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ABSTRACT. We study a class of indefinite Schrédinger equations coupled with the Chern-Simons theory
% hu(s) ha ()

|| ||2

—Au+ Vo (|lz))u+ A ( u?(s)ds + ) u = g(z,u) in R?
u(z) = u(|z),
where V,,(|z|) = |z|?—w with w € R such that the operator —A+V,, is invertible and h,(s) = o Lu?(r)dr.
If g fulfills the supercritical exponential growth at infinity in the Trudinger-Moser sense, due to a subtle
truncation argument, we take advantage of some analytic techniques and the elliptic regularity theory to
deduce that this equation admits a nontrivial solution for all sufficiently small A > 0 by using variational
2

method. If g(x,u) = &(x)|ulP~%u with ¢ € L7-7 (R?) and 1 < p < 2, as applications of the arguments
above, we conclude the existence of infinitely many nontrivial solutions whose energies converge to 0 for
A > 0 small enough. As far as we know, the results above have not been considered yet in the literature.

1. INTRODUCTION AND MAIN RESULTS

In this article, we mainly focus on the existence and multiplicity results for a class of gauged nonlinear
Schrodinger equations
X hu(s) o he ()

LU (s)ds + R u = g(z,u) in R?,

—Au+ Vo (|2])u + A /

||

(1.1)
u(z) = u(|z),

where the indefinite potential V,,(|z|) = |x|? — w satisfies that the constant w > 0 is sufficiently large to
make the operator —A + V,, non-degenerate and hy(s) = [ Su?(r)dr.
The study of equation (1.1) is mainly motivated by the Chern-Simons-Schrédinger system introduced

in [24,25]

iDo¢ + (D1D1 + D2D2)¢ + 0(¢) = 0,
A1 — 0140 = —Im(¢D29),

0o Az — 02 Ag = Im(¢D19),

Ay — DAL = —3|9]%

(1.2)

This system consists of the nonlinear Schrodinger equation augmented by the gauge field A; : R*2 5 R,
where i denotes the imaginary unit, ¢ : R!*2 — C represents the complex scalar field and 9y = 9/0t,
01 = 0/0x1, Oy = 0/0xs for (t,x1,72) € R as well as D; = 0jiA; stands for the covariant derivative
for j =0,1,2. Given a x € C5°(R'*?), system (1.2) is invariant under the gauge transformation

qb — ¢€ix, Aj — Aj — an,
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due to the celebrated Chern-Simons theory [16].

As a matter of fact, there are a lot of interesting applications of this model in the high-temperature
superconductor, Aharovnov-Bohm scattering and quantum Hall effect, see e.g. [24-26] in detail. For
some other further physical motivations on (1.2), we refer the reader to [16,21,35,36] and the references
therein. To explore the existence of standing waves of system (1.2), the ansatz ¢(t, ) = u(x) exp(—iwt)
with w € R and x € R? is usually considered, where u is radially symmetric or not.

If w is radially symmetric, Byeon, Huh and Seok [8] investigated the existence of solutions of type

(1.3) Aolt,z) = k(|z]), Ai(t,z) = |“‘|2 (), As(t,z) = |‘7”|2 (),

where w > 0 symbols as the frequency and u, k, h are real value functions depending only on |z|. Note
that (1.3) satisfies the Coulomb gauge condition with y = ¢t 4+ nmr, where n is an integer and ¢ is a
real constant. Indeed, inserting (1.3) into (1.2), it can be reduced to the following semilinear elliptic
equation

© p 2
(14) CAur (ot Qut ( [ Mz gas 4 ! f’(ﬁ“) u = o(u) in B,
|| S xT
where o(u) = A|u[P~?u with A > 0, h(s fos ;u2 )dr, and ¢ € R stands for an integration constant

of Ay which takes the form

S

Ao(r)=C+ /00 M’lﬁ(s)ds.

Since the constant w + ¢ is a gauge invariant of the stationary solutions, one might take ¢ = 0 in (1.4)
for simplicity in what follows and thereby ‘ 1|im Ap(x) = 0 which was assumed in [6,24,41]. If @ solves
T|—00

(1.4), inspired by [14], u = AP satisfies
) 2

(1.5) —Au+wu + A (/ Mu2(s)ds + h (@)) u = |u|P"%u in R?,
\

z| s |:E|

<4
where A = A" r=2. Over the past several decades, Eq. (1.5) and its variants have attracted considerable
attentions due to the appearance of the nonlocal Chern-Simons term

(1.6) /Ioo h(S)UQ(s)ds + Gl

z| $ ‘:L“|2 7

which indicates that it is not a pointwise identity any longer. In [8], Byeon et al. obtained the existence
of ground state solutions for all p > 4 by means of a suitable constraint minimization method, existence
and nonexistence of nontrivial solutions depending on A > 0 for p = 4, and the existence of minimizers
under L2-constraint for all p € (2,4). In the meanwhile, Pomponio and Ruiz [41] concluded that there
is a sharp constant wy > 0 such that the corresponding variational functional to Eq. (1.5) is bounded
from below if w > wp and not bounded from below for every w € (0,wp) with p € (2,4). Concerning a
more general nonlinearity in (1.5), namely replacing |u|P~2u with f(u), the authors in [11] investigated
the multiplicity results when f satisfies the planar version of Berestycki-Lions type assumptions. As a
matter of fact, they especially supposed that

(f1) f € C(R,R) is an odd function;

(f2) limsu f( )
(f3) —o0 < hggggf f(s ) < lim supfis) < 0;

(f1) There exists a ¢y > 0 such that F((p) > 0, where and in the sequel F(s / f(t)
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With aid of a particular truncation argument, the authors in [11] obtained the multiplicity of nontrivial
solutions by using the Symmetric mountain-pass theorem. We remark that the assumption (f2) reveals
that the nonlinearity f possesses the subcritical exponential growth at infinity in the Trudinger-Moser
sense. There are some other results on (1.5), we refer the reader to [4,14,20,23,27,29,32,37,44-47,51,
52,59-62] and the references therein for example even if these references are far to be exhaustive.

If u is non-radially symmetric, instead, it seems more complex to contemplate (1.2) to some extent.
Generally speaking, mathematicians usually consider the case A;(t,x) = A;(x) for all (t,x1,x2) € R2
and j = 0,1, 2 for simplicity. Owing to this, Eq. (1.2) is reduced to be the following form of type

2
—Au+ wu + Agu + ZA?U = f(z,u),

(1.7) ;7
014z — 0h A = —§|U|2a

81A0 = AQ’U‘Q, 82A0 = —Allu\Q.
Let A; satisfy the Coulomb gauge condition Z?:O 0;A; =0, then (1.7) becomes

2
—Au+ wu + Agu + ZA?u = f(z,u),

1.8 =1
(18) Ao = Aslul?, 8240 = —A|ul?,

1
0149 — 00 A1 = —§\u]2, O01A1 + 0 A5 = 0.

Combining 91 Ag = Az|u|? and 9Ag = —A1|ul? in (1.8), one has that
AAg = 81 (Aslul?) — da (A1 |ul?),

leading to
Z2

X1
AO[U](fU) = W * (A2|U’2) - W * (A1|U’2)-

It follows from 01 Ay — O A1 = —%|u|2 and 01 A1 + 0242 = 0 in (1.8) to derive
2 2

AAl = 32 (|u2|> and AAQ = —61 <|u2’>

As a consequence, one might observe that the components A; for j = 1,2 in (1.8) can be represented as

i) = 22« (W) L [ rmmli),,

(1.9) 27|z |2 2 A Jpe o —y)?
' 1 Juf? 1 / (z1 — y1)u*(y)
A =— )
2lul(w) 27|z |? * ( 2 ) A7t Jp2 |z —yl? dy

With (1.9) in hands, then we are able to deal with the system (1.8) using variational methods and so it
has received many attentions which can be found in [10,19,21,22,30,49,50, 58] the references therein.

According to our best knowledge, it seems that the first attempt on system (1.8) in R? is due to [22],
where the existence of infinitely many solutions was established for f(x,u) = |[u[P~2u with p > 6. After
that, with the help of the constraint minimization method, Wan and Tan [54] concluded a ground state
solution of Nehari-Pohozaev type for f(x,u) = |ulP~2u with 4 < p < 6. What’s more, Gou and Zhang
in [19] considered the case f(x,u) = |u|P~2u with p > 2 for the existence of L2-normalized solutions to
system (1.8). In reality, there exist also a lot of other interesting generalizations and improvements
related to the variants of system (1.8) including a non-constant potential. Explaining it more clearly,
replacing w with a potential V : R? — R. For example, if V is positive and satisfies the Rabinowitz
type condition, the authors in [55] established the existence of semi-classical solutions to this system
when f(z,u) = |u|P~2u with p > 6, see e.g. [10] and the references therein.



4 L. SHEN AND M. SQUASSINA

Very recently, Pomponio, Shen, Zeng and Zhang [42] especially obtained the existence and multiplicity
of nontrivial solution for system (1.8) with an indefinite potential. As a matter of fact, they studied
particularly the following system

2
—Au+ [V(z) —w]u+ Aou + ZAJQU = f(z,u),

(1.10) 1 =1
0145 — 00 A1 = —§\u|2, 01 A1 + DAy =0, A101u + Asdsu = 0,

01 Ap = A2|U!2, 02 Ap = *A1|U|2,
where the assumptions on the potential V' and the nonlinearity f are supposed to satisfy
(V) V € C(R?,R) with V(x) > 0 on R? and liminf V() = +oc.

|z| =00

(f1) f(z,t) € C(R? x R) and there exist two constants C; > 0 and p > 6 such that
|z, )] < CL(ft] + [tP™1), V(z,t) € R® x R;
(f2) flz,t)t > 6F(x,t) > 0 for all (z,t) € R? x R and

(1.11) lim f(I,t)t—6F(x7t)

| 5 = 400 uniformly in z € R2.
t|—+o0

They proved the following existence results.

Theorem 1.1. Suppose (V) and (f1) — (f2),
(i) if f(x,t) = o(t) as t — 07 uniformly in x € R? in addition, then system (1.10) has a nontrivial
solution;
(ii) if f(z,—t) = —f(x,t) for all (z,t) € R?2 xR in addition, then system (1.10) has infinitely many
nontrivial solutions whose energies converge to 4oo.

We would like to mention here that the existence result exhibited in Theorem 1.1-(i) has also been
explored in [28,30], where the nonlinearity f satisfies several slightly different conditions. Nevertheless,
it should be emphasized that these articles including [42] strongly depend on the local linking argument
because of the Chern-Simons term. Unfortunately, as pointed out in [28], the corresponding variational
functional is required to satisfy the global compactness condition whenever the critical point theorem
involving local linking structure is applied up to now. As a consequence, there seems no related results
for the case that f admits the critical, or even supercritical exponential growth which shall be explained
later. Last but not the least, the assumption (f2) and its mild modification play crucial role in verifying
that every (C) sequence is uniformly bounded. In a word, we shall try our best to introduce some new
techniques to consider the mentioned issues above in this paper.

The reader is invited to observe that the spatial dimension of (1.5) and (1.8), is two, therefore the
case is special and quite delicate. Since the Sobolev embedding theorem ensures H}(2) < L%(Q) with
q € [1,00) for every bounded domain Q C R?, but H{(Q) ¥ L®(€2), to get rid of the obstacle in the
limiting case, the Trudinger-Moser inequality [39,40,53] seems to be an ideal candidate as it exhibits
the sharp maximal exponential integrability for functions in H}(€):

(1.12) sup / e dx < |9, if a <A4m,
uEH&(Q):HVuHLQ(Q)Sl Q

where the constant C' > 0 relies only on «, and || denotes the Lebesgue measure of €. Subsequently,
this inequality was improved by P. L. Lions in [34]: Let (uy) be a sequence of functions in Hg(Q) with

|Vun||£2(q) = 1 such that u, — ug weakly in HE(Q), then for all p < m, it holds that

. 2
lim sup / ™ Qg < 400,
Q

n—0o0
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Motivated by the Trudinger-Moser type inequality, we say that a function f(-, s) has critical exponential
growth at infinity in the Trudinger-Moser sense if there is a constant ag > 0 such that
: |f($,5)‘ 07 VOZ>O£0, : . 2

(1.13) |S|£r£m o =\ 400, Va<ag uniformly in z € R”.
This definition was introduced by Adimurthi and Yadava [1], see also de Figueiredo, Miyagaki and
Ruf [17] for example.

Whereas, the supremum in (1.12) would become infinite for the domain Q with |Q2| = co and thereby
the Trudinger-Moser inequality seems unavailable for the unbounded domains. As to the whole space
R2 authors in [7,9] developed the following Trudinger-Moser inequality:

/ <ea“2 - 1) dz < 400, Yo > 0 and u € H'(R?).
R2
Moreover, for all u € H'(R?) with |[u| j2r2) < M < +00, there is a C' = C(M, ) > 0 such that

(1.14) sup / <e"‘“2 - 1) dz < Cif a < 4.
uEHl(RQ):HVuHLQ(IRg)gl R2

Concerning some other generalizations, extensions and applications of the Trudinger-Moser inequalities
for bounded and unbounded domains, we refer to [17] and the references therein. Let us note here that
this inequality due to Cao [9] keeps effective for av < 4, i.e. with subcritical growth. For the sharp
case, based on symmetrization and blow-up analysis, Ruf [43], Li and Ruf [33] proved that

N N=2 ki 1kN/(N—1)
N—1 o’ |u .
sup / <e°‘|“|N - E Hk' dr < oo, if a < ay,
+H V¥ <1 TRY k '

1,N .
ueWo N ®N):[lul Ny =

by replacing the L¥-norm of Vu in the supremum with the standard Sobolev norm. This inequality
was also generalized by de Souza and do O [13] for N = 2.

Associated with the so-called supercritical exponential growth at infinity in the Trudinger-Moser sense
on a nonlinearity, there exist some diverse understandings in several directions, see [2,3,12,18,38,46]
and their references therein for example. In this article, we shall retrace the previous papers [2,3,46].
Explaining it more explicitly, denoted G(z,-) by the primitive of g(x,-) for all 2 € R? throughout the
whole paper, we are supposing that

(1.15) G(z,t) = F(z,t)e””, V(z,t) € R? x R,
t
where and in the sequel F(z,t) = / f(z,s)ds with f : R? x R — R satisfying the critical exponential

growth at infinity in (1.13) and o > %. Obviously, we realize that the nonlinearity g has the supercritical
growth at infinity. As a matter of fact, this seems introduced firstly by Alves and Shen in [2,3]. According
to them, taking into account a suitable function g(z,t) = e®!" for all (z,t) x R? x R, our nonlinearity g
satisfying the supercritical exponential growth belongs to a special case of the following two alternatives

{ (I) 7 > 2 is arbitrary and o > 0 is fixed;

(1.16) (IT) & > 0 is arbitrary and 7 > 2 is fixed.

What’s more, as pointed out in [3, Remark 1.11], one can call (I) and (II) the subcritical-supercritical
exponential growth and critical-supercritical exponential growth, respectively. As we can derive
from [2,3], the Case (I) keeps simpler to handle and so, throughout this paper, we shall always consider
the Case (II) if it refers to the supercritical exponential growth. As a consequence, one of main purposes
in this paper is to investigate the existence of nontrivial solutions for the gauged Schrédinger equations
with supercritical exponential growth. To this end, we are going to suppose that f : R? x R — R is a
continuous function satisfying f(x,t) = 0 for all ¢ < 0 and the following assumptions
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(f1) f(z,t) =o(t) as t — 0" uniformly in z € R?;
(f2) There is a § > 2 such that f(z,t)t > 0F(x,t) > 0 for all (x,t) € R? x R and
F(x,t)
lt|>+oo 2

(1.17) = +oo uniformly in z € R?.

(f3) There exist some constants £y > 0 and My > 0 such that
0 < F(z,t) < Mof(z,t), V(x,t) € R? x [ty, +00);
(f1) There exist some constants Sy > 0 and ¢ € [0, 1] such that

9 .
liminft fz,t) zﬁo{ > 0, if ¥ € 10,1),

. . )
iminf —7 % = oo, if0=1, uniformly in x € R”.

Our first main result is concerned with the existence of a nontrivial solution for Eq. (1.1).

Theorem 1.2. Let g satisfy (1.15) with (1.13) and suppose (f1) — (f4). Then, given some large w > 0
such that the operator —A 4 V,, is non-degenerate, there exist some o, > 0 and A > 0 such that Eq.
(1.1) admits at least a nontrivial solution for all o € (0,0,) and X € (0, \s).

Remark 1.3. As far as we know, there seems no related results for gauged Schrédinger equations with
indefinite potential and supercritical exponential growth. As a matter of fact, apart from [46,48,51], A
very few attempts have been made currently to adapt the supercritical exponential growth to the Chern-
Simons-Schrédinger equations. On the one hand, the truncation argument exploited in [2,3,46,51] is
unapplicable any longer because it would fail to demonstrate the linking structures of the corresponding
variational functional which also leads to the failure of the aforementioned approach utilized in [11].
On the other hand, because of the indefinite potential, we are unable to repeat the methods introduced
in [48] to arrive at the proof of Theorem 1.2, either. Regardless of taking the indefinite potential into
account, we make use of a weak version of Ambrosetti-Rabinowitz type condition in (f2) above, instead
of ¥ = 6 in (fo) in [42]. Consequently, some subtle ideas have been proposed in this article to certificate
that every (C) sequence is uniformly bounded and contains a strongly convergent subsequence. What’s
more, in order to make the L°-estimate for the obtained solution, we shall have to carry on some more
delicate and careful analyses caused by the indefinite feature in our problem.

Remark 1.4. In contrast to [28,30,42], to the best knowledge of us, the consideration of Theorem 1.2
provides some conspicuously interesting contributions below

(1) We succeed in deriving the existence of a nontrivial solution of the indefinite gauged Schrédinger

equation with (super)critical exponential growth which has not been studied yet in the literature.

(2) Let us date back to the conditions (f2) and (f2), hence it has been relaxed the restriction on f

to a large extent. Nevertheless, one can never improve ( fg) completely by (f2) since it seems
impossible to suppose in our problem that ¥ = 2 and

lim fz, )t — 2F (z,t)

" 3 = 400 uniformly in z € R2.
t|—-+o0

(3) Despite disposing of the indefinite case, we are capable of imposing the “almost optimal” growth
condition (f4) on the nonlinearity to restore the compactness.

The next goal in this article is to investigate the multiplicity results for Eq. (1.1) and it should be
regarded as a supplement of Theorem 1.1-(ii) to some extent.

Theorem 1.5. Let g(x,t) = &(z)[tP~2t with 0 < & € Lﬁ(RQ) and 1 < p <2 for all (z,t) € R? x R.
Then, given some large w > 0 such that the operator —A +V,, is non-degenerate, there exist a constants
A* > 0 such that for all X € (0,\*), Eq. (1.1) admits infinitely many nontrivial solutions (u,,) whose
energies converge to 0 as m — +o00.



ON A CLASS OF GAUGED SCHRODINGER EQUATIONS WITH INDEFINITE POTENTIAL 7

As a matter of fact, by making some straightforward adjustments, we are capable of taking advantage
of the methods adopted in Theorem 1.5 to conclude the following result without detailed proof.

Corollary 1.6. Let 0 =0 in (1.15). Suppose |f(z,t)] < &(x)[t|P~F with & € Lﬁ(Rz) and 1 <p <2
for all (z,t) € R? x R as well as
(fo) there is a constant 1 < v < 2 such that
0 < f(z,t)t < vF(x,t) for all (z,t) € RZ x R.
If f(x, —t) = —f(x,t) for all (z,t) € R? xR in addition, then, for all large w > 0 such that the operator

—A +V,, is non-degenerate, there exist a constant \* > 0 such that for all X € (0,\*), Eq. (1.1) has
infinitely many nontrivial solutions (u,,) whose energies converge to 0 as m — +oo.

Remark 1.7. We know that the condition (fp) indicates that the nonlinearity f possesses the subcritical
exponential growth at infinity in the Trudinger-Moser sense and it has been supposed in [28,30]. Since
we depend on a new generalized fountain theorem developed by Ding and Dong [15] to derive the proof
of Theorem 1.5, it is extremely required to verify the corresponding variational functional satisfies
the global compactness condition and thus we are unable to establish the existence of infinitely many
nontrivial solutions for the indefinite gauged Schrodinger equations with (super)critical exponential
growth at present. Alternatively, what we would like to point out here is that this is solvable when
w <0, or w > 0 is sufficiently small, see [48, Theorem 1.3] in detail. In consideration of the significant
differences, there are some additional efforts to arrive at the proof of Theorem 1.5.

Remark 1.8. As the reader might observe that the results in Theorem 1.2 and Theorem 1.5 are true
provided that the parameter A > 0 is small enough. It seems very natural to wonder that whether these
results would remain valid for all arbitrary A > 0 or not, and we are working hard in this direction. In
fact, there are also some other interesting questions worth further explorations which shall be collected
as follows

e Can we replace the potential V,, with a more general one? In other words, if V,, is continuous
and periodic as well as —A + V,, is inevitable, does Eq. (1.1) admit a nontrivial solution?

e Can we demonstrate some similar existence and multiplicity results concluded in Theorem 1.2
and Theorem 1.5 for the Chern-Simons-Schrédinger system like (1.10)?

e Can we establish the multiplicity results in Theorem 1.5 when {(z) =1 and 2 < p < +00?

e What happens when the sufficiently large w > 0 satisfies the operator —A + V,, to be generate
in Theorem 1.2 and Theorem 1.57

We note that, up to our best knowledge, it is the first time to deal with the existence and multiplicity
results for a class of gauged nonlinear Schrodinger equations with indefinite potential and less restrictive
nonlinearities. It seems standard to consider the indefinite problem via using linking argument by now,
but we would like to highlight here that there are two fundamental difficulties arising in Theorems 1.2
and 1.5. On the one hand, because of the appearances of the Chern-Simons term and the supercritical
exponential case in Theorem 1.2, it seems technical to introduce a suitable truncation argument to
ensure that the corresponding variational functional is well-defined and of class C' and it possesses the
global linking structures at the same time. Motivated by [48], there is a such one but we are confronted
with the barrier of how to conclude that every (C) sequence is uniformly bounded. On the other hand,
in light of the operator —A 4 V,, is non-degenerate, we cannot adapt directly the L°°-estimate explored
in [48] to our problems. Therefore, we prefer to regard it as one of the most striking novelties in this
paper.

Again the results established in Theorem 1.2 and Theorem 1.5 are new in some sense that we discuss
the existence and multiplicity results for indefinite gauged nonlinear Schrédinger equation with a wider
class of nonlinearities. We anticipate that our results would prompt some extensive applications on
related topics.
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The outline of this article is organized as follows. In Section 2, some preliminary results including
the truncation argument are provided and will be used frequently in the whole paper. Sections 3 and 4
are focused on the proofs of Theorem 1.2 and Theorem 1.5, respectively.

Notations: From now on in this paper, otherwise mentioned, we ultilize the following notations:

e C,C1,Ca,--- denote any positive constant, whose value is not relevant and Rt £ (0, +00).

e Let (Z,] - ||z) be a Banach space with dual space (Z~1, || - || ;-1), and ¥ be functional on Z.

e The Cerami sequence at a level ¢ € R ((C). sequence in short) corresponding to ® means that
O(x,) = cand (1 + ||zn]|2) || (2n)]| z-1 — 0 as n — oo, where {z,,} C Z.

e For any ¢ > 0 and every z € R?, B,(z) = {y e R? : |y — 2| < o}.

e ||, denotes the usual norm of the Lebesgue space Q, for every p € [1,00], where Q C R2.

e H'(R?) represents the usual Sobolev space equipped with the standard norm so that it is the
completion of C§°(R?).

e Let H'(R?) = {u € HY(R?) : u(z) = u(|z|)} and its norm is labeled by || - || = /|V - |5+ | - 3.

e 0;(1) denotes the real sequences by ox(1) — 0 as k — +o0.

e “— 7 and “ — 7 stand for the strong and weak convergence in the related function spaces,
respectively.

2. VARIATIONAL FRAMEWORK AND PRELIMINARIES

In this section, on the one hand, we shall formulate the variational structures for our problems and
on the other hand, there rare some preliminary results which shall be crucial in the next sections.

To look for nontrivial solutions associated with Eq. (1.1), due to a variational method point of view,
it will be found critical points for the corresponding variational functional. So, as a start, we need to
introduce the work space adopted in the whole paper. Let us define

X £ {u € Ll (R?): / |Vu|*dz < 400 and / |z|?|u|?dz < —1—00}
R2 R2

and it is an Hilbert space equipped with the norm

I 1lx = [/R (IV -1 + |22 - 2) dx]

It is widely known that X, can be continuously imbedded into H}(R?) and compactly imbedded into
L4(R?) for all 2 < g < +o00, where and in the sequel X, = {u € X : u(z) = u(|z|)}.

According to the compactness of the imbedding X, < L?(IR?), by virtute of the spectral theory of
self-adjoint compact operators, one sees that the eigenvalue problem

(2.1) —Au+ |zPu = i, v € X,

admits a complete sequence of eigenvalues
0<py <fg<--, fij > +00asj — 400,

where each fi; has been repeated in the sequence due to its finite multiplicity. Moreover, we denote by
¢; the eigenfunction of ji;. Taking fi; — +00 as j — +oo into account, for all w > 0, there is a jo € NT
such that 0 < i1 < fig < -+ < fij, < w < fijo41 < -+ since w > 0 satisfies the operator —A + V,,(|z])
is non-degenerate. Setting
_ L
X, = span{¢1, g2, - d;, } and X7 £ (X )

r

and so X, = X @ X,;I. Accordingly, there are some constants y= > 0 such that

(2.2) :t/ [[Vul? + Vi (|lz)u?] dz > pellullk, Yu € XF.
R2
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Now, we recall the related Euler-Lagrange functional J : X, — R of Eq. (1.1) which is defined by

J(u) = ;/R [1Vuf? + Vi (al)e?] da + gN(u) - [ Gaud

where the functional N : H!(R?) — R is given by

u? Izl o 2
(2.3) N(u) = /R2 B (/0 2u2(3)ds> dz.

In view of [8, Proposition 2.2], we can deduce that N is of class C!(H}(R?),R). Unfortunately, it seems
impossible to verify that J belongs to C'(X,.,R) because of the nonlinearity G involving supercritical
exponential growth. In spirit of [48], we are going to take advantage of the subtle truncation argument
to overcome this difficulty. Explaining it more clearly, for each n € NT, let us first define

(2.4) () = 1 (t)  Balt) = Enu(8) and F(t) = fu(t), VE € R,

n
where 1 € C§°(R?) denotes an even function with 0 < n < 1 and satisfies

L ot <1, .
n(t) = { 0 ItI > 9 with |n/(¢)| <2, Vt € R.

With 7,, in hands, we are able to replace G and g in Eq. (1.1) with
(2.5) Gn(z,t) 2 F(z,t)e”5"® | vt e R

t
and G (x,t) = / gn(x, s)ds, respectively. In the meanwhile, in light of the linking structures, we set
0

S
han(s) = / ~ Sn(u(r))dr, Yu € H}(R2).
0
At this stage, we shall contemplate the following auxiliary semilinear elliptic equation

* S h:  (|x (U
(26) —Au+vw<rx\>u+A</| Rerlg (ugspyas + P ')>f§)

z|

= gn(z,u) in R?,

As we shall conclude later, Eq. (2.6) possesses a variational structure and, for all n € N* | its variational
functional J, : X, — R is defined by

u =l g ?

2 R2 ‘$|2 R2

In what follows, we will also certify that .J,, is not only well-defined, but also belongs to C*(X,,R). As
a consequence, each critical point of .J, is in fact a (weak) solution of Eq. (2.6). Moreover, according
to the definition of 7, in (2.4), every nontrivial critical point, saying it u, of J,, satisfying |u|s < n, is
a nontrivial solution of Eq. (1.1).

Next, we mainly focus on the two modified terms above that permit us to treat Eq. (2.6) variationally.
To begin with, motivated by [48], it is simple to derive that there are the following facts

(2.7) 0 < n(t) < 4n® and |f,(t)| < 12n, Yn € NT and t € R,
and
(2.8) 0 < Fn(t) < t* and [fu(t)| < 6[t], Vn € NT and t € R.

With aid of (2.7) and (2.8), there is a constant Cp > 0 which is only dependent of # in (f2) that
(2.9) 03, (t) — 2. (£)t] < Cot?, ¥n € NT and t € R.
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On the one hand, we are concerned with the modified Chern-Simons term N, : H}(R?) — R for all

n € NT below ,
A Sn(u) ol
N2 [ S (/0 *§ (uls)) ds | da.

Lemma 2.1. For all n € NT, we have the following conclusions:
(i) Nn(u) < N(u) for all uw € H}(R?) and thus N, is well-defined. Besides, N,, is of class C' and,
for all v € HY(R?), its derivative is characterized as

. B Fn(u) |z s || s
Nyww) =2 [ S (/g 2sn<u«»>ds> </£ an<u<s»zp«»ds> da

u 2l g ’
+ 5 fn;‘gw (/0 an (u(s)) d8> dx.

(i) Suppose uj, — u in H}(R?) as k — 0o, then, going to some subsequences if necessary, for all
n € Nt and ¢ € H}(R?),

N (ug) = Nu(u), Ny (ur)(ur) = Njy(u)(w) and Ny, (ug) (1) = Ny (u) ().

(iii) There ezists a constant T > 0, which is only dependent of the imbedding constant of X —
L*(R?), such that Ny (u) < Ton*|jul}% and [N}, (u)(u)| < Ton|jul%.
(iv) Let Ty > 0 above be sufficiently large if necessary, then |ON,(u) — 2N} (u)(u)] < Tont||u|%-

Proof. We shall omit the details and the reader can refer to [48, Lemmas 2.2, 2.4 and 2.5]. O

On the other hand, let us focus on the modified nonlinearities g, and G,, for all n € N7,
Lemma 2.2. Let G be given by (1.15) and satisfy (1.13) as well as (f1) — (f4). Then, for all n € N*,
we have the following conclusions:

(91) gn(z,t) = o(t) ast — 0T uniformly in x € R? and n € N*;

(92) There is a o1 > 0 such that for all o € (0,01), then it holds that g, (x,t)t — 0Gy(x,t) > —%ﬂ
for all (x,t) € R? x R. Moreover, for all o > 0,

Gn(z,t)
[tlo+oo 2

[V

(2.10) = +oo uniformly in z € R? and n € N*.

(93) There is a a3 > 0 such that for all o € (0,02), we have for ty > 0 and My > 0 in (f3),
0 < Gn(z,t) < 2Mogy(z,t), V(z,t) € R? x [ty, +00) and n € NT;
(94) Given a o € (0,02), then for all By > 0 and ¥ € [0,1] in (f41), it holds that

%maw>%{>a if 9 € 0,1),

— o if9=1 uniformly in z € R? and n € NT.

lmint = 2 5
Proof. 1t follows from the definition of G,, defined in (2.5) that
g, t) = [f(2,t) + o F (2, )§.(8)] €757 V(z,t) € R? x R.

Obviously, taking (f1) in (2.8) into account, we have the point (g1). In order to deduce point (g2), due
to (1.13) and (f1), for all € > 0 and a > ayp, there is a constant Ce > 0 such that

(2.11) (2, )] < elt] + Ce[t|T? (eat"’ - 1) , V(z,t) € RZ x R,
where ¢ > 2 can be arbitrarily chosen later. Using (f2), there holds
(2.12) |F(2,1)| < elt]? + CLlt| <e°‘t2 - 1) , Y(z,t) € RZ x R.
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Moreover, without mentioning any longer, let us exploit directly the following inequality (see e.g. [57,
Lemma 2.1]):

<e°‘t2 . 1>m < (eamf" - 1)  VEER, a>0and m > 1.
Choosing € = 1 and ¢ = 2 in (2.11), we apply (f2) and (2.7) to get
gnl@, )t — 0G, (z,t) = [f(x,t)t — OF (x,t) + o F (2, t)fn (t)t] 75D
> o F(z, ) (t)te”S 0 > —gF(z, 1) [, (t)t|e*™
—24C on? <e4‘m2 — 1) 640"2152,

\Y

where C; > 0 is independent of n € NT. As a consequence, we define

A . 1 0—2
M {4n2’ 192C, T3en? (e*on® — 1) }
and then it yields the first part of point (g2) for all o € (0,01). Recalling (1.15) and (1.17), we see the
remaining part in point (g2) immediately. Combining (f2) — (f3) and (2.7), we set
1
g9 = %
and so for all o € (0, 02), it has that

gn(x,t) = f(z,t) + o F(z,t)fn(t) > f(x,t) — 120nF(x,t)

[u—y

(2.13) > (1—=120n) f(z,t) > = f(x,t)

[\

from where we adopt again (f3) to find that
Gn(z,t)  2F(z,t)
gn(x,t) — f(z,t)

which is the desired point (g3). The point (g4) is an immediate consequence of (2.13) and (f) for all

o € (0,02). The proof is completed. O

< 2My, Y(x,t) € R? x [y, +00),

As some by-products of Lemma 2.2, we collect some growth conditions for the nonlinearities g, and
Gy, for all n € N7 as follows. For all o € (0,07), then

2.14 n(z, )| < Teelt| + TeC.|t|T! e _ 1), Y(z,t) e R2 xR
(2.14) |gn (@, 1)] |t] , V(x, ,
and

(2.15) G2, 1) < eelt]? + eCL|t]T <e°‘t2 - 1) , V(z,t) €R? xR,

where the constants €, C. and ¢ are appearing in (2.11) and (2.12). To see them, we are derived from
(f2) and (2.7) that

gn(@,t) < [1+ olfn()t]] f(,t)eSn®
<(1+ 240712) f(:):,t)e4(m2
< Tef(x,t), V(z,t) € R? x R,

provided o € (0,01). So, (2.14) and (2.15) conclude. As a consequence, we are able to make sure that
the functional ¥,, : H}(R?) — R defined by

U, (u) = /R Gula,u)da

is well-defined and of class of C, see e.g. [48, Lemma 2.6] in detail.
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As this stage, gathering the discussions above, one shall demonstrate that the variational functional
Jy, is well-defined and belongs to C!(X,., R) which permit us to make full use of variational methods to
find nontrivial solution for Eq. (2.6). What’s more, it is elementary to take some calculations that the
derivative of J,, is given by

U 2l g 2
@) = [ 1Vuve -+ Vollahuglds+ 5 [ PO ( |5 <u<s>>ds> dr

2 R2 ‘33|2 2

Suluw) [ [1os | o
A g2 |z]? (/0 35n (U(s))d3> </0 fn (U(S))¢(S)d5> dif—/R2 gn (2, u)dz.

We conclude this section by the following convergent results related to the nonlinearity G,, and g,.

Lemma 2.3. Let G be given by (1.15) and satisfy (1.13) as well as (f1) — (f1). Then, for alln € NT
and 0 < o < min{oy, 02}, if (u) C H}(R?) and uj, — u in H(R?) with

sup/ In (2, ug)updr < +oo,
keN+ JR2

then for all n € N*, along a subsequence, it holds that

(2.16) lim Gn(z,up)da = / Gp(z,u)dz
k—oo JRr2 R2

Moreover, passing to a subsequence if necessary, there holds

(2.17) lim gn(x, ug)pder = / gn(z,u)pdz for all ¥ € C5°(R?).
R2 R2

k—o0

Proof. With Lemma 2.2-(g3) and (2.14)-(2.15) in hands, the proof is standard and we onit it. O

3. EXISTENCE RESULTS FOR (SUPER)CRITICAL PROBLEM

In this section, we shall investigate the existence results for the auxiliary semilinear elliptic equation
(2.6) under the assumptions (1.15) and (1.13) as well as (f1) — (f4) for all n € N*.
The main result concerning Eq. (2.6) is the following:

Theorem 3.1. Let G be given by (1.15) and satisfy (1.13) as well as (f1) — (f4). Then, there exist
some constants oy > 0 and N\g > 0 such that for all o € (0,00) and X € (0, \o), Eq. (2.6) admits at
least a nontrivial solution for all n € N7,

The proof of the above theorem will be divided into several lemmas.
First of all, due to the indefinite settings in this paper, we shall make full use of the following type
of linking theorem.

Proposition 3.2. (see [5]) Let X =Y Z be an Hilbert space with dimY < oo and let z € Z with
|z|lx = 1 be fived. Assume that ® € C}(X,R) satisfies there exist p > p > 0 such that

inf & > sup ®,
Sp oQ

where
Sp2{ueZ:|lulx=p}and Q£ {v+sz:0v€Y,0<s<p,|v]x < p}.
Then, there exists a (C) sequence of ® at the level

(3.1) ¢ = inf sup ®(y(u)),
7€l we@

where
I'={y€C(Q,X) : 7]og = id}.
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In order to apply Proposition 3.2, we set X = X, with Y = X~ and Z = X, since dim X,” = jy < +00
in Section 2. Moreover, setting ® = .J,, € C!(X,R) for all n € N*, then we prove the following results
regarding the linking geometry structure.

Lemma 3.3. Let G be given by (1.15) and satisfy (1.13) as well as (f1)—(fs). Then, for allo € (0,01),
there is a p > 0 independent of o and n € N such that

inf J,, > 0,
Sﬂ
for all n € Nt, where S, & {u € X : |lul|x = p}.
P r

2
Proof. Recalling (2.15), if ||ul% < —W, then for all u € X, (1.14) shows that
a

Gn(z,u)dx < ee/ lu?dx + eCE/ ||t (ea“2 - 1) dz
R2 R2

1 1
2 2
< ee/ lu|?dz + eC. (/ ]u\de> [/ (ezo‘“2 - 1) dx}
R2 R2 R2

< eT3e|ullkx — eCCoTgulk,

where T, > 0 is associated with the imbedding constant on X < L*(R?) with s = 2,8, and Cs > 0 is
M+

46T%

Julu) = B Julk = Callullk, Vu € X,

/2 /
for some Cg > 0 independent of n € NT. Now, we set p = { —W, gg} > 0 and so
o 3

Bt
897

R?

independent of n € NT. Choosing € = > 0 with gy > 0 given in (2.2), we obtain

inf J,, >
Sp n —

where S, £ {u € X, : ||lul|x, = p}. The proof is completed. O
Lemma 3.4. Let G be given by (1.15) and satisfy (1.13) as well as (f1) — (f1). Then, there is a Ay >0
such that for all X € (0, \1), there exists a p > p independent of o and n € N* such that

supJ, <0

0Q

for allm € Nt where Q = {v+sz:v € X;,0<s<p,|v||x < p} with z = m € X, and
jo+11lX
bjo+1 denoting the eigenfunction of pj,1+1 associated with (2.1).

Proof. Choosing A\| = ﬁ with p_ > 0 given in (2.2), then for all A € (0, A1), Lemma 2.1-(iii) shows
that

(3.2) AN, (w) < p_|lw||%, Yw € X,.

From which, according to (f2), (2.2) and (2.5), it holds that

. A
(3.3) T (w) = —%HwH%( + 5Na(w) = [ Gue.w)de <0, Vw € X,
RQ

provided XA € (0,\1). On the one hand, for all u = v 4 s,z € Q, we define 4 = W If @ =0, one
X

sees that s, = 0 and so uw = v € X, . In this scenario, it follows from (3.3) that
(3.4) In(u) <0.
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On the other hand, if @ # 0, then there is a set T3 C R? with Lebesgue measure |Y4| > 0 such that
|a(z)| > 0 for every x € T4. As a consequence, we shall demonstrate that |u(x)| = |a(z)|||u||x — +o0
on Yy as ||ul]|x — +oo. Hence, due to Lemma 2.2-(g2),

G G
(3.5) lim inf / Mfﬂdx > liminf / Mfﬂdx = 400 uniformly in n € NT.
lull x—=+oo Jrz U lull x—=+oo Jy, U
Taking again (3.2) into account, for all A € (0, \1), we apply (3.5) to obtain
J, 1
n(?é) <1- 5 Grn(z,u)dz — —o0 as ||ul]|x — +oo.
[l lullk Jr2

Thus, with aid of (3.4), there exists p > p independent of o and n € NT such that
max® <0
0Q
finishing the proof of this lemma. O

Combining Lemmas 3.3 and 3.4 as well as Proposition 3.2, for all o € (0,07) and A € (0, A1), there
exists a sequence (uy) C X, such that

(3.6) In(ur) = cp and (14 [Jug || x) | T (wr) | x -1 = 0,
for all n € N*, where

3.7 . 2 inf Jn >0

(3.7) cn = inf max (v(w))

with

Ty = {7y €C(Q, X;) : 7log = id}.

Remark 3.5. The reader is invited to observe from the proofs of Lemmas 3.3 and 3.4 that there exist
some constants ¢, ¢ > 0, independent of o, A\ and n € N*, such that ¢ < ¢, < é.

Lemma 3.6. Let G be given by (1.15) and satisfy (1.13) as well as (f1) — (f4). Then, for all o € (0,01)

and A € (0, \2) with Ao = 8%%24 > 0, if (ur) C X, satisfies (3.6) and (3.7), we deduce that the sequence

(lurllx) is uniformly bounded in k,n € N along a subsequence. In particular, it holds that

(3.8) sup/ gn(x, up)upde < Cy
keNt JR2

for some C4 > 0 independent of n,k € N*.

Proof. Suppose, by contradiction, that ||ug||x — +o0 as k — +o00. We define vy, = i , then, passing

Uk
lugll x
to a subsequence if necessary, there exists a function v € X such that vy — v in X, vp — v in LP(R?)
for all 2 < p < 400 and v, — v a.e. in R%2. On the one hand, we shall conclude that v = 0. Otherwise,
there is a set T, = {z € R? : [v(z)| > 0} C R? with positive Lebesgue measure, that is |T,| > 0 such
that |ug(z)] — oo as k — oo for all z € T,,. For all o € (0,07), we are derived from Lemma 2.2-(g)

that

k—4o0 2 2

(3.9) lim inf/ Mvzdx > lim inf/ Mv%dx = +oo uniformly in n € NT.
R2 U, k—+oco Jv Uuy,

Recalling (3.7) and Remark 3.5, we are capable of taking advantage of (3.2) and (3.9) to reach

0 = limsup T (tr) <1 — liminf Méuk)

5 vidax = —oo uniformly in n € NT,
k—+00 HukHX k—+oco JR2 uy,

which is impossible. So, we conclude that v = 0. In this situation, we must have that v, — v in LP(R?)
for all 2 < p < 4o00.
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0—2
2Tan

With the above discussions in hands, by applying A < Ay =
Lemma 2.2-(g2) to see that

Ocy, + ok (1)  0J,(uk) — J) (ur) (ug)

% lu %

0—2 0-2
= — — w|vk|2dx+
RQ

7 to Lemma 2.1-(iv), we then exploit

2 2 [ON, (ur) — 2N, (uge) ()]

1

lu 1%

2ucll%

e [ oo = Gt

0—2
ZT+Ok(1)

which contradicts with Remark 3.5 if we tend k& — +o00. The verification of (3.8) follows immediately
with the help of J/ (ug)(ur) = 0x(1) and Lemma 2.1-(iii) with A < Aa. The proof is completed. O

In light of the nonlinearity G, possesses the supercritical exponential growth at infinity and it causes
the lack of compactness. To restore it, we proceed as the Brézis-Lieb method to pull the linking level
¢n, down below a critical value. Have this aim in mind, motivated by [1,9,13,17,31,57], for a sufficiently
small but fixed constant ro € (0, 1] which shall be determined later, we make use of the Moser sequence
functions defined by

Viogk, if 0 < |z <72,

1 log (L
(3.10) wy(z) = E \/gl(o‘?”/‘k), if 20 < |z| < ro,
0, if |z| > ro.

Whereas, due to the indefinite settings in our problem, it would be much more complicated concerning
the estimate of minimax level than those of [42,47-49,52]. Roughly speaking, we are going to rely on a
new norm associated with the indefinite operator —A + V,(|z|). As a consequence, let us included the
detailed proof of the following result in the Appendix.

Lemma 3.7. Let G be given by (1.15) and satisfy (1.13) as well as (f1) —(fa). Then, for all o € (0,02)
and X\ € (0, ﬁ), we have that for some ky € N*
NS

max  Jp(v+twy,) < e = —.
t>0,0€ X, ap

Now, we show the proof of Theorem 3.1 and it is regarded as a direct corollary of the result below.

Lemma 3.8. Let G be given by (1.15) and satisfy (1.13) as well as (f1) — (f4). Then, for alln € NT,
Eq. (2.6) possesses a nontrivial solution for all o € (0,00) and A € (0, \o), where oo = min{oy,02} >0
and Ao = min{\y, Ao} > 0.

Proof. Forall o € (0,01) and A € (0, A1), we are derived from Lemmas 3.3 and 3.4 as well as Proposition
3.2 that there exists a sequence (ux) C X, satisfying (3.6) and (3.7). Since A < A2, then Lemma 3.6
reveals that (ux) C X, is uniformly bounded in X, that is, there exists a constant C5 > 0, independent
of n,k € Nt such that |Jug||x < Cs. Passing to a subsequence if necessary, there is a function u € X,
such that up — u in X, uxp — v in LP(R?) for all 2 < p < +o0 and up — u a.e. in R?. Using Lemma
3.6 again, we shall obtain (2.17) from (3.8) and thus Lemma 2.1-(ii) indicates that J,(u) = 0. In other
words, we deduce that u is a solution of Eq. (2.6) for all n € N*. The proof would be done if we verify
that w # 0. Arguing in indirectly, we suppose that u = 0. Let us take into account (2.17) and Lemma
2.1-(ii) once more, then

lim Gn(z,up)dr =0 and lim N, (uy) = 0 uniformly in n € NT.
k—oo JRr2 k—o0
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Combining ug — 0 in L?(R?) and J,,(ug) — ¢, in (3.6) as well as Lemma 3.7, one finds that
4
limsup [Jug |5 < -,
k—o0 %]
Thereby, we shall choose o > aq sufficiently close to ag and v > 1 sufficiently close to 1 in such a way
that %+%:1with1/>1and

1%
v ||lug||% < 4m(1 — €) for some suitable € € (0,1).

We define

av/
U = 4| —— Vk € N*
U’k} 47_[_(1 _ 6) uk‘? G Y

and so ||ig]|x < 1. In view of (2.14) with g > 2, for all o € (0,07), it holds that

/ gn(x, up)upde < / Jug|?da +Cg/ |ug |7 <ea“i - 1) dz
R2 R2 R2

< [ luar+c (/ |uk|‘7”dx)”
R2 R2

Recalling (1.14), we can deduce that

1

[ JRGEEEY dm] .

lim gn (2, up)urder = 0 uniformly in n € N,
k—oo JR2

From which, combining uy — 0 in L*(R?) and J/,(ux)(ug) — 0 in (3.6) and Lemma 2.1-(ii), we conclude
that ||ug||x — 0 uniformly in n € N*. Therefore, we must have ¢, = klim Jn(ug) = 0 which contradicts
—00

with Remark 3.5 and so the claim u # 0 concludes. The proof is completed. U

At this stage, according to the observations in the Introduction, we are going to take the L*°-estimate
for the obtained solution u explored in Theorem 3.1. Unfortunately, in light of the “almost optimal”
growth condition (f;) was supposed, then the arguments exploited in [2,3,46] would become unavailable
any longer. As a consequence, we need the following result which is crucial in this paper.

Lemma 3.9. Let G be given by (1.15) and satisfy (1.13) as well as (f1) — (f1). Then, for alln € N*,
there are gy < oo and A\g < Ao such that the sequence (u,) C X, in Lemma 5.8 contains a strongly
convergent subsequence uniformly in n,k € Nt for all o € (0,59) and X € (0, \o).

Proof. Recalling the proof of Lemma 3.8, we know that [Jug||x < Cs. Moreover, uy — u in X,, ux, — u
in L”(]RQ) for all 2 < p < 400 and u, — u a.e. in R?. In order to conclude that u; — v in X, along a
subsequence, it is sufficient to demonstrate that

(3.11) lim gn (7, up)(up, — u)de = 0 uniformly in n € N*.
k—oo JR2
As a matter of fact, it is very similar to the verification of (3.11) to have that
(3.12) lim gn(z,u)(up — u)dz = 0 uniformly in n € NT.
k—oo JR2
With (3.11) and (3.12) in hands, we take advantage of J,, (ug)(ur — u) = ox(1) by (3.6) and J'(u) =0
in Lemma 3.8 to reach

or(1) = Jp(ur) (up — u) — Jy () (u, — )

= s =l = [ o = P + 5 [N () k= ) = N ) = )]
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- /]RQ gn(xyuk)(uk — U)d$ + /R2 gn(x,u)(uk — u)dx
= [lug — ull% + ox(1)

which yields the claim. Thereby, our next goal is to exhibit the verification of (3.11). First of all, using
(2.10), there is a constant K > 0, which is independent of n,k € NT, such that

(3.13) Gn(z,t) > 12, Y(z, |t|) € R? x [K, 4+00).

To continue showing (3.11), we shall split the proof into the following two cases.

Case 1. |u| <2K.
In this case, we shall prove (3.11) for all o € (0,00) and A € (0, \g). Taking into account u; — u a.e.
in R?, without loss of generality, one would suppose that |ug| < 3K for all k£ € NT. With the help of
(2.14) with g = 2, for all o € (0,01), we see

/ |gn (z, ug) (ug — u)|de < / lug (ug, — u)| do + CG/ |ug — | Jug] (ea“i — 1) dz
R2 R2 R2
< |ug|2|ur — ul2 + Cs (GQQKQ — 1) |ug|2|ur — ul2

which gives us (3.11) immediately, where Cg > 0 is independent of n, k € N*.

Case 2. |u| > 2K.
In this case, we are going to look for some small 5y < og and A9 < Ag such that (3.11) remains valid
for all o € (0,50) and A € (0, \g). What’s more, since we recall that uj, — u a.e. in R?, without loss of
generality, one is allowed to suppose that |ug| > K for all £ € NT. So, (3.13) reveals that

(3.14) Gn(z,up) > us, Vo € R2

Proceeding as [8, Proposition 2.2], we easily conclude Ny (u) < 1o |uf3|ul} < 12=T1C4|ul3, where T4 > 0

is related to the imbedding constant of X, — L4(R2). Analogously, there exists a C; > 0, independent
of n,k € N*, such that

(3.15) 2N, (u) — Ny (w)(u)| < Crlul3.

Denoting 6 = 02 € (2,0), we claim that there is a 6o < 0 such that for all o € (0,5y), it holds that
(3.16) gz, )t —0G(x,t) > 0, ¥(z,t) € R? x R and n € N*.

Indeed, according to the definition of Gy, in (2.5), we apply (f2) and (2.7) to deduce that

gz, t)t — 0G,, (x,t) = [ Fx,t)t — OF (z,t) + o F(z, t)fn (t)t| 57O

> [1 0 —2) — 240712] F(z,t)e”5"®), v(z,1) € R* x R.

Choosing 7y = min < o, > 0, we then deduce that (3.16) holds true for all o € (0,5). As a

96n>
consequence, we are capable of taking advantaging of (3.14), (3.15) and (3.16) to reach

) = Ju(u) — 5T (w)(w)

A 1

=1 [2Ny, (u) — N} (u) (w)] + 3 /]1@2 [gn (2, ug)u, — 2Gp (2, ug)] dx
0—2 Ao 1 A )

> 7" < _2 > -2 -2 .

> 052 [ Gutwus = iy = |30 -2 - Jer]
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Let us determine \g = min {)\0, (96;72} > 0, then for all A € (0, \g), one finds that .J,,(u) > 0. Thanks

to this crucial conclusion, we are ready to verify (3.11) in detail. We gather J,,(ug) — ¢, in (3.6), the
Fatou’s lemma, u; — u in L?(R?) and Lemma 2.1-(ii) as well as (2.16) to derive

1 w A
e = Slurll% — & / ugl2de + 2N (ug) — / Gole, u)da + o (1)
2 2 R2 2 R2

1 1 w A
= L =l L - ¢ / Pde + 2Nu(w) — [ Gulew)de + ox(1)
2 2 2 Jgo 2 -

1

= Sl = ull% + Jn(u) + 0x(1)
1

2 o lluk — ull% + ox(1).

In view of Lemma 3.7, it holds that limsup ||ux — u||% < 377(;' Consequently, we shall choose a > «g
k—o0
1

sufficiently close to ag and v > 1 sufficiently close to 1 in such a way that % + = =1with v/ > 1 and

v

o/ |Jug, — ul|% < 5 for some suitable € € (0, 1).

4
(I1+¢€)
Setting
av'(1+¢€)3

4
Obviously, one finds that ||ig||% < 1 for all k € N*. Moreover, for the above fixed € € (0,1), we need
the following two types of Young’s inequality

la+ b < (1+e)|a®+ (1 +e Y2 VYa,be R

Uy, = (uk—u), Vk € NT.

and )
et —d < —[e(t9e _ ] 4 [0+ _g] | Va,b,d € R.
1+e€ 1+e€

By means of the above facts with (1.14) and |ix]|% < 1, one has

/ <6au’|uk\2 N 1) dr < / |:ea1/’(1+6)\ukfu\2+ow’(l+e_l)\u|2 _ 1] dx
R2 R2

< 1 / [e4w(1+e)*1|ﬁk|2_1} dz + —€ / [ea(1+s*1)2\UI2_1 dz
T 1l+4+e€ Jpre 14 € [Jre

€ —1)2|,,[2
< a(l+e 1) |u| 1
_cg+1+€/RQ[e }dx

< 400,

from where it infers from (2.14) that

R
o7

/ 90 ) (e — )| o < [unlafug — uls + Colul 91 fug — [/ Ly dx]
R2 R2

So, we can prove (3.11) in this Case. The proof is completed. O

As a byproduct of Lemma 3.9, we conclude that u; — u in X, along a subsequence. Moreover, one
knows that [Jug||x < Cs by Lemma 3.8 for some C5 > 0, independent of n, k € N*. Therefore, for all
o € (0,50) and X € (0, \g), there exists a function w € X, that is independent of n,k € N such that

(3.17) max {kselgi lug ()], ]u(m)]} < w(z), Vo € R%
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Lemma 3.10. Let G be given by (1.15) and satisfy (1.13) as well as (f1) — (fa). Then, for alln € N*,
there exist some o, = g and A\ < \g such that for all o € (0,0.) and X € (0, \y), the obtained solution
u € X, established in Theorem 3.1 belongs to L>°(R?). In particular, it holds that

2§ q
2\ -2 | o5 ~_2 2¢(2—-9)
[u]oo < (d) [Cg /RQ(ea‘W — 1)d:z:] |u|j,

where Co > 0 is a constant independent of n € N*, @ comes from (3.17) and G € (1,2) with % + % =1.

Proof. For all w > 0, according to (2.10), there is a T, > 0 independent of n,k € N such that
(3.18) Gn(z,t) > wt?, V(x,|t]) € R? x [T, +00).

Without loss of generality, we could suppose that |u|s > T,,. Otherwise, the proof is done immediately.
Because we have showed that u;, — v in X, by Lemma 3.9, there holds that J,(u) = ¢, + ox(1) which
together with Remark 3.5 reveals that J,,(u) > ¢ > 0 for all n € NT. Proceeding as the very similar
calculations in Case 2 of the proof of Lemma 3.9, we use J,(u) > 0 and (3.19) to arrive at

1 A
Lz > “’/ w2z — 2Nyw) + | G, u)da
2 2 R2 2 R2
> w _ LTiCé / u’dz.
2 327 R2
16w
If we choose A3 = Ticl > 0, then for all A € (0, A3), one has
4bs
3.19 ul|% > 2w uw’dx.
( X
R2

Next, we shall begin with the verification of u € L>(R?). As a start, we suppose that u > 0. Given
v >1and z € NT, we will introduce the measurable sets A, £ {z € R? : u?’~! < 2} and B, £ R?\A..

Consider the sequences
w2l in A, u?, in A,
Uy = 9 . and v, = .
z7u, in B, zu, in B,.
It is simple to observe that u,,v, € X;, |u,| < [u[*’~! and |v,|* = vu, < |u|*” in R2. Moreover,

Vo — { (2y — Du?0" YV, in A, AV, in 2,

22Vu, in 9B, and Vo, = { zVu, in B,

which imply that

VuVu,dx = (2y — 1)/ w20V |Vl 2de + 22/ |Vu|?dz,
(3.20) R 2 B-
/ |V, [*dz = 72/ w0V | Vw2 da + 22/ |Vu|?da.
R2 A B

Combining (3.20) and the fact that v > 1, one obtains
/ |V, |*dz = / VuVu,dx + (v — 1)2/ w0 | Vul2de
R2 R2 Az

(v - 1)
2v—1

Because u € X, is a nontrivial critical point of J,, that is, J),(u)(u,) = 0 which gives that

(3.22) /R2 [VuVu, + (|2 — w) uw,] dz = —%N;L(u)(uz) + /R2 gn(z,u)u.dz.

(3.21) < [1 + ] VuVu,dz <~% [ VuVu.dz.
R2

RZ
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Then, we shall take some careful analyses for each item in (3.22). First of all, let us note that uu, = v,
it follows from (3.19), (3.21) and « > 1 that, for all A € (0, A3)

(3.23) / (IVv. 2 + |z)?|vs]?) dz < 272/ [VuVu, + (1 + [z]?) uu.] dz.
R?2 R2
Due to (2.8), some simple calculations provide us that
hen ()
4$F*SGMQSGﬁMﬁ
and
> hun(s) 1 hun(|2]) 2 Fn(u)
— 7 n ds| < — — dx < C7r d
M PSP e <o T s

2

2 1
1 3 3
< Cplul? / Lda F(uyde |+ Colul3lul
|lz[<1 |x|2 lz]<1

< Clulf (Julg + ul3) < €T3 (T3 +T5) [lull,

where C, > 0 is a constant which is only dependent of 7, and T; denotes the best imbedding constant
of the imbedding X < L*(R?) with s € {2, 4, 6}. Decreasing ) if necessary, it holds that

A 1
— 2N (u)(us)| < XCxT2 (’]I‘% + T2 + T%) ||u||§(/ uudr < / uude.
2 R2 4 Jr2

In view of J,(u) < ¢* and J) (u) =0, for all o € (0,01) and X € (0, \2) we take advantage of Lemma
2.1-(iv) and Lemma 2.2-(g2) as well as (3.19) to have that

Oc* = 0J,(u) — J) (u)(u)

(3.24)

0—2 0—2 A
= S5l = T [ wlulPde+ 5 [N, () — 2, () (w)]
+/ [0gn(z, u)u — Gy (z,u)] dz
]RQ
0—2
(3.25) > ——llull

Consequently, (3.24) and (3.25) guarantees a A\, < min{\g, A3} which is independent of n € N* and
A
(3.26) AN () u2)

~ > 1 such that for all A € (0, \,)
1
< / uuzde.
4 Jgo
It follows from (2.14) that

1
/ gn(z,u)udz < / uu,dx + Cg/ U, (eo"”'Q — 1) dz
RQ 4 RQ RQ

1 i L
(3.27) < / wudx + Coly g (/ |Uz]2qda:) ’ ,
4 Jp2 ’ R2

where Cg > 0 is independent of n € NT and

. s
[a@, S (/RQ (ea(jlle B 1) dx) q .

Here w comes from (3.17) and ¢ € (1,2) with % + % =1
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As a consequence of (3.22), (3.23), (3.26) and (3.27), we have

/ [|sz|2 + (1+ |x\2) |vz|2] dz < Ci0lp57° </ |UZ|24dx> !
R2 R2

We fix G € (1,2) with ¢ = ¢/(¢— 1) and X — L*(R?), there is a constant Cy > 0 independent ~ such

that
1 1
2 _ ~ q
(/ |UZ\4dx> < COIayq/ny </ vz|2qu>
R2 R2

Once v, = u” in A, and v, < u” in R?, there holds

1 1
i ~ 1
</ ]u\‘”da:) < Colng* </2 ]u\Qqu:I:) ! , Vz e N.
. R

Applying the Lebesgue’s Dominated Convergence theorem with z — oo to the above formula, one has
(3.28) |u|47 < Colag |u\2q7

We choose the constant = 2/q, then p > 1 because G € (1,2). For every j € NT, define v; = y/ and
thus 2¢vj41 = 2quy; = 4v;. For j =1, 1 = > 1 which can be applied in (3.28) to derive

1 = 1
(3.29) |ulap < pr (Colag ) |uls.
For j =2, v9 = p? > 1 and 2¢ye = 4y = 4 and by (3.28),
1
(3'30) |u|4,u2 < ( ) (COIaq) 22 |u|4ﬂ‘
For j =3, y3 = p® > 1 and 2§73 = 42 = 4p? and by (3.28),

a1 1
(3.31) [ulas < (1) (Colag) > Julyye-
Similar to (3.29), (3.30) and (3.31), proceeding this iteration procedure J times, we can infer that

(3.32) ulgus < 158 ol ) 5 s

invoking that u € L* (R2) for each j € N*. Clearly, E iz (71 and g — thereby
i (-
=1

we can take the limit in (3.32) as j — oo to obtain

I _ 1 4

|uloo < =0 (Colagr) @1 uly.
Finally, if u changes sign, then it is enough to argue as before by contemplating once the positive part
ut 2 max{u,0} and once the negative part v~ = max{—u, 0} in place of v in the definition of u,. As

a result, we shall conclude the verification of u € L>(R?) for the nontrivial solution u finishing the
proof of this lemma. O

With the help of Theorem 3.1 and Lemma 3.10, we are capable of exhibiting the detailed proof of
Theorem 1.2.

Proof of Theorem 1.5. Recalling Theorem 3.1, we have showed that the function u is a nontrivial
1670
by

solution of Eq. (2.6) for every A € (0,\,) and o € (0,0.). Moreover, it satisfies ||u|% < D)
ap(f —

(3.25) and so Lemma 3.10 indicates that

23 _ _q 9
2\ @-9? | -x =2 24’ (2—-9) 1670 A
o< (2 I (=~ 1)d 2| &
oo < (@7) [CO /RQ(e ) m] 2 [040(9—2)] G,
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where Ty > 0 denotes an imbedding constant of X <+ L?(R?). Now, we are able to reach the proof of
Theorem 1.2 by fixing n > Cp, because in this case u is a nontrivial solution of Eq. (1.1) according to
the definition of 7, in (2.4). The proof is completed. O

4. MULTIPLICITY RESULTS FOR SUBCRITICAL PROBLEM

In this section, we are concerned with the existence of infinitely many solutions for the auxiliary
semilinear elliptic equation (2.6) with a sublinear type nonlinearity for all n € N*. Speaking it more
clearly, we study the following class of gauged nonlinear Schrodinger equation with indefinite potential

> p h2  (|z
(A1) —Aut Vo(elu+ A (/ un(8) s (u(s))ds + u’\n(||2 |>> ) _ efa)fup=u in B2
|x| S X
where w > 0 is sufficiently large such that the operator —A + V,, is non-degenerate, £ € L%(RQ) with
E>0and 1 < p< 2.
The main result concerning Eq. (4.1) can be stated as follows.

Theorem 4.1. Let w > 0 be large and satisfy the operator —A +V,, is non-degenerate. If € € Lﬁ(ﬁ@)
with € >0 and 1 < p < 2, then for all n € NT, there is A\’ > 0 such that for all A € (0, \°) possesses a
sequence of solutions (uy,) C X, satisfying

(4.2) Tn(tm) < 0 and Ty, () — 0 as m — +oo uniformly in n € NT,

where the variational functional J,, : X, — R corresponding to Eq. (4.1) is of class C' and defined by

1

Tutw) = 5 [ [0 + Vidlel)i] o+ SNato) = [ eCalupae

As before, we also divide the proof of the above theorem into several lemmas. Taking into account
the existence of infinitely many solutions for Eq. (4.1), we introduce the following minimax argument
which is known as the generalized fountain theorem due to Ding and Dong [15].

In what follows, we denote X by an Hilbert space equipped with the norm || - [|x. Let X = X~ @ X+

-1 o0
satisfy X~ = @ X; and X+ = @ X;, then there is the following result.
1=—00 =1
Proposition 4.2. (see [15, Theorem 3.2]) Let ® € C1(X,R) be an even functional which is P-lower
semicontinuous, that is, for all C € R the set {u € X : ®(u) < C} is P-closed, and such that V® is

weakly sequentially continuous. If there is a constant mqy > 0, for all m > mgy, such that ® satisfies the
following conditions:

(i) there ewists T, > 0 such that a™ = inf ®(OB™) > 0, where OB™ = {u € Y, : ||lullx = 7} and
o0
Ym = @ Xj,‘
Jj=m

(ii) there exists a finite dimensional G-invariant subsequence Xm C X, and there exists 0 < vy, < Tm
such that b™ £ sup B(N™) < 0, where N™ 2 {u € X P Xy : |Julx = vim}:
(iili) d™ £ inf ®(B™) — 0 as m — 400, where B™ £ {u € Y, : ||ullx < Tm }-
If ® satisfies the (PS) condition, then ® possesses a sequence (uy,) of nontrivial critical points such
that ®(uny,) < 0 and ®(uy) — 0 as m — +o00.

Here, the Palais-Smale sequence at level ¢ € R ((PS), sequence in short) corresponding to ® assumes
that ®(z,,) — ¢ and ®’(z,,) — 0 as n — oo, where (z,) C X. If for any (PS), sequence (z,) in X, there
exists a subsequence (z,, ) such that x,, — xo in X for some zy € X, then we say that the variational
functional ® satisfies the so-called (PS), condition.
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Proceeding as what we have done in Section 3, to apply Proposition 4.2, we continue setting X = X,..
In view of the eigenvalue problem (2.1), let fi; —w be the eigenvalue of the non-degenerate operator
L= —A+V,(]z|) and V; stands for the eigenfunction spaces related to fi; — w, where j € {1,2,--}.

Jo +oo
At this stage, we choose X~ = X, £ @V, and XT = X7 £ @ Vj, then X = X~ PXT and
j=1 j=jo+1
hence X, = X,” @ X}, where L is positive definite on the infinite dimensional space X, and negative
definite on the finite dimensional space X. Hereafter, we are going to denote PT by the orthogonal
projections from X, to XF the decomposition above, respectively. Moreover, the spaces P~ and P+
are also orthogonal with respect to L?-inner product. For any u € X,., we define

lull, = 1P ulf + 1Pl
where
1Pt = [ 9Pl + Vo Pl o
R2
and
1Pl == [ 19P~ul + Va(lalP ] da.
R

Obviously, one also obtains that
[, 9P+ VilaDluf] de = [P ullt = |P-ulf, v € X;.

Consequently, we define || - ||x = || - [|z- In other words, it is the case that (X, | - ||x) = (X», || - [|z). As
a matter of fact, we shall conclude that X, endowed with the norm || - ||z can be compactly imbedded
into L*(R?) for all 2 < s < 400, see Lemma A.1 below in detail. In this scenario, we define ® = 7, for
all n € NT and it is simple to observe that 7, € C'(X,,R) by Lemma 2.1. What’s more, let us recall
the definition of 7 in (2.4), then one might realize that the functional N,, is even for all n € N and so
is Jn. In the meanwhile, it would be very standard to certify that 7, is P-lower semicontinuous and
V7, is weakly sequentially continuous for all n € NT. As a consequence, the application of Proposition
4.2 with mg = jo becomes available.
We next focus on the verifications of the geometry conditions on 7,.

Lemma 4.3. Let 1 <p<2and <€ € Lﬁ(RQ). Then, there exists a T, > 0 independent of A > 0
and n € NV such that
a™ £ inf 7, (0B™) > 0

for allm € N, where 9B™ £ {u € Yy, : ||lullz = 7} and Y, = @ V;. In addition,

j=m
d™ 2 inf 7, (B™) — 0 as m — +oo uniformly in n € NT,
where B™ £ {u € Y, : |lullp < 7}

Proof. For all m > mg, we define

(4.3) Bm = sup [ulz

ue¥,n\(0) llullz
Due to the compact imbedding (X, || - ||) < L?(R?), we can proceed as the proof of [56, Lemma 3.8]
to conclude that f,, — 0 as m — oo. So, given u € Y,,,, we are derived from (4.3) that

1 A 1
TIn(u) = §IIUH% + 5 Nn(u) — 2 J §(x)|ulPd

1 1 1
> Sl jel 2 Bl = 1wl
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AlE] 2 Bm\ 27
provided ||u| = [ ——2— £ 7. So, it holds that
p
1 2 m
Tn(u) 2 375 2 0, Vu € OB
which indicates that ™ > 0. For all u € B"™ = {u € Yy, : ||u|]|z < 7}, it has that

1 1 1
0« —EIEI; mTm < —*|£| Brllully, < Tnlu) < §IIUII%+CIIUII% < §T%+CT§L—>0

m'm —
as m — oo, where C' > 0 is independent of n € NT. Thus, d™ — 0. The proof is completed. O

Lemma 4.4. Let 1 <p<2and 0 <€ € Lﬁ(RQ). Then, there exists a constant \' > 0 such that for
all X € (0, )\1), there exist a finite dimensional G-invariant subsequence X,, C Xy, and 0 < vy < Ty

independent of n € N such that
b™ £ sup ®(N™) < 0

where N™ 2 {u e X P X : |Jullz = vim}
Proof. Given a u = u~ +ut € X~ @Xm, where Xm is a finite dimensional subsequence of X,,,, it is

sufficient to demonstrate that [, (u) < 0 as ||u||;, — 0. Arguing it by a contradiction, we would suppose
that there is a sequence (ug) C X~ @ X,;, with ||ug||r — 0 such that 7, (ux) > 0 for all k € N*. Then,

A U
we set v = ||Uk;||L

that vy — v, v, = v~ and v,j — vt in X, vp — v in L*(R?) for all 2 < s < +00 and v — v a.e. in
R2. Because of Remark A.2, without loss of generality, we choose A\! = ﬁ, then for all A € (0, A1),
Lemma 2.3-(iii) shows us that

< o) L 15— o 1) + g M) — e [url” 4o

and so ||vg||r = 1. Passing to a subsequence if necessary, there exists a v € X, such

urll? ™ 2 2wl el
1 _ 1 |uk|p
< 5 (12 = g 1) + 5 (g1 + i 1) = - | eta
s g
3 |uk|p
= St 13 - 7oz 1 - /5
ale =gl el

We claim that v # 0. Otherwise, with aid of vk — 0 in X,, we would obtain

jn(uk:)
0< lim < — lm
k——+o0 HukH2 4 k— ; Hvk HL

which, in turn, yields that ||v, || — 0. Therefore, one deduces that 1 = ||Uk||L = |2 + [Jvg, |12 — 0,
a contradiction. This claim gives us that v # 0 and so |©,] > 0, where ©, = {z € R? : |u(z)| > 0}. Tt
follows from the Fatou’s lemma and p < 2 that

3 1 1 p
0 < limsup jn(“l;) < ot - flirninf v 17 — hmlnf §( ) | 5dr

k—too |[ukll7 [Jurl7
3 1 1

< St2 + = — Zliminf / &(x)|vgPde
I+ it [l

— —00

which is an absurd. The proof is completed. O

Lemma 4.5. Let 1 <p<2and0<¢ € Lﬁ(RQ) for all x € R2. Then, there is a A\* > 0 such that
for all X € (0, \%) and for all n € N*, 7, satisfies the (PS) condition.
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Proof. Given a ¢ € R which is independent of n € NT, let (ux) C X, be a (PS) sequence of J, at the
level ¢ such that

(4.4) Jn(ug) — c and J) (uy) — 0.

On the one hand, we shall certify that (uy) is uniformly bounded in & € NT. According to Remark
2
A.2, we take advantage of & € L2-»(R?) to have that

or(Dlurllz > Ty (ur) (wf —wy)
>\ - — —
= |lugllZ + §Nﬁ(uk)(ug —uy ) — /R2 () |uglP 2%(% — up)dz
A - - —
> el — 5 [N ) (e = wi0)| = €] 2 fuuels ™ iy — i |2
A _ P
o > gl — 5 (1N ) )| 2 [N ) ) ) = T e

For all u € X, it follows from (2.7) that

hu,n(|x‘)_ 1 u 1 : 2 (0
ol w0l oy 0 MY T </Bx.<o>dy> (/BMF”( (y”dy>

L 2 u 7’L2$
< e (/Bﬂ@sﬂ( <y>>dy> < nlal.

As a consequence, by means of (2.8) and Remark A.2, we obtain

gn(“k) & S |z s B
2 - ’.CI?‘Z (/0 §Sn (Uk;(S)) dS) (/0 §fn (Uk(S)) U (S)ds) dz

W)Uy, 2l g ?

n? 3n(ukz) ] 2 % B 5 %
Sm e o] (/0 sfn(Uk(S))d8> </Bx|(o)|uk(y)‘ dy) dz

et ([ \:c|2\fn<uk>|2dac)é (/. :c|2\u,;<ac>|2das)é

< @ gn(uk) 2

2
2 4r2 _
dy| d T
RV (/BM(U)’Uk(y)’ y) % O T el |z

< 120 ug[5 + 60" T3 ugl| 2|y |2 < 180" T3 |lug17.

-
N

N

| N () (uy)| =

form where and Lemma 2.1-(iii), we can determine a sufficiently small A2 > 0 such that for all A\ € (0, \?)
A (V3 () ()| + 2| N7, () ()] ) < Nl -

Recalling (4.5) and p < 2, we can deduce that (uy) is uniformly bounded in k € N* for all A € (0, \?).
On the other hand, let us conclude that (u,) contains a strongly convergent subsequence. Since (uy,)
is uniformly bounded in X,., going to a subsequence if necessary, there is a u € X,. such that u,, — v in

2
X, Uy — uin L¥(R?) for all 2 < s < +oco and u,, — v a.e. in R%. Taking &£ € L2-»(R?) into account,
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one finds that

/ £(x) (JunlP~2u, — [ufP~2u) (4 — u)dz
RQ

_2
S N e Il g
2

< ¢z (lunls™ + July ™) = ulo
= ox(1)
which together with Lemma 2.1-(ii) and (4.4) indicates that
ok(1) = Jp (up) (uf — u™) = T (w)(uy, —u™)
= llust — w7 + AN (u) () — u) = AN (w) (wf — ) = /RQ &) lug [P Pup(wf —uF)de
=t — w2+ ox(1).

So, we have that u;: — ut in X;F. Analogously, one can deduce that u,, — u~ in X7. As a consequence,
(up,) contains a strongly convergent subsequence. The proof is completed. O

With the help of Lemma 4.3, Lemma 4.4 and Lemma 4.5, for A\ = min{\!, A2}, we shall demonstrate
that Eq. (4.1) has a sequence of solutions (u,,) C X, satisfying (4.2) for all A € (0, \?) and n € NT.
As a matter of fact, it is the desired conclusion exhibited in Theorem 4.1 and so we would not write its
proof any more.

Based on the discussions above, we are able to give the proof of Theorem 1.5.

Proof of Theorem 1.5. According to Theorem 4.1, one knows that, for all A € (0,\°) and n € N*,
(um) C X, is a sequence of solutions of (4.1) satisfying (4.2). Proceeding as the very similar arguments
showed in the proof of Lemma 4.5, we have that (||| ) is uniformly bounded in n,m € N for all
A € (0,A\Y). Next, we clam that there is a A* < A? such that for all A € (0, \*), there exists a constant

C > 0 independent of n,m € N* such that sup |um,|e < C. Without loss of generality, we would like
meNT
to suppose that sup |um|eo > 1. Otherwise, the proof would be done immediately. In this scenario,
meNTt

E() Jum [P < E(x) [um P

2— o _1
/RQ & () [um|*Pda < (/RQ \§|22pdm> ’ (/RQ yumymdx>p

form where it follows that &(z)|um,[P~! is uniformly bounded in n,m € NT in L?(R?) for all A € (0, \?).
As a consequence, it is standard to take advantage of the arguments in the proof of Lemma 3.10 to
find a small \* < A\? such that for all A € (0, \*),

% By n(8) )
A (/| P nl$) o 0 (5))ds + )

x| S ‘$|2
In view of (2.8) and (4.1), it holds that

and

<1

—Au,, + |x]2um < (w + 3) |t +§(w)|um|p71 in R2.

Because (w + 3)|um| + &(x)|um[P~1 is uniformly bounded in n,m € N* in L?(R?) for each \ € (0, \*),

the classic elliptic regularity results reveal that sup |um,|eo < C holds true. Owing to the definition of
meN+

N, We are able to derive that (u,,) C X, is a sequence of solutions of (1.1) if we choose n > C. The

proof is completed. U
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APPENDIX A. THE PROOF OF LEMMA 3.7

In this section, we exhibit the detailed proof of Lemma 3.7. In order to begin with it, let us introduce
some preliminary results.
First of all, we define V¥ (|z|) £ max{+V,(|z|),0} for all z € R2. Given a u € X,, since V}(|z]) <

|z|? for all z € R?, then
1
2
-1+ = (/Rz IV 2+ V()] - 7] dfﬂ)

can be regarded as a norm on X,.

Lemma A.1. For any w > 0, the norms || - ||+, || - [z and || - [|x are equivalent to each other, where
| - ||x comes from Section 2.

Proof. On the one hand, we shall certify that || - ||+ is equivalent to || - ||x. The reader might find that
VE(|z]) < |z|? for all 2 € R?, then it holds that ||uy+ < ||ul|x for all u € X,.. Moreover, it is simple to

V+
observe that lim - (J])
|s| =400 |CE‘2

= 1. So, there is an R, > 1 such that

1
ol > Ry = V(o) > laf
With aid of the above fact, for all u € X,., we obtain

lull% = / (Yl + [22[uf?) dz + / (IVal? + [22|uf?) da
|z|> R |z|<R.,

< 2/ (1Vaf? + Vi () fuf?] de + Rg/ (1Vuf? + [uf?) dz
|z|> Ry ||

>flw

< 2/ [1Vaf? + V(e ul?] de + R2(1 +c,2%)/ Ve
ey al<h.

< [2+RZ(1+Ch)] / [[Vul? + VF (2] ul?] da,
R

where Cr,, > 0 is a constant independent of u. Therefore, we have that ||u||x < C|lu||+ for some C > 0
independent of w. Thus, || - ||+ is equivalent to || - || x.

On the other hand, let us show that ||-||+ is equivalent to ||-||z. Since V; (|z|) = max{w—|z|%,0} < w
for all x € R?, then for all w = Ptu+ P~ u € X, with P*u € Xﬁc, there holds

i = [ [0 + ValiahluP]do+ [ Vo (aDlufdo

R2
<IPHlt ~ 1Pl +w [ fuPda

< 1PTull + 1P~ ullf + 2w (|PFul3 + [Pul3)

Prully,  |[P”ul?

Al < lul|2 +2 | L LY <Coa ia llull?
(A1) <l + 2 (A IEEIL ) <o

for some Cy ji; 11,45, > 0 independent of u. Due to the definition of || - ||, one has that
(A2) IPull = [ IVPTu? + VoeDl P ] do < [PFul?

and

(A.3) P |2 = _/ [[VP~ul® + V,,(|z])| P ul?*] dz < w/ 1P~ u?dz < wTy||Pull%,
R2 R2
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where Ty > 0 denotes the best imbedding constant of (X, | - ||+) into L2(R2). Since P and P~ are
orthogonal and 0 < V; (|z|) < w for all z € R?, we conclude that

lull2. = /RQ (VP u+ VP ul? + V()| Pru+ Pul?] de
= [|Ptull2 + || P uld + 2/ [VP*uVP u+ Vi (Jz))PTuP u] dx
RQ

= IPFull + IPul 2 [ VG ()PP uds
RQ

> | Prulf + | Pulf — 20T ull?,
which together with (A.2) and (A.3) indicates that
lullZ = 1P ulf + 1P~ ulf < |PFullf +oTo| Pul2
(A1) < (1+wh) (1Pl + 1Pul?) < (1+20T) ul?.
Combining (A.1) and (A.4), we can derive that ||-||+ is equivalent to || - ||. The proof is completed. O

Remark A.2. According to Lemma A.1 above, without loss of generality, we would not distinguish
the norm || - ||x from || - ||z on X, when there is no misunderstanding in the whole paper.

Before making an estimate for the mountain-pass value ¢, in (3.7), in some similar spirit of [3, Lemma
4.5], we need to introduce some significant observations that play fundamental roles in the proof of
Lemma 3.7. Regarding the Moser sequence of functions defined in (3.10), some elementary computations
give us that

1 1+2logk
A5 ?dr = 1 and 2dr = 1— 25}
(4.5) [voar =t [ jufar= o (12 HEPER) 26
/ ]az\Qlwk|2dx=/ |:c2|wk\2dx+/ || |wy |2d
R2 0<]z[< 2 R<lel<1
log k 1 1+4logk+8log2k N
A. = 1= -
(A.6) I 32ogk ( kA %:
\/ﬂro L\ & 3
A7 Vuwglde = —(1— = | £ 63,
A7 fotwotan = (1-5) 2
and
/ |wk|d1‘:/ |wk|d$—|—/ |wg|dx
R2 B%(O) By (0)\3%1(0)
nrélogk  wrdlogrg 1 V2m [P
= + - =) - —F— rlogrdr
k227 Viog k21 k Viogk 2
_ mriviogk  V2mrg (1Y V2migylogk
T oRer | 4Vlogk K2 2k?
2 2 /5702
(A.8) o5 o TroVIogk | VoG V2rr

k227 4/Togk — 2y/logk’
Moreover, recalling wy, = w,': + w, as well as PT and P~ are orthogonal, we derive

0< / |Vw,;|2d:c = —||wk_||2L — / Vw(x)|w,;|2d:v < w/ |fw,;]2da: < w/ ]wk|2dx -0
R2 R2 R2 R2
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yielding that |[w; || — 0, and so, (A.5) and (A.6) reveal that

A9 I = oI+ [ 90 + Vool do = [ [Funfde +ou(1) = 1+ ou(0)
By the inner product (-,-)r, in Section 4, for all v € X, it follows from (A.7) and (A.8) that

(w0 = ‘/}R (Ve Vo + Vo2 wko] dz| < [Vols /R Vwgldz + (1 + w)[v]ee /R g |dz

V27 V2mrocs V21
1 < <
Tgk(q\WbJr@( +w)lvlz) < Togk V]l g1 2y < Toah

where we used the fact that dim X7 < 400 and r¢ € (0,1) can be chosen arbitrarily small.

(A.10) <

lollz = A lvllz,

Lemma A.3. Given (wy) defined above, if (tx) and (||vg||r) with (vi) C X~ are uniformly bounded in
n,k € N, then for all X € (0, 5z, it holds that

)\Nn(vk =+ tkwk) < Hvk + tkw,; H% =+ Ok(l).

Proof. Because we have verified that ||w, ||z — 0, we apply the facts that (¢;) and (||vg||z) are uniformly
bounded in (A.10) to reach

e + tewy, 17 = llvell7 + tellwg 117 + 2tk (v, wie) L = ||lvkll7 + ox(1).

On the other hand, for all u € X, it follows from (2.7) that

1

hun(lz) _ 1 1 / : / 2 i
= n dy < d . d
|z Az B\z\(o)g )y Al ( By (0) y) ( Bm(o)g (ulw))dy

L 2 u n2:L‘
< ( [, o5 <y>>dy> < n?lal

which implies that

N

h”k+tkwk7”(|x|)
R2 |z[?

1 1
1 3 3
< — {/ \x|2\vk\2dx + t%/ |x]2|wk\2dx + 2t </ \x|2|vk|2dx> (/ |x\2]wk|2dm> }
Ty R2 R2 R2 R2

1
-1 / 2o Pdz + op(1) < [foell? + o (1),
Ty Jgo

AN, (v + trwg) = A Sn(vg + trpwg)de < )\n4/ || |vg, + tpwy|?dz
RQ

where we have used Remark A.2 and (A.6). The proof is completed. O
We are now in a position to show the proof of Lemma 3.7 in detail.

Proof of Lemma 3.7. Arguing it indirectly, for all n € N*, we could suppose that

(A.11) max J,(v+ twy) > ¢, Vk € NT.
t>00eX,

In view of the proofs of Lemmas 3.3 and 3.4, there exist ¢, > 0 and v € X, such that

< max Jp(v+twy) = max Jn(v+tw)) = Ju(0 + tpwy)
t>0,ve X, t>0,ve X,

= Jn(f)k — tkwk_ + tkwk) £ Jn(vk + tkwk),



30 L. SHEN AND M. SQUASSINA

from where it follows that
A 1 2 +112 _ —112 i > o
(A.12) 5 (Gllw Iz = llve + tew I2) + 5 Na(ok + tewg) = ¢+ | Galw, o + trwy)de
R
and
_ A
(A13) (Ellwif 17 — Ik + trwg |I7) + 2 Vo (vk + twy) (ve + twy,) = /2 gn(@, v + tpw) (v + trwy)da.
R
Combining (A.5), (A.6), (A.9) and (A.10), we have
tellwgr 17— llow + tewg 17 = R 17— o I12) = okllE — 2t (wy, o)z
=1} /Q[IVka + Vo (lzwilde — [lokll — 2t (wy o)
R

< (1 + wéi + 6) = llvell7 + 266 A, okl

and, according to Remark A.2, we are capable of taking advantage of Lemma 2.1-(iii) to see that
| N (g, + trwg) (v + tiwg)| < Ton'|lve + tewgl|7 = Ton® ([trw) |12 + vk + tewy, [|7)

< Ton [((1 + 0k (1)) + [loglT, + 265 AL o] -

Since A € (0, ﬁ) and g, (x,t) > 0 for all (x,t) € R? x R by (2.13), then (A.13) gives us that

3 1 _
(A1) S0+ on(1) — Sl + 3t el > 0
which indicates that
Ag(1 1
(A.15) ”i””“”L <34+ \/QA,;Q +3(1 + 0(1)) = k(1 + on(D)) , Vk e N*.
k V1 541+ op(1) — 1
Using dim X, < 400 again and (A.15), for all x € B%(O), we can conclude that
tx\/logk tx/logk
k() + vp(w) > V222 oyl > EVZES g,
V2T

V2r
B ca(1 + ox(1))
1+ 541+ 0x(1) — 1

We claim that there is a tog > 0 independent of n, k € N such that lgm inf ¢, > tg along a subsequence.
—+00

Otherwise, we would assume that ¢, — 0 and so ||vg]|r — 0 by (A.15) as k — +o0. In view of (A.12),
one could derive a contraction. With aid of this claim and (A.16), since Ay — 400 and Ay — 0, we are
to make full use of Lemma 2.2-(g3) and (g4). So, for all € € (0, 30/2), there is a constant R. = R(¢) > o
such that

(A.16)

>t AL [ 1 2 1 A(1 — Ap).

gn(z,t) > (Bo/2 —€) el vz e R? and ¢ > R..
For some sufficiently large k € N, one knows that tywy(x) + vi(x) > R on B, ,(0). Hence,

_ A
(trllwf I = lloe + tewy |12) + §Nqﬁ(vk + tpwy) (Vg + twy)

> / gn(x, vk + tpwg) (v + twy)de > / gn(x, v + tpwg) (vk + trwy)da
R2 By /k(0)

~ 1-9 - 2
> (Bo/2—¢€) [tkAk(l - Ak)} eolts A (1= A0 (Q)

k
~ 1—9 _ e
(A.17) =7ro? (By/2 — €) [(QW)_ltk log k(1 — Ak)} clao@m) 12 (1-Ay)2 2] log k-
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It is similar to (A.14) that

3 1 _
bgzﬁﬂ+%0»—zww%+%w%th]
(A.18)

> Clog(1 — Ay) + (1 — 9) [log t;. + log(log k)] + [ao(Qw)_lt%(l — A)? — 2| logk

for some C > 0 independent of n,k € N*. Thereby, with the help of (A.15), we must conclude that ()

is uniformly bounded in n, k € N* and without loss of generality, we are supposing that t, — tg > 0 as

k — 400 along a subsequence. Owing to Lemma A.3, we are derived from (A.12) that t% > 2c* = %'

If ¥ € [0,1) in (f4), since ||vg]|z is uniformly bounded in n, k € N* by (A.15), it follows from (A.18)
that

C +logt? > (1 —9)log(logk) + ox(1)
which is impossible if one tends k — +oc.
If 9 =11in (fa), since Sy = 400 in this situation, we are derived from (A.17) that

é+m%z%+%m

which also yields a contradiction. In summary, we would always demonstrate a contradiction if (A.11)
is false. The proof is completed. O
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