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ABSTRACT. We consider a class of scalar field equations with anisotropic non-
local nonlinearities. We obtain a suitable extension of the well-known com-
pactness lemma of Benci and Cerami to this variable exponent setting, and
use it to prove that the Palais-Smale condition holds at all level below a cer-
tain threshold. We deduce the existence of a ground state when the variable
exponent slowly approaches the limit at infinity from below.

1. Introduction and main results. The study of elliptic partial differential equa-
tions involving variable exponent has increased rapidly in recent years, partly in
connection with the applications of such equations in phisics (electrorheological
and thermorheological fluids) and computer science (image processing), partly be-
cause of the purely mathematical interest into the functional-analytic setting of such
equations (variable exponents Lebesgue and Sobolev spaces). We refer the reader
to the monograph of Diening et al. [5], the survey paper of Fan and Zhao [6] and
the references therein for an account of the main features of this subject.

In the present paper we seek ground states, namely least energy solutions, for
the following nonlocal anisotropic scalar field equation:

|u|p(w)f2 u
Jan [u(2)[P®) do’
Here, N > 2, V € L>®(RY) is a weight function satisfying

lim V(z)=V*> >0, (2)

|z| =00

—Au+V(z)u=\ u € HY(RY). (1)
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and the variable exponent p € C(RY) satisfies

2<p = inf p(z) < sup p(z) =:pT < 2%, (3)
z€RN zERN
lim p(z) = p> (4)
|| —o0

(2 =2N/(N —2) if N > 3 and 2* = oo if N = 2). Equation (1) is the Euler-
Lagrange equation for the constrained C* functional J| > Where we denote for all
u € HY(RY)

J(u) == /RN (IVul® + V(2) v?) d,

I(u) ::inf{’y>0:/RN "“ny)p(m) dx }7

and the C! Hilbert manifold (see Lemma 2.3 below)
={ue H'(R"): =1},

namely u € H'(RY) solves (1) if and only if u is a critical point of J|,, with
J(u) = X (see Section 2 below for details). In particular, the ground states of (1)
are the minimizers of .J|,, and the corresponding energy level is

AL = ulen./f\‘/l J(u).

In other terms, (1) has a ground state if and only if A; is attained.

The constant exponent case p(z) = p> € (2, 2*) of equation (1) has been studied
extensively for more than three decades (see Bahri and Lions [1] for a detailed
account). Ground states are quite well understood in this case. Set for all u €
H(RYN)

1
o o dx | P Ny
I*°(u) := lu(x)[P — , M= {ue H' (R"Y) =1}.
RN p
The infimum
A= inf J
LT

is not attained in general. Turning now to the asymptotic case when both p and V'
are constant, we note that the functional

T (u) = /RN (IVu]® + Vou?)dz, uwe H'(RY)

attains its infimum
ATC = uemeoo J>®(u) >0 (5)

at a positive radial function w$® (see Berestycki and Lions [3] and Byeon et al. [4]).
Moreover, such minimizer is unique up to translations (see Kwong [8]). By (2)
and the translation invariance of J*°, one can easily see that Xl < AP, and Xl is
attained if this inequality is strict (see Lions [9, 10]).

In this paper we give sufficient conditions on the weight V' and the exponent p
for the existence of a ground state of (1). Precisely, we shall prove the following
result:
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Theorem 1.1. Assume that V € L®(RY) satisfies (2) and p € C(RY) satisfies
(3) and (4). Then —oco < Ay < A°. If

—\ 2/p%
p
>\1 < (poo> <1>07 (6)

then A1 is attained at a positive minimizer wy € CT(RY).

In particular, there exists a positive ground state if p>° = p~ and A\ < A{° (hence
our result is consistent with the constant exponent case). Hypothesis (6) is global,
but it can be assured by making convenient local assumptions on p, for instance
when p(x) slowly approaches p> from below as |z| — oco:

Theorem 1.2. Assume that V € L®(RY) satisfies (2) and p € C(RY) satisfies
(3) and (4). Lety € CYHRT,RY) be a mapping such that ¥ (r) — oo asr — oo and
the function e=¥'D € HY(RYN), and let R > 0. Then there exists a > 0 such that,
if

p(z) < p> — [ > R, (7)

b(lal)”

then A1 is attained.
For example, given R > 0, we can find a > 0 such that, if
p(x) <p> —ae ", |z > R,

then \; is attained. We note that the only assumption on V' in Theorem 1.2 is (2).

Finally, we address the problem of symmetry of minimizers. Apparently, the best
we can achieve under the assumption of radial symmetry of the data V and p is
axial symmetry of all ground states:

Corollary 1.3. Assume that N > 3, V € L>®(RY) satisfies (2) and p € C(RY)
satisfies (3) and (4), and both are radially symmetric in RY. Moreover, assume
that (6) holds. Then, for every minimizer w there exist a line L though 0 and a
function @ : L x RT — R such that

w(z) = w(Py(x), |z — Pp(z)]), =RV,
where P, : RN — L denotes the projection onto L.

As in the constant exponent case, the main difficulty is the lack of compactness in-
herent in this problem, which originates from the invariance of RV under the action
of the noncompact group of translations, and manifests itself in the noncompactness
of the embedding of H'(R") into the variable exponent Lebesgue space ) (RM).
This in turn implies that the manifold M is not weakly closed in H*(RY) and that
J| 4 does not satisfy the Palais-Smale compactness condition (shortly (PS).) at all
energy levels ¢ € R. We will use the concentration compactness principle of Lions
(see [9-11]), expressed as a suitable profile decomposition for (PS) sequences of
J| pp» to overcome these difficulties. Developing this argument, we will also prove
an extension to the variable exponent case of the compactness lemma of Benci and
Cerami [2] (see Proposition 3.4 below).

The paper has the following structure: in Section 2 we introduce the mathemat-
ical background and establish some technical lemmas; in Section 3 we prove that
(PS). holds for all ¢ below a threshold level; and in Section 4 we deliver the proofs
of our main results.
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2. Preliminaries. We consider H!(R") endowed with the norm defined by
= [ (9u@P + V= (@) )dz, e HRY),

which is equivalent to the standard norm. Clearly we have J € C'(H'(R")) with

(J'(u),v) = Z/RN (Vu-Vo+V(z)uw)dz, u,ve H (RY).

We recall some basic features from the theory of variable exponent Lebesgue space,
referring the reader to the book of Diening et al. [5] for further information. Let
p € C(RY) satisfy (3) and (4). The space LP()(RN) contains all the measurable
functions u : RV — R such that

p(u) == /]RN lu(z)|P@dz < oco.

This is a reflexive Banach space under the following modified Luxemburg norm,
introduced by Franzina and Lindqvist [7]:
= o< 1}, u e LPO(RN).

ul|, .y :=inf >O:/
el {7 ®Y | Y p(x)

The following relation will be widely used in our study:
J— . + - + -
p~ min { [l lul ) b < o) < o max )l ) (8)

It can be proved noting that, for all u € LP()(RN),

/ u(x) 7 dx
RN

— =1 (9)
||U||p(.) p(z)

Analogously, for all ¢ > 1 we endow the constant exponent Lebesgue space LI(RY)

with the norm

u(x) PE) gy

d
= / u(@)|" %2, ue LI®Y).
RN q

By (3) and [5, Theorem 3.3.11], the embedding LP" (RV) N LP " (RN) < LPO)(RN)
is continuous. So, by the Sobolev embedding theorem, also H'(RY) < LP()(RN)
is continuous.

We set

! -1 .
o(u) := max{||u||§(.) , Hu||§(.) b, we LPORY),

and we prove the following properties that will be used later:
Lemma 2.1. For all u,v € LPO)(RN) we have

(i) / Nu@) P (@) de < pro(u) ol

(i) |p(u) = p(v)] < (P*)*(o(u) + o(v)) [lu = vll,.)-

. . —1

Proof. We prove (i). Taking a = (|u(z)|/ llull,y )p(x) , b= lu(@)|/]v] ., and

¢ = p(x) in the well-known Young’s inequality

1 1
ab < (1—7)aq/<q—1>+7bq a,b>0,q>1, (10)
q q
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1

and integrating over RY gives (note that ||u||£g?c))_ < o(u) in RY)

o w(@) PO o(2)] da
TS [ @ el a

p(z)—1

< [ | @)
RN ||UHp(.) HU”p(.)
p(z) p(x)
1
S/ (1_ ) u(x) dw—i—/ v(x) x
v & @)/ (Tl v [Tl | (@)

<p*,

the last inequality following from (9). Now we prove (ii). Taking a = |u(x)|, b =
|v(2)|, ¢ = p(z) in the elementary inequality

|(lq—bq| Sq(aq71+bq71)|a—b|, a’abzqu22a

and integrating over RV gives

)=o) < [ [l = o) 0] da
<ot ([ @PO @) = @i+ [ @l fue)] o)l ds)

RN
< () (o (w) + o () lu— vl ,
the last inequality following from (7). O

From Lemma 2.1 (i7) it follows that, if (ug), (vx) are bounded sequences in
LPO)(RN), then there exists C' > 0 such that

lp(ur) — p(vi)| < Cllug — vkll,), k€N
The case V(z) = V°, p(x) = p™ represents a limit case for (1). We set

p<) = [ @)l de, o) = [ulyI7 we I RY)
so Lemma 2.1 gives for all u,v € LP~ (RV)
/RN [u(@)[P” " o(@)lde < p™0™ () [|o]],- | (11)
0% (u) = p> ()] < (p°°)* (0 () + 0% (v)) [t — V]| - (12)
Moreover, we have the following asymptotic laws in the presence of translations:

Lemma 2.2. Ifu € HYRY), (yx) is a sequence in RN with |yx| — oo and we set
up = u(- — yx), then
(1) plur) = p>(u)
(1) I(ug) — I®(u)
(131) J(ug) — J=(u).

)

Proof. We prove (7). For all k € N, the change of variable z = z — y;, gives

P(Uk):/ |uk(x)\p(x)dx:/ |u(z)|p(z+yk)dz_
RN RN

Since p(- +yx) — p™ by (4) and |u(z)[PET¥) < |u(z)|P” + |u(z)P?", the last integral
converges to p°°(u) by the dominated convergence theorem.
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We prove (ii). As in the proof of (i), for all v > 0

up(z) |7 da w(z) [P dz [[wllyoe \P™
/RN k(@) ])(Z:L')_)/RN (2) i:(i) . (13)

v v P> v

If fJugl,.y 7> llull o, then there exists g9 > 0 such that, on a renumbered subse-

quence, either [ug |, < [lull, — €0 or [lukll,.) = lull = + €o. In the former case,
[ull,« > €0 and, taking e¢ smaller if necessary, we may assume that this inequality
is strict. Then

/ ( lug ()] )p(:r) dx </ (|uk(x)| )p(m) dv 1
ey Ml =0/ p(x) T Jrw Mugll, /o p(@)
Passing to the limit as k — oo, (13) implies
( (el o )P°° <1
[[ull e — €0

a contradiction. The latter case leads to a similar contradiction.
Finally we prove (iii). We have for all k € N

J(ug) = /RN (IVug|® + V() ui) de = /RN (IVul]® + V(2 + yi) u?) dz,

where z = x — yi. Since V(- +yx) — V> by (2) and V € L>(RY), the last integral
converges to J*°(u) by the dominated convergence theorem. O

As a consequence of the previous results, the functional I : H*(RY) — R is well
defined and continuous. We now address the question of differentiability of I. We

set
u(@) [ u(z) d
e | T(w) T(w) '@ 4=
(A(u),v) = PRI we H'(RN)\ {0}, ve H'RY).
wv | I(w)

Lemma 2.3. I € C'(H'(RN)\ {0}) with I'(u) = A(u) for allu € H(RN)\ {0}.

(
Proof. We fix u € H'(
we see that

RM)\ {0} and v € H'(RY). Reasoning as in [7, Lemma A.1],

lim Iu+tev) —I(u) _ (A(u),v).

e—0t 15

Moreover, setting w = u/I(u) € H'(RY), by Lemma 2.1 (i) we have

4,0 < 228 .
which, together with the continuous embedding H'(RY) < LPC)(RN), yields A(u)
€ H Y(RY). So, I is Gateaux differentiable in u with I'(u) = A(u).

Now we prove that I’ : HY(RYN) — H~'(RY) is continuous. Let (uz) be a
sequence in H!(RY)\ {0} such that ux — u # 0 in H'(RY), in particular we have
ugp — u and in LPO)(RN). Set wy = uy/I(uy), w = u/I(u), hence wy, — w both in
H'(RN) in LPO)(RY). Besides, Lemma 2.1 (ii) implies p(wy) — p(w) > 0. Set also

1/(p(z)—1)
2 = ||we [P 2wy — w [P 2w :
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It is easily seen that z, € LPO)(RY) and o(z,) — 0. By Lemma 2.1 (i), for all
k € Nand all v € HY(RY) we have

/ lwie|P®) 2wy, v da / |w|P® =2 v da
(I (ur) = I (u), 0)| = | 55 =

p(wg) p(w)

/ 2P o] da ,

RY w|P@ =1y dx

ST + [, e PO
po(z) | pro(wp(ue) — plw)]

< ( plwr) () () )””'P“'

By the convergences above and the continuous embedding H*(RN) «— LPO)(RY),
we can find a sequence (&) in R, independent of v, such that & — 0T and

(I (ur) = I'(uw), v)| < &llvl,
thus I'(uy,) — I'(u) in H=H(RY). O

In particular, as 1 is a regular value of I, M turns out to be a C' Hilbert
manifold. By the Lagrange multiplier rule, v € M is a critical point of J|,, if and
only if there exists p € R such that

J'(u) = uI'(u) in H-H(RY),

that is (recalling that I(u) = 1), if and only if u is a (weak) solution of (1) with
A = u/2. Moreover, testing (1) with u yields J(u) = .

3. A compactness result. In this section we prove that J|,, satisfies (PS). when-
ever ¢ € R lies below a certain threshold level. The main technical tool that we will
use for handling the convergence matters is the following profile decomposition due
to Solimini [13] for bounded sequences in H!(RY) (the present statement can be
found in the book of Tintarev and Fieseler [15, Corollary 3.3]).

Proposition 3.1. Let (uy) be a bounded sequence in H'(RYN), and assume that
there is a constant § > 0 such that, if ur(- + yx) — w # 0 on a renumbered
subsequence for some sequence (yx) in RN with |yx| — oo, then ||w| > 6. Then

there exist m € N, wM .. w(™ ¢ HY(RYN), and sequences (y,(cl)), e (y,im')) in RY,
y,(:) =0 for all k € N, w™ # 0 for all 2 < n < m, such that, on a renumbered

subsequence,

(1) up(-+ yl(en)) — (™)

(41) ’y,(cn) — y,(cl)| — o0 for alln # 1;
(n) 2<1. inf 2,
(i) Y Jwt™|* < liminf flug]*;

n=1
m

() up — Z w™ (- — y,in)) — 0 in LYRY) for all g € (2,2%).

n=1
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Since y,(:) = 0 for all k € N, by (i) we have \y,g")\ — oo for all 2 < n < m.

Moreover, by (iv), (3) and [5, Theorem 3.3.11], we also have

up =y W=y 50 in LPORN). (14)
n=1
Next we show that the sublevel sets of J|,, are bounded. Set
Sa:{UEM:J(u)Sa}, acR.
Lemma 3.2. For all a € R, S is bounded.

Proof. By (2), we can find R > 0 such that |V (z) — V°°| < V*°/2 for all |z] > R.
So, V°°/2 — V < 0 outside the ball Bg(0). For all u € S, we have

||UH2 / 2, VT o / Ve 2
— < R < R
5 =/, <|Vu| + 5 U )d:v <a+ - ( 5 V(x))u dx

Ve Vee
Sa—i—/ (5 - V@)udzr <a+ (—+IIVHOO)/ u’dz.
Br(0) * 2 2 Br(0)

Since u € M, and LP)(Bg(0)) is continuously embedded in L?(Br(0)) (see [5,
Corollary 3.3.4]), the last integral is bounded. So, S* is bounded. O

Now, let (uy) be a (PS).-sequence for J|,, for some ¢ € R, namely J(ux) — ¢
and there exists a sequence (yy) in R such that J'(ug) — pp I’ (ug) — 0 in H-H(RY).
So we have

_ _ M p()—2
Auy, + V(x)uy 3p(un) [ug| ug +o(1). (15)

Testing (15) with ug, we easily get /2 — c¢. Besides, since u; € M, by (3) we
have p~ < p(ug) < p*, whence, on a renumbered subsequence, p(uy) — po for some
po € [p~,p*].

We prove some technical properties of (uy):
Lemma 3.3. Let (uy) be as above and w € HY(RN):

(@) if up — w on a renumbered subsequence, then

—Aw+ V(z)w = £|w|p(””)72w;
Po

(i1) if ur(- +yx) = w on a renumbered subsequence for some sequence (yi) in RN
with |yx| — oo, then

Aw+ V>=w = i|w|p®072w.
Po
Proof. We prove (i). By the density of C§°(RY) in H'(RY), it suffices to show that
/ (Vw - Vu+ V(z)wv)ds = < (wP@2wpde, ve CFRYN).  (16)
RN Po JRN

We have suppv C € for some bounded domain 2 C RY. Testing (15) with v gives

/Q (Vug - Vo + V(z)upv)de = QPL(sz) /Q g [P 20w da + o(1).

Since V € L®(R"Y) and uy — w, we have

/ (Vuy - Vv + V(z)upv)do — (Vw - Vo + V(z)wv)dz.
Q RN
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Besides, pr/(2p(ug)) — ¢/po. Finally, by compactness of the embedding H'(Q) —

LP" (), on a renumbered subsequence we have uy — w in LP' () and uy(z) —
w(z) a.e. in Q. By (3), (10) we have a.e. in

- +_ 1 + 1 +
a7 ol < (14 el ) ol < Jol + (1= Yl + ol
hence by the generalized dominated convergence theorem

/ g |P®) 2w da — |w|P® =2 da,
Q RN
proving (i). We prove (ii). As above, we only need to show that for all v € C§°(RY)
/ (Vw - Vv + V>wv)de = £ / lw|P™ 2w d. (17)
RN Po JrN

We have supp v C €2 for some bounded domain Q C RY. Testing (15) with v(- —yy)
and making the change of variable z = = — y;, gives for all k € N

/ (Vﬂk Vo4 V(z+ yr) ﬂkv)dz — ik / \ﬂk|p(z+y"‘)_2@kv dz + o(1),
RN 2p(uk) Jrw~

where U, = uk(-+yg). Since tp — w and V(- +yx) — V' uniformly on Q, we have
/ (Vﬂk Vo4 V(z+ yk) ﬂkv)dz — (Vw -Vou + Voowv)da:.
RN RN
Besides, pr/(2p(ur)) — ¢/po. Finally, exploiting again (3), (10) as in the proof of
(i) we have, on a renumbered subsequence,

/ |t | PETY) 20 dz — lw|P™ 2w da,
RN RN
which proves (ii). O

The main result of this section is the following extension to the variable exponent
case of the compactness lemma of Benci and Cerami [2, Lemma 3.1].
Proposition 3.4. Let (uy) be a (PS).-sequence for J|,,, c € R. Then there exist
meN, w .. w™ e HY(RY), and sequences (y,({l))7 e (y,g")) in RN, y,(cl) =0 for
all k € N, w™ #£ 0 for all 2 < n < m, such that, on a renumbered subsequence,
plux) = po for some po € [p~, p*], and

(1) ug(- er](cn)) N w(n)’.

(i) |y,(€n) - y,gl)| — 00 for alln #1;

m

i) 3 o< Tt .

(Z’U) 7Aw(1) + V(x)w(l) = c/po‘w(1)|p(z)72w(1);
(v) —Aw™ 4 V2w = c/po|w®PT =20 2 <n < m;

)

(vi) J(wM) = ¢/pop(w™));
(vii) J>=(w™) = ¢/pop™(w™), 2 < n <m;

(iz) J(w®) + i J®(w™) = ¢;
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(x) up — g w™ (- (n) — 0 in HY(RY).

Proof. By Lemma 3.2, the sequence (uy) is bounded. Passing to a subsequence, we
have p(ug) — po. We shall apply Proposition 3.1. To this end, set

(in particular, ¢ > 0). If ug(- +yx) — w in H(RY), on a renumbered subsequence,
for some sequence (yx) in RY, |yx| — oo and some w # 0, then by Lemma 3.3 (ii)
and the definition of A{® we have, testing with w,

p>=c p>c s o
lwl® = == lwll< < =)~ [jw|”~,
Po p
hence |Jw|| > 8. Then, by Proposition 3.1 there exist w("), (y,(c”)) (1 <n<m)and
a renumbered subsequence (uy) satisfying (i)-(ii7) and

’LLk—Zw y™) =0 in LYRY), 2 < g < 2*.

By (14), the convergence above also holds in LP()(RN). From (i) (ii) and Lemma
3.3 we deduce (iv) and (v). Further, testing (iv) with w™ and (v) with w(™ yields
(vi) and (vii), respectively. We prove now (viii). Set for all k € N

wk—Zw —yk

Since [lug — wi,, — 0 by (14) and |[ukll,., = 1, we have |[wgl|,., = 1. Since
p(ur) — po, then p(wy) — po by Lemma 2.1 (ii). Let ¢ > 0. Since C§°(RY) is
dense in LPO)(RYN), there exists @) € Cg°(RY) such that |Jw® — ﬁ(1)|}p(_) <,
and since C§°(RY) is dense in LP™ (RY), for all 2 < n < m there is @™ € C$°(RN)
with Hw(") — 15(")Hpoo <e. Let

Z (n)
By (ii) and Lemma 2.2 (i) we have

s = ey < D [0 = o) =@ )|
n=1

m
— Hw(l) - @mH + Hw(") —a™ < me.
»() nz::z

poe

So,
limsup [|wg — W[, < me.
k

Since [Jwgl|,.) — 1 and p(wy) — po, then by Lemma 2.1 (ii) we can find a constant
C > 0 such that

limsup |p(wy) — po| < Ce.
K
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On the other hand, for all sufficiently large k, the (compact) supports of w("™) ('—y,g"))
are pairwise disjoint by (i) and hence

) = 3 pE( = 4) = @) + 3 ()
n=1 n=2
by (i7) and Lemma 2.2 (7). So
|p(f5“)) + i p> (@) = po| < Ce.
n=2
By Lemma 2.1 (i7) and (12) we have
pw®) — p@M)| < Ce, | ) = p¥ (@) < e, 2<n<m.

Since € > 0 is arbitrary, (viii) follows. Adding (vi) and (vii) and substituting (viii),
we get (iz). We conclude by proving (z). Set vy = uj, — wy and U = ug — wb for
all k € N. Note that both (i) and (vi) are bounded in H(RY). By (15), (iv) and
(v) we have

— Av + V=0

~ 19753 _
=(V>®° _V p(x)—2
( (@))uk + 3(uc) | up,

c — - n o _ n
= (PO 4 37w @ = )P e - )

n=2
for a sequence (n;,) in H=Y(RY) with n, — 0 in H~Y(RY). Testing with vz and
using Lemma 2.1 (¢) and (11) gives

Joul® < [ 1(V(@) = V)i do
4 O((o ) + 1) el + ol ) + (o)

Since |Jug|| is bounded, so are ||ug||, o(ux), and |Jvk||. If ||vg]| # O, then there exists
€0 > 0 such that, on a renumbered subsequence, ||vg| > €9. By (2), there exists
R > 0 such that

2

27 ~ e

| @) vl de <2 s V) =V, ful, < 3
Br(0)° 2€BR(0)°

Then, from the equation above, Holder inequality, Proposition 3.1 (iv) and (14),

2
e
o S CUvklla gy + vkl + 1owllyey ) +o0(1) =0,

a contradiction. Thus, (x) is proved. O

Now we prove that J|,, satisfies (PS). whenever c lies below a threshold level:

Theorem 3.5. Assume that V € L®(RY) satisfies (2) and p € C(RY) satisfies
(3) and (4). Then J|,, satisfies (PS). for all

_\ 2/p™
c< <p> A (18)

pOO
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Proof. Let c satisfy condition (18) and let up € M be a (PS). sequence for J|,,.

Then uj admits a renumbered subsequence that satisfies the conclusions of Propo-
sition 3.4. Let us set

t1 = p(w™)/po, tn = p=(w™)/po, forn=2,...,m.

Then
> ta=1 (19)
n=1

by (viii) of Proposition 3.4, so each ¢, € [0,1], and ¢, # 0 for n > 2. For n =

2,...,m,
2 2/p> - 2/p%
_ /\c1>o (pOtn) > )\(130 (P tn)
p> P> >

by (vii) of Proposition 3.4 and (5), so

Cty = I (™) 2 A7 0™

NP P ()
t, > [/\; (ﬁm) ] > 1

by (18). Then (19) implies m = 1 and hence up — w™ in H'(RN) by (z) of
Proposition 3.4. O

4. Proofs of the main theorems.

4.1. Proof of Theorem 1.1. Since the sublevel sets of J|,, are bounded by
Lemma 3.2 and J|,, is clearly bounded on bounded sets, A; > —oo. To see that
A1 < A$°, let wi® be the minimizer of J*° on M mentioned in the introduction,
yr € RN Jyr| — oo, and wy, = w$°(- — yx). Since wy,/ [well,) € M,

w Y T I

)\1 S J( - 2 00 2 - 1
lwrllpey TP lpe

[[wr Hp(~)

by (i) and (7i7) of Lemma 2.2, so A\; < Af°. Assume now that (6) holds. Since
J| \ satisfies the Palais-Smale condition at the level A\; by Theorem 3.5, it has a
minimizer w; by a standard argument. Then |w1]| is a minimizer too and hence we
may assume w; > 0, w; # 0. We note that, for all v € H'(RY), v > 0, we have

/ (Vwy - Vv + ||V wwiv)dz > 0,
RN

so by the strong maximum principle (see [15, Proposition C.2]) we have w; >
0. Observe that a solution u € H'(RY) of (1) satisfies —Au = g(x,u) for a
Carathéodory function g : RV x R — R such that
‘M‘ <C+Cluf™2<c+ C’|u|ﬁ7 for some C' = C(V, N,p™) > 0.
u

Then by standard regularity theory, u € C*(RY), see e.g. [14, Appendix B]. O
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4.2. Proof of Theorem 1.2. Since e~ %(71)/ ||e’w(‘z|)||p(.) eM,

e—¥(lz)) J(e=vU=D)
A< = .
1 (”e_w“m“”pc>) le=vt=b]” |

(20)

By virtue of condition (7),

mew:/ewww@wzw/ =P (1al) gy (21)
RN Br(0)°
It follows from (20), (8) and (21) that (6) holds if @ > 0 is sufficiently large. O

4.3. Proof of Corollary 1.3. If N > 3, V and p are radially symmetric in RV,
we can get some symmetry properties of minimizers by applying the results of
Marig [12]. We can equivalently define

d
M={ue i ®@): [ lupre 1.
RN p(z)
For any hyperplane II through 0, splitting R" in two half-spaces IIT and II~, and
all u € H'(RY) we define functions u+, urr- : RN — R by setting

u(z), ifx e lITUII
urr+ (x) =

u(2Pp(zr) —x), ifzell”

u(z), ifeell-Ul
Un-\r) =

w(2Py(z) — ), ifxellt,

where P,y is the orthogonal projection from R to an affine submanifold (-). Clearly
ur+ € HY(RY), hypothesis A1 of [12] is satisfied. Since u is of class C*(RY), so
hypothesis A2 holds as well. By [12, Theorem 1] we learn that, for every minimizer
w of J, there exists a line L through 0 such that w(z) = @ (P (), |z — Pp(x)|) for
all z € RY, for a convenient function @ : L x RT — R. O
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