CONCAVITY AND PERTURBED CONCAVITY
FOR p-LAPLACE EQUATIONS

MARCO GALLO ® AND MARCO SQUASSINA

ABSTRACT. In this paper we study convexity properties for quasilinear Lane-Emden-Fowler equations

of the type
—Apu = a(z)u? in Q,
u>0 in Q,
u=20 on 012,

when Q € RY is a convex domain. In particular, in the subhomogeneous case ¢ € [0,p — 1], the
solution w inherits concavity properties from a whenever assumed, while it is proved to be concave up
to an error if a is near to a constant. More general cases are also taken into account, including a
wider class of nonlinearities. These results generalize some contained in [88] and [116].

Additionally, some results for the singular case ¢ € [—1,0) and the superhomogeneous case ¢ > p—1,
g =~ p — 1 are obtained. Some properties for the p-fractional Laplacian (—A);, s € (0,1), s = 1, are
shown as well.

We highlight that some results are new even in the semilinear case p = 2; in some of these cases,
we deduce also uniqueness (and nondegeneracy) of the critical point of u.
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1. Introduction
1.1. Some background

Qualitative properties of solutions of PDEs are a classical topic, and often the features of the
domain and of the nonlinearity are inherited by the solutions. Consider the equation

—Au = a(x)g(u) in Q,
u>0 in €, (1.1)
u=0 on 012,

where Q € RY: when for example  is the ball and a(x) is radially symmetric and decreasing, a
seminal result by [55, Theorem 1’] (see also [42, 110] for the p-Laplacian) states that the solution u
itself is radially symmetric. Several generalizations of [55] have been taken into account considering,
for example, sets which are symmetric only in one direction. In this paper, we are interested in the
case of convex domains €2, with no a priori assumption of symmetry. We will mainly focus on the
power case g(u) = u? (namely, Lane-Emden-Fowler equations), but more general cases will be taken
into account.

Generally, for a Dirichlet problem one may expect that the solutions of (1.1) are concave: when
a(x) is constant and € is the ball, this is the case for the torsion problem —Awu =1 (i.e. ¢ = 0) where
the solution is explicit; the result anyway holds also in more general domains, like deformations of
ellipses [69, 119] (see also [39] for other nontrivial examples)®. Actually, the result keeps holding also
for singular equations ¢ < —1 (in arbitrary domains, see Theorem 1.1 below). On the other hand,
when ¢ > 0, the solution are seen to be never concave, no matter what the domain is [3, Remark 4.1];
this is essentially due to the fact that g(0) = 0.

For general convex sets the situation is worse even for ¢ = 0: if {2 has some flat part (in particular,
in triangles), u is never concave [87, Theorem 18 in Section 7] (see also [86, Section 11], [119]). What
one can obtain is that some transformation of u is concave: in the case of the Laplacian, ) a general
convex domain and a(z) constant, the story so far can be summarized in Theorem 1.1 below. To
state it, we recall that, for a function u > 0, u is a-concave, o € R U {xo0}, if:

e v is constant, if o = 4o00;
1, «

e —u® is concave, if a € (—o0,0) U (0, +00);

e log(u) is concave, if a = 0;

e u is quasiconcave (i.e. u~!([k,+0o0)) are convex for any k € R, see also (2.1)), if & = —oc.
In particular, if « = —1, u is said harmonic concave. When « € R we define similarly strict and strong

a-concavity (see Definition 2.4 for strong concavity). Moreover, we recall that u a-concave implies u
B-concave for every 3 < a. Notice that the definition for o = 0 is coherent with 1 (u® — 1) — log(u)
as a — 0.

Here and after, by writing 0Q € C* for some k € N, we will implicitly assume a € (0, 1]; moreover,
2% .= ]\%—JL for N > 3 and 2* := 400 for N = 2, stands for the Sobolev critical exponent. See Remark
7.3 for the definition of ground state.

Theorem 1.1. Let @ C RN, N > 2, be open, bounded and convex. Let u be a positive solution of

—Au = duf mn €,
u=20 on 0f,

for some ¢ € R and A > 0. We have the following assertions.
o If g € (—00,0) and 0 € C*, then u (unique) is strictly 1;q-concave, and strongly 1;q—

concave in every Q' € Q.

D If —Au = 11in €, and u is shown to be concave in € := {u > k}, then vy, := u — k solves —Awy = 1 in Q with

vy = 0 on 9Q%, and it is concave. Actually, a propagation from the boundary argument [39, 86, 119], typical of
equations with g(0) > 0, ensures that concavity on 9 is enough to achieve concavity in the whole Q.
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o Ifq€0,1], then u (unique) is strictly 15q-concave, and strongly %-concave in every Q' € Q.

If in addition ) is strongly convex with 0 € C>%, then u is strongly 12;q—concave.

e Ifqe (1,2* — 1), then
— if N =2, then the (unique) ground state solution is strictly 1—gq—conccwe, and strongly
1—q
2
— if Q is strongly convex with 0 € C*%, then there exists a solution which is strongly

1—q
=5 -concave.

-concave in every Q) € Q;

The nonstrict concavity part of Theorem 1.1 is a summary of several results: ¢ =0 [108], ¢ = 1
[24], ¢ € (0,1) [88], ¢ > 1 [104], and ¢ < 0 [15]. The results is optimal in the following sense: for
q € [-1,0) [15, pages 329-330] (see also Remark 1.2 below), if Q is the ball, then u is not « concave
for any o > 1;‘1. For ¢ = 0 [88, Remark 4.2.3 and Theorem 6.2], [15, page 328]| there exists {2 (subset
of a cone) such that u is not a-concave for any a > 1. For ¢ =1 [87, Theorem 15 in Section 7], [15,
pages 328-329], for each a > 0 there exists a suitably narrow 2, such that u is not a-concave: in
particular it suggests that, for every Q sufficiently good (e.g. with a finite number of edges) u could
be a-concave for some o = a(2) > 0 sufficiently small; this seems an open question. Let us moreover
recall that, even if g > 1 and it is smooth (namely, a local perturbation of the torsion problem g = 1)
and  is smooth and symmetric, the solutions might not even be quasiconcave [3, 68]; additionally,
even if  is starshaped and close to a convex set, then the level sets of the solution of the torsion
problem need not to be even connected [59]. Finally, we also mention that assuming 2 convex in a
single direction is not sufficient to get (quasi)concavity in that direction [124].

Anyway, if  is chosen good enough, one can recover better concavity properties: when Q is a
ball and ¢ = 0, the torsional function u is such that \/||u|/cc — u is concave (actually, this property —
stronger than concavity — characterizes ellipsoids [69]), while if ¢ = 1 the eigenfunction is a-concave

for some v € (3, 1) (for instance, a > @ ~ 0.93 when N = 2, see [104] for some explicit estimate
of ).

Remark 1.2. It is easy to see that, whenever a = 1, g is not too singular and a Hopf boundary
lemma holds, solutions u € C*(Q) N C?(Q) of (1.1) are never a-concave with a > 1: indeed, a
straightforward computation shows that

—Au® = —afa — 1)u®?|Vu? + au®tg(u);
by staying close to 02 we have |[Vu| > C > 0 while we may assume u(x) = ¢ with ¢ small. Thus
—Au® < —afa —1)e*20? + ac®1g(e);
If eg(e) = o(1) as € — 0, we have thus —Au® < 0 near the boundary (that is, u® is not concave).

This remark in particular applies to g(t) = t? with ¢ > —1, coherent with the above statements (see
also Propositions 6.12 and 6.13).

Strict concavity of Theorem 1.1 has been investigated by several authors [1, 118], [34, Theorem 4.4
and Corollary 4.6], [15, Corollary 3.6]: the proofs are mainly based on continuation arguments and the
famous constant rank theorem [34, Theorem 1.1], which has been subsequently generalized by [91] (see

also [16]). The argument runs as follow: considered for any ¢ # 1 (resp. ¢ = 1) w := —sign(1 — q)u%
(resp. w := —log(u)), we have that w solves
1-— 1 1
Aw=—— g <(1 _+5)2 IVw|? + 2) (resp. Aw = [Vw|? + \). (1.2)

In each case we have that the right hand side is positive (on the image of w, see [15, Lemma 3.1] for
g < —1) with convex inverse in w, thus by [91] the Hessian of w has constant rank: since there exist
points with full rank — near the extremal point [12, Lemma at page 207], or near the boundary (see
Proposition 4.6) whenever this is strongly convex — we obtain the global strict concavity (actually,
the Hessian matrix has full rank everywhere in Q); see also [23, page 80] for an alternative argument
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based on developable graphs. In [98, Lemmas 2.5, 3.6 and 4.8] evolutive arguments are employed
in presence of smooth strictly convex domains, and a strong concavity is obtained for ¢ > 0; we
mention also [1, 107] where estimates on the curvature of the level sets are given. We highlight that
a remarkable consequence of the strict convexity is the uniqueness and nondegeneracy of the critical
point (namely, a maximum) of the solution.

In the nonautonomous case, [88, Theorem 4.1] provided the following result: if u is a positive
solution of the Dirichlet problem

—Au = a(x) in €,
u=20 on 0f2,

and a(zx) is § > 1 concave, then u is ﬁ—concave; we see that for § — 400 we recover the torsion
problem. We recall also the results by [24, Theorem 6.1] and [118, Appendix|, where eigenfunctions
of —Au = (A — V(z))u are shown to be log-concave if the potential V' is convex and nonnegative
(actually the concavity is strong if D?V > 0); see also [60] for some discussions in the superlinear
case.

The theorem in [88] is sharp in the following sense [88, Theorem 6.2]: there exists Q (subset of an
open cone) such that, for any 6 € [1, +oc], there exists a §-concave function ay such that the solution
u is not a-concave for any o > H?ﬁ‘ Moreover, in [87, Theorem 16 in Section 7], it is shown that
the condition 8 > 1 cannot be relaxed to 6 > 0; it remains open anyway to show if the threshold
f =1 is sharp.

When a(x) has no convexity property, we cannot expect concavity for u. A quantitative version of
the convexity principle has been developed in [29] (see also [4, Proposition 3.2]): in a particular case
it states that, if u is a positive solution of

—Au = a(x)u? in Q,
u=0 on 0,

q € [0,1), then there exists a convex function v such that

1-q _
lu™2" =7l < ColIValleo,

1-q ., . . . ..
thus u 2 is close to a convex function if a is close to a constant. Here Cy; — +00 as ¢ — 1: this is

essentially related to the fact that the transformed equation of the eigenfunction problem (1.2) has a
nonlinearity which is not strictly monotonic in ¢ (see Section 6.1 for more comments); in this paper
we also propose a different, parabolic, approach to deal with the eigenfunction problem, see Section
7.4. The results in [4, 29] apply also to more general operators where classical regularity of solutions
holds.

Let us mention that a similar result has been achieved in regards of radial symmetry: indeed in
[40] the authors show (roughly speaking) that the solutions of (1.1) in a ball satisfy

lu(z) —u(y)| < Cdef(a)® for each x,y € By, |z| = |y

where « € (0, 1] and def(a) is a quantity which measures how far a is from being radially symmetric
and decreasing.

The techniques on which the previous results are based mainly involve regularity of solutions
and maximum principles on the concavity function related to a function v :  — R (namely, a
transformation of the solution):

Co(z,y,t) :=tv(z) + (1 — t)v(y) — v(tm +(1- t)y)

for z,y € Q, t € [0,1]. Tt is clear that v is concave if and only if C, < 0. When the solutions
are sufficiently regular, the abovementioned results have been generalized also to fully nonlinear
frameworks [17].
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Anyway, due to the regularity restrictions, these techniques cannot be directly applied to p-Laplace
equations: a classical idea, thus, is to regularize the operator, apply the result and pass to the limit.
This procedure requires at least two delicate steps: the first is the uniqueness of the solution, which
is needed to discuss concavity properties of a fized solution. The second ingredient is the form of the
regularization: as a matter of fact, we need a regularization process which preserves the concavity
structure of the original equation. This is what has been done by [116] for p € (1,+00) and ¢ =0, 1,
then generalized to ¢ € [0, 1] by [22] (and more general cases, see (1.3) below). Namely they obtain
that solutions of —A,u = u? are %—Concave; this power turns to be relevant also for regularity
information in singular equations, see Theorem 6.8. See also [104, Section 3] and [81, Section 3| for
explicit computations in the ball.

Regarding strict concavity, very few is known in the case of the p-Laplacian: indeed, it seems that
a direct application of the constant rank theorem is not generally the case when p # 2; nevertheless,
in [23] the authors show that the concavity of the solutions is strict when  C R? (actually strong far
from the boundary and the critical point). The proof is delicate: to reach the goal, the authors show
first that the solution has a single critical point, and exploit this information to apply a constant
rank theorem out of the critical point. Summing up, what is known [22, 23, 116] in the power case is
the following result.

Theorem 1.3. Let Q C RY be open, bounded and convex. Let u be a weak positive solution of

—Apu = Auf mn €,
u=0 on 01,

for some g € [0,p—1] and A > 0. Then u is p_;_q—concave. If N =2 and 992 € C?, then u is strictly
=129 concave, and strongly p_T%_q

of the solution.

-concave in any Q' € Q\ {Z}, where T is the unique critical point

A different approach, based on concave envelopes of viscosity solutions, can be found in [41] in the
case of the eigenfunction (see also [5]).

Before presenting our results, let us recall briefly what happens when g(u) is assumed general
in (1.1) (a(z) constant). A first result was given by [88, Theorem 3.3], who showed a-concavity
of solutions under some assumptions on ¢(t) (see (6.2)). A more natural transformation has been
studied by [22] (see also [34, 80, 89]): namely, under some suitable assumptions on g (see Remark
5.1), the authors showed that, given a positive solution u of

—Apu = g(u) in Q, (13)
u =0 on 012,

and set
(1) = / (G(r)) .,

G primitive of g, it results that ¢(u) is concave (actually strictly concave when N = 2, [23]). This
transformation seems to be relevant also in other frameworks, for instance the boundary behaviour
of solutions of singular equations (see Proposition 6.13). Moreover, this approach is quite effective
in the study of concavity of quasilinear equations of the type —div(a(u)Vu) + #|Vu]2 = g(u):
indeed, when « # const, here power concavity seems to be not the right choice (even if g is a power),

while a transformation of the type ¢(t) := flt (g((:))

Finally, we highlight that we will use this abstract ¢ to obtain a result on power transformations for
the power singular equation (see Section 6.2).
We refer to [3] for more recent references on the topic of concavity.

)l/pd’l', shaped on « (and g¢) turns to be successful.
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1.2. Main results

Aim of the paper is to generalize some of the previous results to the case p € (1,+00), ¢ € [0,p— 1]
and a (possibly) nonconstant, with or without concavity assumptions on it. We will further propose
a general scheme which can be applied to more general nonlinearities g(u) (and even f(z,u)), which
extends also the semilinear setting proposed in [22]. Additional results will be considered as well
(including the cases ¢ € [-1,0) and ¢ > p — 1 near p — 1, as well as fractional equations), briefly
commented below but fully presented in Section 7. For the sake of clarity we focus in the introduction
only to some of the results of the paper.

Consider the Lane-Emden-Fowler equation

—Apu = a(z)u? in Q,
u>0 in Q, (1.4)
u=0 on 0f2.

In all the paper by solution we will mean weak solution. We start by a result on the exact concavity
of (a power of) u, when a is assumed concave as well.

Theorem 1.4 (Exact concavity). Let @ C RN, N > 2, be open, bounded and convex, with 9Q € C1,
and let p € (1,400). Let ¢ € [0,p — 1], and assume a € Cl’a(ﬂ), a € (0,1), and a > 0 on €,

loc
a 0-concave with 0 > 1. Then the solutions of (1.4) are e(ﬁ%legq)monccwe. If a is constant (i.e.
p=l=g
P

oo-concave), then the solutions are -concave.

Notice that, e(ﬁjrlez_f) — P=129 35 § — +00; moreover for p = 2 the result is coherent with [88,

Theorem 4.1], while for p # 2 and a = const it is coherent with [22, 116].

Remark 1.5. We highlight that the C™® regularity of the boundary is exploited in Theorem 1.4
(and its corollaries) only to gain the uniqueness of the solution. According to [13, 83], if one focuses
only to ground state solutions, or if ¢ = p — 1, this assumption can be relaxed.

An application of the previous result is given by the (possibly nonradial) Hardy-Hénon type
equations; see also [98, Remark 2.3] for further examples. Notice that the classical 2-norm |z| is not
even quasiconcave (in any subset of R™V): see [6] for symmetry breaking results in the ball, while [10]
for symmetry results for singular powers of Hardy-Leray type.

Example 1.6 (Hardy-Hénon type equation). Let Q@ C RV, N > 2, be open, bounded and convex,
with 9Q € C1 and let p € (1,+00) and g € [0,p — 1]. Assume that u is a solution of one of the
following problems, with the conditions

u >0 in €, u=0 on .
e Assume Q2 C Bg(0) for some R > 0, and let 0 > 1, w € [0, 1]. Consider u solution of
—Apu = (R° — |z|7)%“u? in Q.

e Assume () is a subset of the half-plane {x € RY | Zle xz; > 0}, k€ {1,...,N}, and let
w € [0, 1]. Consider u solution of

k w
—Apu = (Z :L'Z> u? in Q.
i=1

In particular, if Q C {x € RN | 2; > 0 for each i}, and u is a solution of
—Apu = [z|fu? inQ

where |z|; is the 1-norm in RY.
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e Assume Q C {(z,9) € R? | 2,y > 0} and wy,ws > 0 with w := wy + wy € [0,1]. Consider u

solution of

—Apu = z'y“?u?  in Q.

fo P=1l—q_
Then v is o1p -concave.

We move now to perturbed concavity: by assuming a near to a concave function (say, for simplicity,
constant), then a power of u is near to a concave function with a comparable error. We present two
possible approaches and results: see Remark 1.11 for a comparison. We highlight that the estimates
on which the following result is based have an interest on their own (see Theorem 3.3).

Theorem 1.7 (Perturbed concavity I). Let Q C RY, N > 2, be open, bounded and convex, with
0Q € C, and let p € (1,+00). Assume a € C*¥(Q), a € (0,1). Let as € (0,+00) be a constant
and us be a positive solution of

—Aplos = Aoo in £,
Uso = 0 on 0f).

Then the solution u € C%8(Q), B € (0,1], of (1.4) with ¢ = 0 satisfies
po1 ol
[u 7 —ud [loo < Clla — asol|% (1.5)

for some C = C(p, 2, aco, [lal|co.a(q)) > 0 and some k = k(p, N, 3) € (0,1).

When uq, is merely concave, (1.5) cannot give precise information on the exact concavity of w. If
Uso is assumed strictly concave, then some information can be deduced on e-uniform concavity (see
Corollary 6.3). Nevertheless, when u., is strongly concave, and the convergence is proved to be C2,
the concavity of us, is inherited by the solution w, for a(z) sufficiently close to as. Namely, in the
semilinear case we combine the above result with the information on the limiting problem given by
Theorem 1.1.

Corollary 1.8. Let Q C RN, N > 2, be open, bounded, strongly convex, with 0Q € C*%, and let
p =2. Consider (an)n : Q@ — R, and assume that, for some ao > 0 constant

an — Qoo in CV%(Q) as n — +oo.

Then the positive solution u, of

Uy =0 on 0f2,
s such that u, 1s strongly %—concave forn > ng > 0. In particular, for these values of n, the level
sets of u, are strictly convexr and u, has a single (and nondegenerate) critical point in Q.

We comment now a different concavity perturbation result. We recall, for some a € L*°(2), the
oscillation related to a

osc(a) :=supa — inf a.
Q Q
Recall moreover the inner parallel set to 2, for any § > 0,
Qs :={x € Q|d(x,00) >d}.

Theorem 1.9 (Perturbed concavity II). Let @ C RN, N > 2, be bounded, strongly convex and with
0Q € Ch, and let p € (1,+00). Let ¢ € [0,p — 1), and assume a € C’llo’?(ﬂ) N % (Q), a € (0,1),
and a >0 on Q. Then the solution of (1.4) satisfies

C p14 <Coscla) onQxQx][0,1]
u P
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where C' = C(u,d,a,p,q) > 0 is given by
Jullse ) @
e Ulloco P osc(a 1
C:= Cp,q (minqu> (2 + minma) minqa

1/
and Cp 4 1= (p;_lgq> p; here § > 0 (small) is suitably chosen.

Corollary 1.10. Let Q c RN, N > 2, be bounded, strongly convex and with 0Q € C%*, and let
p € (1,+00). Let q € [0,p— 1), and assume as, > 0 constant and (an), C C'llo’f(ﬂ) N C%(Q),
a € (0,1), with ||an, — asollcc = 0 as n — 4+00. Then the corresponding solutions (uy,), verify

C p-1-¢ <O(JJan — tsolloc) =0 asn — 4oc.
Uy P
Remark 1.11. As a further consequence of Theorem 1.9, by Hyers-Ulam Theorem [72] we know
that there exists a concave function v such that

p—1—

a7 — 3]s < o0scla). (1.7)

When ¢ = 0, we can compare this result with the one in Theorem 1.7: both the results tell us that
—1
w7 is near to a concave function . Theorem 1.7 gives an exact information on who o is, and

requires only a € C%%(Q) (and no restriction on the sign) since no approximation argument (see
Section 5) is required to obtain the result. Theorem 1.9, instead, obtains © via an abstract result, but

on the other hand gives a more accurate rate of convergence for the error, that is ~ osc(a) (instead
min{l,p—1}
of ~ osc(a) »); moreover, Theorem 1.9 is valid also for ¢ # 0. The two results seem thus

complementary.

Remark 1.12. We believe that the condition a € CV*(RY) in Theorem 1.9 is merely technical
(while @ € L>®(RY) is crucial), due to the regularity issues of the approximation process. Being
a € CY(Q), anyway, we can rephrase the conclusion of Theorem 1.9 as

Cpi14g <C|Vallee onQxQx][0,1]
U P

p—1l—gq
- . o di 2)|Va|so 1
for some constant C' = C), ;diam(2) (%) ! (2 + lar;(in%aﬂ )min@a > 0.

In the paper we show also several results which are mainly based on perturbation techniques:
in particular, we treat the singular case ¢ € [—1,0) by an approximation process. Moreover, by
exploiting some uniform convergence to the eigenfunction problem, we show that if ¢ > p — 1 is
sufficiently close to p— 1, or s € (0, 1) is sufficiently close to 1, then the solutions of —A,u, = ud and

(—A)us = Aqul ™!

actually enjoy some weaker form of log-concavity far from the boundary. Some comments on the
literature of these topics and precise statements are given in the corresponding Sections 6.2-7.3.
We highlight that some of the convergences provided have an interest on their own, and could be
exploited for several other applications.

Main difficulties: the proofs of the main Theorems 1.4 and 1.9 rely on a suitable approximation
process; among other technical difficulties, differently from [22, 29, 88, 116], the co-presence of the
approximating components (the “c > 0 parts”, see Section 5) and the spatial-depending components
(essentially a(z)) requires some fine management of the nonlinearities in play, in order to achieve
the desired concavity and perturbed concavity results. A singular multiplicative decomposition will
be employed moreover to deal with the case a(x)u?, ¢ # 0. The particular choice of the additive
decomposition of the nonlinearity will also allow to unify some results contained in [88] and [22]
(treating, for example, sum of powers). Regarding the singular case, the idea is to approximate the
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nonlinearity with g, (t) := (t + %)‘1 and pass to the limit the abstract result which holds for general g;
this approach is indeed different from the one proposed in the semilinear case by [15].

Outline of the paper: in Section 2 we recall some properties on approximation of domains, on
a-concave functions and concavity functions, together with a weaker notion of e-uniform concavity.
In Section 3 we provide some tools on the difference of two solutions in quasilinear frameworks: this
topic is of independent interest, but it has some consequences related to concavity of functions. Then
in Section 4 we present some general results regarding the maxima of concavity functions on the
boundary or in the interior: some of the results are known, others are refinement of known results.
In Section 5 we develop an approximation argument for nonregular equations, which is suitable for
achieving concavity properties: the discussions is set in a general framework, and some abstract
consequences are presented in Section 5.1; then we provide the proofs of the main Theorems in
Section 6, together with some comments on perturbed concavity for eigenfunctions and the case
of singular equations, where a second approximation argument is set in motion. We collect then
in Section 7 several additional results in other frameworks (superhomogeneous, p large, fractional,
parabolic), which would be interesting to develop further in the future. We conclude the paper with
a collection in Appendix A of some (partially known) tools for the p-Laplacian.

Notations: we define |z|? := [z[3 := >, 22, |z]1 := >, @], [[ullh == [q [ulP for p € (1, +00), and

|t]|oo := supess,eqlu(x)|. Moreover [u]cos := SUP, yeq rzy % and ||ul|co.s == ||u]|oo + [u]co.s
for B € (0,1], while D?u denotes the Hessian matrix. We define also osc(a) := supq a — infq a,

d(z,09Q) := infycpq |z — y|, int(2) the interior of @ and Qs := {x € Q | d(x,00Q) > 0}; we say that
Q, — Q in Hausdorff distance if max{sup,cq d(z,$2,),sup,cq, d(z,Q2)} — 0 as n — +oo. The
normal vector to the boundary v will be always assumed to pointing inward. Definitions of strong
convex domains, (harmonic, joint) concavity functions, and of e-uniform concavity are given in
Section 2 (see also Section 4.2); definition of ground state is given in Remark 7.3, while uniform
ellipticity of operators is defined in (4.9). Definition of solution and of a-concavity are given above
(see also Section 2).

2. Preliminary properties and definitions of concavity

We start by recalling some known properties on convex sets (which are always Lipschitz [64,
Corollary 1.2.2.3]). We recall that a set is strictly convex if (x,y) C € for each z,y € Q, while it is
strongly convex if the principal curvatures are well defined and strictly positive (see also [8, Definition
3.1.2] for discussions on weak curvatures). Moreover, for a general C? convex set, the curvatures
are always nonnegative [71, Corollary 2.1.28]; the inequality cannot generally be improved even for
strictly convex sets (for example {y > x*}). We recall that any Lipschitz domain satisfies the uniform
(interior and exterior) cone condition [70, Proposition 2.4.4 and Theorem 2.4.7] (see also [64, Theorem
1.2.2]), every domain  with 9Q € C1! satisfies the uniform (interior and exterior) sphere condition
[99]. For any ¢ > 0, we set

Qs :={z € Q|d(z,00) >}
often called inner parallel bodies or (referring to 9€2s) surfaces parallel to the boundary. We recall
that every convex domain satisfies the unique nearest point property [71, Theorem 2.1.30], while
every domain  with 9Q € C? has a neighborhood 2 \ Qs where this property holds [53].

We state some properties on {25 and some approximations of convex sets; see also [71, Lemma
2.3.2], [11, Theorem 5.1], [51, Theorem 5.1] and [8, Theorem 3.2.1] for other relevant approximations.
Recall that quasiconcavity of v is equivalent to require

v(Az + (1 = N)y) > max {v(z),v(y)} (2.1)
for each z,y € Q, A € [0,1].
Proposition 2.1. The following properties hold.
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(i) Let Q C RN be open, bounded and convex. Then there exists () ren, QF C Q, strongly
convez, with ONF € C>®, and such that QF ¢ QFL Q = Uk OF and QF — Q in Hausdorff
distance as k — +00.

(ii) Let Q@ C RN be open, bounded, and convex [resp. strictly convex]. Then the distance function
d(-,0Q) is Lipschitz and concave [resp. also strictly quasiconcave/.2 As a consequence, for
any 6 > 0, Qs is convex [resp. strictly convex].

(iii) Let @ C RN be open and bounded, and let k € N U {oc}. If 00 € C*, k > 2 then
d(-,00) € CF(Q\ Qs,) for some &o;° this means that, for § > 0 sufficiently small, 9Qs € C*
(and Qs can be seen as a smooth manifold). The same holds for k =1 by assuming in addition
that 0Q) satisfies the unique nearest point property (e.g., Q is convex) and for a.e. § > 0
small.* Similar statements holds also for C*.

Proof. Being the properties well known, we give just a sketch of the proof.

For (i), the claim is given in [93, Corollary 6.3.10] by considering Q as the preimages of a suitable
smooth, strongly concave exhaustion function (see also [19, Theorem 2.3], and [100, Theorem 1.4] for
regularized distance function arguments). We obtain thus that QF are increasing and cover €2, and
basic properties imply the Hausdorff convergence (see e.g. [70, Section 2.2.3.2]).

For (ii), we have the claim by [71, Theorem 2.1.24], [46, Theorem 5.4]. We give some details on
the strict quasiconcavity: consider x1, 2o € Q, 21 # 2, and set d; := d(x;,00Q) >0, T : % € Q,
and d := @ > 0. Fix now a direction ¢ € SN~ and set yf =a;+di€ €Q, §° =132 =5+ dE.
By convexity, we have ¢ € Q, thus varying ¢ we obtain B(Z,d) C €, which implies d(z, 9Q) > d;
this gives mid-concavity (and thus concavity). We now distinguish:

e dy # dy: in this case d(z,09) > d > min{d;, d2}.
e d; = dy: in this case yf # yg for each & (otherwise z1 — 9 = (dy — d2)& = 0, impossible) thus
by strict convexity §¢ € €2, that is B(z,d) C €, and hence d(Z,98) > d = min{dy, ds}.

_l’_

In both cases we have
d (%, 8(2) > min {d(x1,00), d(x2,00)}

that is, strict mid-quasiconcavity, which implies strict quasiconcavity, and in particular strict convexity
of the level sets [9, Corollary 3.36].

For (iii), when k& > 2, we rely on [56, Lemma 14.16], while for k£ = 1 we rely on [53]. See also [92]
for C** conclusions (k > 2) and [46, Theorem 5.7] for C’llo’c1 conclusions.

By the end of the proof of [56, Lemma 14.16] we also see that the distance is proper, that is for
small 0 < g we have that d(z,9) < ¢ implies Vd(-,0Q) # 0; when k = 1 we rely instead on Sard’s
lemma. By exploiting the implicit function theorem (as in the proof of [11, Theorem 5.1], see end
of page 13 therein), we achieve that, for such &, 9s € C¥; see also the preimage theorem [109,
Corollary in Section 1.2.2, page 37| in combination with [64, Theorem 1.2.1.5] or [93, Section 1.2].
For Lipschitz boundaries see [51, Theorem 4.1]. O

We recall some miscellanea results by [88, Properties 7 and 8, Lemma A.2] and [89, Lemma 3.2]
(see also [103, Theorems 1 and 3, Corollary 2]).

We observe that the distance function is not strictly concave (even if Q is strictly convex): for instance consider z1, x2
sufficiently close to 99, and such that both the points lie on the same perpendicular line to the boundary (namely, if
d(zi,0Q) = |z; — 7| then 2} = a5 =: *); then clearly z = “12 is such that d(z,09) = |z —z*| = w.
We notice that a viceversa does not hold: a set satisfying d(-,dQ) € C*(Q\ Qs,) is also known as prozimally C*.

The size § depends on the radius of the uniform interior sphere, or the positive reach of M, that is the size of the
neighborhood where the unique nearest point property holds. The set of singular points of d(-,9) is also called the

ridge of €.
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We say that a function b : A € RV — R (not necessarily positive) is harmonic concave if, for each
21,22 € A, A € [0,1],

h(z1)h(z2) : _
(A + (1= N)z) > W+ nhGy M) (1= Ah(z) > 0,
10 if h(Zl) = h(Zz) =0.

If h is positive, this definition coincides with (—1)-concavity, see [88].

Proposition 2.2. We have the following properties.

e Let h > 0 be a-concave, and k > 0 be 3-concave, with «, 8 € [0,4+00]. Then hk is vy-concave,
where % = é + %

o Let Q C RN be convexr and I C R be an interval, and let h = h(t,z) be positive and such that
(w,t) € Q x I t2h(x,t) is (jointly) concave. Then h is (jointly) harmonic concave.

e If h,k are a-concave functions for a > 1, then h + k is a-concave. If h is harmonic concave,
then h — k is harmonic concave for every constant k > 0.

e Let h = h(zx) be a-concave, then (t,x) — h(z) is a (jointly) concave; similarly if h = h(t).

We consider now the concavity function, for a v : Q2 — R,
Co(z,y, A) := Av(z) + (1 — Nv(y) —v(Az + (1 = N)y),
the joint concavity function, for a h = h(z,t) : @ x R — R, as
jCh((x,t), (y,s), )\) = Mz, t) + (1 — Nh(y, s) — h()\m + (1 =Ny, M+ (1 — /\)s),
and, when h > 0, the (jointly) harmonic concavity function as

h(z,t)h(y, s)

Hch((xvt)a (Y, ), )\) = A(y, s) + (1 = AN)h(z,t)

—h(Az+ (1 = Ny, At + (1 = N)s).

Notice that (see [29])
HC < JC.

We recall some relations on HC which allows to deal with basic operations [29, Lemma A.1].

Proposition 2.3 ([29]). Let f,g such that f,g > 0. Then, for any x,y € Q, t,s € R, A € [0,1],
HCerg((x? t), (y,s), )‘) > Hcf((x7 t), (y, ), )‘) + HCQ((wv t), (Y, s), /\)

and, if moreover f —g > 0,

’HCf_g((;U,t), (y, s),)\) < HCf((x,t), (y, s),)\) — ”HCQ((Q},L‘), (y, s),)\).

We finally recall some definitions of generalized concavity and some related properties (see also
Proposition 7.4 for quasiconcavity).

Definition 2.4. We say that v : Q@ — R is e-uniformly concave with (continuous) modulus p :
(0,400) — (0, +00) if

; <x+y) > v(z) +v(y)

: S e —yl)  foreach,y €9, e —y| > e,

namely C,(z,y, %) < —p(|lz —yl) for |x —y| > €. We say that v is e-strongly concave with parameters
m > 0if p(t) = %mt2.5 If p = const we simply say that v is e-uniformly concave.

® The “A-version” actually reads as: v(Az + (1 — A)y) > Av(z) + (1 — Mo(y) + 3A(1 — N)m|z — y|3.
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We highlight that an e-uniform concave function is not necessarily concave [63, Example 2.5];
anyway this class of functions enjoy several properties, see [63]. Clearly uniform concavity (i.e.
O-uniform concavity) implies both e-uniform concavity (for each £ > 0) and concavity (by assuming v
continuous). Similarly, strong concavity —i.e. v — %m% is concave — implies both e-strong concavity
and strict concavity. We further recall that when v € C2(12), strong concavity is equivalent to say that
D?v = ml, that is, D?>v — mI is positive semi-definite (i.e., the eigenvalues of D?v lie in [m, +00)).

We are interested in properties inherited by a sequence of functions from their limit: we observe
that, if v, — v in C*(Q) and u is strictly convex, then it is not ensured that v, is strictly convex
x2k for « ¢ [—%, %],

—z% 4 n% for z € [-1, 1],
substituting v, with a smooth mollification) v, — v in C?*=1([~1,1]) and v is strictly convex, but
v, are not even convex. With the same example, we see that for k = 1 v, — v in C1([-1,1]) (but
not in C%([—1,1])) and v(z) = 22 is strongly concave; thus C'! convergence is not sufficient to inherit

convexity from strong convexity.
On the other hand, by looking at the Hessian matrix, it is clear the following result.

for n large. Indeed, consider vy, (z) := and v(z) := 2%¥; clearly (by

n

Proposition 2.5. Assume v, :  — R converge in C?(Q) to v, which is assumed to be strongly
concave on 2. Then v, is strongly concave for n sufficiently large.

A weaker property, anyway, is inherited by the sequence also in case of L°°-convergence, when v is
assumed strictly concave.

Proposition 2.6. We have the following properties.

o Assume Q bounded and v : Q — R strictly concave, then v is uniformly concave (i.e.,
e-uniformly concave for each € > 0).

o Assume v, : Q — R converge in L*°(QQ) to v, which is assumed uniformly [resp. strongly]
concave in Q. Then, for each ¢ > 0, there exists n. > 0 such that, for each n > ng, u is
e-uniformly [resp. e-strongly] concave.

Proof. Set A := {m,y e |z —yl> 6}, the first claim comes straightforwardly by considering
p = —infy, Cy(x,y, %) > 0. Consider the second point. We have

inf (Co (#,9,5) + 50l —yl) < =5 infp < 0.
Since C,,, (x, Y, %) — C, (a:, Y, %) uniformly on A., we have
Con (@.y,3) + 3p(le —yl) < —jinfp <0
on A, for n large. This gives the claim. O

We conclude this Section with some comments on a different notion of concavity.

Remark 2.7. A generalization of the concept of concavity was recently discussed in [18]: given L an
operator on functions in the interval (0,1), we say that u is L-concave if

u(te + (1 —t)y) > wph(t)
for each z,y € Q and t € [0, 1], where
Liwp3l(t) =0 in (0,1),
{wi—i:i(m = u(y). wil(1) = u(x)
in the viscosity sense (see also [71, Section VI]). It is clear that, if L(w) = w” — the monodimensional
counterpart of the Laplacian — then we recover the classical concavity. It is moreover straightforward

to check that also with L(w) = (Jw'|[P~2w’)" — the p-Laplacian in one dimension — we still recover the
classical concavity.
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We highlight that the a-concavity, in the sense that u® is concave, is essentially equivalent to the
L%concavity, where L®(w) := w"w — (1 — a)(w’)? (or equivalently, the operator L := (|w|* 'w')’, a
quasilinear nonvariational operator). Here, as it is well known, L* builds a bridge between concavity
(o = 1) and quasiconcavity (o — —o0).

In [18], instead, the authors propose a different bridge, given by Lg(w) := Bw” + (1 — B)(w')?,
for 5 € [0,1]: here they recover concavity for § = 1 and quasiconcavity for § = 0. This class

enjoys several properties: moreover, saying that a function is Lg-concave is essentially equivalent to
_1-B, . . . . .
saying that ¢g(u) := —e 8 “ is concave, and this transformation has a great relevance in financial

mathematics [9, Chapter 8], [103]. For a € [—00,0] it is straightforward to check that

u is L%-concave <= log(u) is L _1 -concave.
et

Key differences between ¢ and the classical transformations, in the framework of Dirichlet problems,
Yplt) .
A —7 1s not
nonincreasing (¢g = gogl), which are both of key importance. Notice moreover that power concavity
is essentially the only class of transformations which are closed under scalar multiplication [103,
Theorem 2].

We provide also an explicit example where ¢z does not work, since edges create problems: the
solution of the torsion problem —Awu = 1 in the triangle of vertices (++/3,0), (0,1) is given by
u(z,y) = 4(1 - y)? — 322; it is known that \/u is concave but u® is not concave for any o > % [15,

page 328]. We wonder if, for some large r > 0, 1 — e~ "" is concave: but it is straightforward to see

that y — 1 — e "®:0) is concave only if r > %,
We suspect anyway that, in regular domains and for some class of problems, g could work as a

good transformation in Dirichlet problems.

is given by the facts that: @j(t) 7 +oo ast — 0 (see also Remark 4.8), and ¢ —

which is clearly impossible as y — 1.

3. Estimates on the difference of two solutions

In this Section we want to compare the solutions of two problems, where the space component
may act differently; this comparison will in particular lead to the proof of Theorem 1.7 and its
generalizations. Since the problem is quasilinear, we cannot directly work on a problem solved by the
difference of the two solutions. We start by some considerations on general functions. We recall the
following result by [96, Theorems 1.1 and 1.2].

Lemma 3.1 ([96]). Let Q CJ%N, N > 1, be open and with the uniform interior cone condition.
Consider a function u € COP(Q) N LI(Q), B € (0,1] and q € [1,400). Then
1—
[ulloc < Cllullcors lullg” (3.1)

where kg = KN gq i= B-F% € (0,1) and C = Cnpgq > 0 is given as follows:
q

_1
o if Q=RYN, then Cnp, = maX{NLJDB,qu} > 0 (here wy is the volume of the unit ball);

o if Q #RY letrg be the radius of the (uniform) interior cone; then C g4 = maX{NLJFB, w;ﬁ , rg}
(here wy is the volume of the cone scaled to radius 1).
As a consequence, if u € C*(Q)NWHk4(Q), k€N, B € (0,1] and q € [1,+00), then
luller < Cllul gyl
As a corollary of the Lemma we gain a preliminary estimate on the difference of two general
functions. We write, for p € (1,+00), g € (0,1],

_ _B_ _ 8 __B_ _ 28
Kp* = ,3+p£* = pﬂfN—p € (07 1)7 Kox = ,3+2ﬂ* = 25¥N—3 S (0, 1).

 Notice that kx5, — 1 and Cng,q — maX{NLH}Jg} >0 as ¢ — +oo.
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Corollary 3.2. Let Q C RNLN > 1 be open and with the uniform interior cone condition, and let
€ (1,+00). Let u,v € COP(Q)NWLP(Q), B € (0,1], then

lu=vlloo < C ([[ullgos + [v]lcos) ™" [ Vu = Vol 7" (3:2)
with C = C(N, 8,p) > 0. Similarly, if u,v € C*P(Q) with u — v € DY2(Q), then
lu = vlloo < C (lullgos + vl cos) ™ |Vu — Vol 52" (3.3)

with C = C(N, ) > 0.
We want to prove Theorem 1.7. We discuss here a more general case.

Theorem 3.3. Let Q C RN, N > 1, be open and with the uniform interior cone condition, and let
p € (1,400). Consider a1,az € L1(2), g € (1,+00], and the problems

{—Apu1 =ay(z) in Q, {—Apu2 = as(x) in Q,

3.4
uy =0 on 0f, uo =0 on 0S, (34)

with positive solutions uy,us € COP(Q) for some B € (0,1].
e Ifp>2 assume q > ;%2' Then

Np*

[t — usloo < Cllar — azllg™

where C = C(p,q, %, [|[u1lcosqy. luzllco.s(q)) > 0.
o Ifp <2 assume q> 2 and ui,us € WLOO(Q). Then

Kox*

lur = uzfloe < Cllar — azllg

where C' = C(p, ¢, [luillcos (o), [[uzllcos ) [Vurlloo, [Vuzlleo) > 0.

Proof. By definition of weak solution we have, for any ¢ € WO1 P(Q),
/Q (]Vu1|p_2Vu1 — ]Vu2|p_2Vu2) Vo= /Q(al(aj) — as(x))p;
we choose ¢ = uy — ug € Wol’p(Q), so that
/Q (|Vu1|p_2Vu1 - |Vu2|p_2VuQ) - (Vuy — Vug) < |la1 — az||qllur — uz||»

for % + 1 =1, r <max{p,2}. Let us now distinguish two cases.

If p > 2, by [105, Section 12(I)], Holder and Poincaré inequalities we have

p—r
2°7P||Vuy — Vg |b < [lar — az|lqllur — uzllr < |2 77 Copllar — a2llql|Vur — Vs

here Coq ) is the best Poincaré constant on VVO1 P(Q). Thus
1 1

p—r _ \p—1 =1
Vs — Vs, < (2277101 Cap) 7 llar —aallf .

Set C1 := [Ju1|co.s(q) + [[u2llco.s () by (3.2) we obtain

1 Np*
— K =
Cy " lar —aqll§™".

Jur — uzlloo S

~

If 1 < p <2 then, by [105, Section 12(VII)] we have

Vul - VUQ 2 2—r
w-1 [ | <o — aalgllur — wally < 191 Callar — azly|Vur — Vua]lo
o (14 [Varl? + [Vusl?) 2
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Set Cy : =14 ||[Vui||os + || Vuz|oo we have

2—p

T2 2 2=r
Cy 7 (p— D[ Vur — Va3 < 195 Capllar — asllyl| Vur — Vusl
thus

2—p
2

2—7r
Vs = Vel < (711637 107 o) lar - aal
Therefore, exploiting (3.3),

B 2p
lur = uzllos S C7 Cy 7 flar — as52". 0

Corollary 3.4. Let Q C RN, N > 2, be open and with the uniform interior cone condition, and let
p € (1,400). Let aj,as € L*(2) and uy,uz € L>®() solutions of (3.4). Then

e Let p > 2, and assume Q satisfies the uniform (interior and exterior) cone condition. Then

Np*

ur — usflos < Cllay — az||&"

where C = C(p,Q, ||a1]|co, ||a2]/c0) > 0.
o Let p <2 and assume a; € CO*(Q), 90 € C1*. Then

Kox*

|ur — uzlloo < Cllay — az2||32

where C = C(p,Q, ||a1]|co.e, ||az||co.a) > 0.

Proof. By [30, Theorem 2.3] (see also [121, Corollary 4.2]) we have the C%#(Q) regularity, while by
[101, Theorem 1] (see also [66, Corollary 1.1] and [95, Section 4.3, Theorem 5.2]) we have the C1#(0Q)
(and thus W) regularity. Hence u satisfies the assumptions of Theorem 3.3 and we achieve the
claim. 0

Remark 3.5. We observe that, as a first consequence of Corollary 3.4, we get the uniqueness
result of Lemma A.1l in the specific case f(x,t) = a(z), and Corollary A.3 in the specific case

fn(z,t) = an(z) > ap.
We deal now with concavity properties that can be deduced by this perturbation result.

Corollary 3.6. Let Q ¢ RY, N > 2, be open, bounded and convex, and let p € (1,4+00). Let

ay,az € L>®(Q) and uy,us as in Corollary 3.4. Assume ag > 0 to be 0-concave, § > 1. Then uy is

0(p—1)
1+0p

-concave and the following holds.
o Letp>2. Then
o(p—1) o(p—1) fog 2271
lug ™" = Uy [l < Cllar — azfloe
where C = C(p,Q, ||a1]co, [|a2]|oc) > 0.
o Let p <2 and assume a; € CO*(Q), 90 € C1*. Then

6(p—1) o(p—1) figs 2P—L)
™7 = ™ oo < Cllar = azflos ™

where C' = C(p,Q, ||a1||co.a, [|az]|co.a) > 0.

The same results apply for 0 = oo by substituting efﬂ;;) with %.
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Proof. The claim comes from Corollary 3.4, Theorem 1.4 and the fact that, for v € (0, 1),

luf = u3lloo < llua — uall- O

Proof of Theorem 1.7. Arguing e.g. as in Section 5, the solutions are bounded. The result is
thus a consequence of Corollary 3.6, by considering as constant. O

We postpone the proof of Corollary 1.8 and its generalizations to Section 6.

Remark 3.7. We see that Corollary 3.4 can be applied to deduce some information on log-concavity.
Uy u2

Indeed, as in the proof of Lemma A.1, we first have 1,32 € L>°(€). Thus, by the mean value
theorem, there exists A* € (0, 1) such that

1
2V (1— A2

Ui _ u2
u2 uy

llog(uu1) — log(uz)| = § [log (%) — log (22)

<C

ui uz
'lL2+'LL1

]ul - UQ‘ S C"]ul — UQ‘.

Hence by Corollary 3.4, we have

K%

p

og(u1) = log(us) oo < Cllar — az|&"
if p > 2, while

[[log(u1) —log(uz)lee < Cllar — azf|2”
if p<2. Here C'= C(p, Q, [lar]|coa, [lazllcoe, | Z: oo, [152 loc) > 0.

We notice that, clearly, log(u1),log(uz) ¢ L>(£2), but the difference does so. On the other hand,
we have, for each 6 > 0, log(u1),log(uz) € L*(fs), thus, if a,, — ap uniformly, then

log(upn) — log(ug)  in L>®(Qs);

if for example one is able to deduce that log(ug) is strictly or strongly concave in g, then some
concavity information on Ciyg(y,,) for n large can be deduced as well, see Propositions 2.5 and 2.6.

4. General lemmas about concavity
4.1. Concavity on the boundary

In this Section we discuss the possibility of the concavity function C, to have a maximum on the
boundary of its domain. Here we do not use the equation, but only the information on the boundary;
see anyway [15, Lemma 3.3] where also the equation is exploited (in a singular framework).

We start by some result which deals precisely with the boundary of (a general) 2, but gives no
good quantitative information to be inherited by functions approximating the solution.
Lemma 4.1. Let Q C RN, N > 1, be open, bounded and convexr, and let v : Q@ — R. Let
(Z,7,\) € Qx9N € [0,1] be a global mazimum of Cojaxaxpo,- Assume
o if [Z,y] C 0N then
v = const on [Z,yl; (4.1)
o if [Z,y] & 0N then
Co(Z, 7, \) <0 for A=0F. (4.2)
If (z,9,t) is a global mazimum of Cofaxaix(o]: then Co(Z,,t) =0 or (Z,y) € int (Q x ﬁ)ﬁ.
In particular, if Q is strictly convex, then Cy(Z,7,t) = 0 may happen only if T =17y or X € {0,1}.
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Proof. We can assume \ € (0, 1), otherwise C,(Z,7,A) = 0. Set z := Az + (1 — \)y. If [Z,9] C 09,
then z € 9Q and hence u(z) = u(y) = u(2) and C,(Z, ¥, \) = 0. Thus we can assume [7, 7] ¢ O.
Assume by contradiction that (z,y) € 0 (ﬁ X ﬁ), thus one among z and § belongs to 9); w.l.o.g.,
say g € 0f). Roughly speaking, by the assumptions v is concave along the segment [z, 7], near g; by
moving ¢ a little closer to Z, but keeping their convex combination the same, we expect that this
procedure increases the value of C,, which would be an absurd. Let us see this in details.
By (4.2), for some small A* € (0, ), (A\* = 0) we have

Co(z,7,\") <O0.
Set, g* = \*7z + (1 — A*)g, (gj* = :zj) it means
v(@") > Au(Z) + (1= A%)v(y). (4.3)
Choose p € (0,1) in such a way uz + (1 — p)

7" = Az + (1 — \)7g, that is
A —\*

1— A"
notice that ¢*, rather than g, is closer to Z, while ; maintains the middle combination constant.
Moreover (4.3) clearly implies

po() + (1= p)o(F") > Mo(@) + (1 = Av(7)

from which C,(Z,y*, 1) > Cy(Z, 5, A), that is the claim. O

= €(0,1);

Remark 4.2. In order to apply the lemma, we notice that (4.2) is equivalent to check

v(g+ Mz — 7)) —v(®)
A

>o(z) —v(y) for A= 0T.

Thus it is sufficient to verify

limsup "+ AE - D) =0 ) ) (4.4)
A—0t1

or equivalently, if v € C1(Q)
z—gv(H) = Vo(y) - (= y) > v(@) — v(y)

or similarly
(@) < V() - (& —y) + v(g)-
Notice that, saying -
v(x) < Vou(y) - (z—g)+o(y) forzeQ\{y}

means that v lies strictly beneath the plane tangent to v in the boundary point 5 € 0f).
Remark 4.3. By assuming v € C*(9) and the stronger assumption (which clearly implies (4.4))

i v(y+ Az —9) —v(®)

im sup

A—0F A

the proof of Lemma 4.1 can be simplified: indeed, in the case [z, y] ¢ 99, being § + (g — ) € Q for
€ small, by exploiting

= +0o0 (4.5)

Co(Z,9,A) > Cy(Z, 5 +e(§ — Z),\) for e small,

we obtain

v(y) —v(y+e(y— 1)) - v(AZ+ (1= N)y) —v(Az+ (1 - Ny +e(1 —X)(g—f)).

g S

(1-X)
Thus, sending € — 0", we obtain
—00 > (1 = A)Vo(AZ + (1 = N)g) - (§ — 2);



18 M. GALLO AND M. SQUASSINA

being AZ + (1 — \)j € Q, we have a contradiction.

We can finally deal with transformations of a functions wu; notice that we are not requiring ¢ to be
monotone nor concave.

Corollary 4.4. Let Q C RN, N > 1, be open, bounded and convex. Let k € R and u be a function
with

u==k and Oyu>0 on 0%
here v is the interior normal vector. Let ¢ : R — R be such that p € C*(R\ {k}) and

lim sup ¢ (t) = +oo0.
t—k

Set v := @(u). If (Z,9,)) is a global maximum of Cojaxaxo,): then Co(Z,5,\) = 0 or (Z,9) €
int (ﬁ X ﬁ) In particular, if Q is strictly convex, then Cy(Z,y,t) = 0 may happen only if T =g or
A e {o0,1}.

Proof. Assume y € 99, z € ), we want to ensure condition (4.4) (actually, (4.5)). Fixed such
points, by d,,)u(y) > 0, we have that also 0,—,u(y) > 0 on 9 (here we use that [x,y] ¢ 0, thus
x —y [ v is pointing inward). Thus

fa:,y = &p—yu(y) = )\li)r(r)l+ U(y ha A(-T \ y)) U(y)
in particular, u(y + M — y)) > u(y) for A small. As a consequence, by the mean value theorem for
each A small there exists t(\) € (u(y + Az — y)),u(y)) (and thus ¢(A) = u(y) = k as A — 0) such
that

> 0;

v(y+ Az —y)) —v(y) e(u(y+ Mz —y))) — e(uly))

lim sup = lim sup
A—0t A A—07F A
u(y + Mz — —u
= limsup <g0'(t()\)) v+ Az —y)) (y)> = 400 > v(x) — v(y).
A—0F A
This concludes the proof. O

We move now to a result which gives better information on the concavity function in a tubular
neighborhood of the boundary, whenever this is assumed strongly convex; namely, v = ¢(u) is shown
to be strictly convex near the boundary. We refer to [113, Propositions 2.2, 2.3 and 2.4] (see also [90,
Lemmas 2.1 and 2.4], [34, Lemma 4.3], [116, Proposition 3.2]).

Proposition 4.5 ([113]). Let A C RN, N > 1, be open, bounded, 0Q € C**, and strictly convez.
Let moreover v € CY(A) be such that

() > Vo(y) - (z —y) +v(y) (4.6)
y € 0N and x € A, x #y. Then all the global mazima of Cv\KxKx[o,l] lie in int (K X K).
Proposition 4.6 ([113]). Let Q C RN, N > 1, be open, bounded, 9 € C*>*, and strongly convez.
Let moreover u € C1(Q) N C%(Q\ Q) for some n > 0, such that
u>0 inQ, u=0 ond, Jdyu>0 ond.
Let ¢ € C*((0,+00),R) be such that

pt) _ o, FO

"<0< ¢ 0, 1l '(t) = 400, = =0.
4 v near 10+ ¥ ®) oo OI(t) =0t ()
Set v = @(u). Then there exists § € (0,m) such that
D?v(z) s definite negative for x € Q\ Qs (4.7)

and (4.6) holds fory € Q\ Qs and v € Q, x # y.
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In the previous result, D?v denotes the Hessian matrix of v. The strategy of application of the
previous two results is the following: while €2 is the domain of reference, A will be a smaller domain,
where the inequality (4.6) holds actually up to the boundary OA C Q\ Q5. Moreover, this information
is inherited by C? approximating sequences.

Proposition 4.7 ([113]). Let A C RN, N > 1, be convex, bounded and satisfying the interior sphere
condition. Let moreover v. be such that, as e — 0, v — v in C1(A) N C*(A\ A,) for some n > 0.

Then, for e sufficiently small, all the global mazima of C,, AxAx[0,1] lie in int (K X A).

We notice that an information of the type (4.7), for some class of problems (requiring, in particular,
p=2, f(x,t) = g(t) and g(0) > 0, such as the semilinear torsion problem) automatically implies the
concavity of the solution on the whole domain [39, 86, 119].

Remark 4.8. We make some final comments on the case when ¢’ does not blow up in 0, but can be
taken arbitrary large according to u and €2; see Remark 2.7 for a related framework. We consider
o =, € CL([0,+0)) with

ol >0, ©1.(0) = 400 as r — +o0,
/
¢, (0)
—— 7 400 asr — oo, for any t > 0,
Sor(t) - 807’(0)
/
t
SD;() —0 asr— +ooandt—0.
oy (t)
Some model cases are given by
ert)=1—¢"" @ (t)=(t+12)", 7€ (0,1), @(t)=1log(t+ 7). (4.8)
First, looking at the proof of (4.7) in [90, Lemma 2.4, fact 2] we see that, by assuming
o (u(z)) '
er (u(x))

sufficiently small (for x near the boundary and r >> 0), we have the claim for some r which depends
only on u and 2. Move now to the proof of Corollary 4.4: let (Z,7,\) € © x 9Q x [0,1] be the
maximum point of C,. If z € Q\ Qs, since by (4.7) v is concave in this strip, C,(Z,%, A) would be
here nonpositive. Thus we can assume Z € Qg, that is |Z — y| > J. As a consequence

v(G+ Mz — 7)) —v(®) pwxwg+xf—@»—wxmm>

lim sup = limsu
A—=0t A A—=0t A
: u(y+ AT —7)) —u() o
— Jim sup <s0'(t(>\)) ( - ) — GLO)Vu() - (2 - ).
A—07F
Observed that
ws:= min _ Vu(y) - (x—y)>0
yeoN, z€Q;s

and that
er(u(Z)) — @r(u(y)) = er(u(T)) — ¢r(0) < @r(llulloc) —¢r(0)
by choosing r large such that

we obtain

i v(F+AE - 7)) @)
im sup
A—0t A

Thus, for r > 0, depending on u and €2 (smooth, strongly convex), we can state that: if (z,, A) is
a global maximum of Cyg, 5,1, then Co(Z,7,A\) =0 or (z,7) € int (2 x Q).

> v(Z) — v(y).
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Anyway, the standard properties, discussed in Section 4.2, which allow to gain concavity principle
in the interior of © here do not hold (e.g. for (4.8)), thus we do not further develop here this topic.

4.2. Concavity and perturbed concavity in the interior

We deal now with the information on the concavity function in the interior of €2; here the equation
solved by u plays its role. We start by recalling some results on exact concavity, see [88, Theorem
3.1] and [113, Proposition 2.1].

Theorem 4.9. Let Q C RN, N > 2, be open, bounded and convez, and v € C%(Q) N C(Q) be a
solution of
— Zaij(Vv)aiajv = b(z,v,Vv) in Q.
2
Assume a;j is uniformly elliptic, that is

Z aij(&)nim; > Cn|*  for each &€ € (Vo)(Q) and n € RN (4.9)
1,J

and
t € v(Q) = b(x,t,&) nonincreasing  for & € (Vv)(Q),
(x,t) € Q@ x v(Q) = b(x,t,§) jointly harmonic concave  for & € (Vv)(Q).
Assume moreover one of the following:
o t €cv(Q) > b(x,t,&) strictly decreasing for £ € (Vv)(Q),
o (x,t) € QA xv(Q)— b(x,t,§) strictly jointly harmonic concave for & € (Vv)(),
e a;; and b smooth enough, namely a;; € CL(RN), Vb, Vb € L2 (2 x R x RY),

Let (z,7,A) € Q x Q x [0,1] be a mazimum of Cv|§x§x[0,1]' Then
Vo(z) = Vo(y) = Vu(AZ + (1 — A7)

and C,(Z,9,)) < 0.
Proof. The same result for b strictly decreasing is given in [88, Theorem 3.1] (see also [79, Theorem

3.13]), from whose proof it is clear that b strictly harmonic concave works as well. To deal with the
nonstrict case, the problem under a;; € Cllo’f(RN), b(-,t,-) € C’ll(;f(Q x RM) for some a € (0,1) has
been considered in [90, Lemma 1.5 and Theorem 1.3] and [35, Lemma 3.2], where the proof is based

on a perturbation argument (see also [29, proof of Proposition 2.8]). A different and more direct
proof, which allows to assume less regularity, has been given in [113, Proposition 2.1] (see also [62,
Theorem 2.1]). O

We recall now some theorems about perturbed concavity. To state the theorem we will use the
following notation: for v : Q@ — R and b: 2 x R — R we write

TCh( () (@, 9, A) == TCp((z, ul@)), (y, uly)), A)
=Ab(z,u(z)) + (1 — N\)b(y,u(y)) — b(/\x + (1 =Ny, \u(z) + (1 — )\)u(y)),

HCy( () (@, 4, A) == HCy ((x,u(x)), (y,u(y)), \)
_ b(x, u(x))b(y, u(y))
Ab(y, u(y)) + (1 = A)b(x, u(x))
The following theorem is given in [29, Lemmas 2.3 and 2.9]; see also [4, Theorems 2.2 and 2.3].”
See Section 6.1 for some comments on the case p = 0.

—b(Az + (1= Ny, Au(z) + (1 — Nu(y)).

7 We highlight that in [4, 29] a different notation for JC and HC has been used: the concavity function has opposite
sign (and also a reflection in X in [4]), while the equation has the form a;;(Vv) = b(z, v, Vv). To obtain what we state
now, it is sufficient to consider v ~ —v, a;;(§) ~ a:;(=§), b(z,t,&) ~ b(x, —t, —€); in particular, the monotonicity
in t of the source changes.
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Theorem 4.10 ([29]). Let Q@ C RN be convex and open, and let v € C%*(Q) N C(Q) be a solution of
— Z a;j(Vv)0;jv = b(z,v, Vv)

2
with a;; symmetric and uniformly elliptic. Assume that C, assume a positive interior mazimum
(Z,9,\) € Q x Qx[0,1], in particular, set z := AT + (1 — A\)y, we have v(z) < A (Z) + (1 — A)v (7).
Then _
Vou(z) = Vu(y) = Vu(z) =: €.

Assume moreover that b strictly decreases over the interested segment, that is

Ob(Z,t,6) < —pu <0 fort e [w(z), w@)+ (1 —Nv()].
Then ) )

Cv(jv g? )\) g ;ch(ﬂ)()yg) (jv g? )\) g ;jcb(.’v(.);) (j> ga )‘)

Remark 4.11 (Comparison with mid-concavity). It is known that if v is continuous on an open set,
then
Co(z,y,A) <0 for each A € [0,1] <= Cyu(z,y,3) <0;

that is, v is concave if and only if it is mid-concave

ep(ey) = 1T, (”f;‘y) <0,

It is thus possible to develop the above theory with A fixed to %, as done e.g. in [62, 76, 79], but
we use here the full C,, since the statements on the perturbed concavity are stronger. We anyway
highlight some differences now.

The arguments of Remark 4.3 still apply, thus Corollary 4.4 holds true. In [62, Theorem 2.1]
Theorem 4.9 is shown for C™, but the argument can be extended to C [113, proof of Proposition 2.1].
See also [76, Theorems 3.4 and 3.5] for a result on viscosity solutions.

Moreover, in [62, Lemma 3.2] (see also [79, Lemma 3.12]), when v negatively explodes on the
boundary (that is the case of v = log(u)), they provide a tool which ensures that C}* cannot get
positive while approaching the boundary, in the sense: for any z,, y, € Q

d((n, yn),0(2 x Q)) = 0 = limsupC,"(zn, yn) < 0. (4.10)
n—+o0o
To get this result the fact that € is strictly convex and the restriction to A = % seem essential.

This information is not necessary when working with exact concavity, since the argument are set
on a fixed €25, where v = ¢(u) is bounded. On the other hand, this a priori information on the whole
Q) is indeed used for perturbed concavity: thus, to get a perturbed concavity result on log(u) we need
to work with C™; see Theorem 6.7. By [114, Corollary 1], from a bound on C[”, o(u) W€ Can obtain a
bound also on Cyyg(,) up to doubling the error; this still allows to apply Hyers-Ulam Theorem [72].
See Remark 5.5 for details. A different approach is given in Remark 4.8.

5. The approximation argument

We construct now our approximation argument, inspired by [22, 113, 116]. Here we need to deal
also with the dependence on x. We keep the argument for a general f = f(x,t)
—Apu = f(z,u) in Q,
u>0 in Q, (5.1)
u=0 on 012,

with some additional assumptions:

(f1) Sub p-linearity: |f(x,t)] < C(#P~1 +1).
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(f2) Hopf boundary lemma holds: for the sake of simplicity we will assume f(z,t) > 0 for ¢ > 0,
but more general cases could be treated.®
(f3) Regularity of solutions, ensured by: f € C’llog(Q, (0,+00)) N C’loos‘(ﬁ, [0, +00)).
Moreover in this Section we require:
e () strongly convex and with 9 € C?2,
and
(fs) |f(z,t)| < C(1+t171) for some g € (0,p — 1), to ensure coercivity and uniqueness.

We refer to Remark 5.2 for the eigenfunction case ¢ = p — 1, while to Section 5.1 for the case of (2
general convex.
We define F'(z,t) fo x,7)dr. The approximation argument is developed in several steps.

Step 1. First we observe that, under our assumptions — in particular (fs) — actually a positive
solution of the problem exists by a global minimization process: see e.g. [95, Theorem 2.1, Section

5.2]. If p > N clearly u € C’O’l_%(ﬂ) C L*™(©2). Assume thus p < N (see also Remark 5.2). Set
1
G(.I,t,é_) = ];|€‘p - F(x?t)a

u is a minimizer of v — [, G(x,v, Vv). Thanks to [95, Theorem 3.2, Section 5.3, pag 328], we have
that the global minimizer u is in L*(£2).

Step 2. More generally, by [30, Theorem 2.1] (see also [66, Propositions 1.2 and 1.3]), all the
solutions belong to L>(Q), and thus, being Q2 € C1, thanks to [101, Theorem 1] (see also [66,
Corollary 1.1]), all the solutions are in C*#(Q) for some 8 = (p, N) € (0,1); thus uniqueness holds
by Lemma A.1. In particular, all the solutions are minima.

Step 3. We already observed that u € C 1’ﬁ(ﬁ) More precisely, we have
[ullcre iy < Clo, N, ulloos [ (5 1) lloo, 2)-
By Hopf Lemma [122, Theorem 5| (see also [116, Lemma A.3], [66, Proposition 2.2]) we have
dyu >0 on 09
thus there exists n > 0 such that
151571 >0, Ql{ls_gn |Vu| > 0.

We observe that, being € convex, we have u € VV;?(Q \ Q) by [78] (see also [95, Section 4.3,
Theorem 5.2]). Thus, being Q) € C>* and f € C&?(Q [0, +00)) we obtain thanks to [95, Section
4.6, Theorem 6.3]

u e C%(Q\ Q).
We consider moreover ¢ € (0,7) sufficiently small to be fixed (see Step 7) such that
2, C Qs C

with smooth boundaries. Similarly, for k& = 1...5, we may assume )5/, convex and smooth (see

Proposition 2.1); notice that we actually can substitute these sets with nicer suitable approximations,
if needed.

Step 4. Consider the functional

:;/Q]Vv\p—/gF(x,v)

8 For example, f(z,t) > —( ( ) with ¢(0) = 0, ¢ continuous, nondecreasing and one of the following holds: ¢(¢) = 0 for
some t € [0,1) or fo W = 4-00; in particular, one can assume f(x,t) > —CtP~ "
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to which w is a critical point. We consider a regularization I, ~ J defined as follow: let us introduce
a function K = K (t) — to be fixed, see Step 8 — such that

e K >0,and K >0 in (0,+00),

o K € CH((0,+00)), and K?? € CL¥((0,+00)),

o |[K'(t)] < C(1+[t[P1) for ¢ > 0.
Then define, for each € > 0

I.(v) := 1/ <5K(v)2/p + |Vv|2>p/2 —/ F(z,v);
PJa Q

clearly I = J. Similarly to J, for each ¢ > 0 we gain the existence of u. € W1?(Q), global minimizer
of I..

Step 4.1. By exploiting the equicoercivity and the fact that u. are minima, we obtain for € € (0, 1)

CHUa”%/(},p(Q) < I (ue) < 1:(0) < 11(0)

thus equibounded, which means that u. — @ in VVO1 P(0). As a consequence, exploiting that J is
lower semicontinuous, J < I, u. are minima, I, — J (by dominated convergence theorem) and u is
a minimum, we obtain

J(u) < liminf J(ue) < liminf I (u:) < liminf I.(u) = J(u) < J(@).
e—0 e—0 e—0

Being J(u) = J(u) and the minimum unique, we have @« = u and thus u. — u in Wol’p(Q).
Moreover we have, by the above computation, J(us) — J(u) and (by the p-subhomogeneous growth)
Jo F(z,us) = [ F(x,u), which together imply ||Vuel||, = [[Vu|,. Thus we have

ue = u  in WyP(Q).

If p > N we have W2(Q) — ¢ (Q), thus el o1 i ecuibounded. Tn the following

two steps, hence, we can restrict to p < N.
Step 4.2. Set

Gulat,)i= 5 (K0P +16P)"" = Fla),
U is a minimizer of v — fQ Ge(x,v,Vv). Due to the assumptions on K, by [95, Theorem 3.2, Section
5.3, pag 328 we have that the minimizers u. are in L>°(f2) for ¢ € (0,1). More precisely
[[teloo < C(J|ue
thus, by Step 4.1, they are equibounded. As a consequence
F(z,ue) <C1, K(us) <Cy in§

p*y D, meaS(Q))a

for suitable C7,Cy > 0.
Step 4.3. By Step 4.2 we have

1

Elé\p —C<Ge(z,t,§) <CiEP+C
for || < sup, ||ue|loo, which by [54, Theorem 3.1] directly implies that the minimizers u. are Holder
continuous. To obtain a more explicit equibound, we see u. as solutions of the equation

—div§((V5G€)(x,ug, Vug)) + (0:G:)(x,ue, Vu:) =0 in Q
that is
—div(AE(us,VuE)) = fe(z,ue, Vue) in Q

where

AS(t,€) == (eK ()27 + 1¢1) "7 ¢,
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€

oo, €) = S, t) = (e + EPK ()77 K ().

We can thus apply [95, Theorem 4.1, Section 5.4] (see also [121, Corollary 4.2], [30, Theorem 2.3]) and
obtain the existence of a Sy = Bo(p, K, sup, ||uc]|o) € (0,1) and C = C(p, K, sup, ||uel/c0, d), such
that

‘|U€Hco,ﬂo(@) <C;
we can assume [y < (3.7
Step 4.4. By exploiting the convergence in Step 4.1 and the uniform estimate in Step 4.3 (or at

the end of Step 4.1), we obtain

Ue = u in Co’ﬁ(m).
By this convergence and Step 3, there exists C' = C(d) such that

G<u<C  inQyy
for € small. As a consequence

C% < F(z,u:) < Ch, C% < K(ug) <0y in Qg4

for suitable C7,Cy > 0.

Step 5. Set af;(t,&) := 9¢; A (t,§), and assumed 9, K (u:) < Ca, by Step 4.3 and Step 4.4 we
can apply [49, 120] (see also [101], [95, Section 4.6]) to get the existence of Sy € (0,1) such that
ue € CHP2(Q) and

HUEHCIﬁQ(m) <
here 8 = Ba([|ullo, [ f (-, u)lloo, C2, p) and C' = C (9, [[ulloc, [|f(+; w)[loc, C2,p). We can assume [z < 3
and Py < a. By Ascoli-Arzela theorem,
ue —u  in CHP2(Qy5).
By this convergence and Step 3,

inf |Vu.| > 0, sup |Vue| < O’
O\, Qs

for € > 0 small.

Step 6. By [95, Section 4.6, Theorem 6.4] we conclude that there exists 83 € (0,1), 83 =
B3(C1,Ca, v, 0), such that
ue € C*%(Qy3);
we can assume (3 < . Moreover
”uEHC’?vﬁB(m\Qé) <C
for some C' = C(C1,Cy, e, §). From which, by Ascoli-Arzela theorem, we obtain

Ue — U In Cl(Qé/Q) N 02(95/2 \ Qg).

Step 7. Let us consider an invertible transformation ¢ = o(t) € C>%((0,+00)), such that

loc

t (¢
lim ¢/(t) = 400, ¢" <0< ¢ near 0, lim e (1) = li o (¢)

= 0.
t—0+ t—0t @' (t) =0t @'(t)

Notice that ¢! : R — (0, +00), but we are not requiring ¢ to be positive, nor well defined in 0.
Step 7.1. Set v := ¢(u), from the estimate in Step 4 we get
% <v<C' in Qs /4

 Notice that actually ||u.|| 50,60 @ < C'=C'(p, K, sup, [lucll, ) depending on the geometry of Q.
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where C" = C’(§). Moreover, since u € C(£2), together with u > 0 in ©, u = 0 on 9 and d,u > 0
on 99, by Corollary 4.4 we obtain that C, cannot attain a maximum (over  x Q x [0,1]) on
(2 x Q) x [0,1].1
Moreover, since u € C1(Q) N C?(Q\ Q) by Step 3, and applying Proposition 4.6, we obtain that,
for § sufficiently small,
{D%<0 in Q\ Qs,

v(x) —v(zo) < Vo(zg) - (x — x0) for each zp € Q\ Q5, x € Q\ {x0}. (5:2)

Step 7.2. Set v. := ¢(ue). From the estimate in Step 4 and 7.1 we get
& <ve<C in Q4. Vo | <C"  in Qg5
for some ¢’ = C’(§) > 0 and C” = C”(0) > 0; this, combined with the convergence in Step 6, gives
ve = v in CH(Qs/2) N C*H Q50 \ Q).
Thanks to Proposition 4.7, C,. cannot attain its positive maximum (over W/? x Q575 x [0,1]) on
(2572 x Q5/9) x [0,1], for £ small.

1

Step 8. Let us consider now the equation satisfied by v.. Call ¢ := ¢, we have u. = 1(v;).

We make the following choice
K(@(t) = ('(1))",

le. K(t):= W. With this choice, set

H.(6) = (e + ¢]?)"?

we have
—div((VH.)(Vv.)) = Be(z,vs, V)
where
_ . f=@) =2 P(t)
Be(z,t,§) := PW +pH(&) » ((P - 1)|§‘2 - 5) V()

To discuss the properties of B., we notice that (p — 1)|¢|? — € has a variable sign when ¢ # 0. We
thus simplify the argument by choosing'!
f(x,t) = h(z,t)g(t) + k(z, 1) (5.3)
where g and v are related by
gl ()
(W' @)r=t Y1)
that is (up to additive constants and positive multiplicative constants) ¢(t) = f (G(s))_%ds, where
we are assuming

(5.4)

G(s) := / g(t)dr >0 for s > 0.
0

Moreover we assume'?

h(z,t) >0 fort>0,z€Q;
notice that, differently from f, we do not require h to be finite in ¢ = 0. Thus B, takes the form

S o ACRI0)
w/(t) (h($,¢(t))+H5(f) P ((p_1>‘§’2_€)> + plz, Blt))

(y'(2))p—
10 Notice that, up to now, v may be unbounded and C, not well defined on the boundary.
' Other possible choices could be set up according to the specific case. For instance, f(x,t) = ((g(t)) for some suitable
function (.
12 Notice that, in the regular case p = 2, that is e = 0, we can allow h = 0.

Be(x,t,f) =P
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Discussions on the assumptions.
We discuss now some properties of the right-hand side B.. We are interested only in

(z,t,8) € Q5/9% € v:(Qs/2) X Ve(Qs/2)
where ¢ € v-(5/2) € [, C’] while [Vve(Q5/2)| € [-C”,C"] (for € small) thanks to Step 7.2.
For these values of (z,t,&) we have
p—2
h(z, (1) + He(€) 7 ((p— DIE? —¢) >0
for € small. Actually we will require
p=2
O+ H(8) 7 (=P —¢) >0

for some

0<0O< inf h(z,¥(t)) (5.5)
Qg/gXG[%,C,]

to be fixed (independent on ¢) and € > 0 sufficiently small. In particular, we can rewrite B. as

oy e W) k()
Bo(ast,6) = v s (O+ 7 (0= DIEP —2) ) + (bl w(0) =€) s + v
e Positivity. If we assume

P(t) k(z,9(t)
v =" w2
then
BE(‘T’ t f) >0 (56)

strict, if one of the two above is strict.

e Monotonicity. If we assume

" (t) " (t) E(x,(t)) . .
t— , t— h(z,¥(t)) —0©) and t+— nonincreasing,
OMTTONC o)
then
t — B.(z,t,£) nonincreasing; (5.7)
if one of the three above is strictly decreasing, then
t — Be(z,t,§) strictly decreasing. (5.8)
If moreover "
P(t -
< _
o (g ) <0 <o
for some fi > 0, then there exists u = p(d) > 0 such that
O Be(z,t,6) < —p < 0. (5.9)

e Concavity. To discuss the harmonic concavity of the sum, we rely on Proposition 2.2. Indeed, if
we assume

P(t) Y(t) k(z, ¢(t))

ts t? IOR (z,t) — 2 0 (h(z,¥(t)) —©) and(z,t) — tQW jointly concave,
then
(z,t) — t*B.(z,t,£) jointly concave.
If we assume B, positive (see (5.6)), by Proposition 2.2 we obtain
(z,t) = Be(z,t,&) jointly harmonic concave. (5.10)

Now that the machinery is set on, we can move to the discussions of the main theorems.
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Remark 5.1. We observe that, if

fz,t) = g(t),
monotonicity and harmonic concavity of B; are ensured by requiring only
"
t
t— Z ’((t)) nonincreasing and harmonic concave.

A sufficient condition is given in [22] (see also [34, Theorem 4.4], [80, Corollary 2]) which reads as
follow:

(i) G'/? concave,

(ii) & harmonic concave.

See [22, Section 4.5] for details. This ensures that ¢(t) = flt (G(s))_%ds is concave. We will see that
the possibility of k(x,t) of not being zero (see (5.3)) will allow more general cases than [22], even in
the autonomous semilinear case (see Corollary 6.6).

Remark 5.2. We comment here the case of the p-linear growth of f, when it has the particular form
f(a,t) = a(z)[tP~%t.
We show here how to adapt the previous steps to this case.

Step 1 and 4, existence: both existence results for J and I. can be made by considering (recall
that a € L*(Q))

inf {J(u) |ue WP (Q), /Qa(:c)up - 1} . inf {Ig(u) |ue WEP(Q), /Qa(:v)up - 1} ;

we notice that the functionals are coercive on the subspace where the weighted p-norm is prescribed.
Thus we can find Lagrange multipliers A and A. and solutions v and u. (see e.g [14, Theorem 6.3.2]).

Step 2 and 4.1, uniqueness and convergence: we observe that, by compact embeddings, u. — @
in W () implies u. — @ in LP(Q), thus (being a bounded) [, a(z)u? — [, a(z)aP; in particular,
fQ a(x)uP = 1. To get u = u we can thus repeat the same arguments, observing that we have
uniqueness up to a scaling (thanks to Lemma A.1) and the noninvariant constraint [, a(z)u? = 1.

Step 4.2, equiboundedness for the pertubed problem: u. satisfies the equation
—diV(AE(ua,Vug)) = fe(z,us, Vue)  in Q
where A.(t,€) = (K (t)%/? + ‘£|2)%2£ but now
e, €) == Aeae)t?™ = (e +EPK()7) T K (),
First, we observe the equiboundedness of the Lagrange multipliers A.: indeed, for any positive
p € Wol’p(Q), e Is given by

Assuming, when p > 2, K(t)f%K’(t) < 1+ t7 for some o < ﬁ,—ﬁfp, since v, — u in WOLP(Q)
and almost everywhere, by exploiting that u, and Vu, are dominated by LP functions, the Young
inequality for products and the dominated convergence theorem, we obtain that the right-hand side
is bounded. L

Next, by assuming, when p > 2, K(t)_pTK’(t) < 1+ t? for some o < %—J_”;, we can apply [95,
Theorem 7.1, Section 4.7] and get u. € L*°(Q) with

uelloo < C

p+), and thus equibounded.

Ae =

where C'= C(N, p, 9], [Jue
The above extra conditions on K will be satisfied by our choice of K in Section 6.1.
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5.1. Proof of general results

We show now that the conclusions of Theorems 1.4 and 1.9 holds in more general cases; we will
furnish the statements of general results for the sake of completeness, even if they appear a bit
cumbersome.

5.1.1. Ezact concavity.

First, we observe that, exploiting the boundedness of |Vu,| by Step 5, the equation verified by v,

— Z dfj(VUa)é?ijvg = B.(x,vs, Vug),
i
where a5;(€§) := p(e + \§|2)L54 ((p —2)&&; + (e + |€]*)di;), is uniformly elliptic.

Then, by assuming (5.8) (or (5.7), notice that the regularity assumed on f implies the one desired)
and (5.10), since by Step 6 the solutions verify v, € C2(Qé/2), we can apply Theorem 4.9 to gain
that C,, cannot assume maximum in {25/ X {25/ X [0,1]. Combined with Step 7.2, we see that
Co. € C(Qs2 x Q72 x [0,1]) cannot have a positive maximum, which means that C,, < 0 on
Q572 x Q579 x [0,1]. By the (pointwise) convergence obtained in Step 4, we obtain that C, < 0 on
Q572 X Q572 x [0,1]. This is on the other hand true for any J > 0 (small): this means that C, < 0 on
Q x Q x [0,1], that is ¢(u) is concave.

To pass from a smooth, strongly convex domain to a general convex €2, we make an approximation
process (based on the uniqueness and minimality of the solution) as in [22, Section 4.1] (see also
[116, Section 5]); we give some details in the case of the eigenfunction. First, being Q convex, from
[121, Corollary 4.2] (see also [38, Corollary 3.7]) all the solutions belong to C(Q2) and thus, being
00 € Ch*, thanks to [101, Theorem 1] all the solutions are in C1#(Q); thus uniqueness (up to
scaling) holds by Lemma A.1. Let now u € VVO1 P(Q) N C(Q) be the solution on Q (obtained by
minimization with constraint [, a(z)uP = 1) and let QF C Q be a sequence of smooth strongly
convex sets which approximate 2 in the Hausdorff distance (see Proposition 2.1), and define Ji(v) :=
L Jor V0B — [ a(x)vP. We consider uy € WP (QF) critical points of J; obtained by constrained
minimization [, a(z)ul =1, and extend uy to € by u =0 on Q\ Q.

We clearly have Ji(uy) = J(u), moreover by

1
Sl ey < () = Jilur) < Jx(w) < Jifw) = J ()

we have that ux — @ in Wol’p(Q) and strongly in LP(Q); in particular [ a(x)u? = 1.
Let now ey := 2supg ok u, and define vy, := ( for a(z)(u — er)+) H(u — ex)4. Notice that g, — 0,
since maxg, or U = u(zg) with d(xg, 0Q) < sup,cq d(z, Q) — 0. Since vy — u in Wol’p(Q) we obtain

J(u) < limkinf J(ug) = limkinf Ji(ug) < limkinf Je(vg) = J(u) < J(u)

from which, by uniqueness of the minimizer, « = u. As a consequence, if the concavity claim holds
for each uy, then it is so (by pointwise convergence) also for u.

We have thus proved the following result.

Theorem 5.3 (Exact concavity). Let Q@ C RN, N > 2, be open, bounded and convez, with 9Q € C12,
and let p € (1,400). Let u be a solution of (5.1), and let f and ¢ satisfy (f1)—(£3) (5.3), (5.4), and
one among (fs) and f(z,t) = a(z)[t|P~2t. Assume moreover that (5.7) and (5.10) hold. Then p(u) is
concave.
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5.1.2. Perturbed concavity

Assume (5.9). We assume here

v € CQ); (5.11)

see Remark 5.5 for more general ¢ unbounded, and Section 6.1 for the logarithmic case.

By Step 7.1 we have that the maximum (xg,yo, A\g) of C,, cannot be attained on the boundary,
thus it belongs to Q x Q x [0,1]; in particular, there exists 6 > 0 sufficiently small such that
(0, Y0, Ao) € Q2 X Q52 %[0,1]. Clearly, (0, 5o, Ao) is also the maximum point over Q55 % Qs /9 x [0, 1].

Let now (z¢,ye, Ae) € W/g X W/Q x [0, 1] be the point of maximum of C,_; by Step 7.2, for e > 0
small, it cannot be on the boundary, thus (z.,y., A\:) € Q52 X Qsjp X [0,1]. Moreover, by the
convergence in Step 7.2, we have (z¢, y-, A\c) = (20, Y0, Ao); notice that (z¢,ye, \c), differently from
(20, Y0, \o), depends also on §. Then, by Theorem 4.10

Ve () = Ve (ze) = Voe(ye) =: &,
where z¢ 1= Acze + (1 — A)ye. By (5.9) in particular we have
Ot Be(2e,t,&) < —pu <0 for t € [ve(ze), Aeve(xe) + (1 — Ao)ve(ye)]
Moreover
Con ey o) € HC (e )

If (5.9) is uniform in ¢ (i.e. p is uniform), we can pass to the limit and obtain
1
Co(0,Y0, Ao) < ;HCBO(-,U(J,SO)('%'anO:)\0)-

)

We need to estimate HC g, (..u(.),¢0) (Z0, Y0, Ao). We observe

_ ") k(z,9(t))
Bo(%taﬁ) = Pw,(t) (h(%@D(t)) + (p - 1)|f|p) +PW
For the sake of simplicity, in this Section we assume'?
k(z,t)=0 and h(x,t) = h(z). (5.12)
We also assume
t— 1/;]/:((;) harmonic concave (5.13)
and write
L) _ B ,
= e el = p(hi) + 0 DIEP);

13 Otherwise we can, respectively, estimate the HC By (- w(-),e0) (T, Y, A) by exploiting Proposition 2.3, and make some
error estimates for h(x,t), or we factorize h(z,t) as c¢(z)h1(z,t), where ¢ has small oscillations and hq has some joint
concavity property.



30 M. GALLO AND M. SQUASSINA

here p is convex and positive for t > 0, and b is locally bounded and positive. Namely (we omit the
subscripts) we have

HC By (- 0(-),60) (75 Y, A)

_ Pv(@)) plu(y) O S )
T () T 0w + (- ely)
) 1 ) pO0@) + (=X)L
2o ) O NG 7 (1 ey~ )
1 M pw(@) + (1= No(y)) s
pOw(@) + (1= Vo)) \ mse Ao(v(@) + (1= Np(o(y))
1 mg,g - mgg
p(Av(z) + (1 = AMv(y)) ms ¢
where
Mse 1= mﬂiibg(a;) Mse = mgixbg(:v).
z€Q5 /2 €8s/
Set moreover (see Step 7)
mg := min p(v(x)) = min (v(z))
° 2€Q5 /5 plo(@)) 205 " (v(x))

we have mgs > 0, and thus

1 Mse —mse
HCBo(-0).60) (70,90, Ao) < - (2 M (M5 e —mse);
therefore
1 Ms —m
Co(0, 90, h0) < ~ - (2 . H) (M5 — my)
pms ms
where

ms := min h(z), Ms:= max h(zx)
1‘695/2 JJEQL;/Q

(notice indeed that Mse — ms¢e = Ms — m; and that mse > ms). This means

1 Mm; — -
c < P<2+6“‘6>(gm5_m5) in Q2 x Qx0,1]. (5.14)
nms ms

Additionally, if h € L>®(Q) and infgh > 0, then the maximum and minimum of h on s can be
estimated with the ones in 2, that we call respectively 9t and m

cvg1p<2+imm

frms
notice that 9 — m = osc(h). Moreover, if h € W1°°(€) then

>(9ﬁ—m) in Q x Q x [0,1];

Cy < 1r (2 - dlam(Q)Wh"’")diama(sz)\vmoo in Q x Q x[0,1].
o mgs m

Theorem 5.4 (Perturbed concavity). Let Q C RN, N > 2, be bounded, strongly convex and with

00 € C**, and let p € (1,+00). Let u be a solution of (5.1), and let f and o satisfy (f1)-(f3) (5.3),

(5.4), and (fs). Assume moreover that (5.9) (u uniform in €), (5.11), (5.12), (5.13) hold. Then

v = @(u) satisfies (5.14).
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Remark 5.5. Consider the case ¢ negatively unbounded in the origin (e.g. the logarithm), i.e.

%1_13% o(t) = —o0.
Assume  strictly convex and with smooth boundary. By [62, Lemma 3.2] we have that the mid-
concavity function C]" is nonpositive near the boundary (in the sense of (4.10)), thus it is bounded
from above. If C])' < 0 we are done, otherwise it admits a (positive) maximum point (zg,yo) € € x Q.
Then we argue as in the general case (essentially with \g = %, by adapting Theorem 4.10 to C}*) and
obtain
cm o< 1p(2+ s — my _m(s)(i)ﬁg—m(;) in Q x €.
[ ms ms

By [114, Corollary 1] we can estimate the concavity function in terms of the mid-concavity function
up to a factor 2, that is

CUSiTS(QJrfmén:mﬁ)(mé_mg) in O x Qx[0,1].
0 6

To this relation we can apply Hyers-Ulam Theorem [72] (as in Remark 1.11).

We observe that this argument cannot be applied to the case of eigenfunctions (and logarithmic
transformation): indeed, in this case ;1 = 0 and the above estimate cannot be set. See Section 6.1 for
a different approach. On the other hand, different problems could be treated in this way, such as
showing that the solutions of suitable perturbations of the eigenfunction equation, e.g.

f(z,u) = a(x)uP~ + oul,

with ¢ € [0,p — 1) and o small, are almost log-concave; see e.g. [4, Proposition 3.4]. We leave
the details to the interested reader. Notice that it is natural to consider, in the choice of the
transformation, the biggest power, which in this case is p — 1 (see Corollary 6.6 and [106]).

6. Applications

As we saw in Theorems 5.3 and 5.4, the machinery of the previous Sections allows to treat the
case of a general g (in the spirit of [22, 113], see Remark 5.1 and Corollary 6.6 below); we focus here
our attention on the case g(t) = t7, that is

f(z,t) = a(z)t?
with ¢ € (0,p — 1], and a(xz) > 0. We write (k = 0)
fx,t) = (a(:L’)t_‘“)t‘;’2 = h(z,t)g(t)
with g =qg2 —q1, 1 € [0,p—1—¢| and ¢2 € [¢,p — 1]. When g2 # p — 1, by (5.4) ¢ can be chosen as

p(t) = ¢t” (6.1)
1/
with v := p_lT_qQ € (0,1) and ¢ :=((p,q2) = (p;;;f“’) p; for the exact concavity ¢ > 0 plays no

role, while for the perturbed concavity it is involved in the coefficients of the estimate. We leave the
logarithmic case gz = p — 1 for later, see Remark 6.1. By (6.1) we have t(t) = =t/ and

¢/
Pit) _1-91
O
which is positive, decreasing, harmonic concave, and such that ¢ ﬁl,l((:)) = 1_7725 is concave. Moreover

PR F s VA SR
e v0) - 0) = t(cm (o)t @)
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where we recall (see (5.5)) that © is chosen in such a way q1/"/ a(z)t~1/7 — @ is far from zero. In

particular the above quantity is always positive. With no loss of generality we discuss monotonicity
and concavity of

k(z,t) = %(a(:c)t*ql/v ~0)
where © := (~1/70.

Monotonicity: to met the conditions for (5.9) we compute
1 a1 _ -1, &).
Ok(z,t) = 2 ( (; + 1)a(x)t a/v-1 4 @),

by assuming q; < v and €} sufficiently small (depending also on ¢1, g2,7), we have the claim (both

5.7) and (5.9)). Namely, choosing © < (2 + 1)(infq, , a)|v ;?1/7*1 and consequently € small),
2\ y 5/2

we have

ouna,1) < 5 (% +1) (ot )l

and thus ) .
OuB.(w,t,6) < —2 =T (L o 1) (inf @) full =" = —p.

5/2
Concavity: to met the condition for (5.10) we discuss the joint concavity of
(2,t) — t26(t) = a(z)t'~0/7 — Ot;
clearly it is sufficient to discuss the joint concavity of
(2,t) — a(x)t!—a/7,

We restrict to ¢ € [0,v] and assume z — a(x) 6-concave, for some 6 € [0, +00].

Consider first ¢ € (0,7): we observe that ¢ — t'=9/7 is w = vqu € (0,400) concave. By
Proposition 2.2 we have (z,t) — a(z)t'~%/7 is jointly (3 +1)7l-concave. By imposing (1 + 1)~ =1
we get the relation among p, 6 and ~:

L= 0p=1-4q)
1+6p
Q1= p1+9p ,q2 =1 11::99’”1 in particular, by the restriction ¢; < 7, we have # > 1. If now ¢; =+, then
w = oo and the product function is concave if # = 1; in this case v = ¢1 = 1+p L2 =5 +pq If
instead ¢q; = 0 then w = 1 and the product function is concave if § = oo (i.e. a is constant) m this
case v = E=—=1 g5 = ¢. In all the above relations we have that v > 0 forces p < ¢ — 1.

P
Under these assumptions we have (5.10).

Remark 6.1. Consider now g; = p—1 (possibly p < ¢—1),i.e. ¢t = p—1—q. Then ¢(t) = log(t) (up
to constants), and v (t) = et, thus % = 1 which is positive, nonincreasing, and concave. Moreover

V() (h(z,9(t)) — ©) = a(z)e” " — ©.

)
The function is nonincreasing (thus we have (5.7)), but never a-concave, a > 0, if ¢; # 0. Thus we
assume ¢; = 0 (that is, ¢g = ¢ = p — 1) and hence ﬁ,((tt)) (h(z,¥(t)) — ©) = a(x) — © which is (jointly)

concave if a(z) is so. Again, under these assumptions we have (5.10).

We are now ready to prove the main theorems.

Proof of Theorem 1.4. The conclusion comes from the previous observations and Theorem 5.3.
O
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Proof of Corollary 1.8. Since the problem is linear, we have
—A(up —u) = an(r) —aoe in Q

with u, —u =0 on 99Q. It is well known that [52, Theorem 2.30]

[un = ullc2e < Cllan — allo;

thus, in particular, u, — u in C?(2). Hence by Theorem 1.1, Corollary 3.6 and Proposition 2.5, we
have the claim. O

Arguing as in Corollary 1.8, a weaker version can be stated also in general convex domains.

Corollary 6.2. Let Q C RN, N > 2, be open, bounded, conver, and let p = 2. Consider (ay)n : Q —
R, and assume that, for some as > 0 constant

an — A in CV%(Q) as n — +oo.
Then, for each § > 0, the positive solution u, of (1.6) is such that u, is strongly %-concave in g,
forn > ng(d) > 0. In particular, for these values of n, the level sets of u, are strictly convex in s
and u, has a single (and nondegenerate) critical point in Q.

A weaker version of Corollary 1.8 can be stated also in the quasilinear setting.

Corollary 6.3. Let Q C R?, be open, bounded, and strictly convex, with 0Q € CbY*, and let
p € (1,+00). Consider (ay)n : 2 — R, equibounded in C*(Q), a € (0,1), and assume that, for some
oo > 0 constant
ap — Aoo 1 L°(Q) as n — +oo.
Then, for any € > 0, the positive solution u, of
—Apuy, = ap(x) in Q,
U, =0 on 0f2.

is such that u, is e-uniformly %—concave forn > mng(e) > 0.

Proof. By Theorem 1.3 we have that v, = y/u is strictly concave in ). By Hopf boundary lemma
[122, Theorem 5], and Corollary 4.4 we observe that, being Q strictly convex, C,_(z,y, %) cannot

be zero if |z — y| > e. Thus v is strictly concave in Q, and the claim follows by Corollary 3.6 and
Proposition 2.6. U

We propose now another application of Corollary 3.6, where as is nonconstant. Similar statements
hold for the Examples 1.6.

Corollary 6.4 (Hardy-Hénon type equation). Let Q open, bounded and conver be a subset of
{r € RN | x; > 0 for each i}, N > 2, and let p € (1,+00). Consider w € [0,1] and the positive
solutions u and v of

—Apu = [z|§ in Q, —Apv = |zl{ in Q,
u =20 on 0S), v=20 on ON.
-1
Then v is concave (strictly, if p=2) and
p—1 p—1 * —n
[usr — v oo < O (N = 1) max{|z[3, |2[{ H oo ) ™" 7
922, C = C(p, 2 lal¥ ooy [25]loc) > 0, while
p—1 p—1 w w w g DL
luss? — v log < O ((N* = 1) max{|al3, [2[7 H| Lo (o)) ™ =77

if p<2and 0Q € CV, C = C(p, Q, |||z|¥]|cow, |[|2§]|cow) > 0. Here ||y is the 1-norm in RN and
|z| = |x|2 is the Euclidean norm. In particular the difference goes to zero as w — 0.
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Proof. By the equivalence of the norms in RY we know that |z|; < Nl|z|o < N3/2|z|;, thus

ll]3 = |2[F | oo (@) < (N¥ = Dl max{|z[3, |2[7 }| oo ()

The claim comes from Example 1.6 and Corollary 3.6. U

Remark 6.5. We notice that, for each w € (0, 1], highlighting the dependence on w, we have that

p—L p=1
vy ™ is concave, and moreover ||v5?||o < C. Thus by [115, Theorem 10.9], up to a subsequence, we
p=1
have v5™ — v as w — 0 in L{2,(Q), for some v concave: by Corollary 6.4 we thus obtain that, up to
p=1
wip

a subsequence, ug " converge to a concave function as w — 0.

Proof of Theorem 1.9. The conclusion comes from the observations at the beginning of the
Section and Theorem 5.4. In particular, by choosing ¢; = 0 we obtain (v = u”)

1 1
Cur (70,90, Ao) < p <2 + osc(a)> osc(a)

Ha,u M0 ms
h j— p*lfq _ pflfq l/p d
where v = P— =1, (= (L ? an
7 . . plonq1 .
mé,u = 7m1nu($), mg = min a,(aj‘)’ Ma,u,& = 777“15”@6”00 )
1- v Qs/2 z€Qs /2 2 ~y g
That is i
u osc(a) \ osc(a
C'U»’Y(x()v Yo, /\0) < C(HW.O()> <2 + ()> ( )
ming - u(z ms my -

Proof of Corollary 1.10. First we observe that
llan — adoolloo = O(osc(ay)).

Moreover, we have, by the equiboundedness of ||ay||o and regularity theory [30, Theorem 2.1],
lunllo < C and, by Corollary A.3, min@ tp > C > 0. The claim thus follows by Theorem 1.9. [

As a final result in this Section, we show an application in the case k # 0 (see (5.3)), which allows
to include some cases covered by [88], but not by [22] (see Remark 5.1). Namely, consider

fa,t) = g(t) + k(1)
and as an example, we focus on
fla,t) =t 41"

—q—1
with ¢, € [0,p — 1). We thus have (up to constants) ¢(t) = t5 . To gain
k(y(t kE(y(t
t— /(L)zl nonincreasing, ¢~ tQ}L)L concave,
(y'(&)» (¥ ()P
we need
pr—(p=1)g—(p—1) . . pr=(p+1)g+(p—1)
t—t p—q-1 nonincreasing, t+—t p—q-1 concave,

which is given by
r<q, (p+1l)g—pr<p—-1
Notice that for p = 2 the second relation gives 3¢ — 2r < 1, which actually is the condition to impose
in order to have
3y—1
t— t7f(t) strictly decreasing, ¢ t%f(tl/“’) concave, (6.2)

v = %, requested in [88, Theorem 3.3]. We have thus shown the following result.
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Corollary 6.6. Let Q C RN, N > 2, be open, bounded and convex, and let p € (1,+00). Let
q,7 € (0,p—1) and u be a positive solution of

—Apu =u? +u" mn €,
u=20 on 0f,
with v < q and
(p+1l)g—pr<p-1

p=l—q
Then u » 18 concave.

We highlight that it is the bigger exponent who leads the choice of the transformation function.
Moreover, it remains open to determinate if the restrictions on ¢, r in Corollary 6.6 are sharp.

6.1. Weighted eigenfunctions

We consider
fla,t) = a(a)|tP~2t.
The approximation argument has been commented in Remark 5.2, while exact concavity has been
considered in Remark 6.1. We give now some insights on perturbed concavity.
When p = 2 and ¢(t) = log(t) the equation solved by v = ¢(u) is given by

—Av = \VU\Q +1;

thus even in the semilinear case we see that the main issue is given by the fact that the nonlinearity
of the transformed equation does not have a derivative in ¢ far from zero. This problem has been
tackled in different ways: in [4, Proposition 3.4] the authors study a perturbed equation, with an
additional term which allows to gain the desired assumption on the nonlinearity (see Remark 5.5).
In [29, Proposition 2.8] they consider instead an approximation process, by staying far from the
boundary; this approach seems a bit heavy to be implemented in a nonregular quasilinear setting,
since a double approximation process should be set up. Another possibility is to pass to the parabolic
equation, where a trick in time could be employed, see Section 7.4.

Here we propose a different approach, by estimating the concavity function of the transformation

oo (t) :=log(u — o)
in the set where it is well defined, i.e. {u > o}; notice that, since we cannot ensure the quasiconcavity
of wu, this set is generally not a priori convex. Near the boundary we have instead an information on
log(u). For the sake of simplicity we present the argument for p = 2, but it can be easily adapted to
any p € (1,+00).

Theorem 6.7. Let Q C RN, N > 2, be open, bounded, 0 € C**, and strictly convex. Then there
exists oo > 0 such that, for each o € (0,00], set
Ay :={u> o}

we have'*

Clrgg(u) (I‘,y) S AT&[)\{U Cng(u) fO’I" (.’E, y) S (Q X Q) \ (AU X AO’)
and

1
Clog(ufg—) (.’L‘, Y, >‘) (CC, y) S ;Ca,u,zi Osc(a)

ms ms

for any (x,y) € Ay x Ay with [x,y] C Ay and X € [0,1], where Cy s := elllle <2 + OSC(a)) L

4 Notice that, arguing as in Remark 5.5 we have also
Crog(u)(Z,y, ) < 2Amai< Ciog(u) for (z,y,A) € (Q x Q) \ (Ag X AU) x [0,1].
o X Ao
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Proof. By [62, Lemma 3.2] (see also (4.10)) Clog(u) does not attain a maximum near the boundary
0(2 x Q). Thus there exists {25, such that

cm o (x,y) < C
Tog(u) (T, Y) < Al

log(u) for (z,y) € (2 xQ)\ (s, x Qs )-

For ¢ sufficiently small we have 5, C A,. Consider the transformation ¢, : (o, +00) = (—00, ||©||sc],
o (t) := log(t—o), with inverse 1, : (—00, ||u||s] = (0+00) given by 1, (t) = el +0. Set vy 1= o (u).
The function v, satisfies

W'(UU) 2 f(xv ¢U(’UU))
—Av, = -2 Vg | + ——F—F——=
0o T T )
where zéfl 8 = 1, which is positive and nonincreasing, and
f(z,1s(t)) e+o —t
W = a(x) = a(z) (1 + oe )
which is positive and decreasing in ¢. In particular 8,5(%6;0)) = —oa(z)e”" and thus
T, (T llu
a(W) < —geMullom; = —p <0

which implies, by Theorem 4.10,

1
Clog(u—a) (."L‘, Y, A)(:I:v Y, >\) < — (2 + OSC(a) > OSC((I)

for each [z,y] C {u > o}. O

6.2. Singular equations

We consider now singular equations, that is ¢ < 0.'° To deal with this case, we need to introduce
a regularized problem (with respect to the source), apply previous results and then pass to the limit.
We start by recalling the following result [37, Theorems 1.3 and 1.5] (see therein the definition of
solution); see also [38, Theorem 2.2] and [57, Teorema 2.3] for the case a(x) =1 and [20] for the case
p=2.

Theorem 6.8 ([37]). Let @ C RN, N > 2, be an open, bounded and 0 € C*><, and let p € (1, +00).
Assume q € (—00,0) and a € L>(Q). Then there exists a unique solution u of (1.4). If ¢ € [-1,0)

q

717
then u € Wol’p(Q), while if ¢ € (—oo,—1) then W e Wol’p(Q).
We focus on the case a(z) =1 and ¢q € [—1,0). Consider, for any n > 0, the regularized equation
—Apuy = (uy +n)? in Q,
uy >0 in Q,
uy =0 on 0,
so that we have
fla,t) = g(t) = (t+n)7.
In this case, it is hard to deduce concavity properties of powers of u,, which makes the approach due

to [88, 90] difficult to apply. We will base the proof thus on the abstract approach developed here
and in [22]. We obtain the following result.
Theorem 6.9. Let Q C RN, N > 2, be an open, bounded, convex and 0Q € C>*, and let p € (1, +00).

p—1—gq

Let u € Wol’p(Q) be the solution of (1.4) with q € [-1,0) and a(z) =1. Thenwu »  is concave.

15 We thank Lorenzo Brasco for having brought to our attention this problem.
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Proof. By [37, Lemma 4.5 and proof of Theorem 4.6] we have that
Uy —u in Wol’p(Q);

in particular almost everywhere and u,, is dominated.
Assume first ¢ € (—1,0). We see that g(t) = (¢t + n)? satisfies the assumptions of Section 5.1 (see
in particular Remark 5.1), since
q+1
and thus, being ¢ € (—1,0), G'/? is concave and Z is harmonic concave (since % is convex). Therefore,

G = ¢

for each n > 0 we have ¢, (u,) concave, where

t
oult) = [ (st =gty as
1

we notice that ¢, cannot be expressed in terms of elementary functions. By u, — u (notice that
1

_ _atl
((s+n)att —nrtl) VP < g% ) we have (up to constants)

p—1—gq
on(ug) —u »

p=l-q
almost everywhere. Thus v » is concave.
Consider now ¢ = —1; we have

G(t) = log(t +n) — log(n)

and again G/? is concave and % is harmonic concave. Therefore, for each n > 0 we have ¢, (u,)
concave, where

ont) = / (log(s +17) — log(n)) "7 ds;

again ¢, does not have an elementary expression. Being (observe that % < C, for
s € (t,+00))
(10g(%))%s0n(t) ~t—1 asn—0
we have (up to constants)
(108(3)) 7 g ty) = u
and hence u is concave (notice I% =1 when ¢ = —1). O

p—1—

Remark 6.10. Being ¢, (u,) concave on the bounded set (2, converging pointwise to v » q, then a

—1—
known result [115, Theorem 10.8] automatically implies that ¢, (u,) — u v in L° ().

loc

Remark 6.11. (i) The case ¢ < —1, among the others, was treated in the semilinear framework
p =2, in a different way by [15], by dealing with the boundary through a direct use of the equation
itself and a maximum principle on the function z + |Vu|? + q%u‘”l (see [15, Lemmas 3.1 and 3.3]).

In our setting, the range ¢ < —1 creates more difficulties for the applicability of the concavity results;
—1—

amt il S . . . .
in particular t — ¢ » is no more concave with singular derivative.

We notice that also regularity issues arise when ¢ < —1 (see Theorem 6.8 and Proposition 6.12
—1—
below). In particular, the solution does not generally belong to VVO1 P(Q), but u does, where the

power is exact the same of the expected concavity.
(ii) Consider now a(x) nonconstant. To apply the arguments of Section 5.1, the very first thing to

check is if ¢ — 2 ﬁl,,((:)) is concave, which is more difficult than showing t — ;f,,,—((?) convex (as done in




38 M. GALLO AND M. SQUASSINA

Y(t)
Ok

[22]); both leads to the harmonic concavity of but in our case we need the above property to

deal with sums (see (5.10)). We have

w”(t) D
20 (o) o

which seems not easy to handle (recall that, in our case, ¢ and 1 are not explicit).

t2

With the idea of a possible future development (in the directions a # const or ¢ < —1), we recall
and show the following results.

Proposition 6.12 (Boundary regularity). Let Q C RN be open and bounded. Let u be a solution
(1.4). Then the following results hold.

e Case q € (—00,0) and a(x) = 1: assume 9 € C%L. Then u € C(Q).

e Case q € (—1,0) and infga > 0: assume 0Q € C><. Then u € CH*(Q).

Proof. The case q € (—00,0) with a(z) = const is contained in [38, Corollary 2.4]. Focus now on
q € (—1,0); first, we observe that u € L>(Q2) [20, Lemma 5.5 and Remark 1.1]. Let u € C1%(Q) be
a positive solution of the Dirichlet problem

—Apu=4 inQ
for some § € (0,1) chosen in such a way
luloe < (ina) 7.
Arguing as in [65, Section 2.3.3, Claim 1] there exists k > 0 such that
u(x) > kd(xz,0Q) for z € Q.

Being by construction
—Apu =6 <1<a(z)u?

and u € C(2), thanks to the comparison principle [111, Theorem 1.5] we obtain u < u, and thus
u? < wu? < k9.
We have thus the claim by [67, Lemma 3.1]. O

Finally we recall a Hopf boundary lemma. By the unique nearest point property, for a C? domain
we can define near the boundary a generalized normal vector as

v(x) =

where Z is the unique point on 9f2 nearest to z. By [122, Theorem 5] (see also [116, Lemma A.3]),
[36, Theorem 1.2] and [57, Corollario 2.3] we have the following result.

r—I

|z — 2|

Proposition 6.13 (Hopf boundary Lemma). Let Q@ C RN, N > 2. Let u € C(Q) be a solution of
(1.4).
e Case q € [—1,0) and a > 0: assume ) satisfies the interior ball condition and u € C*(Q). Then

Oyu(x) >0 for each x € ON).
Moreover, if ¢ = —1 and a(z) = 1,

lim u(@)

w00 ¥(d(z, Q) Cr

1
for some constant Cp, > 0 depending only on p, and v is the inverse of p(t) = folt(—log(T))_E.l6

16 Notice that log(t) is the primitive of 7 when ¢ = —1.
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e Case q € (—o0,—1) and a(x) = 1: assume 0Q € C** and u € C?%(Q). Then there exists § > 0
sufficiently small such that
dyu(x) >0  for each x € '\ Qs.

u(z)
—Pr _ Cp,q

lim —————
70 (A, 2))
for some explicit constant Cp 4, > 0 depending only on p and q.

Moreover

7. Further results

In this Section we furnish several results in different frameworks: the techniques mainly rely on
perturbation arguments, based on fine estimates.

7.1. Superhomogeneous equations

In the superhomogeneous case f(x,t) = g¢(t) = t? with ¢ > 1, quasiconcavity was already
conjectured by Sacks (see [80, Remark 9]). As for the semilinear case [98, 104], we expect the
p—1—gq _a=ptl

solutions to be -concave (i.e. u~ » is convex) in Q for any ¢ € (p — 1,p* — 1); notice that

this is weaker than the log-concavity.
—1
When p = 2 we see that the equation solved by v = p(u) = —u T (which we want to show being

concave) is
1 1 -1
—Ay=—= &WU\Q—FL ;
v \q—1 2

thus even in the semilinear case we see that the nonlinearity does not satisfy the basic assumption on
the monotonicity of Theorem 4.9, i.e. it is not nonincreasing. Notice anyway that, being negative, it
is harmonic concave by direct definition, and moreover lim; o ¢'(t) = +oo (see Corollary 4.4).

The strategy employed by [104] is the following: the author exploits the strong log-concavity of
the first eigenfunction to show that for ¢ near 1 the solutions are quasiconcave, while through a
continuation argument it is shown to hold for each ¢ > 1 (when the solution is a ground state). We
give details below (see Remark 7.2). We refer also to [98, Lemma 4.8] where an evolutive argument
has been used (see also [89, 106]).

We know by [104, Lemma 3] (see also [25, Proposition 4.3]) that when p = 2 and ¢ > 1, ¢ close to
1, then there exists a unique positive solution when € is bounded and convex. For a general p > 2, in
[26, Corollary 1.4] they recently showed the uniqueness of the positive ground state when ¢ > p — 1,
q close to p — 1, and Q is connected and 092 € C1®. In a similar setting, here we show concavity
properties of a general solution of the equation, through a uniform convergence. This convergence
partially answers also to a question raised in [26, pages 3545 and 3456].

Theorem 7.1. Let @ C RN N > 2, be open, bounded and Lipschitz, and let p € (1,+00). Consider

—Apuy = ud in €,
ug >0 mn €,
ug =0 on 0f1,
withq>p—1,q—p—1. Then vy := ”Jzﬁ — u in L>(Q), where u is the first eigenfunction of the

p-Laplacian in Q, normalized with ||u)|eo = 1.
Assume now 2 convex. Then log(u) is concave and

[ log(vg) — log(u)|lco =+ 0 asq—p—1

together with
log(vg) — log(u) in L™(Qy)
for each § > 0. As a consequence:
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e if N =2, then for each e > 0 we have log(uy) is e-uniform concave in Qs for g € (p—1, qo(e,0)).

o if p =2, then log(uy) is strongly concave in Qs, for g € (p —1,q0(6)); in particular, the level
sets of uq in Qs are strictly conver and uy has a single (and nondegenerate) critical point in
Qs.

Proof. By [121, Corollary 4.2] (see also [38, Corollary 3.7]) we have u, € C(£2). Set

U
My = |luglloos  vg = ﬁq >0,
q

which solve

(7.1)

—Apvg = MIPHE in Q,
vg =0 on 0f).

Notice that [|v]lec = 1. We want to show that MJ ?*! is equibounded by a blow-up argument.
Assume by contradiction that M{ ™ ? o +o00; let us set
uy(z) = ]\Luq(eqx +1z4), z€Q
_a=p+l
where g, := My *  — 0, 24 € Q such that ug(z,) = [|ugllee. We clearly have u(0) = 1, [lu|loc = 1.
Moreover ug > 0 solve

—Apuy = (ug)? in Qg,
ug =0 on 082,

L(Q —x,). By [121, Corollary 4.2] and Ascoli-Arzela theorem we have that uy is locally

where (), := %

equibounded in Cl?)’? (A) and converges in LS (A) to a function «* > 0 which satisfies

~Aput = (WP in A

where A = Rf or A = RY, depending on the fact that z, approaches or not €. Since u*(0) =1 > 0,
by the strong maximum principle [122, Theorem 5] we have that «* > 0. But this is in contradiction
with [74, Lemma 2.1]. Thus Mgipﬂ is equibounded.

Let us come back to (7.1). Arguing as before, one can show that, up to a subsequence, v, converge
in L>°(Q) to some u, together with MZ ?*" — X\ € R, which thus satisfy

—Ayu = P! in Q,
u=20 on 0f).

Being ||u||co = 1, we have u # 0, thus v > 0 by the strong maximum principle. Hence u must coincide
with the first eigenfunction, and A with the first eigenvalue. By a classical topological argument, we
see that the whole family v, converges to u.

The e-uniform concavity comes from Theorem 1.3 and Proposition 2.6. The case p = 2 is already
known, but let us give here some details: by the uniform estimates with respect to ¢ (see also
Remark 7.3 below) and regularity theory for the classical Laplacian [52, Theorem 2.30], we know
that log(u,) — log(u) in C?(Qs). Moreover, by Theorem 1.1 we have the strong concavity of log(u),
and thus the claim by Proposition 2.5. g

Remark 7.2. As already mentioned, similarly to the semilinear case, we expect the solutions to
be %—concave for any ¢ € (p — 1,p* — 1), which is weaker than the log-concavity. Anyway, to
conclude as in [104], we would need the following three ingredients:

(i) the first eigenfunction u is strongly log-concave and v, — u in C}_(£2);
(ii) the map g € (p — 1,p* — 1) — uq is well defined (that is, u, is unique) and continuous (in

01200 topology, see also Remark 7.3 below);
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(iii) an Hessian constant rank theorem in the spirit of [91] holds, which allows to obtain strict
concavity (strongly far from the boundary) from concavity.

At this point the argument would run as follow:!” fixed ¢y € (p —1,p* — 1), one preliminary shows

P=129_concave in some 2 \ Qys, where § > 0 does not depend on ¢ € (p — 1,qo) (see

that ug is

Remark 7.3 below and the argument in Remark 4.8). Then by (i) one shows that log(ug) is strictly
p=l-g

concave in Qj for ¢ € (p — 1,¢(d)), thus wu, is strictly -concave in Q5. Then one defines

E:={qe(p—1,q9) | uqis p_;_q-concave in 5} which satisfies (p — 1,¢(0)) C E (in particular,

E # (). By contradiction E C (p — 1, qo), thus there exists a boundary point ¢* of E in (p — 1, qo);

by using only the continuity of u + uq in LS in (ii) one observes that ¢* € E. Then, thanks to (iii),

p=1=¢*
P

ug+ is shown to be strictly -concave in {25, and strongly in )s5. By the absurd assumption

there exist ¢, € (p — 1,q0) \ E, ¢n — ¢*, from which one deduces by the C?  continuity in (ii) that

Al ~1- :
p—1—gn P==4n _concave in the

Ug, is strongly -concave in (g5 for large n; but by the choice of 9 it is
whole Qg, and this is a contradiction, since ¢, ¢ E. By the arbitrariness of gy, we have the claim.
The concavity can then be further improved again by (iii).

Due to (i)—(iii) this recipe seems not the right way to proceed for the quasilinear framework (see

also comments in [23] regarding (iii)).

Remark 7.3. In view of possible developments, we recall the following uniform estimates by [26
Theorems 1.1 and 2.5, Proposition 2.4]: let u, be positive solutions of

—Apug = Aud in Q,
ug =0 on 0},
where A > 0 and ¢ € (p—1,p* — 1). Assume 2 to be open and bounded, and fix gy € (p — 1,p* — 1).

Then the following properties hold.
(i) There exists C' = C(N,p, qp) > 0 such that

N T fa p TN
ltgll (@) < € (AT Jugll sy )
for each ¢ € [p — 1, qo].
(ii) Assume Q with C1® boundary, and let A = \,, where

mf{/ |vu|P|/u|q+1—1}

and let u, be a positive minimizer (i.e. a ground state). Then there exists L, 3,9, po, pt1
positive and depending on N, p, qo, «, £ such that

HuchLﬁ(ﬁ) <L, |qu\ > po  in Q\ Qs, Ug > p1 in 976

for each q € [p — 1, qo]. In particular, if z, € Q is a maximum point for u,, then z, € Qs for
each ¢ € [p—1,qo).
(iii) The set Z; := {z € Q | Vuyy(x) = 0} is compact and with zero measure. Moreover,
ug € C*(Q\ Z,). Recall that, when N = 2 and 99 € C?, by Theorem 1.3 we have #7; = 1.
(iv) For ¢ > p—1, ¢ = p — 1, the minimizer u, is unique. Assume now that, for ¢ € (p — 1,q) C
(p—1,p* —1), the minimizer is unique: then the map ¢ € (p—1,q) — u, € C1(Q) is continuous.
Indeed by [7] ¢ — A4 is continuous, thus if g, — goo We have

/ Vol = A, =lim Ay, = lim/ |V, [P
Q " moJa

that is, u, — U in VVO1 P(Q); by the uniform estimates in (i)-(ii) and Ascoli-Arzela theorem
we obtain u, — u in C1(Q).

17 We thank Sunra Mosconi for some comments on a preliminary version of this argument.
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We highlight that the uniform bound from below on |Vu,| could be used, together with a strict
quasiconcavity on Qs (if proved), to ensure that the critical point of u, is unique and nondegenerate
in the whole €2, somehow extending Theorem 1.3 to the superhomogeneous case. We recall that in
the semilinear case p = 2 [32] (see also [43]) the authors showed that every semistable solution has
a unique critical point when ¢ < p — 1 and a(z) = 1, but for ¢ > p — 1 every solution is unstable
[84, Theorem 2|. When ¢ is sufficiently close to the critical exponent p* — 1, anyway, uniqueness of
the critical point has been achieved by [58]. We refer also to [117, Theorem 6.1] for results in the
quasilinear setting in presence of symmetric domains.

7.2. Large p: towards strict quasiconcavity

By [81, Theorem 1], as p — 400 we know that solutions u, of the torsion problem —Aju, =1
satisfy
lim w, =d(-,00) in L>®(Q) (7.2)

p——+o00

which is a concave function; this is coherent with % — 1. When  is strictly convex we have that

the distance function is also strictly quasiconcave (see Proposition 2.1). Moreover, when 92 € C?
and it is strongly convex, then (7.2) can be improved [81, Theorem 2]. We further mention that some
partial concavity results when p = 400 are contained in [76, Section 4].

For any p we already know that w, is quasiconcave: exploiting the ideas of the previous Sections,
the strict quasiconcavity and the uniform convergence (7.2) we obtain the following result (see [63,
Definition 2.8]).

Proposition 7.4. Let Q C RN, N > 1, be open and strictly convex. Let € > 0. Then there exists
po = po(e) € (1,+00) such that, for any p € [po, +0), the positive solution to the torsion problem

—Apu, =1 in £,
u, =0 on 082,

is e-uniformly quasiconcave, that is for some p = p(e,p) > 0
Up (%) > max {upy(z), up(y)} + p for each x,y € Q, |z —y| > e.

Proof. It is sufficient to recall that u, converge uniformly to d(-,0€2), which is strictly quasiconcave,

and argue as in Proposition 2.6 (notice that a quasiconcavity function can be defined straightforwardly).

O

We highlight again that, if one could show that the relation obtained in Proposition 7.4 holds
for € = 0, then uniqueness and nondegeneracy of the critical point would hold for large p in any
dimension N, extending [23] in the case of strictly convex domains.

Remark 7.5. The behaviour as p — 1 of the solutions of —Apu, =1 is quite more nasty, essentially
blowing up at +oc or shrinking to 0 depending on the Cheeger constant of 2, see [81, Section 3 and

p—1
4] and [31]; in particular, if Q is a ball Bg(0), then u,” — 2.

Regarding the eigenfunction problem, by [82, Remark 10] the solutions u, of —Apu, = A\pu, as
p — 1 essentially converge in BV to the characteristic function of the Cheeger set; the convergence as

p — +00 has been instead investigated in [77].

7.3. Fractional equations

Very few is known regarding concavity results for fractional equations: some partial results are
contained in [61] (see also [75] and references therein). Anyway, the only result, close to our framework
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and known to the authors, is contained in [94]: here, when N =2, p =2, s = % and f = 1, the
author shows that the positive solution of the torsion problem

{\/—Au: 1 in Q,

u=20 on ¢,

on 2 C R?, is concave in  (actually strictly concave, for some class of domains ). The advantage
of this case is that the solution is exactly concave, thus there is no need of a transformation ¢(u), for
which is not known if ¢(u) solves a different fractional PDE (since Leibniz rule does not hold for
(—A)#); moreover, when s = % the equation satisfied by the s-harmonic extension is simpler. On the
other hand, the lack of a transformation (with singular derivative) brings to much more difficulties in
handling the boundary.

The above result suggests that for (—A)%u = 1 the solution is %—CODC&V@ (which is coherent

with 1 = (=A)%u *3% u, u constant, i.e. oo-concave), or more likely min{5-,1}-concave. More

generally, one may expect that the concavity properties of (—A)*us; = g(us) are better than the ones

of —Au = g(u): in particular, one may expect that if u is a-concave, than us is a-concave as well.

What we do in this Section is some partial results in this direction, through perturbation arguments.
Indeed, consider the p-fractional Laplacian

w(z) — u(y) P2 (u(z) — u
(=A)pu(z) == /RN [u(=) (g)l y’]\(”r(sp) (y))dy for z € RN

where the integral is in the principal value sense. We highlight that the choice of the constant (in this
case, equal to 1) influences the statements of the following results. Through a perturbation argument,
we show the following.

Theorem 7.6. Let @ C RN, N > 2, be open, bounded, with 0 € C™', and let p € (1,+00). Let
us € Wyt (Q2) be positive solutions of

{(—A);us = Aub™! in Q,

ug =0 on Q°,
normalized at ||us||, = 1. Then
lus — ulloo =0 ass—1

where u is the positive solution of

—Apu = APt n €,
u=0 on 0f,

normalized at ||ull, = 1. Assume now  convex. Then log(u) is concave and, for every § > 0, we
have

| log(ws) — log(u)]| Lo (0s) — O-
As a consequence:

o if N =2, then for each € > 0 we have log(us) is e-uniformly concave in Qs for s € (so(e, ), 1).
e if p=2, then for each € > 0 we have log(us) is e-strongly concave in Qs for s € (so(e,9),1).

Proof. By the assumptions, ||us||, = 1, while by [27, Theorem 1.2] we have that
(I-s)A<C

as s — 1. By [27, Theorem 2.10] (see also [73, Corollary 4.2]) we know that us are in L*°(£2), more

precisely

1 P
C’Ws(l — s))\s) ” |us|l, if p < N (thus sp < N),

| us]loo < (Cdiam(Q)N(S*%)s(l — S))\S)%HUSHP if p=N (and s > 3),

Jusloe < (
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hSAl

[[uslloo < (Cdiam(Q)sP—N(l —5)Xs)
where C' = C(N,p) > 0. In particular,

llusllp, ifp> N (and sp > N),

uslloo < C for s > 2. (7.3)

By [27, (2.27) in proof of Theorem 2.10] we also know that

1 .
[uS]CO’S_%@) < (C(1 = 9$)As)?|lusllp if p> N (and sp > N)

©)
We know [73, Theorem 1.1] that u, are in some C%%s for some as = as(p, N) € (0, s), and such
that, set fs:= )\Sué’*l,

thus HusHCO oo — < Cfors>sy(so> % however fixed). We need to deal with p < N.
’ p

1
it ll ooy < Coll foll 5

for some Cy = Cs(Q, p, N); from the proof we easily see that as and Cy are equibounded for s — 1.
On the other hand || fs||o are not equibounded in s, thus we give a closer inspection of the proof: we
know indeed that

Ky :=0< (=A)us < Agflus|f! = K3,

The role of K is played in [73, Theorem 5.2 and Lemma 5.3] (and used in [73, Theorem 5.4]), while
the role of K3 is played in the proof of [73, Theorem 1.1] (implicitly also in [73, Theorem 5.4 and
Corollary 5.5]) only to bound ||us|lec: We can thus substitute this bound with the finer (7.3), which
is uniform in s. Thus, for some a € (0, 1) we have

||us||00,a(§) <C

for each s large. By (3.1) we have

1-6 9
s = ulloo < (l[usllgo.cs @) + ltllcoag) " llus = ully’

_ (07
where Hp = ﬂ’ thus
P

o
[us = ulloo < Cllus — ullp".
By [27, Theorem 1.2] we have that there exists s; — 1 such that us, — w in LP(Q2), thus
l|lus, — ul|loo — 0.

Actually we can say better: by [21, Theorem 5.1]'® we know that, for each s, — 1, being (1 —sj)\s, —
A, there exists ug, — @ in LP (©), where u = u by uniqueness of the problem and the LP-constraint;
by topological arguments, we have us — u as s — 1 in LP(Q2), which implies (by the previous
argument) the convergence in L*(2). In particular, for each 6§ > 0,

| log(us) — log(u)HLoo(Qé) —0 ass— 1.

We conclude by Theorem 1.3, Theorem 1.1 and Propositions 2.5 and 2.6. U

Remark 7.7. Arguing as in the end of the proof of Proposition 7.1, we observe that a C? convergence
us — u (if proved) would imply that us is actually strongly convex for s € (so(d),1), and thus
uniqueness and nondegeneracy of the critical point of us. We notice that a C?# estimate, uniform in
s, is given for p = 2 in [33, Lemma 4.4] for equations in RY; see also [27, Remark 4.1] for further
comiments.

! Notice the difference in the notation in that paper, where (—A)3 is substituted with (1 — s)(—A)%.
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Remark 7.8. Differently from Remark 3.7, a global convergence of the type || log(us)—log(u)|| Lo (@) —
0 is here not possible: indeed, considered (—A)*'u; = f(u1) and (—A)%2uy = g(ug) with suitable f
and g, by regularity results [73, Theorem 4.4] and fractional Hopf boundary lemma [44, Theorem
1.5(2)], we have 0 < % < d(.qu)ﬁ , T 9)52 < C, thus Zl, 52 € L>(Q) if s1 = s9; for the same reason,
this does not happen if s1 # so.

Remark 7.9. Similar arguments could be employed for p-subhomogeneous problems

(=A);

—
plUs = Ug

with ¢ < p — 1, by exploiting some estimate uniform in s and [21, Theorem 4.5]. Furthermore, in the
case ¢ = 0, one could exploit [123, Theorem 3.11] to deduce concavity properties for nonautonomous
equations, i.e. (—A); = a(x), when a is close to a constant, in the spirit of Section 3. If one has a
stability argument also for s — s* € (0,1), then one could use the result by [94] to say that, for

=2and s < 2, close to , the solutions of the torsion problem (—A)%u = 1, Q C R? are e-uniformly
concave, at least for some class of smooth domains [94, Definition 2.1].

By exploiting the results in [50] and the argument of Section 7.1 we see that some result can be
obtained also for the semilinear superhomogeneous case p = 2, ¢ > 1.

Proposition 7.10. Let Q C RN, N > 2, be open, bounded, with 9 € C?. Lets € (0,1), g € (1,2*—1)
and let us 4 be positive solutions of

(_A)Suqu = Ug7q Zn Q?
Us,q = 0 on O0f2.
Then,
llus,q — ull ooy =0 ass—0andq— 1.
In particular, for each § > 0,

| log(us,q) — log(u)|lpec(s) = 0 ass— 0 and g — 1.

As a consequence:

o if N = 2, then for each ¢ > 0 we have log(usq) is e-uniformly concave in Q5 for q €

[p—1,q0(d,¢)] and s € (so(e,0,q0),1).
o if p =2, then for each e > 0 we have log(us q) is e-strongly concave in Qs for q € [p—1,qo(0,€)]
and s € (so(g,0,q0),1).

Proof. By [50, Lemma 3.1] we have that H ” — u, uniformly in €, as ¢ — 1. The claim comes
by combining this convergence with the one in Theorem 7.6 and arguing as in its proof. 0

In light of Remark 2.7, we finally point out that it could be interesting to study the fractional
concavity of solutions of fractional equations, where the notion has been introduced in [45].

7.4. Parabolic equations

We make some final comments on the parabolic case, showing that in this framework some results
on the perturbed concavity of the eigenfunction equation can be deduced with a trick. Similar
arguments could be set also for the power case a(x)u?. We refer to [47, 85, 89, 97] for some results
on the parabolic framework.

For the sake of simplicity, consider the case p = 2. Assume log(up) concave and consider

Oru — Au = a(x)u in 2 x (0, +00),
u>0 in Q x (0, +00),
u=20 on 99 x (0, 4+00),
u = Uy on 0 x {T = 0}.
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Setting v := log(u) we have
{6'71) — Av = |Vo]? + a(x) in 2 x (0, +00),
v = log(uop) on 00 x {1 = 0}.
We implement now the following well known substitution
w(z, ) :=e *ou(z,T)
for some g > 0. Thus w satisfies

Orw — Aw = et |Vw|? + e F*Ta(z) — pw in Q x (0, +00),
w = log(up) on 09 x {T =0}.

Set

b(z,t,&,7) = e'T|E|? + e HTa(x) — pt
where

Ob(x,t,6,7) = —p < 0.

Let us fix 7' > 0 and consider the equation restricted to [0, 7]. Similarly to Remark 5.5, Cy(x, y, A, 7)
cannot be positive near the boundary of 92, thus it has a maximum in Q x Q x [0, 1] x [0, T, that we
call (g, yo, Ao, 70). Notice that, being wg = log(ug) concave by assumption, we can assume 7y € (0, 7].
Arguing as in [29, Remark 2.7] we have

1
Cw (0, Y0, Ao, T0) < ﬁcb(<,w(~),§0,7'0)(x07y07 Ao)

which implies
1

Crog(u) (0,90, X0, 70) < ZCh. ) g9,7) (0 Y0 Mo); (7.4)

where .
b(x,t,&,7) = FT|E]? — pelt + a(x).

The choice of u is completely free, thus it can be chosen in such a way to be smaller than the error
deduced from Cy(. () ¢y,79) (for example, i ~ \/osc(a), see Theorem 1.9). We leave the details to the
interested reader.

We notice that, even if u(-,t) — u* as t — 400, u* solution of the stationary equation, differently
from [89, 98, 106], we cannot pass (7.4) to the limit, because of the presence of the term e#™, which
may explode. Thus we cannot deduce from the parabolic framework an information on the perturbed
concavity of log(u) in the elliptic framework.

Appendix A. Some facts on the p-Laplacian

In what follows, we recall some probably known results, but of which the authors was not able to
find a proof. We will state the results in the case of a general f = f(x,t), that is equation (5.1). See
also Section 6.2 for additional results in the singular framework f(z,t) = a(z)t?, ¢ < 0.

A.1. Uniqueness

We state a uniqueness result when % is strictly decreasing (see also [66, Theorem 2.1]). When

f(z,t) = g(t), we refer also to [22, Proposition 3.8] which essentially says that the same uniqueness

holds if tgp(f)l is nonincreasing and decreasing only on a small region [0, d]; see also [112] for further

comments. See also [13, 83] where the tool of hidden convexity has been used to deal with general €.
Finally, we refer to Section 7.1 for the superhomogeneous case.

Lemma A.1 (Brezis-Oswald uniqueness). Let Q C RN, N > 1, be open, bounded, connected and
satisfying the interior sphere condition, and let p € (1,400). Assume that f :  x (0,+00) — R
satisfies
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x,t , .
o ti— J;SJ 2 s nonincreasing,

e f is bounded on bounded sets,
and let u,v € Wol’p(Q) N CH(Q) be two solutions of (5.1). Then

v="ku for somek € (0,+00).

Assume moreover that

ot fig{f) 1s strictly decreasing.

Then u = wv.

Proof. First, we notice that Apu, Apv € L®(Q) and that %, 2 € L>=(Q): indeed, being u € C'(Q),

by Hopf boundary lemma [122, Theorem 5] we have d,u,d,v < 0 on 0f2, and thus by de I’'Hopital
rule we have, for any x € 910,

lim sup 7u(m + ) < h 7(33 ) _ = lim sup Vula +tv)

10 v(z+tr) atv(x + tv) t—0  Vu(x +tv) -

thus the claim. Hence we can apply [48, Lemma 2| and obtain

[Ty = (G- ) w2

¢
Since t — f (2 ’1) is nonincreasing, we have

0,
v _ Lu(x) < +o0,
v

Oyv(z)

fl@u)  f(z,0) (A.1)

wp—l — pp—17

notice that, if ¢t — % is strictly decreasing, we have the second claim. By Picone’s inequality [2]
we have

(VP 2Vo -V () < [Vul? (A.2)

where the equality is attained if and only if v and v are proportional. Integrating, we have

/ |Vo|P~2Vv - V (v;‘fl) S/ |VulP.
Q Q

Notice that U;ffl = (4)P~ly € L>®(Q) C LP(Q) and V (U}fl) =p (%)pil Vu+(p—1) (4)” Vo € LP(Q),
thus v;f—fl € VVO1 P (Q) and by the equations and the above relation we obtain

/f(m,v /|va 2V - v ( “p /|Vu|p—/|Vu|p 2V - Vu—/fx u
Q

that is
/Q (fiff) B ffbfi?)> w? < 0.

On the other hand, due to (A.1), the last is an equality, and so it must be (A.2), which implies the
claim. 0

A.2. Comparison principle

We show now a comparison principle for quasilinear equation in presence of a p-subhomogeneous
function; notice that we are not requiring f itself to be decreasing. The proof is inspired by [111,
Theorem 1.5]; notice moreover that the result was obtained, when f is a power, by [28, Theorem 4.1]
in a more general setting through the use of the interesting tool of the hidden convexity. See also [42,
Theorems 1.3 and 3.3], [23, Lemma 2.1].

Finally, notice that the uniqueness result part of Lemma A.1 can be deduced from this comparison
principle.
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Lemma A.2 (Comparison principle). Let @ C RN, N > 1, be open, bounded, connected and satisfying
the interior sphere condition, and let p € (1,+00). Assume that f : Q x (0,+00) = R satisfies

ot tEj’” f) strictly decreasing,
o f is bounded on bounded sets,

and let u,v € C*(Q) be a subsolution and a supersolution, namely
—Apu— f(z,u) < =Apv — f(z,v) nQ
with
u,v>0 inQ, u<wv ondf.

Then
u<v in Q.

Proof. Set w:= (u? —vP)T, we need to prove that w = 0. Consider Q := supp(w) = {u > v}. As
in the proof of Lemma A.1 we have ¥, 7 € L*(2), thus we compute

V(#5) =xa, (Vu-V (up r)+d(p—1)Vu);
P(Q). Moreover

|Vu|p QVU V (47) = xa, ([VulP — |VulP~2Vu - V (u;’ﬁ

)

similarly

V(wtr) = xa, (Vo + V (55))

thus 21 € W, P () and
[VoP72Vu -V (Z21) = xq, (VP + [VuP Ve - V (£

1)

Therefore
VulP72Vu -V (-25) — [VoP°Vo - V (525)

= xqa, (IVvP = [VuP?Vu- V (:25)) + xa, (|Vuyp— VP72V - V (4

by Picone’s inequality (A.2). In particular, being

) >0

—%- nonnegative test functions,

up up—T» vp
w w
/Q <f(x’U)F N f($’v)vp*1) = /;2 (|vu‘p QVU v (up 1) - |V’U|p QVU v (vp 1)) = 0.
+
On the other hand, by the monotonicity < ! (x u) }; (ff{) <0 on 4, thus
(f(:v,u) - f(m,v)) w=0 on .
up_l pp—1
Finally, by the strict monotonicity, we gain w = 0, that is the claim. 0

As a consequence we obtain a uniform bound from below. See also Remark 7.3 for the superhomo-
geneous case.

Corollary A.3. Let Q C RN, N > 1, be open, bounded, connected and satisfying the interior sphere
condition, and let p € (1,400). Assume that fn, fo : Q x (0,+00) — R satisfy

e fo is bounded on bounded sets,

° fn(m,t) > f()(.%',t).
Let uy, € Wol’p(Q) N CYQ) be positive solutions of —Au, = fn(x,t), —Aug = fo(x,t) with Dirichlet
boundary conditions. Then, for each § > 0, there exists C = C(d) > 0 such that

infu, > C > 0.
Qs

ot % strictly decreasing,
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