism ¢ : H — Aut(G) given by
em)g=g, ¢(r)g=g7", g€G.
Moreover, if
m: K — {+1,-1} such that n(g,e) =1, =(g,7)=—1,
denotes the canonical epimorphism, we define the action of K on H*(RY) by
(Tyu)(z) = n(k)u(k™" -z), kK.
Of course, this action is linear and isometric and in particular if & = (g, ¢y ), then
(Tyu)(z) =u(g~t - z), if k = (1g, ), then (Tyu)(z) = —u(r~! - x). Set
Y :={uec H'RY) : Thu = u for all k € K},
and note that the unique radial function in Y is v = 0. Since E,, is K-invariant

and Y C X is closed and infinite-dimensional, we can argue as before obtaining the
following multiplicity result.

Theorem 5.3. Assume N = 4 or N > 6. The functional E, possesses infinitely
many critical points {u,} CY such that E,(u,) — 0o and ||u,|| — oo. In partic-
ular, problem (P,) has infinitely many solutions in'Y .

Hence the proof of Theorem 1.2 is completed.
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6. Nonexistence

As known, in order to formally deduce a Pohozaev identity, one can compute

Tl =0,

where 7, () := u(9z) and u is a solution to problem (P,,). We find

N —2s /| S/27vo|2—i—(,ul\f/|u|2 = a;N/(ICa*|u|p)|u|p. (6.1)

We shall rigorously justify this identity. We follow the localization argument deve-
loped in Ref. 9 by defining the space X S(Rf *1) as the completion of C§° (]Rf )
for the norm

1/2
I(1—s)
e —1 1—-2s 2 _ ol—2s
”UJHXS(Rf-H) = (ws /RN+1 Yy |Vw| da:dy) , wWg:i=2 7
+

I'(s)

For a given u € H*(RY), the solution w € X*(RY ") of the minimization
problem

min {/ y' 7| Vw|Pdady : w(z,0) = u(z) on RN}
RN+

is the solution to the boundary value problem:
= —2s . N+1
—div(y'"*Vw) =0 on R}t
w(z,0) = u(z) on RV,
and it is usually called the s-harmonic extension of u, and
el o vy = I1(=2)2ull>.
As known, the fractional Laplacian can be defined as the Dirichlet-to-Neumann

map

(-8 u() = - lim ' F Ty, we HORY).

W y—0+

Therefore, our nonlocal equation (P,,) can be restated into a local form as:

—div(y'=2*Vw) =0 on RY T,
{8511)(3:, 0) = —wu + (Ko * [uP)|u/P~2u  on RV,
where we have set
O5u(e.0) i= —— lim 4 *0,u(z.)

Without loss of generality, we shall set w, = 1. Of course, if w is a weak solution
to this problem, then u(z) = w(z,0) is a weak solution to (P,).
We have the following result.

Theorem 6.1. Let u € C? (RN)HHS(RN)DL% (RN) be a weak solution to (P,,).
Then (6.1) holds.

Taking into account Remark 3.1, it is not restrictive to assume u € C2(RY).
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Proof. Since u € C2(RY) we have w € C2(RY™). Set D = {z = (z,y) € RN x
[0,4+00) : |z| < 1} and consider a cut-off function ¢ € C} (RN x [0, +00)) such that
p=1onD, and pr(z,y) = ¢(x/R,y/R). A direct computation yields:

div(y' = Vw)[pr(z - Vw)]
= div[(y' " Vw)pr(z - V)] — y* " *Vw - V[pr(z - V)]
= div[(y'"*Vw)pr(z - Vw)] — y* 7 2*(Veor - Vw)(z - Vw)

—2s 1 —2s
—y12¢mvwﬁ—§y12wR@-VOVWFD

: —2s 1y s
=div |(y' "> Vw)pr(z - V) — sy *ppz|Vuw|?

2
' (Vpr - Vo) (= - Vo) + 2 2y R o] Vol
30" Von) Tul,
and, integrating on Rf 1 we get:
/ div[(y'"*Vw)pr(z - Vw)] = lim div[(y* "> Vw)pr(z - Vw)]
RY+ e—=0% JRN x[e,+o00[
= lim (y'=2Vw) - vogr(z - V)
e=0" Jo(RN x[e,+00[)
= — lim (y' "2 0,w)pr(2 - Vw)

=0T J(RN x [e,400])
- /(—qur (Ko * [ulP)[ulP~?u)or(2,0)(2 - Vu),

where v(z) = (0,...,0,—1). Now following the proof of Proposition 3.1 in Ref. 29
we get

N
W/ugaR(x,O)(x -Vu) — —WTHUHS as R — +oo,
and
/((’Ca # [ul?) |[ulP~?u)pr(x, 0)(z - Vu)

_N+a
2p

Moreover by the dominated convergence theorem we have:

—

/(ICa * [ulP)|ul’ as R — +o0.

div(y'  **¢rz|Vw|?) = lim div(y' ~**orz|Vw|?)
/Rf*l =0+ JRN x[e,+00]

= — lim 52’25/ or|Vw|* =0,
=07 (RN x [e,400[)
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/ y' 72 (Vogr - Vw)(z - Vw) — 0 as R — 400,
RN+1
T

/N+1 y' 7% (2- Vor)|Vw|? - 0 as R — 400,
R

+

/ Yy 2 oRr|Vu|? — / y' 2| Vuwl? as R — +oo,
Ri’+1 Ri\7+1
which conclude the proof. O

By combining the Pohozaev identity (6.1) with

Jiearzup+o [ = [ oo« puppur,
(N—Qs— “;N> /|(—A)S/2u|2+w (N— ‘”;V) /|u|2 ~0.

Now, since w > 0, if both the coefficients are positive, that is p > o+ N/(N — 2s),
the unique solution is the trivial one. Analogously, if they are negative, that is

we get

p < 14 «/N, nontrivial solutions cannot exist. Thus we conclude the proof of
Theorem 6.1. Now, the first statement of Theorem 1.4 follows by Pohozaev identity
(6.1).

In case s = 1, the assertion that any solution to problem (1.7) of fixed sign has
the form given in formula (1.8), was stated in Proposition A.1 of Ref. 28 and the
authors claim in Remark A.2-(3) that the same holds for the fractional Laplacian.
In order to justify this conclusion and make the paper self-contained, we provide
the following analysis on how to rigorously prove the statement.

e [nvariance under Kelvin transform. Consider the equation

|74s " u2

(—A)°u = vyu, with v, =|-

b

and define the following operators, on functions g defined a.e.,
(Kg)(z) := [z[* Ng(a/[2]*) and (Hg)(z) = ||~V *g(z/|z]*).

K is a Kelvin transform type operator, which is an isometry in H*(RN), see
Lemma 2.2 in Ref. 14. Observe that K, H are involutions, namely K2 = I = H?2.
Let us see now the behavior of (—A)® and v,u under the operators H, K. Fall and
Weth (see Corollary 2.3 in Ref. 14) prove that

H(—A)* = (~APK.

The behavior of the convolution term v, is proved in Lemma A.3 of Ref. 28, with
s = 1, where the authors use the identity |y|*|z — y/|y|?|* = |z|*|x/|z|? — y|*. In
our case, by replacing the exponent 4 with 4s, exactly the same computation gives

va(@) =[] vg-1y (@/]2]?).
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Notice that, by the definition,
u(z) = [a| "N Ku(z/|a]?),
and then
va(@)u(z) = ||~ P o/l "N Ku(z/|2)?)
= |2|" oy (2 /|2 Kulz/ |2|?)
= H(vg,Ku)(z),

namely, H[v,u] = vy Ku. If u is a solution of (1.7), by applying H to both sides
we have

(—A)’Ku = vk, Ku,
and so Ku € H*(RN) is a solution of (1.7) too.

o Radial symmetry and monotonicity. We want to prove that each positive solution u
of (1.7) is radially symmetric and monotone decreasing about some point xo € RV,
Let u € HS(]RN)7 u > 0, be a solution of (1.7) and, for simplicity, let v := v,. By
Sobolev embedding we have that u € L% (RV) and by Hardy-Littlewood-Sobolev
inequality, it follows v € LN/ (23)(RN ). Moreover, by arguing as in Theorem 4.5 of
Ref. 10, we have that Eq. (1.7) is equivalent to the system

ue) = [y, v=lal (6.2)
We use classical notations for the moving plane, namely ¥, = {z; > A} and
ux(z) = u(@®) = u(2\ — 21,29, ..., 2y). Simple calculations show that:
1 1
ux(xr) —ulxr) = - ux(y)ua(y) — u(y)v(y))dy,
@) —ute) = [ (g~ o) (@)~ w)

oa(e) — v(z) = /( L ) (B0) 20,

|z —yl* A -yl
Then, for any x € 3y, we have:

ur() (o) < [ @) — @)

N—2s
{yeXxiuv<urvr} |$ _y|

_ / w(y)[oa(y) — v(Y)] + va(y)[ur(y) — u(y)] a0
{yeXx:uv<uxvy} |.’IJ —y|N723
ux(y)lur(y) — u(y)] u(y)[va(y) — v(y)]
</Z§ lz —y[V-2s dy+/zg EET T

where we have set ¥% = Xy N{uy > u} and X% = X\ N{vx > v}. Then, by Hardy—
Littlewood—Sobolev and Holder inequalities we have

[Jux = ull 2z (zv) < C(HU”LN/(%)(Zi) [Jux — UHL%(W;)

+ HUHL2§(Z§)||U/\ _U||LN/<25>(2§))- (6.3)
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Analogously we get, for all x € Xy,

oa(z) —v(x) < 2/ u(y)(ur(y) — u(y))dy

b |z — yl[4s

X
and

or = vllzsan gy < Cllull sy s — el 2 g (6.4
Since [[v]| v/ (s, ||u||L2;(Ei) — 0 as A\ — —oo, combining (6.3) and (6.4), we
obtain [juy — u||L2;(E,;) = 0 and hence |X¥| = 0 and |¥%| = 0. The proof of radial
symmetry and monotonicity of v and v can be obtained in the same way of Step 2

and Step 3 in Ref. 28 using the analogous inequalities given above.

e Classification result. The same geometrical argument as in the proof of Step 3,
on p. 335 of Ref. 10, which exploits the invariance of the problem under the Kelvin
transform, shows that there exists a positive constant u., such that
lim |2V "% u(2) = Uoo. (6.5)
|| —o0
With the above tools available, namely Kelvin invariance, radial symmetry, the
scaling invariance

N —2s

ux(z) =272 u(Ax), A>0,

and the asymptotics as in (6.5), then the desired classification follows as in Sec. 3.1
of Ref. 10, where the authors deal with the problem (—A)*u = u?~! in RN,
More precisely, having formula (6.5) available, the arguments of Sec. 3.1 in Ref. 10,
which rely on the validity of Lemmas 3.1 and 3.2 in Ref. 10, carry on with no
variations since they contain calculations independent of the particular structure
of the nonlinear term.
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