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Abstract

In this paper we study the semiclassical limit for the singularly perturbed Choquard equation

—ezAu+V(x)u:s“*3(/%(”Ly))dy)Q(x)g(u) inR3,
2 lx — ¥l

where 0 < u < 3, ¢ is a positive parameter, V, Q are two continuous real function on R3 and G is the
primitive of g which is of critical growth due to the Hardy-Littlewood—Sobolev inequality. Under suitable
assumptions on g, we first establish the existence of ground states for the critical Choquard equation with
constant coefficients. Next we establish existence and multiplicity of semi-classical solutions and charac-
terize the concentration behavior by variational methods.
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1. Introduction and results

The stationary Choquard equation

p
—Au+V(x)u=(/ Mdy)|u|”_2u, in R,
| lx — y[#
R

where N > 3,0 < u < N, arises in many interesting physical situations in quantum theory and
plays an important role in the theory of Bose—Einstein condensation where it accounts for the
finite-range many-body interactions. For N =3, p =2 and u = 1, it was investigated by Pekar
in [29] to study the quantum theory of a polaron at rest. In [19], Choquard applied it as ap-
proximation to Hartree—Fock theory of one-component plasma. This equation was also proposed
by Penrose in [23] as a model of selfgravitating matter and is known in that context as the
Schrodinger—Newton equation. For a complete and updated discussion upon the current litera-
ture of such problems, we refer the interested reader to the guide [28]. We also mention [14],
where the fractional case is treated.

In the present paper we are interested in the existence, multiplicity and concentration behavior
of the semi-classical solutions of the singularly perturbed nonlocal elliptic equation

—azAu+V(x)u=8“_3( Mdy)Q(x)g(u), inR3, (1.1)
i |x — y|*
R

where 0 < 0 < 3, ¢ is a positive parameter, V, Q are real continuous functions on R3. As ¢
goes to zero in (1.1), the existence and asymptotic behavior of the solutions of the singularly
perturbed equation (1.1) is known as the semi-classical problem. It was used to describe the
transition between of Quantum Mechanics and classical Mechanics. For the local Schrodinger
equation

—&>Au+ V(x)u=g(u) inRVN,
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it goes back to the pioneer work [15] by Floer and Weinstein. Since then, it has been studied
extensively under various hypotheses on the potential and the nonlinearity, see for example [6,
13,15,17,30-32,34] and the references therein. Particularly, the existence and concentration of
solutions for local Schrodinger equation with critical exponent was investigated in [1,9,12,38].
For a Schrodinger equation of the form

—2Au+V@u=K@u '+ 0x)u'"! inRV, (1.2)

Wang and Zeng [35] proved that the concentration points are located on the middle ground of the
competing potential functions and in some cases are given explicitly in terms of these functions.
Cingolani and Lazzo [10] obtained a multiplicity result involving the set of global minima of
a function which provides some kind of global median value between the minimum of V and
the maximum of K and Q. We also mention the paper [7] by Ambrosetti, Malchiodi and Secchi
where the authors considered the case O = 0. Among other results, they proved that the number
of solutions of (1.2) is related with the set of minima of a function given explicitly in terms of
V, K, r, and the dimension N. Ding and Liu [13] considered

(—ieV + A u + V(0)u = Q) (g(lul) + lul* ~)u,

forue H }1 (RY, C), where A : RN — R" denotes a continuous magnetic potential associated
with a magnetic field B, g(Ju|)u is a superlinear and subcritical. Under suitable assumptions
on the potentials, the authors obtained some new concentration phenomena of the semi-classical
ground states. It can be observed that if u is a solution of the nonlocal equation (1.1), for xg € RV,
the function v = u(xp + £x) satisfies

Qxo +ey)G(v(y))
|x — y|#

—Av+V(xp+ex)v= (

R3

dy)Q(xo+sx)g(v) in R3.

It suggests some convergence, as ¢ — 0, of the family of solutions to a solution u¢ of the limit
problem

G .
—Av+ V(x)v = Q2(x0)( ﬂdy)g(v) inR3.
lx — y|*
R3
Hence we know that the equation
G
—Au+u= ( Mdy)g(u) in R? (1.3)
. lx — yl#
R

plays the role of limit equation in the study of the semiclassical problems. To apply the
Lyapunov—Schmidt reduction techniques, it relies a lot on the uniqueness and non-degeneracy
of the ground states of the limit problem which is not completely known for the ground states of
the nonlocal Choquard equation (1.3). There is a considerable amount of work on investigating
the properties of this type equation. We refer to Lieb [19] and Lions [20] for the existence and
uniqueness of positive solutions to equation
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2
—Au—i—uz( @)l dy)u in R3. 1.4)
[x =yl

R3
Recently, by using the method of moving planes, Ma and Zhao [22] proved that all the positive
solutions of equation (1.4) must be radially symmetric and monotone decreasing about some
fixed point. Which means that the positive solution of equation (1.4) is uniquely determined up to
translations. Especially, they studied the classification of all positive solutions to the generalized
nonlinear Choquard problem

lu(y)IP

—Au—i—u:(
lx — y|#

RN

dy)lul”*zu, (1.5)

under some assumptions on i, p and N, they proved that all the positive solutions of (1.5) must
be radially symmetric and monotone decreasing about some fixed point. In [24], Moroz and Van
Schaftingen completely investigated the qualitative properties of solutions of (1.5) and showed
the regularity, positivity and radial symmetry decay behavior at infinity. The authors also con-
sidered in [25,27] the existence of ground states under the assumption of Berestycki—Lions type
and studied the existence of solutions for the nonlocal equation with lower critical exponent due
to the Hardy-Littlewood—Sobolev inequality. For N =3, p =1 and F(s) = 5|2, the uniqueness
and non-degeneracy of the ground states were proved in Lenzmann, Wei and Winter in [21,33].
Wei and Winter also constructed families of solutions by a Lyapunov—Schmidt type reduction
when infV > 0 and Q(x) = 1. Cingolani et al. [11] applied the penalization arguments due to
Byeon and Jeanjean [8] and showed that there exists a family of solutions having multiple con-
centration regions which are located around the minimum points of the potential. For any N > 3
and F(u) = u” with 2NN_“ <p< 2]]&/__5‘ in (1.1), Moroz and Van Schaftingen in [26] developed
a nonlocal penalization technique and showed that equation (1.1) has a family of solutions con-
centrating around the local minimum of V with V satisfying some additional assumptions at
infinity. In [4,5], Alves and Yang proved the existence, multiplicity and concentration of solu-
tions for the equation by penalization method and Lusternik—Schnirelmann theory. The planar
case was considered by [3], where the authors first established the existence of ground state for
the limit problem with critical exponential growth and then studied the concentration around the
global minimum set. In [37], Yang and Ding considered the equation

p
2 Au+ V(x)u = (f"i(y)dy)up—l in R3,
. |x — y|#
R

and they obtained the existence of solutions which goes to 0 with suitable parameter p and .
To study problem (1.1) variationally the following Hardy-Littlewood—Sobolev inequality [18] is
the starting point.

Proposition 1.1 (Hardy-Littlewood—Sobolev inequality). Let t,r > 1 and 0 < . < 3 with
e+ u/3+1/r=2,

f e L' (R and h € L" (R3). There exists a sharp constant C(t, i, r), independent of f, h, such
that
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h
[ [ HE R dxay < i, (1.6)
R3 R3
Ift=r=6/(6— ), then
1+5
TG [t
Clt. ) =C = 52 ){rm} .

In this case there is equality in (1.6) if and only if f = Ch and
h(x) = Ay? + |x —al) 7702
for some A€ C, y eR\ {0} and a € R>.

Notice that, by the Hardy—Littlewood—Sobolev inequality, for u € H'(R?), the integral

[ETAOT
P

R3 R3
is well defined if

6—u
— <t<6-—
3 M.

Thus (6 — ) /3 is called the lower critical exponent and 6 — u is the upper critical exponent due
to the Hardy-Littlewood—Sobolev inequality, we also recall that 6 is critical Sobolev exponent for
dimension 3. As to the best knowledge of us, the existing results for the existence and concentra-
tion behavior of solutions for the Choquard equation were obtained under the subcritical growth
assumption, namely ¢ < 6 — . It is then quite natural to ask if the nonlinearity g(u) in equation
(1.3) is of upper critical growth in the sense of the Hardy—Littlewood—Sobolev inequality, does
the ground state solution still exist? Furthermore, can we establish the existence and multiplicity
results for the singular perturbed critical Choquard equation (1.1) and characterize the concen-
tration phenomena around the minimum set of linear potential V (x) or the maximum set of the
nonlinear potential Q(x)? In the present paper we are going to answer the above questions and
to investigate the existence, multiplicity and the concentration behavior of the solutions of the
Choquard equation with critical exponent due to the Hardy—Littlewood—Sobolev inequality.

The first goal of the present paper is to study the existence of nontrivial solution for the critical
Choquard equation of the form

6—
—Au+Ku= /viu(y)| PATFU)
lx — y|#

4— T .3
(v|u| /‘u+—6_uf(u)> in R”, (1.7
ue H (R,

where 0 < i < 3, k, v, T are positive constants and
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u
Fu)= / f(s)ds.
0

Since we are interested in the existence of positive solutions, we shall suppose that f : RT — R
verifies the following conditions.
There exists p, g, ¢ such that

6_
Tu<q§p<6—u, S—u<i<6-—pu,

and cg, c¢; > 0 such that for all s € R:
1f)] <colsl? "+ 151”71 and F(u) > cils|*. 1

We suppose that f verifies the Ambrosetti—-Rabinowitz type condition for nonlocal problems:
there is o > 2 with

0<aF(s)<2f(s)s, VseRT. ()
Moreover
{s = f(s)} is strictly increasing on R (f3)

Remark 1.2. From ( f3) and ( f2), we know there is ¢ > 0 such that

o

F(s)s2 — (1 fo— 5) f(s)s>0, VseR*. (f1)

In fact, since f'(s) > 0 and f(s)s > 0, by taking ¢ = %(% — 1), we obtain ( f4) immediately.
The first result is about the existence of ground state for the autonomous case, that is

Theorem 1.3 (Existence of ground states). Suppose that ( f1)—( f3) hold. Then, for any k, v, T > 0,
(1.7) admits a ground state solution.

Remark 1.4. As observed for the local Schrodinger equation, the subcritical perturbation is nec-

essary to secure the existence of a nontrivial solution. Note that if f(x) =0 and u is a solution,
we can establish the following PohoZaev identity

1 3 2 6—u 6—u
_/|Vu|2dx+_K/|u|2dx=v_ff ()] u)l dxdy,
2 2 2 |x — y|#

R3 R3

R3 R3

Then « ng lu|?>dx = 0, which means there are no solutions with x % 0.
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Next we are going to study the existence of semi-classical solutions with concentration around
the global maximum of Q(x). For simplicity, we assume that V (x) = 1 and consider

ay | (00 (1t = )

—P AU u = fQ(y)(|u(y)'6_“+F<u<y>>>
. lx — y|#
in R3. (1.8)

‘We denote

Vmax = ma)g Ox), Q:={xe R3: O(X) = Vmax}, Vmax > Voo = limsup Q(x) (0)

xeR- |x]—o00

and suppose that Q : R> — R is a bounded continuous function with inf cp3 Q(x) > 0. For this
case we have the following theorem

Theorem 1.5 (Semiclassical limit I: concentration around maxima of Q). Suppose that the non-
linearity f satisfies (f1)—(f3) and the potential function Q satisfies condition (Q). Then, for any
& > 0, equation (1.8) has at least one positive ground state solution us. Moreover, the following
facts hold:

(a) There exists a maximum point x, € R3 of u, such that

lim dist(x,, Q) =0,
e—0
and for some ¢, C > 0,
c
()] = Cexp (= =lx = x.]).

(D) Setting ve(x) :=u.(ex + x¢), for any sequence x, — x¢, € — 0, v, converges in H! (R3) to
a ground state solution v of

2 v + F(v(y))

—AV+V =V g

ay | (i + ﬁf(v)).

Finally we are going to study the existence, multiplicity of semiclassical solutions that con-
centrating around the global minimum of V' (x). We are going to study

10=H + F(u(y))
lx — y|*

1
—2Au+ V() =e"3 / () dy (|u|47“u + 6—f(u)) in R3.
— 1
3

(1.9)
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Assume that V : R? — R is a bounded continuous function satisfying:

0 < kmin == min V(x), V:={x € R>: V(X) =kmin}, Kmin < koo = liminf V(x) <oo. (V)
xeR3 |x]—00

This kind of hypothesis was introduced by Rabinowitz in [32].
Theorem 1.6 (Semiclassical limit II: concentration around minima of V ). Suppose that the non-
linearity f satisfies (f1)—(f3) and the potential function V (x) satisfies condition (V). Then, for
any ¢ > 0, equation (1.9) has at least one positive ground state solution u.. Moreover,
(a) There exists a maximum point x € R3 of ug, such that
lim dist(x,, V) =0,
e—0
and for some ¢, C > 0,

C
()] = Cexp (= = = xe]).

(D) Setting ve(x) :=u.(ex + x;), for any sequence x, — xq, € — 0, v, converges in HY(R3) 10
a ground state solution v of

—Av+KZ V= /Iv(y)|6‘“+F(v(y))
lx —y|»

ay | (i + ﬁf(v))

The multiplicity of solutions for the nonlocal problem can be characterized by the Lusternik—
Schnirelman category of the sets V and Vs defined by

Vs = {x € R : dist(x, V) < 8}, for § > 0.

Theorem 1.7 (Multiplicity of solutions). Suppose that the nonlinearity f satisfies ( f1)—(f3) and
the potential function V (x) satisfies condition (V). Then, for any § > 0, there exists €5 such
that equation (1.9) has at least caty; (V) positive solutions, for any 0 < & < g5. Moreover, let u,
denotes one of these positive solutions with ns € R? its global maximum. Then

lim V (n.) = kmin.
e—0

Basic notations:

e C, C; denote positive constants.

e B denote the open ball centered at the origin with radius R > 0.

o Cy° (R3) denotes the space of the functions infinitely differentiable with compact support in
R3.

e For a mensurable function u, we denote by u™ and u ™ its positive and negative parts respec-
tively, given by

uT(x) = max{u(x),0} and u” (x)=min{u(x),0}.
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e E := H'(R?) is the usual Sobolev space with norm
172

lull == /(|W|2 + |ul*)dx
3

oL (R3), for 1 <s < oo, denotes the Lebesgue space with the norms

lul, = (/ |u|sdx)1/s.
R3

e From the assumption on V/, it follows that
172

llulle == /(|W|2 + V(ex)|ul?)dx
3

is an equivalent norm on E.
e Let X be areal Hilbert space and / : X — R be a functional of class C!. We say that (u,,) C X
is a Palais-Smale ((PS) for short) sequence at ¢ for I if (u,,) satisfies

I(u,) — c and I'(u,) — 0, as n — o0.

Moreover, I satisfies the (P.S) condition at c, if any (P.S) sequence at ¢ possesses a convergent
subsequence.

2. Autonomous critical equation

Since there are no existing results for the nonlocal Choquard equation with upper critical
exponent in the whole space, then we are going to study firstly the existence and properties of the
ground state solutions of the autonomous equation (1.7) which will play the role of limit problem
for the equation (1.8) and (1.9). Let G(u) = v|u|®* + T F(u) and g(u) = dgfl”), then equation
(1.7) can be rewritten as

—Au+ku= ! G(M(y))dy gm) in R3.

6—1u . |x — y|#

Remark 2.1. Assumption (f>) with « > 2 implies the existence of constant 8 > 2 such that
Ambrosetti-Rabinowitz condition for g holds: for every u # 0, 0 < 6G (1) < 2ug(u). Moreover,
we also assume that there is ¢ > 0 such that

g (s)s? — <1 +c— %) g(s)s >0 Vs>0. (fD)
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For all u € D"2(R?) we know

6— 6— (=
(/[WX)' ) dedy)ﬁf”sco,u)ﬁlulé

|x — y|#

R3 R3

where C (3, p) is defined as in Proposition 1.1. We use Sy, 1, to denote the best constant defined
by

/ [Vul|?dx
3
SH,L = inf R -
MEDI'Z(R3)\{0} [=m

6—u 6—u
f | () P~ |u(y)] dxdy
lx =yl

2.1)

3 R3
From the comments above, we can easily draw the following conclusion.

Lemma 2.2 (Optimizers for Su.r). [16] The constant Sy 1. defined in (2.1) is achieved if and

only if
1
C b )
e <b2+|x—a|2) ’

where C > 0 is a fixed constant, a € R* and b > 0 are parameters. Moreover,

S

E—— 2.2
CG. )77 &2

SH,L =

where S is the best Sobolev constant of the continuous embedding DV2(R3) < LT (R?). In
particular, let

Co

Ux)= ————
(1+]x[2)?

be a minimizer for S which satisfies — AU = U?, then

~ (u—3) —1
U(x) =S¥ C@3, u)m U (x),

is the unique minimizer for Sy 1, that satisfies

6—p
—Au = Mdy lul*Hu in R3.
. lx — y[#
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Proof. We sketch the proof for the completeness of the paper. By the Hardy-Littlewood—Sobolev

inequality, we have
/ |Vu|>dx
S
S HL> ——————— inf R

C(@3, M)ﬁ ueD2(R)\{0} w2 Cc(@, M)ﬁ '

On the other hand, the equality in the Hardy-Littlewood—Sobolev inequality (1.6) holds if and
only if

h b G%M
fx) = (x)—C<m> s

where C > 0 is a fixed constant, a € R3and b e (0, 00) are parameters. Thus

6— 6~ =
([ [ O ) s,

lx — y|#

R3 R3

if and only if

1
2

ux)=C <h2+ Ix —a|2)

Then, by the definition of Sy 1, we know

f |Vii(x)|>dx
R3

SHL < 1

/ i () [0 i ()]~

|x — y|*

dxdy

3 R3
It is well-known that i is a minimizer for S, thus we get

S
Su,L < —.
C@3, u)sr

From the arguments above, we know that Sy 7, on # and (2.2) holds. By a simple calculation, we
know

~ (1=3) -1
U(x)=8%-mC(@3, n)2=m U (x)

is the unique minimizer for Sg 7 that satisfies
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6—p1
—Au = Mdy lul* M u in R3,
lx — y[#

and, moreover,

5 U 6—u |7 6—p 6—p
. lx — yl# ’
R

R3 R3

which concludes the proof. O

Next, repeat the proof in [16], we have one more important information about the best constant
SH L.

Lemma 2.3. For every open subset Q C R3, we have

/|Vu|2dx

SpL(Q):= inf &

1,2 1
ueDy™ (\{0} 6=

6— 6—
//Iu(x)l Hlu(y)l dedy
lx — y|*

Q Q

=Su,L,

and Sy.1 () is never achieved except for Q@ =R>.

Proof. Clearly Sy.; < Sy.1(RQ) by Dé’2(9) C D'2(R3). Let (u,) C C{°(R?) be a minimizing
sequence for Sy ;. We make translations and dilations for (u,) by choosing y, € R3and 1, >0
such that

nstn 1 2
W)™ () =1 P (T x + yn) € C(R),

which satisfies

/|Vu3,’"”"|2dx=/|wn|2dx
R3 R3

and

lx — y|» lx — y[»

[/ T /] s a2 gy,
Q Q

R3 R3

Hence Sy.1.(2) < Su.1. Moreover Sy 1,(€2) is never achieved except for Q2 = R3, since U (x) is
the only class of functions with equality in the Hardy-Littlewood—Sobolev inequality. O
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The energy functional associated to equation (1.7) is defined by

D) = 3 / (Vul? + il = 5o f / G(”(y”G(”(’“”dxdy.
3

lx—y

From the growth assumptions on f, the Hardy-Littlewood—Sobolev inequality implies that
®,,.; is well defined on E and belongs to C'! with its derivative given by

(d>,/( bW, 0) = /(VuV(p—}-/cu(p)dx ~g : // G(u(y))g(u(x))w(x)dxdy, Yu,p € E.
” -

lx — yl#
R3 R3 R3

Therefore, the solutions of equation (1.7) correspond to critical points of the energy @, ;.
Let us denote by N, ; the Nehari manifold associated to @, ; defined by {u € E : u # 0,
(@), (), u) =0}, namely

1 G
Neve=1uc E\{O}:/(qu|2+K|u|2)dx: // @)g@CNut ;41
6—pn lx — y|*
R3 R3 R3
or equivalently Ny, ; = {u e EN{O}: Wy (u) = O}, where we have set
1 G
W o) ::/(|Vu|2+lc|u|2)dx - // W)gNu) ;o
. 6 lx — y|#
3 R3 R3

From ( f3), for each u € E\{0}, there is a unique t = ¢ (u) > O such that

Dieor, o (t )te) = Max Dy z (su0), twu € Ny,
Furthermore, there exists § > 0 such that

lu] >3, VueNeyr. (2.3)

By assumption (f;), there exists ¢ > 0 such that

(Wy @), u) <—0, YueNcy:.
In fact, from ( f2) and ( ﬁ), a direct computation yields
(Wi v o (), u)

:2f(|w|2 +icluP)dx

1 //g(u(y))u(y)g(u(x))u(x) + G(u(y)g (ux)u*(x) + G(u(y))g(u(X))u(X)dxd
6 MRS e lx — y|#
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<f/ G(u(y))[(l—%)g(u(x))u(X)—g/(u(x))u2(X)]d
< xdy

lx — y[#
R3 R3
< _g// G(u(y))g(u(x))u(x)dxdy'
lx — y[#
]R3 ]R3

Therefore, if there exists a sequence (u,) C N, . such that (\I/,/(’v,r(un), u,) — 0, then would
we have

//G(un()’))g(“n(x))u"(x)dxdy—>0

lx — y|#
R3 R3

and consequently [u, | — 0, which contradicts (2.3). Therefore, N, ; defines a natural mani-
fold and, as it can be readily checked, minimizing @, , ; over N, , . generates critical point of
q)K,U,T'

To get existence of nontrivial solution by Mountain Pass theorem, we need to check that @, ,,
satisfies the Mountain Pass Geometry. For simplicity, we let « = v = v = 1 in the sequel. The
following lemma is a revised one of the corresponding version in [2] and we sketch here for the
convenience of the readers.

Lemma 2.4. The functional ®1 1 1 satisfies the Mountain Pass Geometry, that is,

(1) There exist p, 8o > 0 such that ®y 11|y, = 8o forallu € 9B, ={u € E : |lul| = p};
(2) There are r > 0 and e with |e|| > r such that $1 1 1(e) <O0.

Proof. (1). From the growth assumptions on f and the Hardy—Littlewood—Sobolev inequality,
we derive

1 —_
P11.1G0) = 3 Jal = CClulP 4 2O,

then (1) follows if p is small enough. (2). Fixed ug € E \ {0}, we set ¥ (1) := ¥ (;22) > 0,

lluoll
where
W) = 1 // G(M(X))G(u(y))dxdy'
26— ) lx — y[#
R3 ]R3

By the Ambrosetti—-Rabinowitz condition ( /),

for t > 0.

AQNS o«
() —t

Integrating over the interval (1, s|lug||) where s > n;ﬂ’ we find

Wsug) = W () o 5.
ol
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Therefore, for s large we get
@111 (sup) < Cis* — Cas”.
Since o > 2, (2) follows with e = sug and s large enough. O

By the Mountain Pass theorem without (PS) condition, there is a (PS) sequence (u,,) C E such
that

/
@41 wn) =0, Ppi(un) > min,
where the minimax value m 1,1 can be characterized by

miq,1:= inf max®pq1(tu)= inf @ 1,1(u). (2.4)
ueE\{0} >0 ueNi 1

By using the Ambrosetti-Rabinowitz condition, it is easy to see that (u,) is bounded in E. The
next lemma establishes an important information involving (P S) sequence which will be crucial
later on.

Lemma 2.5 (Nonvanishing energy range). Assume that (u,) C E is a (P S).-sequence with

5—u =

O<c< — 2 g3
26 —p)

~=

Then (uy,) cannot be vanishing, namely there exist r,§ > 0 and a sequence (y,) C R3 such that
liminf / lun|dx > 8.
n—od
By (yn)
Proof. By contradiction, if (#,) C E is vanishing, then [36, Lemma 1.21] yields
u, — 0 in L™ (RY),
as n — oo, where 2 < r < 6. Choose ¢, s close to % satisfying
1/t+up/34+1/s=2.

Applying the Hardy-Littlewood—Sobolev inequality, we know

‘ / 2 (9)1OH f (1t (X))t (x) J
X

6—
lx — y|» dy‘ < Clunly 6 oy Ut I5p + 1 5q),

R3 R3

from where it follows

/ |Mn(y)|6fﬂf(”n(x))”n(x)dxdy -0 / |u"(y)|67MF(u"(x))dxdy -0

lx — yI# lx — y|*
R3 R3 R3 R3
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as n — oo. Similarly,

/f F(“n()’))f(un(x))un(x)dxdy_)0 // F(un(y))F(Mn(x))dxdy_)()

lx — y[* lx — y|#
R3 R3 R3 R3

as n — oo. Then, since (u,) is a Palais—Smale sequence for & 11 with &1 1 1(u,) — ¢, we get

1, 1 Jtt ()0 H [ () |OH
= - — dxd 1 2.5
¢ =3 llunl 2(6_M)// P xdy + 0, (1) (2.5)
R3 R3
[t (x)[OH [, () |OH
= [ [ O dxdy + 04(1). 26)
A [x —yl
R\

If lun|l — O, then it follows from (2.5) and (2.6) that ¢ = 0, which is a contradiction. Then
lun || = O and, by virtue of formula (2.6), we obtain

—6 _
lun 1> < Sy 1 lun*©7 4 0, (1). 2.7
So in light of (2.7) we get

o ) (6—w)/(5—np)
I}lrglcgfllunll >Su.1 :

Then from (2.5) and (2.6) we easily conclude that ¢ > (5— 1) /(26— w)) Sty ;™) contradic-

tion the assumption. Hence, there existr, § > 0 and (y,) C R3 with lim inf, _ oo f B, () |u,,|2dx >
5. O

Lemma 2.6. Suppose that ( f1)—( f3) hold. Then there exists ug € H'(R?) \ {0} such that

S
sup @111 (tup) < SISJ

>0 2(6 — )

==

Proof. For every ¢ > 0, consider
U= veU (2). @) =y 0U:()., xR,

be the functions in formula (7.1) in the Appendix, where ¥ € C§° (R3) is such that ¢ =1 on
B(0,4) and ¢y =0 on R3 \ B(0,26) for some § > 0. From Lemma 7.1 and [36, Lemma 1.46],
we know that

« 3 3
/ uel* dx = C3, ) ™1 §7 |, + O(e),
R3
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3
/ Vue Pdx = C3, )08} | +O(e), 2.8)
RS
/ lug*dx = O(e), 2.9)
R3
luap ()0 H g () |0 H Su 6-n
f s~ dxdy = C(3, )3 8,7, O(s 2 ) (2.10)
x—y

R3 R3

¢ ¢ _
/ lus COI fue (I dxdy > O -0 <8GTM) if 677“ <t<6—pn (2.11)
LA lx — y[#

Then the estimates (2.8)—(2.11) imply

2 > 2 1261 lite () |5 [ug () |6
Dy,1,1(tue) < 5/(|Vu5| + lug|dx — 26- )/ P dxdy
R3 R3 R3
2L ¢ ¢
ot C%/ e (O I
2(6 — 1) Ix — y|#
R3 R3
1 13 3 126=m
E(C(3 n)en2s HL+O(8)) ﬂ(c(?’ M) SHL —0(8 E ))
[2{ 6—n
— (O — O(e72 ) i=h(r).
2(6 — 1)

Then h(t) — —o0 as t — 400, h(0) =0 and A(¢) > 0 as t — OT. In turn, there exists #, > 0
such that supg+ & is attained at ¢.. Differentiating /2, we obtain

s 3 . i
(COTTS} , +0@) =20 2(CG. 18,7, - 0E)
= t82§72(0(867/1,7§) _ 0(8677“))

Since 0 <pu<3and5—pu<¢ <6—pthen6—pu—¢ < (6— u)/2. Hence, as € — 0 we
have

1
26-m)—2

3 3
CB. WM SE | +O(e)

te < SH,L(E) = = -
C(3, M)ZS 2 ; —0E7)
and there exists 79 > 0 such that, for ¢ > 0 small enough, ¢, > #y. Notice that the function
[2 3 3 t2(6 ) [
> E(C(3, WD SE +0()) — m(C(3 )2 SHL —0E" ))

is increasing on [0, Sg 1. ()], thanks to 7o < ¢, < Sm.1(g), we have
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=)

5_/-1
3 3 s
5—1 C(3, u)26-w SI%I,L + O(e)

max 11,1 (ue) = S — O + 06"

oo
(CO.misy, - 0ET))™
6—

< 2TH G 0@e) — O + 06T
E)— & & .
—206—p) HL

Since0<pu<3and5—pu < <6— pu, we know that 6 — u — ¢ < 1, and therefore

Oy 11ty < s
max u < — 9
>0 1,1,1 e 2(6—11«) H,L

if ¢ is small enough. The proof is completed. O
3. Proof of Theorem 1.3

By Lemma 2.4 and Lemma 2.6 and the Mountain Pass Theorem without (P S) condition (cf.
[36]), there exists a (PS), , ,-sequence (u,) C E of ®1,1,1 with

6—p

g5

S5—p
2(6 — )

a9
==

miy 1,1 <
Furthermore, by Lemma 2.5, there exist r, § > 0 and a sequence (y,) C R3 such that

lim inf / |un|*dx > 8.

n—od
By (yn)
Since ®1,1,1 and @ | ; are both invariant by translation, without lost of generality we let y, =0
and
2 8
luy, | dxzi. 3.1
B (0)

Since (u,) is also bounded, we may assume u, — u in E, u,(x) — u(x) a.e. in R3, u, — u in
L? (R3), p <6and u #£0 by (3.1). We first check that if #,, — u in E, then

loc

/ ln ) iy O Hun @) / DI @ @) o

L lx — y[# L |x — y|»
R R- R° R-

(3.2)

for any ¢ € E, as n — +o00. By the Hardy-Littlewood—Sobolev inequality, we have

|f*lx—y|7" s <C|f|ls , forall fe .
1 6—1 6_I’L
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6
6

Choosing f, (y) := |un(y)|®# € L& (R?), we get

[t ()7 s x = y1 |6 < Clunle < C.
Therefore, by Holder inequality with exponents % and %, the sequence

(w1 e = 317t (110 2)

is bounded in L% (R3). Then, as n — +o0, by duality we have

6—u 6—n
/ T O o)y — / PO o) uody, in LR
|_x — y|ﬂ |)C - y|ﬂ
R3

as n — 4-00. Then (3.2) follows for every ¢ € E C L%(R3). For RS CSO(R3), notice that

|x — y|# lx — y|#
R3 R3 R3

1 G(M(y))g(M(X))w(X)d dy— Iu(y)|67“+F(u(y))d
6 n xdy = y

1
x (Il 1) + —— f () Jp()dx,
—u

since f is subcritical in the sense of the Hardy—Littlewood—Sobolev inequality, it is then easy to
prove

// G(un(y))g(un(X))qo(X)dxdy_)// G(u(y))g(u(X))w(x)dxdy

lx — y|# lx — yl#
R3 R3 R3 R3

Then u is a nontrivial critical point for ®; 1 ;. By Fatou’s Lemma, since g(s)s — G(s) > 0 for
all s, we get

L,
mi11 < P11 — 5(431,1,1(14), u)

o ! ‘/f(mwmmuo—Gmu»yxmwhhd
2(6 — u)

|x — y[*

R3 R3

// 8(un (x))up(x) — G(un(x)))G(un(y)) dxd
n—>oo 2(6 7))

|x — y|#

R3 R3
1 /
=@y 1,1(u,) — §(¢1,1,1(un),un) — mi 11,

we know @1 1,1(u) =mq 1,1, which means that u is a ground state solution for ®; | ;. Rewriting
the equation (1.7) in the form of
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~tuu= | ROy gy RS
v —yl*

where

6—
H®u):= W%””) K(u) = u*"u + ﬁf(u) € L™ (RY) + L7 (RY).

By [25, Proposition 3.1], we know u € LP(R3) for all p € [2, 18/(3 — u)). Using the growth
assumption of f and the higher integrability of u, the Hardy-Littlewood—Sobolev inequality
yields, for some C > 0,

Cu®)) ,

6—p q P ( 6=n 4 P )
<Cl|lu u u <Cl|u u u

Ix — y|H < Cllul + ul? + |ul |%_ ||3(6*u)+| |"€7q+| |3p ’
3

3—n 3—un 3—n

]

which is finite since the various exponents live within the range [2, 18/(3 — w)). Thus,
4 1 3
—Autu< C(|u| My 4 6—f(u)) in R?,
—

By the Moser iteration, the solution u of (1.3) is classical, bounded and it decays to zero at
infinity. O

Lemma 3.1. There are C, B > 0 such that the ground state solution satisfies |u(x)| < Ce Pl
for x e R3.

Proof. By the previous discussion, we have

1 1
—Au+ FU =< C(|u|47“u + fw) — FU-

Since u(x) — O uniformly as |x| — +o00, we find py > 0 such that for |x| > pg the right hand side
is negative. It is then well known that —Au + u/2 < 0 yields an exponential decay on R3. O

The following is a comparison result for the mountain pass values with different parameters
k,v, T > 0, useful in proving the existence result for (1.1) when ¢ is small enough.

Lemma 3.2 (Monotonicity of energy levels). Let ki, v;, t; >0, i = 1,2, with min{k; — k1, V| —
V2,71 — 72} > 0. Then

My v, 7 = Micg, 0,75

If additionally, max{xy — k1, v1 — V2, T1 — T2} > O, then the inequality is strict.
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Proof. From Theorem 1.3, let u be a weak solution of problem (1.7) with coefficients «7, vz, T»
at the energy level @y, v, 1, () = My, v, r,. By (f3), we know there is a unique ¢ = 1 (1) > 0 such
that

q)/(z,vz,rz (t(wu) = m>a(7)( Cbxz,vz,rz (su), t(uu € N/cz,vz,rz~
5>

Since u € Ny, v, .1,, we know ¢ (u) = 1 and so

Dy, vy,m, (1) = Itnféi Dy vy, 1, (T11).

Similarly, there exists 79 > 0 such that @y, ,, ¢ (fou) = max;>0 Py, v;,7, (tu). Then

My vy = Inf max @y, ) 7 (fw) <max Dy, o, 7, (tu)
weE\{0} >0 >0

= q)l(] V1,71 (tou) < q)Kz,Uz,Tz (tou) < q)l(z,vz,‘[z (u) = My vy,195
which concludes the proof. The proof of the strict inequality is similar. O
4. Critical equation with nonlinear potential

In this section we will consider the existence and concentration of the solutions of equation
(1.8). Consider

—Au+u=

1 < 0(Ey)Gu(y))
6—pun lx — y[®
R3

dy) 0(ex)g(u) in R3, (SCC1)

where we still use the notions G (u) = |u|®* + F(u). By changing variable, it is possible to
see that the above equation is equivalent to equation (1.8). The energy functional associated to
(SCC1) is

I (u) = %/(sz + uPdx — Y (u),
]R3

B = 1 f Q(ey)G(u(y))Q(ex)G(u(x))dxdy_
2(6—M)R3 J lx — y[#

The Nehari manifold associated to I, will be denote by N, that is, N, = {u eE u##0,
(IL(u), u) = O} and there exists « > 0, independent of ¢, such that

lull = o, YueN,.

Similar to Lemma 2.4, we know I, also satisfies the Mountain Pass Geometry and assumption
(f3) implies that the least energy can be characterized by

Ce uler}\/a e(u) uelEn\{O}I?ﬁé( e (tu) 4.1)

and there exists ¢ > 0, which is independent of ¢, such that ¢, > c.
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4.1. Truncating techniques
For d € [Vmin, Vmax], We set

0% (ex) := min{d, Q(ex)}

and introduce the first auxiliary problem for equation (SCC1) by considering

d
—Autu= ! (/ Q (Sy)G(u(y))dy>Qd(sx)g(u).
—n
R3

lx — y[*

The associated energy functional is defined by

1 1 04 (ey)G () Q% (ex)G (u(x))
Ig(u)=§/(|Vu|2+|u|2)dx— 2(6—u)// dxdy.
R> R

lx — y|*
R3

The associated Nehari manifold is Ngd = {u eE:u#0, ((Igd)’(u), u)y = O} and the least energy

d

1S C,.

Lemma 4.1. Suppose that f satisfies ( f1)—(f3). Then

. d
limsup g <my ga(9), 0d(0)-
e—0

Proof. Let u be a ground state solution of (1.7) with coefficients (1, 0%(0), 04(0)), that is

@1, 04(0), 0¢(0) (™) =My gd(0),04(0)-

Then there exists a unique ¢, = t.(#) > O such that f.u € /\/Sd and c? < Ig’ (teu). From the

boundedness of Q, by the arguments in Lemma 2.4, there exists 7 > 0 independent of ¢ with
Isd(su) < O forall s > T. Consequently, ; < T and we may assume that #; — #y. Observe that

Ig([gu) = q)l,Qd(O),Qd(O)(ISM)
1 / / [07(e) 0% (ex) = 01O Q! OIGUEN) G ) | dy
26— ) '

lx — y|#

R3 R3

Once that Q is bounded and 7, — #¢, applying the Lebesgue’s Dominated Convergence theorem,
we know

lim sup cf < lim sup Isd(tsu)
e—0 £—0

=lim sup ((Dl,Qd(O),Qd(O)(tsu) + 08(1))
e—0

=@y 04(0),0¢0) t0tt) = Py ga(0), 0t (0) (M) =M1 0d(0),04(0)

which concludes the proof. O
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Next, we prove an upper bound for the Mountain Pass level ¢, in (4.1).
Lemma 4.2. There holds

limsup cg < M1,y
e—0

>Vmax *

Proof. If d = vpmax, then Q% (ex) = Q(ex). Consequently, c? = c;. Then, by Lemma 4.1,

lim Sup Ce =m 1, Vmax, Vmax *
e—0

This completes the proof. O

To consider the existence of solutions concentrating at the nonlinear potential, we will partially
truncate the nonlinear potential Q in front of the subcritical term and introduce the second aux-
iliary problem for equation (SCC1). For e € [Vin, Vmax), We set Q¢(ex) := min{e, Q(ex)} and
consider

as)iQen it #u+ £ )

/ QNI + Q°(ey) F (u(y))

—Au—i—u:(
lx — y[#

in R’
The associated energy functional is defined by

if(u):%/(|Vu|2+|u|2)dx—

R3

2(6 — )

y // [Q (e () *# + Q°(ey) F w(YNILQ (62) | (x)|°~# + Q° (ex) F (u(x))]

dxdy,
|x —y|*

R3 R3

the corresponding Nehari manifold and least energy are ./\7; and ¢{. Related to the above func-
tional, we have an important lower bound for the level ¢¢.

~e
Lemma 4.3. ¢ > m1 e

Proof. Since Q°(ex) < e and Q(ex) < vmax, from the characterization of the value m ,, . ¢,
we know

inf max I¢(tu) > inf max &1, . (tu),
uckE t>0 uek t>0

namely the assertion. 0O
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4.2. Existence for Theorem 1.5
In this subsection, we will prove Theorem 1.5.

Lemma 4.4. Suppose that the potential function Q satisfies (Q) and the nonlinearity f satisfies
(f1)—(f3). Then the minimax value c. is achieved if ¢ is small enough. Hence, problem (SCC1)
admits a least energy solution if ¢ is small enough.

Proof. From LLemma 4.2, there holds

lim Sup Ce =m »Vmax

sVmax *
e—0
Furthermore, we know
2 6—
S5—n = Sﬁ
M1 vmax, Vmax < 2(6_M) Vmax H,L-

Since the least energy ¢, can be characterized by

Ce = i[}{/‘ I (u),

ueN;

we can choose a minimizing sequence (u,) C N; of I, such that I.(u,) — c.. By Ekeland’s
variational principle [36], we may also assume it is a bounded (PS) sequence at c.. With-
out loss of generality, we assume that u, — u, in E with I/(u.) = 0. To complete the proof,
we need to show that u, # 0 if ¢ is small enough. On the contrary we assume that there ex-
ists a sequence &; — 0 with Ug; = 0. For each fixed j, let (u,) C ./\/:;j be a (PS) sequence
of I, at Ce; such that u,, — u, P = 0 in E. Select vyin < € < vmax and consider the func-

tional I [¢ . Note that for each u, there is a unique #, such that t,u, < ./\/ ¢ o we claim that
the sequence (ty) is bounded. Indeed, suppose by contradiction that ¢, — 00 as n — 0.
Since (u,) is bounded and ||u,,||2 > o, we know that there exist (y,) C R3 and r, 8 > 0 such
that

/ |u,,|2dx >35, neN.

By (yn)

Otherwise, u, — 0 in L*(R3), 2 < 5 < 6, and we can get

. 6—1 . 6—
L. (1) — (I (), ttn) = // O un ()" O(ejx)lun (x)] dedy
! 2(6 W)

|x — y|#

R3 R3
+ 0, (1).

Notice that (u,,) C N; : is bounded minimizing sequence at Ce;r WE have
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. 6— . 6—
1||14n||2— 1 // QEjNNunMIP™HO(e;x) |upn(x)] dedy—>cg.. 42)
2 206 — 1) J

o lx — y[#
R> R°
. 6—n . 6—p
& &
||un||2=f/ Q(ej M un(W)°™" O (g x)|un (x)| dxdy. 43)
& lx — y|#*
And so we get
it (00) O (y)1°~H 6 _
lunll® < Viax f / z o dxdy < v}, Sty lua[2C7). (4.4)
s lx — yl
R.

If [unll — O, then ¢;; =0, a contradiction. Consequently, [lu,| - 0. So by (4.4) we get
__1 _6-pu
ltnll = vimax " Spy’," . Then from (4.2), (4.3) and (4.4) we easily conclude that

S—pu % S
Ce: > ————Vpax
81_2(6_'“) ‘max

which contradicts with the assumption. Hence () is non-vanishing. Thus, v, (x) = u, (x + y,)
is bounded in E and its weak limit v € E is not zero, namely v # 0. Hence, there is 2 C R3

with |©2] > 0 such that v(x) > O for all x € Q2. Since (u,) and V are bounded and inf3 O(ex) >
xeR
0,

¢ ¢

v (0)[¢

t3||vn||22t35C/ [n COF oI "(| I Tiy” dxdy,
X =Yy

R3 R3

which implies that (f,) is bounded. In what follows we assume that 7, — fp > 0 as n — oo.
Hence,

s < igej (tyun) = I&j (tyun)

n 1 // Qe ua(MIH[Q(ejx) — Qe(ij)]F(un(X))dxdy
(6— ) lx — y|#
]R3 R3
n 1 // [Q(e;y)0(ejx) — Qe(ejy)Qe(ejx)]F(un(X))F(un(y))dxdy_
2(6—;0]R3 2 lx — y[#

Notice that u,, — u, ;= Oin E and u,, — 0 in quoc (R3) for g subcritical. Choose ¢ and s close
to % with
1/t+u/34+1/s=2

and apply the Hardy—Littlewood—Sobolev inequality, we know
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‘/f Qe )|ua()|*H[Q(ex) — Q“(SjX)]F(un(X))dxdy
lx — y|#
R3 R3

< Clunlg ) I1Q(ex) — O (8,)1F (i) s.
Observe that
/I[Q(er)— Q°(;0)]F (up) dx = / I[Q(gjx) — el F (up)’dx = 0,(1),
R3 {x:0(ejx)>e}

since {x : Q(¢g;x) > e} is bounded and f (s) is of subcritical growth, we know

// Q(Sjy)|un(y)|6—M[Q(gjx) — Qe(ij)]F(un(x))dxdy =0, (1).

r lx — y|#
R° R

Similarly,

// [Q(ejy)Q(ejx) — Qe y) Qg X)F (un (X)) F (un (y))

dxdy = 1).
o — y|~ xdy = o0,(1)

R3 R3

From the above arguments and the fact that I, (thun) < Ig;(un), since (un) C J\/'gj, we
know

&, < Iy (tnttn) + 0 (1) < I (un) + 0, (1).

Hence ¢, < c¢; as n — oo. From Lemma 4.3, since there holds ¢f > m1 vy, We know
M1 e < Ce;- Taking the limit j — 400 and using Lemma 4.2, we get mi . e <

M1 v vmax > APPlying Lemma 3.2 with the fact that e < vy, this yields a contradiction that
is ug # 0. Then, repeat the arguments in section 3, we know I;(u#;) = ¢, which finishes the
proof. O

The following Brezis-Lieb type lemma, here specialized for N = 3, for the nonlocal term is
proved in [16].

Lemma 4.5. Let 0 < . < 3. If (uy) is a bounded sequence in LO(R3) such that u, — u almost
everywhere in R3, then the following hold,

- 6— 6— - 6— 6—
/(IXI B fun |77 lun| “dx—/(IXI o lun —ul®™ M)y —ul”"dx
R3 R3

— 6=y, |6~ 1
= (x 7 Ju ) u PP dx,
R3

asn— oQ.
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Lemma 4.6. Let (u,) be the sequence of solutions obtained in Lemma 4.4 with parameter
&n — 0. Then, there is y, € R3 such that

lim dist(g,y,, Q) =0,
n—>oo

such that the sequence v, (x) := u, (x + y,) converges strongly in E to a ground state solution v

of

2 lvW[OH + F(v(y))

—AV+v =V, g

1
4-—p in R3
dy (|v| v+6_'uf(v)) inR3.

Proof. Let (u,) be the sequence of solutions obtained in Lemma 4.4 with parameter ¢, — 0. It
is easy to see that (u,) is bounded in E. Moreover, repeat the arguments in Lemma 4.4, we know
that there exist r, § > 0 and a sequence (y,) C R3 such that

liminf / lun|?dx > 6. (4.5)

n— o0
By (yn)

Setting vy, (x) := u,(x + y,) and és” (x) :== Q(en(x + yp)), we see that v, solves problems

! 0, (NGO |\ .
_Av+v=6_M(R[ ST dy) 0, (050 () in B

We shall use I;n to denote the corresponding energy functional. Since v, (x) := u,(x + y,) is
also bounded, from (4.5), we may assume that v, — v in E with v # 0 and v > 0. The sequence
(&, yn) must be bounded and up to sequence &,y, — yo € Q. Argue by contradiction, we assume
that &, y,, — 00, as n — 00, we may suppose that Q(¢,y,) = Qo < Vmax. Since (ie’n (vn), ) =0
for any ¢ € C§° (R3), equivalently, we have

1 ~
f(an Vo +vp)dx — 6— 1 / dy) Qc, (x)g(n (x))p(x)dx =0.

R3 3

( / 06, (NG Wi (¥))
lx — yl#
R3
(4.6)
From the regularity arguments in the section 3, we know
G(va(y) 6—
TRy = (ol + ol +lonl”, ),

|-x - YW 3—n 3—u 3—u
oo

thus
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= sup sup
neN xeR3

/Qen(y)G(vn(y)) ‘
y| <00

lx — y|*

Whence, we have

)/ /an()’)G(vn()’)) )(Q'En(x)g(vn(x))_Qog(v(x)))w(x)dx‘
R3

lx — y|#
< | [ (8e, 8w ~ Qog(wen o]
3

Then, since

/ (8e, 8(0n(0) — Qogw() Jp(x)dx — 0, Vg € CFRY),
R’%
we have

lx — y|#

( / Gu O 1) (5, (3150000 — Qg )o(da] = 0. Vo e CFE).
R3

Repeating the arguments in the proof of Theorem 1.3, we obtain

‘/(/ 0c, (MG @a(») = QoG ()

g dy)gw(Ngdx| >0, Vo e CF®).

R3 R3

Taking the limit in equation (4.6), we get that v is nothing but a solution of the equation

v~ + F(v(y))
lx — y|#

1
—Av+v= Q> dy (|v|4—”v+mf(v>) in R3.

Observe that I, (u,) = fgn (vn), and by Fatou’s Lemma and Lemma 3.2, we can get

M1 vmax, Vmax < mlaQOaQO = CDLQO,QO(U)

= D1,05.00(V) — (@ 9y.00(V): V)

_
06— 1)

2 —
S R VES / / GEODI2EEW —0GwT,
27 06— 20(6— 1) =yl

R3 R3

o 1 2
=timint{ (3~ g1
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n 1 // an(y)G(vn(y))an(x)[Zg(Un(x))vn(x)_GG(Un(x))]dxdy}
2006 — 1)

|x — y[#
R3 R3

- 1 ~
= liminfilsn (0) — (I (vn), v,,)} = liminfc,,.
n—>00 0 n n— 00

(6—w)

This contradicts to Lemma 4.2 which says

lim sup ¢, = M1, vmax . Vimax *
n—oQ

Thus (g, y,) is bounded and we may assume that &, y, — yo. Next we are going to prove yg € Q.
If yo ¢ Q, by the definitions of Q, then it is easy to see

M1, vmax, Vmax < mi,Q(yo), Q(vo)-

Let v be the weak limit of the sequence v, (x) := u,(x + y,) then v satisfies

6—u
—Av+v = Q(y0)* / S i(v(y))dy <|v|4_ﬂv + ;f(v)) 7
A x =yl 6—n

and
ML vax vmax. < 71,0(30), Qo) = liminfeg, .
which contradicts Lemma 4.2, since

lim sup ce, < M1, vmax, vimax -
n— 00

Therefore yyp € Q, which means dist(e, y,, @) — 0. By repeating the arguments in Lemma 4.1,
we get

Jim L, (Un) < M1,0(50).0(0) = M1, vinax. inax:
consequently,

chstaXvaax (U) = (DLQ(yo),Q(yo) ('U) = M1, vmax. Vimax >

and so v in fact is a ground state solution of the equation (4.7) with Q(yo) = Vmax. Finally we
show that (v,,) converges strongly to v in E. Since Q is uniformly continuous, using Lemma 4.5,

Lo, (v — v) = I, (V) — @1 vy v (V) + 0 (1).
Since

nll>ngo I, (vp) = (Dl,vmax,vmax (v),
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it follows that I, (v, — v) — 0. Similarly, 7 (v, —v) — 0, which implies
lim (I (v, — v), v, — v) =0.
n—oo "
Hence,

low = w2 =€ lim (T, (0 —v) (L, (o = ), vy = v)) =0,

66— )
showing that v, — v in E. This ends the proof. O
Lemma 4.7. Let (v,) be the sequence obtained in Lemma 4.6. Then, there exists C > 0 indepen-
dent of n such that |v,|s < C and v,(x) — 0 as |x| — oo, uniformly in n € N. Furthermore
there are C, B > 0 with

lua(x)] < Cexp(—Blx]), VxeR>.

Proof. From Lemma 4.6 we know that &,y, — yo € Q as n — oo and the sequence v, (x) :=
un(x + y,) converges strongly to a solution v of the equation

6—1 1
—Av—i—v:Q(yo)2 v +F(U(y))dy (|v|4_“v+—f(v)) in R3.
6—pn
3

|x — y|#

From the regularity arguments in section 2,

sup sup
neN xeR3

/ 0, ()G Wa ()

DTE T

and v, € LY(R3) for all 2 < g < oo. Furthermore, the elliptic regularity theory implies that
v, € C3(R?) and

—Av, <h(v,) in R,
where h(v,) € L'(R%), t > % Then, we learn that |v,|c < C and

lim v,(x) =0 uniformlyinn € N.
|x]—00

Recall that by (4.5),
6 < / |un|2d-x’
By (yn)

then we obtain
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2 2
5 < / lonl2dx < By l[vnl2e,

B, (0)

from where it follows |v,|eo > 8’. That means there exists 8’ > 0 such that |v,|oo > 8 for all
n € N. The exponential decay property follows from a standard comparison arguments. O

4.3. Concentration behavior

If u,, is a solution of problem (SCC1), then v, (x) = ug, (x 4 y,) solves

—Av, +v, =

/Qs,,(y)G(vn(y)) )Q’gn(x)g(vn) in RS,

lx —

with QSH (x) = Q(gnx + €,y,) and (y,) C R3 given in Lemma 4.6. Moreover, up to a subse-
quence,

v, —>v inE, y,—>y€Q,

where y, = &,y,. If b, denotes a maximum point of v,, from Lemma 4.7, we know it is a
bounded sequence in R3. Thus, there is R > 0 such that b, € Bg(0). Thereby, the global maxi-
mum of ug, is z¢, = b, + y, and

Enle, = Enbn + &nyn = €nbp + Y.

From boundedness of (b,), we get the limit lim &,z¢, = yo, therefore lim Q(g,ze,) = O(yo).
n— o0 n—o0

We also point out that for any ¢ > 0 the sequence (ez.) is bounded, where z, is the maximum
point of the solution u, obtained in Lemma 4.4. In fact, if there exists £; — 0 and Ze; of ug i such
that ¢ Zg; —> 00, However, from the above arguments,

€j2e; = €jbe; +€jYe;

where Ve; is obtained in (4.5) by non-vanishing argument with (g; Ve; ) bounded, and b

the maximum point of Ve, = Ug; (x + Ve; ). Consequently, ¢; Ze; —€jYe; = s]b . — 00. Wthh
contradicts with the fact b lies in a ball Br(0). From Lemma 4.4, there is a pos1t1ve solution
for (SCC1) for & > 0 small enough Therefore, the function w, (x) = us( ) is a positive solution
of (1.8). Thus, the maximum points x; and z, of w, and u, respectlvely, satisfy the equality
Xg = £Z¢. Setting vg(x) := w(ex + x¢), for any sequence x; — xg, ¢ — 0, it follows from
Lemma 4.6 that, lim,_, ¢ dist(x,, Q) = 0 and v, converges in E to a ground state solution v of

Vaax ([ G(»)
_Au+u:6_M(R% |x—y|“dy)g(u)'

From Lemma 4.7, for some ¢, C > 0, |w.(x)| < C exp ( — §|x — x€|).
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5. Critical equation with linear potential

Finally, to study the existence of solutions for the following equation

6_
—Au+V(ex)u= /'”(y)' i CO)FN (|u|4_“u+;f(u)) in R3, (SCC2)
. lx — y|# 6—u

we introduce the energy functional associated to (1.9) be J.. The Nehari manifold associated to
Je will be still denoted by N, that is,

A@:{ueE:u#OJﬁQﬁw):O}

Similar to Lemma 2.4, J, also satisfies the Mountain Pass Geometry and assumption ( f3) implies
that the least energy can be characterized by

= inf J, = inf max, Je(tu),
e LN, e() WeEN[0) 120 e(t)

moreover, there exists & > 0 which is a constant independent of ¢ such that ¢, > «.
5.1. Compactness criteria

Let (u,) be any (P S) sequence of J; at c. Then, it is easy to see that (u,) is bounded and ¢ > 0.
Hence, without loss of generality, we may assume u, — u in E and u, — u in Lfoc (R3) forl <
s < 6 and u,(x) = u(x) a.e. for x € R3, Furthermore, arguing as in the proof of Theorem 1.3.
We have the following lemma

Lemma 5.1. One has along a subsequence:

(D). Je(un —u) = ¢ — Je(u);
(2). J(up —u)— 0.

Lemma 5.2. Suppose that ( f1)—(f3) and (V) hold. Consider a (P S). sequence (u,) for J. with

6—p

< 5— w 5
26— TF

c

Suppose that u,, — u in E. Then either u, — u in E along a subsequence or
c—Je(u) =my 1,1,
where my 1,1 is the minimax level of @ 1,1 givenin (2.4) with k = koo, W =7 = 1.
Proof. Define v, =u, —u, from Lemma 5.1 we know that (v,) is a (P.S) sequence at ¢ — J,(u)

with J;(#) > 0. Now we suppose that v, - 0 in E. From condition ( f3), for each u,, there is
unique ¢, € (0, oo) such that (#,v,) C Nkoc,l,b We divide the proof into three steps.
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e Step 1. The sequence (¢, satisfies

limsupt, <1.
n—oo

In fact, suppose by contradiction that the above claim does not hold. Then, there exist § > 0 and
a subsequence of (#,), still denoted by itself, such that

t, > 146 forall neN.

Since (J/(vy), vp) = 0, (1) and (f,vy) C Nk 1,1, We have

||vn||§=// G(Un(y))g(vn(x))vn(x)dxdy+0n(1)

lx — y|*
R3 R3
and
G(t, 1, 1,
ty%/ﬂvvnlz +Koo|Un|2)dx :// (nvn()’))g( 2 Un (X)) "v"(x)dxdy.
lx — y[#
R3 R3 R3

Consequently,

/wm—w”mwﬁu+%m

R3
Z// (G(tnvn(y))g(tnvn(X))tnvn(x) B G(vn(y))g(vn(x))vn(X))dxdy
17lx — y|© lx =yl
R3 R3
Given & > 0, from assumption (V'), there exists R = R(&) > 0 such that

V(ex) > koo — &, for any |x| > R.

Using the fact that v,, — 0 in L? (B (0)), we conclude that

// (G(tnvn(y))g(tnvn(x))tnvn(x) ~ G (¥))g W (x))vn (x)

dxdy <EC +o,(1),
talx — y|# lx — y|» ) "

R3 R3

where C = sup,, |v,,|%. Notice that (v,) is (PS) sequence at ¢ — J¢(u). We claim that there
exist (y,) C R3 and r, § > 0 such that

/ lunl?dx >8, neN.

B (yn)

Otherwise,

vn—>0inL“(R3), 2<s<6, as n— 00.
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By repeating the arguments in Lemma 4.4, we have

1 5 1 [ ()16 H vy () |6
§||Un||£_2(6—u)// |x—y|“ dxdy—)c—lg(u) (51)
R’ R
and
[ ()6 H v, () [6H
||vn||§:// . P T“ dxdy + o, (1). (5.2)
R3 R3 Y
Hence,
v (X) 8 H v, () [6H _ _
||vn||2§// : |x_yTMy dxdy +o,(1) < Sk lva P70 + 0,1 (5.3)
R3 R3
6—p

Since ||v,|le - 0, by (5.3) we get |v,]le > Slzfz“). Then from (5.1), (5.2) and (5.3) we easily
conclude that

S—p
c—Jg SH’L,

5_
(u) = —

206 —w)
which contradicts with our assumption that

06—
3=
Si

5—p

‘T 26-w

~=

Thus there exists (y,) C R3 and r, B > 0 such that

/ lnl2dx = .

By (yn)

If we define v, = v, (x + y,), we may suppose that, up to a subsequence, v,, — v in E. Moreover,
using the fact that v, > 0 for all n € N, there exists a subset 2 C R3 with positive measure such

that v(x) > 0 for all x € Q. Consequently, from ( f3), we get

/ [0 ()] [Vn () [G((l +8)0a(y)g((1 +8)v, (x)) (1 + 8) vy (x)
lx —y|* (14 8)[0a (M1 + 8)[Vn (x)]

_ G0n(¥)8 (W (x))Dn (x)
U0 (V) 0n ()]
:// [G((1 + 80, ()8 +8)v, () +8)va(x) G (U (y))g(Wn (x))Vp (x)
Q Q

]dxdy

dxd
(1+8)2]x — y|* X — y[ Jaxay

=&C+on(1)
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Letting n — oo and applying Fatou’s lemma, from the monotone assumption ( f3), it follows that

0<//(G((l+5)l7(y))g((l+5)5(X))(1+5)5(X) ~ G(y)gx)v(x)
Q Q

dxdy <&C
(T +8)%x — y| X — yl# ) v=§

which is absurd, since the arbitrariness of &.
e Step 2. The sequence (¢,) satisfies

limsupt, = 1.
n—oQ

In this case, there exists a subsequence, still denoted by (#,), such that 7, — 1. Since m 1,1 <
Dy 1.1(tyvn), we know

c—Je(u) +0,(1) = Je (V) = Je(vp) + My 1,1 — q)/coo,l,l(tnvn)-
Given & > 0, from assumption (V') there exists R = R(£) > 0 such that
V(ex) > koo — &, forany |x| > R.

Since

(1—12) 5 1 2, 12 2
JS(UH)_CDKOO,I,I(tnUn)= ) [Vu,| dx+§ V(ex)|val dx—? Kool|vn|“dx

R% R3 RN
1 Gltnon ()G tatn(x)) G (n(1))G (0 (x))
+ 2(6—u)//< 2x—yr Jdxdy.

R3 R3
from the fact that (v,) is bounded in E and v, — 0, we derive
¢ = Je() +on(1) = Je(vn) = My ,1,1 —§C +0,(1),
consequently, ¢ — Jg (1) > my 1,1.
e Step 3. The sequence (¢,) satisfies

limsupt, =1 < 1.
n—oo

We suppose that there exists a subsequence, still denoted by (%), such that 7, — 5 < 1. Since
My 1,1 < P 1,1 (t,v,) and (qj,/%o,l,l(tnvn)’ tyvy) =0, we get

1
My 1,1 = (DKOO,],I(tnUn) - §<q>,/(oc,1,1(tnvn), Iy Up)

1 / / G (v ()& (tq v (X))t v (x) = Gty n ()G (10, (X)) 4
=— xdy
2(6 — 1) lx — y|#

R3 R3
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- 1 / / G (Un (¥)g(Wn (X)) vy (x) — G (U (¥))G (v (X))d
< xdy
2(6 — ) lx — y|*
R3 R3
= Je(vn) — %(Jg’(vn), V) = ¢ — Je(u) + on(1).
From this, the conclusion then follows. O

By an immediate consequence of Lemma 5.1, we have

Lemma 5.3. Suppose (f1)—(f3) and (V) hold. Then J, satisfies (PS). condition for all ¢ <
My, 1,1

Corollary 5.4. Suppose (f1)—(f3) and (V) hold. Then J¢|;, satisfies (PS). condition for all
€ <My 1.1

Proof. Let (u,) C N, be any sequence such that J.(u,) — ¢ and || J/(u,)ll« — 0. Since N; is
a natural constraint, we know that (u,) is a (PS). sequence with ¢ < m,_, 1,1. The conclusion
follows from Lemma 5.3. O

6. Existence and multiplicity

In this section, we are going to prove the existence and multiplicity of solutions. First we have
the following existence result.

Theorem 6.1 (Existence of ground states). Suppose that the nonlinearity f satisfies ( f1)—(f3) and
the potential function V (x) satisfies condition (V). Then, there exists g9 > 0 such that problem
(SCC2) has a positive ground state solution u., for all € < g.

Proof. It is easy to check that J; also satisfies the Mountain Pass geometry. Let

mg = inf max J.(tu) = inf Jo(u).
& UeEN0) 120 et ueN, o)

Then, we know there exists a (P.S) sequence at mg, i.e.,
J(up) >0 and  Je(uy) —> me.

Thus, by Lemma 5.3, if my < m,,1,1, then the existence of ground state solution is guaranteed.
In what follows, we fix y > 0 and ¥,, € C3°(R?) such that

cDKmin,l,l ("IIV) = 1}138( (DKmin,l’l(t\IlV) and (I)Kmiml,l(\p)/) = Mipin, 1,1 — V-
By a direct computation,

limsupms S q)’(minsl,l(\py) S m’(min»lvl —v < mKoc,lal'
e—0

Therefore, there is ¢g > 0 such that m; <m 1,1 foralle € (0,¢0). O
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Next, we are going to show the existence of multiple solutions and study the behavior of their
maximum points in relation to the set V. Let § > 0 be fixed and w be a ground state solution of
problem (1.7) with A = kpin. Define n to be a smooth non-increasing cut-off function in [0, co)
such that n(s) =1if0<s < % and n(s) =0if s > §. For any y € V, let us define

exX —y
Wey () = n(lex = yhw (=),
te > 0 satisfying

max [, (t\ye,y) =1 (% \I"s,y)a
>0

and Tl : V — N; by I1.(y) = 1, ¥, y. By construction, I1,(y) has compact support for any
yeM.

Lemma 6.2. The function Il has the following limit

lin}) Je(ITg () = My, 1,1, uniformlyiny € V.
£—>

Proof. By contradiction, there exist §g > 0, (y,) C V and g, — 0 such that
[ e, (ITg,, (Yn)) — My, 1,11 = Bo. (6.1)
From Lebesgue’s theorem,
A f (1Y (te, W,y ) > + V (EnX) |1, e, y, [D)dx = / (IVw[* + Volw|*)dx
R3N R3

and

1n—>00 lx — y|# lx — yl#
R3 R3

lim // G(tsn‘I’sn,yn)G(fsn‘I’sn,yn)dxdy:// G(w(}’))G(w(X))dxdy.
R3 R

Since f,, ¥, y, € N,, it is easy to see the sequence #,, — 1. In fact, from the below equality

1 GtV te, V te We
t€2n / |v\y8n’yn |2 + V(<9nx)|‘~1"g,,,y,, |2dx — // ( En 8ns)’n)g( &n Snv.Vn) En T &nyYn dxdy,
6—pu lx —y»
R3 R3 R3

we derive

G(ts, Ve, te, \V te, Ve,
”w“g — lim ( En ann)g( En Snvyn) En T €nsYn dxdy
n—oo t82n |x — y|N—

R3 R3

Now, using the fact that w is a ground state solution of problem (1.7) together with (f;), we get
that z,, — 1. Now, note that
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t &
Jey (e, (yn)) = 7”/|V(n(|enx|)w(x))|2dx + 7"/V(8nx + y) | (n(lenxw () Pdx

R3 R3
1 // G(te,,n(lsnyl)w(y))G(tgnn(lenxl)w(x))d
_ xdy.
2(6 — ) |x — y|#
R3 R3

Letting n — oo, we get lim,,—, o0 Jg, (ITg, (Y1) = My;,,1,1, Which contradicts with (6.1). O
For any § > 0, let p = p(8) > 0 be such that M5 C B,(0). Let x : R3 — R3 be defined as

x(x):=x for|x|<p and X(x)::'o—x for |x| > p.

x|

Finally, let us consider 8, : N; — R? given by

/ x(ex)|u|*dx

R3
/ |u|2dx
R3

Using the above notations, by the Lebesgue’s theorem permits to show the following lemma

Be(u) :=

Lemma 6.3. The function I, verifies

lim B, (Il (y)) =y, wuniformlyinyeV.
e—0

Let & : RT — R™ be a positive function tending to 0 such that 4(g) — 0 as € — 0 and let
N o= u € No : Je() < Mgy 1,1 +h(2).

From Lemma 6.3, we know ./\A/'g + 0.

Lemma 6.4. Let § > 0 and Vs = {x € R3 : dist(x, V) < 8}. Then

lim sup inf |B,(u) —y|=0.
e—>0u€j\7€ yeVs

Proof. Let ¢, — 0. For each n € N, there exists (u,) C J\Afe such that

n’

inf |Be, (un) — yl= sup inf |Bg, (u) — y|+ on(1).
yeVs e, yeVs

Since (u,) C Ny, C N, , it follows that m,.,, 1.1 < me, < Je, () < Mgy 1.1 + h(g,), which
means that

an (un) — Myin, 1,1 and (u,) CN&,,-
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By repeating the arguments in Lemma 4.4, there exist (y,) C R3 and r, § > 0 such that

lun|?dx >8, neN.

By (yn)

Setting vy, (x) = u, (x + y,), up to a subsequence, if necessary, we can assume v, — v £ 0in E.
Let #, > 0 be such that 3, = t,v, € Ni,..1.1- Then,

My 1,1 = q)/(min,l,l(f)n) = q)/(min,l,l([nun) < Je(tyuy) < Je(u,) — My in, 1,1
and so,

qDKmin,],l (V) = My in 1,1 and (v,,) CNK

mins 1,1+

Then the sequence (v,,) is a minimizing sequence, and by Ekeland’s variational principle [36],
we may also assume it is a bounded (PS) sequence at m,,, 1,1. Thus, for some subsequence,
v, — v weakly in E with v # 0 and <I>;nin 1.1(®) = 0. Then we can obtain that

- - , - .
Pein, 1,10 —0) > 0, @ (0 — V) = 0.

Hence,

(@,

Kmin, 1,

1
) 1 (@n — D), Uy — 1)) =0,
showing that v, — v in E. Since (#,) is bounded, we can assume that for some subsequence
t, — to > 0, and so, v, — v in E. Now, we will show that (&,y,) has a subsequence satisfying
€nyn — v € V. First we claim (g, y,) is bounded in R3. Indeed, suppose by contradiction there
exists a subsequence, still denoted by (e,,yy), such that |g,y,| — oo. Since v, — v in E and
Kmin < Koo, WE have

- 2 . ~ ~
v, — o] <C lim (Cbxmin,l,l(vn —v)
n—00

mem,l,l = CDKmin,l,l(i}) < (DKOO,I,I(i})

1 1
< liminf —/|V6n|2dx+—/V(snx+snyn)|ﬁn|2dx
n—oo | 2 2
R3 R3

B 1 f / G(ﬁn(y))G(ﬁn(x))dxdy
2(6 — ) lx — y[#
R3 R3

2 2
t 1t
= liminf §f|wn|2dx+%/V(anx)mnﬁdx

n—o0

R3 R3

1 // G(lnun(y))G(tnun(x))d
_ xdy
2(6 — 1) lx — y|*

R3 R3
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< liminf J, () = M 1.1,

which does not make sense, showing that (&, y,) is bounded. Thus there exists a sequence (y,) C
R3 such that v, (z) = u,(x + y,) has a convergent subsequence in E and up to a subsequence,
&yyn — y € V. Thus,

f X (enX) |1y |*dx / X (Enx + Enyn) |tn (x + yy)|*dx

,85,, (un) :R3 :R3
/ lun|*dx / lun (x + ya) IPdx
R3 R3
/[X (enx +enyn) — 8n}’n]|vn(x)|2dx
R3
=é&npyn + —>yel.

/ [ (x)12dx

R3

Consequently, there exists €,y, € Vs such that
lim |ﬁ€n (un) — enynl =0,
n— oo
finishing the proof of the lemma. O

Theorem 6.5 (Multiplicity of solution). Suppose that the nonlinearity f satisfies (f1)-(f3) and
the potential function V satisfies condition (V). Then for any § > 0 there exists 5 > 0 such that
problem (SCC2) has at least caty, (V) positive solutions, u. for all € < &s.

Proof. We fix a small ¢ > 0. Then, by Lemma 6.2 and 6.4, 8, o I, is homotopic to the inclusion
map id : V — Vs and so,

catﬁg(l\?s) > caty; (V).

Since that functional J; satisfies the (PS). condition for ¢ € (M, 1,1, My, 1,1 + h(€)), by
the Lusternik—Schnirelman theory of critical points [36], we can conclude that I, has at least
caty, (V) critical points on N;. Consequently, J, has at least caty, () critical pointsin E. O

Concentration behavior. Let ¢, — 0 and (u,) be a sequence of solutions obtained in
Lemma 6.5, then there exists a sequence (y,) € R3 such that &, yp —> Yy €V and v,(z) =
un(x 4+ y,) has a convergent subsequence in E. Similar to the arguments in Lemma 4.7, we
know that there exists C > 0 independent of n such that |v, | < C and

lim v, (x) =0 uniformly in n € N.
|x]—00

Furthermore there exist C, 8 > 0 such that |v,(x)| < Cexp(—p|x|). Similar to the analy-
sis in section 3, by Theorem 6.1 and 6.5, we know the existence and multiplicity of positive
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ground state solutions for equation (SCC2) for ¢ > 0 small enough. Therefore, the function
we(x) = ug(f) is a positive solution of (1.9). Thus, the maximum points x, and z, of w, and
u, respectively, satisfy the equality x; = €z.. Setting v.(x) := w.(ex + x¢), for any sequence
Xe — X0, € — 0, it follows from Lemma 4.6 that,

lim dist(x,, V) =0
e—0

and v, converges in E to a ground state solution v of

1 Gu()
— AU + Kmint = 6—/1~< |x_y|udy)g(u).
R3

Moreover, for some ¢, C > 0, we have |wg(x)| < C exp ( — glx — x8|).
7. Appendix: estimates
In R3, we know that

31/4

U= Grmn

is a minimizer for S, the best Sobolev constant. By Proposition 2.2, we know that U (x) is also a
minimizer for Sy, 1. Consider a cut-off function ¥ € C§° (R?) such that

v =1, |x[=4, v(x) =0, [|x]=26,

where 6 > 0 is given in Lemma 2.6. We define, for ¢ > 0,
Ue(x) = Y () Ue (x),  where Up(x) := &~ 2U (g) (7.1)

Then, we have

Lemma 7.1. 1]‘677“ < q < 6— [, then there holds

q q _
/ e (X)|7]ue (y)] dxdy > O(1—1) — 0,
lx — y|#
R3 R3

and

6—n 6—p 6—1t _
e ()7 ue ()] dxdy > C(3,M)%S_2 _ O(EGTM).
b =yl L

R3 R3
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Proof. To estimate the convolution part, we know

/ |u8(x)|q|u8(y)|qudy2/ |ug(x)|q|u8(y)|qudy
lx — y|* lx — y[#
R3 R3 Bs Bs
U 91U, q
//| e (0)|7Ue ()| dxdy
lx — y[#
B;s Bs

// lUS(T)mUS(y)'qudy
Y —

Bys Bas
. . (7.2)
U, U,
/ /I e ()| U ()] dxdy
lx — y|#
Bys\Bs Bs
U, 1|U, 9q
_ / / [Ue ()7 |Ue ()] dxdy
lx — y|#
Bs\Bs Bas\Bs
=A-2B-C,

where

// IUs(x)I"IUg(y)I"dxdy’
|x — y|*

By Bos
U, 91U, 9q
/ /I e ()| Ue (y)] dxdy,
lx — y[#
Bys\Bs Bs
U, 9|U, q
Coe / [Ue ()17 |Ue (y)] dxdy.
lx — y[#

Bos\Bs Bas\Bs

We are going to estimate A, B and C. By direct computation, we know, for ¢ < 1,

1
Aze*qc// T v2idxdy
Ll arEntx—ras iy
1
C867“7‘1/-/ Z 7dxdy
(L+ X2 x = y[#(1 +1yH)2
Bs Bs
1
20(56_M_q)f / q -dxdy = O(s51-1),
(T4 1x)2|x — y|#(1+1y?)2

1
B—elC //
ERUNDY RN RNE

Q\Bs Bs
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1 S 1 S
5(9(8‘1)</ 751)6) (/73_[15132)
Q\Bs (2 + [x]2)5r Bs (2 + |y|»)5r
5
] 2 oo
=(9(£2))</ ‘ qdz °
o (L+zH)es
+00
,L 2 (Gl T3 _
<O z’)(/ < dz) S0,
0 (1+Zz)67ﬂ
for each g > 2“ and
1
C=¢lC f f Z Fdxdy
€2+ Ix[)7x — y[H(e2 4 |y»)?

Bas\Bs Bas\Bs

<giC / /
- |x]9]x

1

dedy = O(Sq).

Bas\Bs Bas\Bs
From (7.2)—(7.3), we have
/ ue ()| |ue (y)I4

P dxdy

Q Q

> O(5711) — O(*2") — O(e?)

— O 19y — O™ ).

Next, concerning the second assertion, we have

6— 6—
//lug(x)l Hlug ()] dedy
lx — y[*

6— 6—
5 / /IUE(X)I MU (y)] dedy

lx — y[#

R3 R3
6—1 6—1
Z/ e I eI 0
|x — yl#
Bs Bs
2// eI 0™ |
lx — y[#
R3 R3

|Ue (x) O |Ug ()04

R3\B; Bs

dxdy

-/

R3\B;s R3\35

lx — y|#

6—p

—C@3, M)stL —2D—E,

where

3985

(7.3)

(7.4)



3986 C.O. Alves et al. / J. Differential Equations 263 (2017) 3943-3988

U (x) [0 Ue () |0~ U ()8 | U () |0~
/ /I e g = f / WeIH U,
lx =yl lx =yl

R3\B; Bs R3\Bs R3\ Bs

By direct computation, we know

f / |Ue (x) 16 H|Ug () 15H dxdy

|x — y|*
R3\B; Bs
eS1C / / —dxdy
o D |x—yw<82+|y|2> Ex
O—p [l
6 6
1
< 05" / / vy
=OE ((«s2+|x|2)3 @+
\35 Bs
<O / ! d / r’ d <(’)(8%)
—dx ———sdr
- |x|6 (g2 4+r2)3 -
\R3\35 0

and

/ / |Ue (x)|OH| U, () 0~H dxdy

lx — y[#
R3\ Bs R3\ Bs
1
2 2 — vl (e2 2 :
i i, €T DT L yre + )T
1
6—nu _ 6—1
<egHC / / dxdy =0("™H).
x[6=H |x — y|i]y|6=r
R3\Bs R3\Bs

It follows from (7.4) to (7.5) that

6—pL 6—p
[ / |ug<x>||x _“ytT,fy)' dxdy > C3. 38,7 — 0T — 05"
R3 R3

6—p 6—p
=C(3, M)ZS L —0@E 7).

This concludes the proof. O
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