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Abstract. We consider a coupled linear system describing a thermoviscoelastic plate with hereditary effects. The system con-
sists of a hyperbolic integrodifferential equation, governing the temperature, which is linearly coupled with the partial differ-
ential equation ruling the evolution of the vertical deflection, presenting a convolution term accounting for memory effects. It
is also assumed that the thermal power contains a memory term characterized by a relaxation kernel. We prove that the system
is exponentially stable and we obtain a closeness estimate between the system with memory effects and the corresponding
memory-free limiting system, as the kernels fade in a suitable sense.
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1. Introduction

Let {2 be a bounded planar domain with smooth boundary 0f2. Suppose that {2 is occupied, for all
time ¢, by a thin homogeneous isotropic viscoelastic plate. Denoting by w its vertical deflection and by
¥ the temperature variation field, we suppose that the evolution of the pair (u,¢) is governed by the
following integrodifferential system

g + h(0)A%u + / B (s)A*u(t — s)ds + AY = 0,
0

o3 00 (1.1)
¥ + a(0)d + / a'(s)9(t — s)ds — / k(8)AY(t — s)ds — Auy = 0,
0 0
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in 2 x RT, where RT = (0, c0). Here k:[0,00) — R™ and h:[0,00) — R™ are smooth decreasing
convex functions which go to 0 and to h(co) > 0 at infinity, respectively. Instead, the memory kernel
a:[0,00) — RT is a smooth increasing concave function with a’ vanishing at infinity. Moreover, all the
other physical constants have been set equal to 1. Observe that, if £ and h — h(oco) coincide with the
Dirac mass dy at zero and a = 0, then, supposing h(co) = 1, the above system formally collapses into
the linear model of thermoviscoelastic plate

{Un+A%u+AMU+0):0, (12)
19,5—A19—Aut:0 '

We shall assume for simplicity that system (1.1) is endowed with Navier boundary conditions

u(t) =Au(t) =0 ondf2, t >0,
H(t) =0 on 02, t € R,

and initial conditions

(1(0), u(0), 9(0)) = (ug, u1,Y9) in £2,
H(=5) = Jp(s) in 2 xRT,

w(—8) = up(s) in 2 xRT,

where g, u1, 99 : 2 — R and ug, Yo : 2 x RT™ — R are assigned functions. The choice of these bound-
ary conditions (edge-free plate) simplifies the functional setup as well as some technical arguments with
respect, e.g., to Neumann boundary data (clamped plate). The results will be obtained via the so-called
past history approach (cf. [6] and references therein) which allows, under suitable assumptions, to ex-
press the solution by a strongly continuous semigroup acting on an appropriate (extended) phase space
(cf. Theorem 2.1).

System (1.1) with h = h(oco) was considered and justified from the physical viewpoint in [4],
while the viscoelastic case was treated in [13] (cf. also their references). More precisely, according
to [4], the Laplace operator —A in the second equation of (1.1) should be replaced by —A + cI with
¢ > 0. However, this does not affect the mathematical analysis (see, e.g., [5,7]), so we decided to
set ¢ = 0 just for the sake of simplicity. In [4] the exponential stability was proved provided that
a(0) # 0, namely not only the heat conduction law accounts for hereditary effects (see [8]), but
also the constitutive assumption for the thermal power contains a memory term characterized by a
nonzero relaxation kernel. Instead, if one assumes that h = h(co) and a = 0, then, for nonzero ini-
tial histories, the system fails to be exponentially stable, no matter how fast the memory kernel k
squeezes at infinity, provided that its growth around the origin is suitably controlled (cf. [5], Theo-
rem 5.4). This confirms the conjecture formulated in [4], Remark 5.1, and also says that the pres-
ence of past history plays a discriminating role for the stability of the thermoelastic system. It must
be noticed that the exponential stability was obtained in [4] and in [13] by exploiting some spectral
analysis arguments, without detecting a precise decay rate. On the other hand, mainly in view of the
asymptotic analysis that we wish to pursue with respect to the behavior of the memory kernels in-
volved in (1.1), here we are interested in getting an explicit rate of decay. By exploiting a technique



M. Grasselli et al. / On a thermoviscoelastic plate with memory 57

first introduced in [9,15], we detect the decay rate by building up an ad hoc perturbation of the en-
ergy functional which satisfy suitable differential inequalities (cf. Theorem 3.1). Concerning the case
h # h(oco) and a = 0, in the Appendix we shall consider a quite general class of (abstract) ther-
moelastic systems with memory. We shall prove that every trajectory squeezes to zero asymptoti-
cally (nonuniformly with respect to initial data). Moreover, we shall exhibit some (weakly singular)
memory kernels for which the corresponding system, not including (1.1), lacks of exponential stabil-
ity.

The second main result of this paper is about the closeness between the solutions to system (1.1) and
the solutions to the system (1.2). The set of boundary and initial conditions is the same but the ones for
the past histories of ¥ and u. Concerning the memory kernels k and h, we proceed in the spirit of [1]
(see also [2,3,7]) by replacing them with the rescalings k. and h,, defined by

ko(s) = 1k;<f>, ho(s) = 1}3@), Vs € RT,
& & g g

where h = h — h(oo), while € € (0,1] and ¢ € (0, 1] are time relaxation parameters. Notice that k.
and h, approach the Dirac mass d as € and o go to zero, in the sense of distribution. Moreover, on the
basis of physical motivations, concerning the parametrization of the memory kernel a, we think of the
(model) situation

ar(s) = ¢(r) + () (1 —e ), Vs eRT,

¢, :[0,1] — R™T being continuous functions with ¢(0) = 1(0) = 0 (see (2.9)—(2.11)). Therefore,
while the kernels £ and & undergo a singular perturbation procedure, a is parameterized just in order
to be uniformly squeezing to zero as 7 vanishes. A suitable reformulation of system (1.1), accord-
ing to a well-established procedure, with k. in place of k, h. in place of h, and a, in place of a is
shown to generate a semigroup of contractions S, - -(t) on a certain phase-space Hgma. Then, denot-
ing by Sp0,0(¢) the limiting semigroup generated by system (1.2), we establish an estimate of the dif-
ference between two different trajectories, in terms of o, 7 and &, which holds on any bounded time
interval. Basically, our estimate says that the solutions to system (1.1) are arbitrarily close, in the nat-
ural norm of HY, ., to the solutions of system (1.2), provided that o, T and € are small enough and
the initial data are chosen inside a suitable regular bounded subset of the phase-space. For the sake
of generality we stress that, in addition to the singular limit estimate in the norm of the base phase-
space ’Hg’m, we shall actually provide the control with respect to the norms of the higher order phase-
spaces H;', ., m = 0 for suitably regular initial data (cf. Theorem 4.5). Clearly, the limit process for
o and € going to zero is singular, for the information on the past histories of the temperature field
9 and of the vertical deflection w get lost in the limit. As we shall see, the closeness control has to
be understood for time intervals which are bounded away from 0. In the particular case where we
fix 7 = 0 and we only take care of the limit process with respect to o and ¢, the result strengthens
since the estimate turns out to hold with constants which are independent of the time interval size,
so that the differences between any two trajectories can be controlled for any time ¢ > 0 (cf. Theo-
rem 4.7).

An interesting open problem is the analysis of the present model when his approximated as a, that is,
by a vanishing sequence of kernels. In fact, recalling that there is no exponential decay when a and b/
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vanish (see [5]), there should be a relation between the relaxation times €, ¢ and 7 in order to preserve
the exponential stability when they approach zero.

The content of the paper is organized as follows.

In Section 2 we introduce the notation and the basic tools, and we formulate the problems in the
proper functional setting. In Section 3 we prove that, for every 7 # 0, the solutions to (1.1) are expo-
nentially decaying with a rate of decay proportional to ¢(7). In Section 4 we demonstrate the closeness
estimate between the strongly continuous semigroups associated with systems (1.1) and (1.2) when the
time rescaling parameters o, 7 and € tend to zero. Finally, in the Appendix, we deal with the pointwise
decay and the lack of exponential stability for an abstract class of thermoelastic systems with mem-
ory.

2. Preliminaries and well-posedness

In this section we provide the proper functional framework and the well-posedness result for problem

(1.1).
2.1. The kernels parametrization

We assume that k: Rt — RT and h: Rt — R are smooth, decreasing and summable functions
satisfying, for the sake of simplicity, the normalization conditions

/OO k(s)ds = /oo fz(s) ds=1, h(0)=2, k(0) = h(cx) =1.
0 0
Then, we set

u(s) = —k'(s), B(s) = —h'(s), VseRT,

where 1 and 3 are supposed to satisfy

u, B € CHRT) N LY (RY), 2.1)
u(s) = 0, B(s) =0, VseRT, (2.2)

1(s) <0, B'(s) <0, VseRT, (2.3)
w'(s) + 6 u(s) <0, Vs € RY, (2.4)
B'(s) + 5,8(s) <0, Vs € RY, (2.5)

for some 4; > 0 and §, > 0. For any ¢ € (0, 1] and ¢ € (0, 1] we define the rescalings

S

pets) = () =Ko Aale = —50(2) =~ (2.6)
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Without loss of generality, we suppose that, for ¢ € (0, 1] and o € (0, 1], there holds

/ ie(s) ds =

/ Bs(8)ds =

/Oo Spe(s)ds =1, 2.7
0

1
€’
1
o’

/OO sB,(s)ds = 1. (2.8)
0

We assume that a(s) = a,(s), with 7 € [0, 1], where a, : RT™ — R™ is a smooth concave function. We
put v,(s) = —a”(s), where v, € C'(RT) N L'(R™) satisfies

ve(s) =0, V.(s) <0, VseRT, (2.9)
vL(s) + d3v7(8) <0, Vs € RY, (2.10)

for some 03 > 0. Furthermore we assume that the map {7 — .} is increasing and there exist two
functions ¢, € CO(R*) with ¢ > 0, ¢ > 0 and ¢(0) = (0) = 0, such that

a-(0) = ¢(7), V7 €[0,1], HVTHLI(Rﬂ P(r), VYVt e[0,1]. (2.11)
2.2. The scale of phase-spaces
Let (2 be a smooth bounded subset of R2. The symbols || - || and (-, -) stand for the norm and the inner
product on L?(2), respectively. We define the positive operator A on L*(£2) by A = —A with domain
D(A) = HL(£2) N H*(12), and we introduce the scale of Hilbert spaces H™ = D(A™/?), m € R,
endowed with the inner products (uy, uy)gm = (Am/ 24y, A™/ 2u,). We now consider the weighted
Hilbert spaces

MI =L (RY, H™)nL, (RY,H™), Qr=1L; (RT,H™"), meR,

endowed, respectively, with the inner products

(T]l, 772>M¢,”5 = /OOO ME(S)<A(1+m)/2m(s), A(l+m)/2n2(s)> ds
+ /O () (A2 (s), AT (s)) ds,
(61.8&)or = /OOO B (s)(ATT™2¢, (5), ATT™/2¢:(s5)) ds

and we introduce the product spaces

H™ 2 x H™ x H™ x M™. x Q71 ifo >0and T > 0ore > 0,
Hm”memexMTE, ife=0and 7T >0o0re >0,

H™2 x H™ x H™ x Qm“ ifeo>0and7T=¢=0,
H™2 x H™ x H™, ifo=7=¢=0,

m —
Ho,r,s -
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that will be normed by

2
It 0,1, g = NealBigmsa + el + 1903em + 10, + €1y

In particular Hgme is the extended phase-space on which we shall construct the dynamical system

associated with (1.1). Throughout the paper, when ¢ = 7 = ¢ = 0, we shall agree to interpret the five
entries vector z = (u, u¢, 9,1, ) just as the triplet (u, u, 9).

2.3. The problem setting

In order to formulate the problem in a suitable history space setting, let 7; . and 7, be the linear
operators on M? _ and Q, respectively, defined as

TT,ETI =-Ns NE D(TT,€)7 Tcr§ = _557 f € D(I5,),
where

D(T:.) = {n € M2 ns € M2_,n0) =0},
D(Ta) = {f < Q}T: 55 S Q};—vg(o) = 0},

and 7, (resp. &) stands for the distributional derivative of 7 (resp. £) with respect to the internal vari-
able s. Notice that T’; . (resp. T;) is the infinitesimal generator of the right-translation semigroup on
MY _ (resp. QL). Moreover, on account of (2.3) and (2.9),

1, 1o
(Tremn ). = 5/0 ()| A s ds + 5/0 V()| |n(s)|” ds <0, (2.12)
1 oe]
Tt&ay =5 [ Bl Age) ds <o, 2.13)
0

forn € D(1: ) and & € D(1}). Following the well-established past history approach (see, e.g. [6]), we
introduce the so-called past histories of 9 and w,

n'(s) = / | 9t — y)dy, () =ult) —ut —s), (s,t) e RT x RT.
0

Differentiating these variables leads to further equations ruling the evolution of n and &

nt=—nt + 9, &= +u@), teRT
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We are now in the right position to introduce the formulation of the problems. On account of the
normalization conditions and of the notation previously introduced, for any o,7,e € [0,1], given
(o, u1, Vo, m0, &) in HY. ., find (u, ug, 9,1, &) € C([0, 00), H2. . ) solution to

O,T,&

gt + /O " By (s)A2E(s) ds + A(Au — 9) = 0,

Y + o(1T)Y + / v-(s)n(s)ds + / e(8)An(s)ds + Auy = 0, (Pore)
0 0

T]t = T’T,ETI + 197

& = To€ + uy,

for t € R, with initial condition (u(0), u4(0), 9(0), n°, £%) = (ug, u1, 9o, Mo, &). Similarly, we introduce
the limiting problem (formally corresponding to the case 0 = 7 = € = 0). Given (ug, u;, %) € Hg’o,o,
find (u, us, ¥) € C([0, 0), HY ) solution to

{ Ut —|— AZUt + A(Au - 19) = O’ (POOO)

9 + A9 + Auy = 0,

for t € RT, which fulfills the initial conditions (u(0), u¢(0),9(0)) = (ug, u1,J9). The above problems
are abstract reformulations of the initial and boundary value problems associated with (1.1) and (1.2).

2.4. Well-posedness

System (P, ) allows us to provide a description of the solutions in terms of a strongly continuous

semigroup of operators on ’Hg,m. Indeed, setting

() = (ut), v(e), 9, ', €") ',
the problem rewrites as

d._ L 0) =

d_tC_ ¢ €0 = (o,

where L is the linear operator defined by

u v
v — Jo° Bo(9)A%E(s) ds — A(Au — V)
LD | =] =m0 — [ v(s)n(s)ds — [7° pe(s)An(s)ds — Av (2.14)
n 9+ T:em
& v+ Ty€
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with domain

Au — 19 € H?
ve H> Y e H!

/ pe(s)An(s)ds € H®
0

— 0 o0
D(ﬁ) = A HJ,T,E / ]/T(S)n(s) ds € HO

0

/ﬂuwﬁ@mem
0
0'e DT, € € D(Ty)

By virtue of (2.12) and (2.13), it is readily seen that £ is a dissipative operator. We will tacitly extend
the definition of S, ; -(t) to the case 0 = 7 = ¢ = 0 which is well known. Of course, in this case the
solution semigroup is a three-component vector only. We now assume that (2.1), (2.2), (2.4), (2.5) and
(2.9)—(2.11) hold true. If ¢ > 0, 7 > 0 and € > 0, following the proof of [4], Theorem 2.1, we obtain
the following theorem.

0
o,TE"

Theorem 2.1. System (P, ) defines a Cy-semigroup S, - £(t) of contractions on H

3. Exponential stability of S, (%)

In this section we prove that, for any 7 € [0, 1], the semigroup S, ,(t) is exponentially stable on
ng admitting a decay rate proportional to ¢(7) when 7 > 0. In this case, the exponential stability is
actually already known from [4] in the elastic case with a nonvanishing kernel a (recall that if a vanishes
the exponential stability fails as shown in [5]). However, this result was proven via spectral analysis
arguments, without detecting a precise decay rate. Here, we exploit a technique first introduced in [9,
15], namely, and we obtain the decay estimate for a suitably defined perturbation of the energy functional

£:RT — R, defined by £(t) = ||Ss.7.(t)||3,0 . We can thus provide a decay rate which shows the role

played by the kernels a and h.
The main result of this section is the following theorem.

Theorem 3.1. Assume that (2.1)—(2.5) and (2.9), (2.10) hold. Then there exist © > 0, dy > 0and ¢ > 0,
independent of o, T and ¢, such that for any T € [0, 1]

E(t) < ¢E(0)e@MHDO gt > ), (3.1)

Remark 3.2. A careful analysis of the proof of Theorem 3.1 shows that the constant dy and © can be
explicitly calculated. In particular, dy accounts for the viscoelastic effects.

Proof of Theorem 3.1. Let 7 € [0,1] and let 0 < p, < py < 1 to be chosen later. Then, for all ¢ > 0,
consider the following perturbation JF; of the energy functional £

Fi(t) = E@) + p,0,(t) + p3O4(1),  By(1) = (ur(1), u(t)), Oy(t) = —U(ut(t),§t>9;1-
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We denote by C' a generic positive constant independent of p,, p; and o, 7, e which may vary from line
to line even within the same formula. Observe that, by (2.8), there holds

0,0)] + 10| < C(JAu®)|” + )| + ¢']15,) < CEWD.

Therefore, up to choosing p, and p; sufficiently small, we have %.7-' 1(t) < E@) < 2F(t), so that £ and
JF turn out to be equivalent for what concerns the energy decay estimate. Let us now multiply the first
equation of (Py.r) by u; in H?, the second by ¥ in H°, the third by n in MY _, the fourth by £ in Q},
and add the resulting identities. This yields

d 01y 42 2 02 (/412
&5“) S _;HntHLge(w,Hl) - ‘53H77tHLgT(R+,H0) - Euftugg

2
’

1 [e’e]
£5 [ B@IALE] ds - 200 o)
0

by virtue of inequalities (2.4), (2.5), (2.10), (2.12), (2.13) and integration by parts. Besides, by direct
computation, we get

d
O = lu®IF = [Au®)| + (0), Au(t)) — (€' u®) gy

d

E@ﬁ(t) = —o(uu(t), §t>Q;1 - O-<ut(t)sTU§t>Q;' — || (t) ?,

where, in the last identity, we have used formula (2.8) once again. Then, on account of the obtained
formulas for the derivatives of £, ©, and 6, we deduce

d (6 B 1 o
PO <min{ Loy~ 52Ey + 5 [ oIAg @I o
= 206D [0D)|| + po [ = || Au®|* + p, (9(0), Au(t))
— (€' u) g1 — pro(un(D),€") g1 = pro (un(®), To€') 1 = pyllus(t)[|”

Therefore, we get
d 2 2 2
31O < =p,[[Au@®" = (o = p) [ = 26)[0 D
—mind L0, = 521605, +5 | S@lACGI s+ T
e ’ M(‘I)',E 20 (0]8 2 0 g ’
where we have set

T@®) = py(0(), Au®)) — po(u®), £) g1 + pro{ue(®), €5) g1 — pyo{un(®),€") o1



64 M. Grasselli et al. / On a thermoviscoelastic plate with memory

Notice that, we have

I
(W), Au(t)) < [90)]* +

—(u(t), € g1 < Cpy| Autt)’

HQI )
o

1 o0
o (un(t). €4) o1 < Copyl|un(t)||* — o /0 B,(s)[| A& ()| ds,

oo 2
—o(un(), €)1 = o(u(t). €) g — o (I).E) 0y +0 /0 Bo(5)AE!(s) ds

2 2
gy +CliE g -
By the above inequalities, it follows

Tt < (% +Cp} + Cpi) | 4u®)|* + Coillu®d| + (o + Cod) [[9OI
+ (ﬁ +Cp ) l€'ley — 1/00 B ()AL ()] ds.
4o 4 % 2y

Therefore, we conclude that

d 3
gh0+ <fb —Cpt - Cp§> | Au(t)||

+ (ot — p — CA3) [w®|)* + 26(r) — p, — Cp}) 9|

. (6 0y — Cpyo
mind 8 o' g + 2 P, <

Choosing p, = p,¢(7) and py = py¢(7), where the positive constants p, and py are independent of o, 7
and ¢, we obtain

—fl(t) +o(r )(— ~Cp, — Opﬁ) | Au@)|?
+ () (ps — B — C7F) [us®)|* + ¢ (2 — 7, — CAR) [9®)|°

Cp
o min(8, 5310 [y + 00 2 BCYel |, <0

Then, fixing p, and py so small that

.
A= mm{34 —Cp} = Cp s — Py — O3 2 — p, — Cpimin{ 1,53 }C, = 4Cpﬁc}>o,
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and &£ controls and it is controlled by F7, it follows that

%.7-’1(25) + §<Z>(7').7:1(t) <0, VE=0. (3.2)

By arguing as above, we have

d 1 1
640 < —3 P + 5l Aul? + 0P + S [~ s Agto) as. (3.3)

Setting now
K () = —e(d(®).7") ;-1

multiplying the second equation of (P, ;.) by [o~ pe(s)n'(s) ds and recalling (2.7), we get

2y oo

—|—£5<Au,/0 ps(s)nt(s)ds>
—5<Au,/0 ug(s)nf(s)ds>+€</0 VT(s)nt(s)ds,/O ,ug(s)nt(s)ds>
— {0, T s d>—192.

(0. [ o tsrds) o]

Therefore, setting

d
K =
pm t)=¢

/ () AV (s) ds
0

K)t)= K@) — 5<Au, /Ooo pe(s)n'(s) ds>,

we obtain

d : 00
EKz(t) = — £<Au,/0 pL(s)n'(s) ds> — (Au, 9)

+ e< | vm @ ds, [ o) ds> - s<z9, | wsmtes ds> — |9l

Notice that we get

/ () A2 (s) ds
0

1 —epe(s)
—e(0. [T uomeas) < ool + 5| [ . ‘/2<s>!|n<s>!|ds}

1 o0 2 (pul(s))* * PN
<ol + 5 [T s [T oo ds

<O+ S [~ i) as

[\

DN | =



66 M. Grasselli et al. / On a thermoviscoelastic plate with memory

Moreover,

e< /0 vo(s)'(s) ds, /0 1) (s) ds>

o0 2
<5H | e as
21{lJo

2 oo
w3 [ ot as

< w(T)/O v (9)||n'(s)|) ds +/0 pe(s)| A0 ()| ds.

Hence we deduce the following inequality

d 1 S A 1/2, t 2

— < -

GO <=3 10P+ 2 [ AV ) as

oo 1
+00) [T vl ds+ 4l AulP - (4u.0).

By multiplying the first equation of (P, ;) by u, we get

G <l + 5o [ B AP ds — 3 Aul? + (9, Au)

dt ts X t 20 0 o D) ’ .
Whence, we deduce that

d 1 1 &
GO + @] < = AulP = S0 + P+ € [ vl o) ds

1 [ O oo
+ %/O ﬂa(S)“Agt(S)HZdS + ;/0 Ma(s)HAl/z??t(S)szS_

Using now inequality (3.3) and setting K3(t) = 404(t) + Ky (t) + (us, u), we get
d 1 , 1 ) ) > L2
=K < —g|Aull* = S 97 = [lwe]* + C | ve(s)][n" ()| ds
dt 8 4 0
C [ C [
+ 0 [ B @Al s+ T [ o] Ao ds.
o Jo g Jo
Since, as can be readily checked, it holds

d 1) 2 2 0 2
aé’(t) < _lentHLfLE(R*',H') - 53||77t”L2VT(R+,H0) - nggtHQ},’

(3.4)

setting F»(t) = NE(t) + K;(t) with N sufficiently large and independent of € and o, it is readily seen

that J; controls and it is controlled by the energy and

d
a}-z(t) +doFr(t) <0, V=0,

(3.5)
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for some positive constant d independent of € and ¢. Therefore, by combining inequalities (3.2) and
(3.5) and setting F = F; + F; it follows that F is equivalent to the energy and satisfies

%]—"(t) + C(P(1) + do)F(t) <0, Vt=0.

By the Gronwall Lemma we obtain the desired inequality (3.1).

Remark 3.3. We know that
tl—i>I£lo||SU’0’E(t)zHHd,0,E - 0’ Vz € HO—’O’E’

provided that g satisfies a mild summability condition (see Theorem A.1 in the Appendix). If, in addition,
we assume that § = 0 and the memory kernel ; does not grow too rapidly around the origin, i.e.
V/su(s) — 0 for s — 0, then the first order energy fails to vanish through an exponential law of decay
(cf. [5], Theorem 5.4, as well as Theorem A.2 in the Appendix for a more general situation). For the
case general 3 # 0, we refer the reader to the Appendix for a discussion on the lack of exponential
stability for a class of abstract linear thermoelastic systems with (possibly) fractional operator powers
(cf. Theorem A.3).

4. Closeness between S, - -(t) and Sy (%)

The aim of this section is to establish, following a pattern recently initiated in [1], a precise quantita-
tive estimate of the closeness between the non analytic semigroup S, - -(t) and the analytic semigroup
So.00(t) (see [10]) in the norm of any extended phase-space Hy' e for m > 0, as the parameters o,
7 and € converge to zero, provided that the initial data are chosen inside a suitable regular bounded
subset of Hp'. . (see also [2,3]). In [7] a similar analysis was carried on in the case 0 = 7 = 0, for
a plate model which accounts for the rotational inertia term —Awuy; in the equation ruling the vertical
deflection. We point out that, along the convergence process, u. and G, behave in a singular fashion
since ||pte || f1g+y — 00 and || B, || 1g+) — oo for € and o going to zero, whereas the kernel v; satisfies

lvrll L1+y — O as 7 vanishes.
4.1. Discussion of the results

Throughout the section we will assume that, whenever o > 0, 7 > 0 and € > 0, conditions (2.1), (2.2),
(2.4), (2.5) and (2.9)—(2.11) hold true. In order to perform a comparison between the five component
semigroup S, r¢(t) and the three component (for ¢ = 7 = ¢ = 0) limiting semigroup Sy (%), we need
to introduce, for any m > 0, the following lifting and projection maps

. m m
Lore: Ho,o,o - Ha,m’
. m m
P: Hg,r,e - Ho,o,(»
. m m
QT,é . HO’,T,E - MT,E’

. 1
QJ . HZ:LT,E - Q?+ ’
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defined, respectively, by

(u,us,4,0,0), ifo>0and7 >0o0re >0,
Lo re(u,ug, 9) = ¢ (u, us, 9,0), ifoc=0o0rT=¢=0,
(U,Ut,ﬂ), lfO':T:EZO’

and by

]P)(U, Ut, 19’ m, 6) - (U, Ut, 19)9
Q’T,E(u$ ug, 9,m,8) =1,
QO’(U" Ug, 19, mn, é.) - g

In the case 7 > 0, if z denotes the initial data, taken inside any bounded subset of H(Zj’ﬁfg“, we will prove
the convergence of S - .(t)z towards L, 7 250,0,0(t)Pz in the H _-norm over any finite-time interval
of the form [t¢, 1] with £y > O (cf. Theorem 4.5). More precisely, as a by-product of Theorem 4.5, we

will prove that

lim  sup ||SO',T,8(t)Z - LU,T,ESO,O,O(t)]P)Z"Hm =0,
cr—>04+r telto. Tl o.T.E

T—>

e—0t

forevery R > 0,T >ty >0and z € BH?VTL?(R).

The first three components of the solution PS, +-(t)z are shown to converge to Sy0(t)Pz in the
Hgoo-norm on [0, 7], whereas the history components n' and &' vanish on [t(, oo] in the M -norm
and Q"*!'-norm respectively, due to the presence of possibly nonzero initial histories 779 and &, (cf.
Lemma 4.2).

Besides, in the case 7 = 0, the singular limit estimate strengthens. Indeed, it turns out to hold on
infinite-time intervals far away from zero, uniformly with respect to initial data lying inside any ball of
HZH4 namely we get

0,0,

lim sup  sup|[Se0..(t)z — Lo o:50000)Pz|3m =0,
=0t 2B 2mia(R) t210 o0,
e—0t HO’,OA,E

for every R > 0 and ¢y > O (cf. Theorem 4.7). Of course, to achieve these results, the role played by the
exponential stability of the limiting semigroup Sy 0(¢) will be important.

4.2. Some preliminary facts
Before stating the main results of the section, we need a few preliminary results.

Lemmad.l. Let m > 0, R > 0 and z € Bym_(R). Then there exists Kr > 0 such that
|Sore@®z||Hm < Kpg forallt > 0.

o,T.E

Proof. By (2.12) and (2.13), it suffices to multiply the equations of (P, ;) by u; in H™, by ¥ in H™,
by in M7 and by { in QM+l respectively, and add the resulting equations. O
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The vanishing of the histories components 7' and £! of S, -(t) is issued in the following lemma.

Lemmad.2. Letm > 0, R > 0 and z = (ug, u1,99,10,&0) € BH;’?T,E (R). Then there exists Kr > 0
such that the following facts hold:

(a) foreverye >0andt > 0,

H”t”LgE(RﬂHmH) < ||770HL%LE(W,HMH)G%IUME) + Krv/e; 4.1)
(b) foreveryt >0andt > 0,

191 22,y < Mol mye ™ + KR /d(: 4.2)
(c) foreveryo > 0andt > 0,

€] g1 < H§0||Q;n+lef52t/(4a) + KrVo.

Proof. By arguing as in [1], Lemma 5.4, we immediately get assertions (a) and (c). Let C' denote a
generic positive constant depending on R which may even vary from line to line within the same equa-
tion. By multiplying the equation of 7 by 7 in L%T (RT, H™), and taking (2.10), (2.11) and Lemma 4.1
into account, we have

d [e ]
G, g+ Bl ey <C [ w4 2005 ds

<C’(/O VT(S)dS> (/0 VT(S)HAm/Zn(S)HZdS)

33
<OVl @ arm < 51015 _@s m) + CU@),

1/2

so that, by the Gronwall lemma, we immediately obtain (b). O

Definition 4.3. For every m > 0,19 € M. and § € QmH! et us set for every t > 0
T3 o) = ol 2 zmene ™4 + Imoll z, @ e ™ + [|€oll grare ™4, (4.3)
Furthermore, we introduce the maps I7, : [0, 1] — R* and II;:[0,1] — R,

II(0,7,¢) = Ve + Vo + VU(T),
IIy(1) = /(1) + V(7).

Observe that 11, and 11y are continuous with 11,(0,0,0) = 114(0) = 0.
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Proposition 4.4. For everym = 0, R 2 0, o € Burm (R), & € Bgm+1(R) and to > 0

lim sup 17" () = 0.
a—0T >4,

T—0t

e—0t

Proof. The first and third summands of 77", . vanish exponentially. Moreover, observe that, by (2.11)
and since {7 + v;} is increasing, ||7ol/z2 @+ gm) converges to zero by the Monotone Convergence

Theorem. O
4.3. Case T > 0: the convergence estimate

We are now ready to state the main result of the section, which gives a convergence estimate of S, ; (t)
towards So0(t) in the norm of H[", _, for any m > 0, over finite-time intervals.

Theorem 4.5. Foreverym >0, R>0,T >0and z € BH2m+4(R), there exist two constants Kr > 0
and Qrr > 0 such that -

HSU,T,E(t)Z - LO’,T,&‘SO,O,O(t)PZHHg?ﬂ o' T s(t) + KRHb(U T, 5) + QR Tﬂﬁ(T)
foreveryt € [0,T1].

Remark 4.6. The regularity assumption on the initial data z could be relaxed to get a rougher con-
vergence estimate on finite-time intervals. On the other hand, the price one has to pay is that also the
constant K'r which appears in the above theorem would depend on the time interval. With the higher
regularity that we require, instead, we are able to exploit the exponential stability of the limiting semi-
group Sy (%) and to have, at least in the case 7 = 0, the convergence estimate holding uniformly in
time. So, for m = 0, we get a convergence estimate for the thermoviscoelastic model starting with initial
data having four levels of regularity above the regularity of the base phase-space. In the thermoelastic
plate model considered in [7] (essentially, w.r.t. our notation, the case when ¢ = 7 = 0) one needs to go
just two levels of regularity above. Finally, in the case of single parabolic and hyperbolic equations with
memory (cf. [1,2]) it suffices to require one level of regularity above the basic regularity to get a time
dependent control.

Proof of Theorem 4.5. Let m > 0, R > 0 and z = (uo, u1, o, 1m0, §0) € By2m+4(R). Since
SO’,T,E(t)Z = (]P)SO',T,E(t)Zr QT,ESO',T,€(t)z’ QG’SO',T,E(t)Z>’ t >0,
we get the assertion if we prove that, for 7' > 0, there exist Kr > 0 and Qr 1 > 0 with

PS5tz = So00®Pz |y < KrIly(0,7,6) + QrrIly(r), (4.4)

1QreSo.re@®2]| ppm + Qo So.r ezl gmer < T35 (1) + Kr(vE + Vo + Vi(r), (4.5)



M. Grasselli et al. / On a thermoviscoelastic plate with memory 71

for every t € [0,7]. By combining inequalities (a)—(c) of Lemma 4.2, we immediately obtain (4.5).
Then, we turn to the proof of inequality (4.4). Let us set

u(t) = at) — u(?),
ug(t) = (t) — we(d),
I(t) = D(t) — (),
7t =it — ',
g=¢-¢,
where (4, iy, 19, 7, é) denotes the solution to (P, ) with initial data z, while (u, u, ?) stands for the

solution to Py with initial data Pz. Besides, nt (resp. ) denotes the solution at time ¢ of the Cauchy
problem in M2 _ (resp. Q)

{nt:TT,En—}_,&a t>03 {gt:Taf‘}‘Uta t>03
=10, ¢ = &.

These problems reconstruct the missing components of the limiting semigroup Spo(t) which are
needed_in OEder to perform the comparison argument (cf. [1,2]). Then, it can be readily checked that
(w, ug, 9,7, &) solves the system

Uy + A%u + / By (s)A%E(s)ds — A%uy — AD =0,
0

9y + A1) + (7)) + /0 ~ v (s)n(s)ds + /0 ~ pe(s)AN(s)ds — AV + Aty = 0,
7?15 — TT,Eﬁ + 19,

gt - TUE + ,a_t’ _

(a(0), (0, 9(0), 7°, £°) = (0,0,0,0,0).

By multiplying the first equation by @; in H™, the second by ¥ in H™, the third by 7 in M and the
fourth by £ in Q™! we obtain, respectively,

1d m m :
Ed_(HA( LRG| 4 A7) + (€, Ut) gt
_ <A(m+2)/2u AMAD/25 g <A(m+1)/2§ Am+D/25 ) =0,

A 4+ G| AR + otr AT 9, A

2 dt
+ (A D) . — (ATHD/2g AED/2G) L (AAD 2, AmED/2gY —
1d _ _ 3
N, — (Trelt, M) o, — (77, 0) pzm. = 0,
2dt

2dtH§H2 m+1 <T0'g’ E>Q'{7"+l - <§’ at>Q3L+l = 0
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Taking (2.12) and (2.13) into account, and adding the above identities, we end up with

d _ _

o (AT 220 AP 4 AP0+ 1l + 1€1Gye) < 2L + 206 + 2K,
where we have set

I.(t) = — /0 - f1e(8){ ATHD 2t (5), ATHD29(1)) ds + (ATED29(t), ATHED29(1)),

Jo(t) = — /0 " B () (A2 5, AT, (1)) ds + (AT (1), AT ),

K (t) = — /0 - v (s)(A™ 20t (s), A™29(t)) ds — () (A™20(t), A™/20(t)).
We stress, for later use, that the above term K -(t) appears under the assumption that 7 > 0, whereas we
would simply have Ky(t) = 0 for all £ > 0 in the case 7 = 0, since 1y = 0 and ¢(0) = 0. We shall write,

forallt > 0, I.(1) = 23:1 I;(t) and J,(t) = 23:1 Jj(t), being the I;s and the J;s defined, respectively,
by

£

1 = [ s o, AT 50 ds,
Ve
Lt = - /f He(){ AT 2t (), A28y g,

Ve _
Ity = — / He()(ATHD 206y ATED251) d,

in{v/.t)

Ve _
L) = [* (5= ) AT R0, ATV ) s,

in{+/e,t}
Ve min{s,t} _
55 = 7 nets) [ [ AR ) — 9t - ), AT Ri) dy ds,
0 0
and

Ti(t) = /;O 5By (5)( AT 2, (1), AT 2q,(8)) ds,
Ta(t) = — /;o B (5)( AT H/2¢t(5), AT 2,1 dis,

G
Ko =- [ o B AT (s ), AT ) s,

N
Tu(t) = / o 8 DB AT 1), AT 1) s,
min{+/o,t}

Vo min{s,t}
Js(t) = /O B, (s) { /O AT (1) — gt — ), AT 2,0)) dy) ds.
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In the following, we shall denote by C' > 0 a generic constant which may even vary from line to

line and may depend on R, but it is independent of o, 7 and €. By virtue of Lemma 4.1, we have
[S0.7e®)z|l2m+s < C forall ¢ > 0. In particular,

A4 + A2 + A0 + 7]y s + 1€l garss < C, 46)

JA™ )] + A7 2@ + A 200 + o | yames + €0 gmes < . @)
for all ¢ > 0. Furthermore, since Sy (t) is exponentially stable, there exists co > 0 with

|Au@)|| + [Jue@)|| + ||9@)|| < Ce™™, Vvt > 0. (4.8)
Concerning the treatment of the terms I;s and J;s, we will proceed on the line of [1,2] but strengthening

the estimates, whenever it is possible, through the first order energy exponential decay furnished by
(4.8). Observe first that, due to (2.4)—(2.6),

/ spe(s)ds < Ce, Ve >0, / $05(s)ds < Co, Vo >0. 4.9)
Ve Vo
Hence, by (4.6)—(4.9), we immediately get

L) = /;O spe(8)(9(), A" TI(t)) ds < Cel| AT I [[9@®)|| < Cee™ !, vt >0,
Ji(t) = /f 8Bx(8)(ur(t), A" ay(t)) ds < Co|| A" P2, @)||||ue()]| < Coe™ ", ¥Vt > 0.

Let us now prove that there holds
1125, et gy < Ce5 4 OVEe™!, vt >0, (4.10)
I3 Hggm < Ce %7 4 C\Joe ™!, Vit >0, 4.11)
Indeed, arguing as in [1], Lemma 5.4, we readily obtain
17| 2t amsay < Ce™4) 1 OVE, W20

HgtHng-M < Cle%t/¢o) +Cyo, Vt=0.

Whence, by multiplying the equation for 7 times 7 in L7, (R*, H"™*1), in light of (4.8),

2
&HntHLiE(RﬂH’"H) + ;HW HL%LE(RﬂHm“)

< 2] [ e A s

C

\[Hﬁ(t)HH’I ||L2 &+ H2m+2) \[ —(w+51/(45))t+ce—wt
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which yields (4.10) via the Gronwall Lemma. In a similar fashion, again by (4.8), we get

d 1) 0
e gt + 2 <20 [ Bt A ) ds

C

2
< ﬁ”ut(’f)HH&tHngs < ﬁe_(“‘w“(’))t + Ce ™",

which yields inequality (4.11). By means of (4.6), (4.7), (4.9) and (4.10), (4.11) we have
BO<C [ )47 )] as
VE
SOVE[ |13t sy S OVETME)  CVee™™ 2, vt > 0,
D) < C / B ()] A2 s)| ds
\/E
< CVo||€']| g < CVoe 217 4 Cy/ge =2, vt > 0.

Taking (2.4), (2.5), (2.7), (2.8) and (4.6), (4.7) into account, we get, for t < /e,
Ve
BO<C [T p@] AT s - 0] ds
t
00 1/2 C
< Ce—dlt/é‘ </0 )UJE(S) dS) ||n0||Li€(R+,Hm+I) < %e_alt/??’ \V/t > 0,
Ve 2)/2
BO<C [T ()] AT (s — b ds
t

oot > 2 C s
<Ce ™ /o (/0 Bo(s) ds) HfOHQ’JLH < ﬁe_ ? /U, vt > 0.
Arguing in a similar fashion, there holds

[e.9]
Ii(t) < Ce*‘slt/‘s/ spe(s)ds = Ce 0t/e it >0,

0

75225/0’ > _ 7621‘//0'

J4(t) < Ce $0,(s)ds = Ce , Vi=0.

0

Observe now that

Hatso,o,o(t)]}”2||H800 <C, Vix=0.

Indeed, from the equations of Py, by virtue of (4.7), we deduce

[9:@)||
[[ure @)

|AV@)|| + [[Aw@®)|| < C, Vi =0,

<
< || Au@)| + || A2w@®)|| + |AV@)| < C, vt =0,

(4.12)
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so that (4.12) readily follows. In particular (4.12) yields

[ue(®) — ue(t — )| + |9 — 9t — || < [|So0.0t — 1) (So00WPz — P2)]| 50

0,0,0
y

gCe_m/ 110:S0.00()Pz|[ 30 ds
0 0,0,0

< Ce ™y,
for every t > 0 and y € [0, ¢t]. Hence, by (2.7), (2.8) and (4.6), (4.7), we obtain
L= NG min{s,t}
s < A0 [T et [T o) — ot — )| dyds

<Cyee ™, VYt >0,

Vo min{s,t}
J5(t) < || A" a0 /0 B(s) /0 ue®) — et — 1) dy ds

< Cyoe ™, vt >0.

We now turn to the estimate of K. Taking condition (2.11) as well as (b) of Lemma 4.2 into account,
we obtain

Ko ()=~ /0 U (A (), ATHI(b)) ds — G(r) (A2, AT2H()),
<C [T @A o) ds + Corr)

00 12, 100 1/2
<o [Tuwas) ([Tnlamieas) +com

< CVADInoll rz_ s, prmye ™ + Cyp(r) + Cop(r)
< CVb(m)e™ 4 4 Cy(r) + Co(r), Vit = 0.

Therefore, collecting the previous inequalities, we end up with
d 2
EHPSO',T,E(t)Z - So,o,o(t)PZHH(%O < 1) +a(t), V=0,

where we have set

o) =Cl(Ve+ \/E)e—wt/Z + Le—élt/@a) + Le—dzt/(zm ,
Ve o

©o(t) = C\/P(m)e B + Cp(r) + Co(r).
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Notice that, there holds
t
/ 01(5)ds < C(Ve ++/o), Vt=>0,
0

t
/O ©2()ds < CVap(r) 4+ C(Y(T) + ¢(7))t, ¥t > 0.

Consequently, by integrating the above differential inequality in time, we can find two constants K > 0
and Qrr > 0 such that

(@), @), 9®) [y < Krlly(0,7,) + Qrrlly(r), ¥t >0,

which proves (4.4). The proof is now complete. O
4.4. Case T = 0: uniform in time estimate

As a straightforward but important corollary of the main Theorem 4.5, in the case 7 = 0, we obtain
the following

Theorem 4.7. Foreverym >0, R > 0and z € BH2m+4(R) there exists Kr > 0 with
o,0,e

[|S5.0.(t)z — Lo 0.eS000(t)Pz HHZfo,a
< lmollaggee™ + llollggrne™ 7 + Kr(VE + /o),
for every t € [0, 00).
Proof. It suffices to retrace the steps in the proof of Theorem 4.5, taking into account that /1,(c,0,¢) =
Ve + o and Ky(t) = 0 for every ¢t > 0, which in turn yields Qrr = 0. O
Appendix: Failure of exponential decay

Here we want to analyze some variants of our model with no energy relaxation (i.e., a = 0), in order
to show that the relaxation of the heat flux and/or of the strain may not ensure the exponential stability
of the corresponding semigroup.

Let £2 C R? be a smooth bounded domain and let a, & > 0. We consider the thermoelastic system
with memory in an abstract setting

Upp + / R (s)A*u(t — s)ds + A*u — A%9 =0,
0

Y + / k(s)A%Y¥(s —t)ds + A%u; = 0.
0

Notice that the corresponding memory free model, studied, e.g., in [12],

{Utt—I-Azu—A"z?:O,
9y + A% + A%y = 0,
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includes, for A = —A, as particular cases:

e thermoelastic plates, fora =0 = 1;
e viscoelasticity, fora = 0and 0 = 1.

A.l. Preliminaries and main results

Let k:RT — RT and h:RT — RT be smooth, decreasing, summable functions and set p(s) =
—K'(s) and B(s) = —h/(s), where

w3 e C' @R NLYRY, (A.1)

p(s) =0, B(s) >0, VseRT, (A.2)

1'(s) <0, B'(s) <0, VseRT, (A.3)
(o) 5 o0

0< /0 s“u(s)ds < oo, /0 B(s)ds > 0. (A.4)

Moreover, we assume that A is a (strictly) positive selfadjoint linear operator on L?(§2) with domain
D(A) which admits a diverging sequence of positive eigenvalues {7y, }n>1.

We introduce the scale of Hilbert spaces H® = D(A%/?), a € R, endowed with the inner products
(ur, up) gro = <AO‘/ 20y, AY/ 2u,) and we consider the weighted spaces

My =L, (RT, H®), Q=L3(R"H?), acR,

endowed, respectively, with the inner products

mem)at, = [ OO RE) g ds. (G)o= [ BOEE. ), ds
Finally, we introduce the product space

H=H>xH"x H x M, x O,
endowed with the norm

1, e, 91, )Ml = Nulle + uellro + 191130 + [Inl3a,, + N1€]1-

In order to formulate the problem in the history space setting we denote by T and 7" the linear operators
on M, and Q respectively, defined as

Tn=-ns, n€DD), T'¢ = &, £eD,
where D(T) = {n € My: ns € Mqa,n(0) = 0} and D(T") = {£ € Q: & € Q,£(0) = 0}, and 7,

(resp. &) stands for the distributional derivative of 7 (resp. &) with respect to the internal variable s. On
account of (A.3), we immediately get

(Tn.mm, <0, (T'6,€)5 <0, (A.5)
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forn € D(T) and £ € D(T"). Let us introduce the formulation of the problems. On account of the
notation introduced above, given (ug, %1, Yo, Mo, &o) in H, find (u, ug, 9,1, ) € C([0, 00), H) solution to

Uyt + / B(s)A%¢(s)ds + A%u — A0 =0,
0

Ve + / w(s)A%n(s)ds + A%uy = 0, (Pa.o)
0

ne="Tn+7,

& =T+ wy,

for t € RT, with initial conditions

(u(0), u4(0), 9(0). ", §%) = (uo, w1, Do, 1o, o).
and abstract boundary conditions

u(t) € D(A?), 9@ € D(A%), t=0.

System (P,) allows us to provide a description of the solutions in terms of a strongly continuous
semigroup of operators on H. Indeed, setting ((¢) = (u(t), v(t), 9(t),n*, )T, the problem rewrites as

d
¢ = L6 O =

where L is the linear operator defined by

U v
v — J5° B(s)A%E(s)ds — A*u + A

Ll | = — o7 u(s)A%n(s)ds — A% (A.6)
n 94+ Tn
£ v+ T'E

with domain
Au € H*, v € H*,9 € H*
oo
/ w(s)A%n(s)ds € H°
0

/ ~ B(s)A%(s)ds € HO
n'e DT).€ € D)

DL=<¢zeH

Since, by (A.5), L is a dissipative operator, arguing, e.g., as in [4], and assuming that (A.1)—(A.3)
hold, we learn that (P, ) induces a Cy-semigroup S, »(t) of contractions on H.

Assuming that (A.1)—(A.4) hold, we have the following
Theorem A.1 (Pointwise decay). For every a,o > 0,

tl_i,rgoHSa’U(t)ZOHH =0, Vz eH.
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The main result of the Appendix are the following theorems.

Theorem A.2 (Non-exponential decay I). Assume that 0 < o < 2, 0 > 0and

518
s

1) = Rys~“ie” 0<w <=2 k,6,>0,  B(s)=0.

Then S, (1) is not exponentially stable on 'H.
Theorem A.3 (Non-exponential decay II). Assume that for some k1, k2, 01,6, > 0,
w(s) = ks Wie 018 B(8) = Kas “2e %5,

Furthermore, suppose that

0<a<?, 0<o<, a < 20,
and that
20—a< <2—a 0< < 20 — «
B X Wi 5 I W X W B

Then S, (1) is not exponentially stable on 'H.

Remark A.4. The condition « < 20 on the A powers is not new in thermoelasticity. It appears for
instance (among other restrictions) in the study of smoothing/non-smoothing properties for a class of
abstract (memory free) thermoelastic systems (cf. [12]).

Remark A.5. The memory kernels of Theorems A.2 and A.3 also satisfy the extra summability con-
dition (A.4). Hence, any trajectory of the system goes to zero, but with an arbitrarily slow decay rate,
according to the chosen initial data.

The rest of the Appendix is devoted to the proof of the above results.
A.2. Proof of Theorem A.1

In order to prove the result, we shall exploit the following sufficient condition for the (pointwise)
decay to zero of any trajectory of a linear gradient system (cf., e.g., [S], Theorem A.2 and Corollary
A.3).

Lemma A.6. Let S(t) be a linear gradient system on a Banach space H, let zy € 'H and assume that

U S(t)zg is relatively compact in H.
>0

Then
lim S(t)zy = 0.
t—o0

The same holds if the hypotheses are satisfied for all zy € X, with X dense subset of 'H.
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By exploiting (A.1)-(A.3) and (A.5) and observing that, by (A.4), u and § cannot be identically equal
to zero, it is easily seen that S, (%) is a gradient system on H (argue, e.g., as in [5], Proposition 3.2).
We shall also set

M, =L,RTHY,  Q'=L3(RTH’), H' =HxH'xH'xM;,xQ".

If £ denotes the linear operator defined in (A.6), since the space D(L£) N H' is dense in H, according
to Lemma A.6 it is sufficient to check the assumptions for a fixed zyp € D(L£) N H'. Let C = C(z)
denote a generic positive constant. It is readily seen that || Sy (t)z0|l31 < C for all t > 0. Indeed, by
(A.5) it suffices to multiply the equations of (P,.,) by u; in H', by ¥ in H!, by in M), and by £ in Q!
respectively and add the resulting equations. Let us consider the sets

Cl = U UtMa and Cz = U {t

t>1 t>1

Q

We claim that C; x C; C M} x Q! is compactly embedded into M, x Q. To this aim, we recall the
following compactness result (see, e.g., [5], Lemma 2.1) for the spaces M ; x Q. Assume that C; C M ,11
and C, C Q! satisfy:

() sup [[nllpy, <oo and  sup |ns|lm, < oo,

nec, nel

(i) sup [[§flgr <oo and  sup [&lo < oo,
£ec, §€Cy

(iii) lim [sup ’]I‘n(;c)} =0 and lim [sup ']I‘g(a:)} =0,
z—ool, e T=0kece,

where the tails functions T, and T are defined by
T(@) = | WA ()P ds, @ > 1,
(0,1/x)U(z,00)
2
Te(w) = | B Ae|ds, > 1.
(0,1/z)U(z,00)

Then C; x C, is relatively compact in M, x Q. Indeed, by simply mimicking the proofs of [5], Lemmas
4.3 and 4.4, exploiting the representation formulas for 1 and &

/ U(t — y)dy, 0<s<t,

n'(s) = 0 ¢

no(s—t)+/ It —y)dy, s>,
0

te _ Ju) —ult—s), 0<s<t,
g(8)_{50(3—7f)+u(7f)—U(0), 5> t,

it is readily seen that (i)—(iii) are fulfilled (we point out that the addition summability assumption (A.4)
on g pops up in the proof of (iii) for n*). Now, consider the set

K= BH3><H1><H1(C) X C] X Cz.
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Then, K is compact in H being By g1 g1 (C) compact in H? x H° x H° and C; x C, compact
in M, x Q. Moreover, by construction, there holds S, ,(t)zg € K for every t > 0. Therefore, by
Lemma A.6, we have S, 5(t)z0 = 0OinHast — oo. O

A.3. Proof of Theorems A.2 and A.3
To prove the results, we shall exploit the following classical result due to Priiss [14].

Lemma A.7. Let S(t) = e** be a Cy-semigroup of contractions on a Hilbert space H. Then S(t) is
exponentially stable if and only if iR belongs to the resolvent set of L, and there exists € > 0 such that

)i\gﬂfQH(i)‘]I — L)z, = ellzln. ¥z € D).

We start with the proof of Theorem A.3, for the proof of Theorem A.2 is just a simple by-product. Let
L be the linear operator defined in (A.6). For A € R and for Z = (0,0,0, 7, é)T € 'H, we consider the
complex equation (iAl — £)z = Z, which explicitly writes as

iAu—ov = 0,
i\v + / B(s)A%E(s)ds + A%u — A9 =0,
0

iy + / w(s)A%n(s)ds + A°v =0,
0 ~

IN —v+& =6,

We shall denote by {~,} the sequence of (positive) eigenvalues of A and by {w,,} the corresponding
sequence of normalized eigenvectors. We choose

() = in(s) = 9 “PPwn,  €(5) = &uls) = Apwp.
where A,, = A, () will be suitably chosen later on. If Z,, = (0,0, 0, 7,,, {n)T, then it holds
2017 = ko + ho(ynAn)*,  foralln € N, (A.7)

where we have set
ko = / u(s)ds, ho = / B(s)ds.
0 0

We shall prove the assertion by applying Lemma A.7, arguing by contradiction. To this aim, we find a
sequence {)\,,} in R and a corresponding solution z,, such that ||z,||7¢y — o0, as n — oo. We search for
a solution z = (u,v,9,n,€) " of the form

U = Up = PWn, U = Up = qWn, U =1, =rwp,

1= Nn = PWn, § =& = Ywy,
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where p,q,r € C, ¢ € H\(R") and ¢ € Hé(]RJF), with ¢(0) = 1(0) = 0. Whence, the above system
leads to the following equations

iAp—q=0,
’YTZLP - )\zp —yor + ’yfl /0 B(s)Y(s)ds = 0,

o
i+ iz +ag [ e ds =0,
0

1

iAp(s) — 7+ ps(s) = WL
Tn
iIANP(s) — g+ Ps(s) = Ay

Imposing ¢(0) = ¥(0) = 0, we can integrate the last two equations, getting

1 .
_ = —a)2 _ L—iAs
p(8) = S (47,27 (1 —e™™),
_ i _ L—iAs
Y(s) = i)\(qu/ln)(l e ).

Then, we are led to the following system

. 5 i —a)2 _
{ AT + 1Ay p + 77 (r 49 "7) (ko — c(V) =0, (A-8)

¥2p = A2p — 427 + Le(iAp + An)(ho — BV) = 0,
being ¢(\) and b(\) the Laplace transform of the kernels p and ( respectively,
) = /0 - ws)e M ds, X eRT,
bO\) = /0 T Bs)e P ds, A€ RT
We now impose the conditions

rkovy, _0 Tl

iA iAy? = .
AT + 1Ay, p + 5 p 0+ o2 — N

(A.9)

These yield the fourth order algebraic equation
A — [+ ho)2 + 227 + koSN + ko(1 + ho)ySF2 = 0. (A.10)
Taking into account that, since @ < 2 and ¢ < 1, we have

(1 4+ ho)ve + 727 + koys = O(v;), asn — o,
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it is easy to realize that (A.10) admits a real positive solution A = \,, = A\y(7n) = O(yn), as n — 0.
Consequently, setting ¢, = ¢(\,) and b, = b(\,), from (A.8), (A.9), we get

ko — cp,
r= Oa/z — Tn(’Yn)a
Yn' Cn
_ YnTn ()
iIAnPnbn
An = hO Zi b = An(’yn)

Notice that the above quantities depend solely on the eigenvalues -,, of A. Moreover,

> iAn+0 i, % !
b, :/0 ks~ W2eIAnt0)s g — jg) AW2 (1 + /\—) 'l —wy)

n

=00 = 067,

00 . 51 wl—l
Cn :/ ks @Wiem(AntoDs go — riALT! (i + —> T — w)
0 /\n
=0 = O,
as n — oo, where I' is the Gamma function, so that
bn Wy —w
= =0(™¥) asn — oo.
Cn
As a consequence, we obtain
iA,b o+l ko — ¢
A _ nYn n n
70’4-2—0[/2 b y
n n — —
= ) = Oy rtomel?), All
<(1 + ho)v — AL cn) O ) (A1

as n — 00. By (A.7), (A.11) and the assumptions on o, o, wy, wy, we learn that

sup || Zn||ln < 00.

n>1
On the other hand, by the assumptions on o, a, wy, we have |r,| — oo as n — o0, yielding
Izl = ||9nll = |7n] — 00, asn — oo,

which readily yields a contradiction and concludes the proof of Theorem A.3.

The proof of Theorem A.2 simply follows by mimicking the above steps, observing that by assumption
we have hy = 0. In particular ||Z, |l% = v/ko by (A.7), whereas w; < 25 implies that ||z, [ — oo as
n — 00, yielding again the assertion. O
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