ON A CLASS OF PLANAR LOGARITHMIC CHOQUARD EQUATIONS WITH
STEEP POTENTIAL WELL AND SUPERCRITICAL EXPONENTIAL GROWTH

LIEJUN SHEN AND MARCO SQUASSINA

ABSTRACT. We establish the existence and asymptotic behavior of nontrivial solutions for the following

class of planar logarithmic Choquard equations
—Au+ AV (z)u = {log ﬁ * G(u)] g(u) in R?,
x

where V' € C°(R?,R") denotes a potential well with A > 0 and G is the primitive of g that fulfills the
supercritical exponential growth in the Trudinger-Moser sense. Thanks to an asymptotical approximation
approach and a powerful truncation argument, we conclude that this equation admits at least a nontrivial
solution for all sufficiently large A > 0 using variational methods, where the decay rate of the obtained
solution as |z| — 400 and its asymptotic behavior as A — +o0 are also considered. In particular, we are

capable of supposing the “almost optimal” growth condition . 1i$1 tﬂg(t)G(t)efsm2 > 0 for ¥ € (0, 3].
—+o00

1. INTRODUCTION AND MAIN RESULTS

This article focuses on the existence and asymptotic behavior of nontrivial solutions for the following
planar logarithmic Choquard equation

(1.1) AU AV (2)u = [log |x1’ \ G(u)] g(u) in B2,
where V € C°(R?, RT) denotes a potential well with A > 0 and F is the primitive of f that fulfills the
supercritical exponential growth in the Trudinger-Moser sense. The potential V' is supposed to satisfy
the following set of assumptions:

(V1) V € CO%(R?,R) with V(x) > 0 on R?;

(V3) Q£ intV~1(0) is nonempty and bounded with smooth boundary, and Q = V~1(0);

(V3) there exists a b > 0 such that the set = £ {x € R?: V(x) < b} is nonempty and has a bounded

measure.

It is well-known that Bartsch and his collaborators firstly introduced the assumptions like (V;) — (V3)
in [11,12]. Particularly, the harmonic trapping potential

V(l‘) — wl’x1|2 + w2’x2‘2 — W, 1f ’(\/ w1y, vV w2x2>‘2 2 W,
0, if |(ywrz1, \/o2r2)|? < w,

with w > 0 satisfies (V1) — (V3), where w; > 0 is called by the anisotropy factor of the trap in quantum
physics and trapping frequency of the ith-direction in mathematics, see e.g. [13,17,41]. Actually, the
potential AV with the above hypotheses is usually denoted by the steep potential well.

Regarding the nonlinearities g and G, throughout the whole paper, we shall always suppose that

(1.2) G(s) = F(s)e‘752, Vs € R,
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where F' : R — R satisfies the critical exponential growth at infinity and o > 0. Owing to the celebrated
Trudinger-Moser type inequality, one might say that a function h has the critical exponential growth
at infinity if there exists a constant o > 0 such that

_|h(s)] _ [0,  Va>a,
(1'3) lim eas? 400, YVa < ag.

|s|—4o00

This definition was introduced by Adimurthi and Yadava [2], see also de Figueiredo, Miyagaki and
Ruf [27] for example. Very recently, some results extend it to a class of so-called supercritical exponential
growth in [7,8,52], see also [26,30,44] for example. In the present paper, we shall follow the same spirit
of [7,8,52], nevertheless, there are some interesting techniques to the essential improvements. Speaking
it more clearly, it is supposed that the function f satisfies (1.3) and the following assumptions

(f1) f €CHR,R), f(s) =0 for all s <0 and f(s) = o(s) as s — 0F;

(f2) there exists a constant § € (0, 1) such that

F ! s
W >4, Vs >0, where F(s) = / f(t)dt is given in (1.2);
5 0
_ F(s)f'(s) . _d F(s)
(f3) sginoo T(S) = 1 or equivalently, Sginoo T (5) =1;
(f4) there exist some constants § > 0 and ¢ € (0, 3] such that
.. SUf(s)F(s)
il =25 2 6> o

where 8y = 0 if ¥ < 3, while if ¢ = 3, then ) £ —12- > 0 with a sufficiently small r € (0,1)
Ty
determined by Lemma 3.8 below.

Over the past several decades, a number of mathematicians have paid considerable attentions to the
following class of nonlocal Schrédinger equations

(1.4) —Au+V(z)u = [I,(z) * F(u)] f(u), = € RY,

where V : RY — R denotes the external potential, F' is the primitive function of the nonlinearity f
satisfying some technical assumptions and * denotes the convolution operator with 0 < u < N. For all
x € RV\(0), the kernel I,, with N > 2 is defined by

I(p/2)
I,(z) & I'((N _f)/2) 7I-N/22N,1u|x|'u7

IN-TNET(NJ2) 8 Ta]’
where I' denotes the Euler’s Gamma function. Since I' is positive, the reader will observe that I, has
totally different properties passing from g > 0 to the limiting case p = 0: one is positive definite while
the other is indefinite and does not vanish at infinity. As a consequence, there exists a quite different
framework to deal with the two cases in Eq. (1.4).

If 0 < p < N in Eq. (1.4), it is closely associated with the so-called Choquard equation arising in the
study of Bose-Einstein condensation. In fact, for N = 3, u = 1 and f(u) = u, it becomes the Choquard-
Pekar equation proposed by Pekar [49] to describe a polaron at rest in the quantum field theory. In [37],
Choquard exploited it to characterization an electron trapped in its own hole as an approximation
to the Hartree-Fock theory for a one component plasma. Subsequently, by means of the variational
methods, Lieb [35] and Lions [38] established the existence and uniqueness of positive solutions to
Eq. (1.4). Let us refer the reader to [42,46] for the regularity, radial symmetry and decay property
of its ground state solution. In the meanwhile, Moroz et al. [45] regarded Eq. (1.4) as the model for
self-gravitating particles in the context because it belongs to the classic Schrédinger-Newton equation,
see e.g. [23,50,59]. In recent years, owing to the appearance of the convolution type nonlinearities,

if 0< p <N,

if u=20,
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a lot of improvements on Eq. (1.4) and its variants, see [1,4,9,33,33,34,46,54] and their references
therein, particular by [47], for a very abundant and meaningful review of the Choquard equations.
If 4 =0 in Eq. (1.4), when F(u) = u?, then it is of class the following form

(1.5) —Au+ V(z)u+ (log(|z]) * u*)u = g(u) inR?
whose variational functional is defined by
1 _
Z(u) = / [|Vu]2 + V(x)uﬂd:c + mn / / log(|z — y|)u?(z)u?(y)dady — G(u)dz,
2 Jgr2 81 Jr2 Jr2 R2
where and in the sequel G(u fo s)ds. Alternatively, the functional Z would not be well-defined on

H'(R?) in general and it was pomted out by Stubbe in [58]. In order to deal with it, Stubbe introduced
a new Hilbert space

X = {u € H'(R?): / log(1 + |z|)u’dz < —l—oo},
R2

endowed with the inner product and norm
(u,v)x = / [VuVo + uv + log(1 + |z|)uv]dz and |Jullx = v/(u, u)x.
R2

As we know, Stubbe’s argument relies strongly on the vital identity

1
logr =log(1+ ) — log <1 + ), Vr > 0,
r

because it permits us to define the variational functionals Vi, V5 : X — R by

Vi(u) £ /R2 /R2 log(1+ |z — y])uQ(x)uQ(y)dxdy, Yu e X,

1
Vo(u) & /R2 /]12{2 log <1 + P y’>u2(:v)u2(y)dfndy, Yu € X.

In [58], it has been deduced that Vi, Vs € C}(X,R) and found the equality

/R/ log(jz — yl)u?(x)u?(y)dedy = Vi(u) — Va(u), Vu € X,

which implies that Z given in (1.5) is of class C*(X). Afterwards, taking full advantage of this powerful
argument introduced in [58], there are some other interesting results in [10, 15,21, 24,25,29,56] and the
references therein.

We would like to mention here that the space dimension of Eq. (1.5) is two and so it causes some
interesting point. As a matter of fact, for every bounded or unbounded domain Q C R?, the imbedding
H} () = LP(Q) is continuous for all p € [2, +00). However, the nonlinearity g in (1.5) might behave
like e for sufficiently large ¢ € R. In reality, one cannot conclude the fact that HE(Q) < L*°(Q) from
the above imbedding. Thereby, to overcome this difficulty, the celebrated Trudinger-Moser inequality
introduced in [48,51,60] could act as an ideal candidate to be the suitable substitute of the Sobolev
inequality. First of all, let us exhibit the case on bounded domain €2 instead of the whole space R2.

In [48,51,60], the authors developed following sharp maximal exponential integrability for functions in
HE(Q):

and

(1.6) sup / e’ dy < C1Q| if o < 4,
UGH&(Q)ZHVU”LQ(Q)S:[ Q

where C' = C(«) > 0 is a constant and || denotes the Lebesgue measure of ). Afterwards, the so
called concentration-compactness principle in the Trudinger-Moser inequality sense was established
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by Lions [39]: Let (uy) be a sequence of functions in Hj(Q) with [|[Vuy,||2(q) = 1 such that u, — ug
weakly in H}(Q), it holds that
1

[VuolZag

(1.7) sup/ Py < o0, Y0 < p < Pag (1) 2

neNJQ 1-—

It would be obvious to observe that the supremum in (1.6) becomes infinite if the domain Q C R?

satisfies || = oco. The inequality above is therefore unavailable for the unbounded domains. To handle

it, the authors in [14, 16] established the following version of the Trudinger-Moser inequality: For all
u € H'(R?) with |ul| 22y < M < +00, there is a positive constant C' = C(M, «) such that

(1.8) sup / (eo‘“Q - 1) dz < C'if a < 4.
uEHl(]Rz):HVuHLQ(]Rg)Sl R2

In spirit of [39], de Souza and do 0 [28] generalized the Lions’s concentration-compactness principle

to R?: Let (uy) be in Wol’Q(]R2) with HunHWOl,z(RQ) = 1 and suppose that u, — up in W&’Q(R2), there

holds

1
(1.9) sup/ <e47rp“% - 1) dr < 00, Y0 < p < Pag(u) = 5
neN JR2 1- ”u0||W1,2(
0

R2)
We would like to cite the results in [3,27] and the references therein concerning some other generalizations,
extensions and applications of the Trudinger-Moser inequalities for bounded and unbounded domain.
Up to our best knowledge, Alves and Figueiredo [5] firstly applied (1.3) to the Schrodinger-Poisson
equation (1.5) and studied the existence of ground state solutions via using Nehari manifold method.
Along this direction, there are more and more research works concerning this topic including the two
dimensional Choquard problem with logarithmic kernel, see [18,20,40] for example.
Very recently, by establishing a Pohozaev-Trudinger log-weighted inequality, Cassani and Tarsi [20]
concluded that the following equation

1
(1.10) —Au+V(z)u = [log Tl * F(u)} f(u) in R?,
x
admits a nontrivial finite energy solution in the space H‘l/LZ,0 (R?) which is equipped with the norm

2
q
ul|2 2 HUH%P(]RQ) + </1R2 |ul?log(1 + |:1:\)da:> , q> 2,

where V : R? — R is positive and periodic and the nonlinearity f satisfies (1.3) and (f1) — (f3) as well
as (f4) with ¥ = 3. Taking into account an asymptotical approximation approach introduced in [40],
Cassani, Du and Liu [19] investigated the existence of a positive solution in H!(R?) for Eq. (1.10) with
V =1 under the assumptions (f1) — (f3) and (fy) with ¢ = 1. Explaining it more precisely, given a
7 € (0,1), with the help of

|77 -1
g G(0) & iy == gl
the authors showed that
—Au+u =[G (x) * F(u)] f(u) in R?,

admits a positive solution u, for all 7 € (0,1). Then, by tending 7 — 07, they demonstrated that the
weak limit of u, is in fact a positive solution of Eq. (1.10) with V' = 1. Another similar application to
deal with Eq. (1.10) can be also found in [22].

Whereas, as far as we are concerned, there seems no related existence results for Eq. (1.10) with
steep potential well. Moreover, we further perceive that no attempts on the nonlinearity f involving
supercritical exponential growth in Eq. (1.10) have been made yet up to now. We shall fill these blanks
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in this paper by introducing some subtle techniques. First of all, in order to exhibit the main results
legibly, let us first introduce the work space. Following as [55], for all fixed A > 0, by (V1), we define
the space

Ey 2 {u e L} .(R?) : |Vu| € L*(R?) and/ AV (@)[ul*dz < +OO}
R2

which is indeed an Hilbert space equipped with the inner product and norm

= AV d d = v Ey.
(u,v) R, /R2 [VuVv + AV (z)uv]dz and [ju||g, = \/(u,u)p,, Yu,v € E)

From here onwards, we shall denote £ and || - || by Ey and || - ||, for A = 1, respectively. It is simple
to observe that || - ||g < || - ||, for all A > 1. Moreover, thanks to [55], there exists a A\g > 0 such that
E, could be continuously imbedded into H!(R?) for all A > ).

Our first main result is concerned with the existence of nontrivial solutions for Eq. (1.1).

Theorem 1.1. Suppose that (V1) — (V3) hold and the nonlinearity G defined in (1.2) satisfies (1.3)
with (f1) — (fa). Then, there exist some constants c* >0 and A\* > 0 such that for every o € (0,0%)
and A > \*, Eq. (1.1) has at least a nontrivial solution in Ex N L>(R?).

Remark 1.2. It should be pointed out here that the supercritical exponential growth used in Theorem
1.1 was proposed in [53,57] for a suitable function g(s) = e®l*I" and it is one of the following cases

(1.11) (I) 7 > 2 is arbitrary and « > 0 is fixed; (II) a > 0 is arbitrary and 7 > 2 is fixed,

see [7,8] in detail. As a matter of fact, we call (I) and (II) the subcritical-supercritical exponential
growth and critical-supercritical exponential growth, respectively. The reader is invited to find
that the nonlinearity G satisfying (1.2) and (1.3) belongs to (II). Because of the indefinite logarithmic
kernel, we have to make some suitable adjustments to the truncation technique in [53,57] to adapt to
our settings in Theorem 1.1.

Remark 1.3. In contrast to [19,20,22], we are going to take some delicate analyses to depend on the
assumption (f4) with ¥ = 1 and ¥ = 3 in a unified way. It is worth highlighting that our arguments
indicate that the constant 5 > 0 in (fs) can be accurately characterized to some extent. To demonstrate
the proof of Theorem 1.1, we can never repeat the methods exploited in these quoted papers simply
since a new maximal growth condition on the nonlinearity G has been imposed.

We are now in a position to exhibit the main ideas of the proof of Theorem 1.1. To look for nontrivial
solutions associated with Eq. (1.1), due to a variational method point of view, it will be found critical
points for the corresponding variational functional. Alternatively, since the arguments adopted in [20]
strongly relies on the periodicity of the potential V', we mainly borrow the amazing approach from [40]
to address this issue. On the other hand, the nonlinearity G possesses the supercritical exponential
growth at infinity, it seems unable to investigate the existence of nontrivial solutions for the following
equation directly

(1.12) —Au+ AV (z)u = [G,(x) * G(u)] g(u) in R?,
since the variational functional is not well-defined in H!(R?) or even in E)\, where and in the sequel
for all 7 € (0,1), the function G, : R? — R is defined by

A 2|~ —

(1.13) G, (z) 1, vz € R?\(0).

Motivated by [53,57], we are going to take advantage of a so-called truncation argument to explore the
existence of nontrivial solutions for Eq. (1.1). Speaking it more clearly, for each n € N, let us first
define

(1.14) Mn(s) =1 () Fals) = s™nn(s) and §(s) = Fuls), Vs € R,
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where 1 € C§°(R?) denotes an even function with 0 < n < 1 and satisfies

<
n(s) = { (1)’ IzI N ;’ with |1/(s)| <2 and |n"(s)| < 4, Vs € R.
We remark here that the cut-off function n above is more restrictive than that of in [53,57]. With n,
in hands, it enables us to replace G and ¢ in Eq. (1.12) with

(1.15) Gn(s) 2 F(s)e”5) Vs e R
S
and Gp(s) = / gn(t)dt, respectively. In other words, we shall consider the existence results for
0

(1.16) —Au+ AV (2)u = [Gr(z) * Gp(u)] gn(u) in R2

As one knows, Eq. (1.16) admits a variational structure and, for all n € N* | its variational functional
Jn : Ex — R is defined by

In(u) = ;/W [[Vul? + AV (z)|ul*]dz — ;/ﬂ@ [Gr(x) * Gp(u)] Gp(u)dz.

In Section 2 below, we shall verify that .J, is not only well-defined, but also belongs to C'(Ej,R). As a
consequence, each critical point of J, is in fact a (weak) solution of Eq. (1.16). Moreover, according to
the definition of 7, in (1.14), any nontrivial critical point, saying it u, of J, satisfying [ul|zecr2) < n
is a nontrivial solution of Eq. (1.12).

Next, we would like to explore the decay of the obtained nontrivial solution at infinity. The following
result reveals that the nontrivial solutions of Eq. (1.1) decay exponentially as |z| — oc.

Theorem 1.4. Suppose that (V1) — (V3) hold and the nonlinearity G defined in (1.2) satisfies (1.3)
with (f1) — (f1). Let uy € Ex N HY(R?) be a nontivial solution of Eq. (1.1) for every o € (0,0*) and
A > X*. Then, we have

[un(@)] < AX"2 exp |=BAZ (ja| = B)|, V]a| > R,
and the positive constants A, B, R are independent of o and .

Remark 1.5. Although a similar result regarding the exponential decay of nontrivial solutions for Eq.
(1.10) with V' =1 has been studied in [19, Lemma 4.2], as far as we know, it seems that Theorem 1.4
is a new result for planar logarithmic Choquard equation with steep potential well and supercritical
exponential growth. The adaptation procedure to our problem is therefore nontrivial at all due to the
presences of them.

Finally, let us focus on the asymptotic behaviors of the nontrivial solutions as o — 0% and A\ — +o0,
respectively. With aid of L°°-estimate of the obtained solution, we have the following results.

Theorem 1.6. Under the assumptions of Theorem 1.1, let uy , € Ey ﬁHl(RZ) be a nontrivial solution
of Eq. (1.1) for every o € (0,0%) and A\ > \*. If o € (0,0%) is fixed, then, going to a subsequence if
necessary, we have uy oy — Ug,g N HY(R?) as A — 400, where ug, € H}(Q) is a nontrivial solution of

117 Au= [/Q log (m ! y‘> G(u(y))dy] g(u), inQ,

u =0, on Of).

Theorem 1.7. Under the assumptions of Theorem 1.1, let uy , € Ey ﬁHl(RZ) be a nontrivial solution
of Eq. (1.1) for every o € (0,0%) and A > X*. If X\ > \* is fized, then we have uy, — uyg in Ey as
o — 07 along a subsequence, where uyo € Ey is a nontrivial solution of

(1.18) CAuA AV (2)u = [log !

|z

* F(u)} f(u) in R%
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Remark 1.8. The similar results for a class of local Schrodinger equations with subcritical growths
exhibited in Theorems 1.4 and 1.6 have been explored in [11,12], whereas as what have mentioned in
Remark 1.5, there exist some additional efforts to overcome the difficulties in our problems. Last but not
the least, we believe that the result in Theorem 1.7 seems the first attempt to make a thorough inquiry
about the asymptotic behavior of the nontrivial solutions from supercritical exponential problems to
the critical ones in the literature.

Although the approaches to deal with a class of elliptic equations involving supercritical exponential
growth have already appeared in the previous papers [53,57], we have to try best to clean the unpleasant
obstacles existing in planar logarithmic Choquard equation with steep potential well and thereby it is
believed that the results in this article are new up to now.

In our opinion, one of the most significant contributions is that we succeed in dealing with the biggest
challenge that how to balance the mutual interactions between the too loose sign-changing logarithm
kernel and the supercritical exponential growth rate of a fairly general nonlinearity. Consequently, we
are certainly confident that our results would prompt some further explorations on related topics.

The outline of the paper is organized as follows. In Section 2, we mainly exhibit some preliminary
results including the truncation argument that will be exploited frequently in the whole article. Section
3 is mainly devoted to the existence results for the auxiliary problems (1.12) and (1.16). In Section
4, we will focus on the existence and decaying property of nontrivial solutions for Eq. (1.1), so the
detailed proofs of Theorems 1.1 and 1.4 conclude. Finally, the asymptotic behaviors of the nontrivial
solutions are studied in Section 5.

Notations: From now on in this paper, otherwise mentioned, we utilize the following notations:

e C,C1,Cs,--- denote any positive constant, whose value is not relevant and Rt £ (0, +00).

e Let (Z,] - ||z) be a Banach space with dual space (Z71, || - || z-1), and ¥ be functional on Z.

e The Cerami sequence at a level ¢ € R ((C), sequence in short) corresponding to ® means that
®(x,) — cand (1 + ||z, 2)||®(z1)]| z-1 — 0 as n — oo, where (z,,) C Z.

e For any o > 0 and every # € R%, B,(z) £ {y € R? : |y — 2| < o}.

e 05 (1) denotes the real sequences by ox(1) — 0 as k — +oc.

e “— 7 and “ — 7 stand for the strong and weak convergence in the related function spaces,
respectively.

2. VARIATIONAL FRAMEWORK AND PRELIMINARIES

In this section, we shall formulate the variational structure for our problems and then present some
preliminary results that will play crucial roles in the next sections.

First of all, we recall the well-known Hardy-Littlewood-Sobolev inequality and it appears repeatedly
throughout the whole paper.

Proposition 2.1. (Hardy-Littlewood-Sobolev inequality [36, Theorem 4.3]). Suppose that s,r > 1
and 0 < < N with 1/s 4+ pu/N +1/r =2, g € L*(RY) and h € L"(RN). Then, there exists a sharp
constant Cyrs = Cryrs(s, N, u,r) > 0, independent of g and h, such that

(2.1) | el s g(@lh@)de < Cueslal -

In the sequel we collect some basic estimates whose proofs are omitted.

Lemma 2.2. Let 7 € (0,1], then
tTT —1

>logt™ !, Vt e (0,1].
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Moreover, for all T/ > T, there is a constant Cr» > 0 such that
71

< Cut™™, Yt € (0, +00).
-

Let us point out some immediate consequences of the nonlinearity f satisfying (1.3) and (f1) — (fa).
Due to (1.3) and (f1), for all € > 0 and a > ayg, there is a constant Ce > 0 such that

(2.2) 1£(s)] < els] + C.|s|T! (ea52 - 1) , Vs € R,
where ¢ > 2 can be arbitrarily chosen later. By means of (f2), there holds
(2.3) 1F(s)| < e|s|? + C.|s|? (eaSQ - 1) , Vs € R.

Moreover, without mentioning any longer, let us exploit directly the following inequality (see e.g. [62,
Lemma 2.1]):
m
(eo‘52—1) < (eam52—1>, Vs eR, a>0and m > 1.

In view of (f2), one sees f’(s) > 0 for all s > 0 and then f is nondecreasing on s € (0, +00). Therefore,
it holds that

(2.4) 0< F(s)= /OS f()dt < f(s)s, Vs > 0.

In addition, we can use (f2) and (2.4) to show that
(2.5) 0< F(s) <(1-90)f(s)s, Vs> 0.
Actually, by (f2), we observe that (F(s)/f(s))’ <1— 4 for any s > 0, then for all € € (0, s), one has

Fls) _Fe) _ [*d (P o) [Car=( sy
1(s) f(e)_/g dt<f(t)>dt§(1 2 / dt = (1-0)(s —¢)

which together with lim F(e)/f(e) = 0 by (2.4) yields that (2.5) holds true. We repeat the calculations
e—0
in [19, (1.3)] to find two constants My > 0 and s > 0 such that

(2.6) F(s) < Myf(s), Vs > sp.

With the assumptions (f1) — (f1) and the above properties of f in hands, we next conclude the ones
for G,, defined in (1.15). Beginning with them, inspired by [52,53], there are the following facts

(2.7) 0 < Fnls) < 4n? and |f,(s)| < 12n, Vn € NT and s € R,
and
(2.8) 0 < Fn(s) < 5% |fu(s)] < 6|s| and |f},(s)| < 34, ¥n € NT and s € R.

Lemma 2.3. Suppose (1.3) and (f1) — (f1), then for all n € N, we have the following conclusions:
(g1) gn € CHR,R), g(s) =0 for all s <0 and gn(s) = o(s) as s — 01 uniformly in o € (0, 125);

) 4n?
(g2) for the constant 6 € (0,1) given in (f2), there is a o1 > 0 such that for all o € (0,01),
Gn(s)gn(s)
9 (s)
_ Gh(s)gn(s) . : d Gn(s)
(g3) sginoo TR =1 or equivalently, SEIJPOO 35 gn(3)
(g4) there is a o2 > 0 such that for all o € (0,02), it holds that gn(s)Gn(s) > 3 f(s)F(s) for s > 0;
(g5) for all o € (0,02), we have Gp(s) < 2Mygn(s) for all s > sg, where so > 0 comes from (2.6).

5 s
> T Vs > 0, where gn(s) = / gh(t)dt;
0

=1 uniformly inn € N*;
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Proof. According to the definition of G, defined in (1.15), one simply has that

gn(s) = [f(5) + o F(s)fa(5)] "), Vs € R.
Obviously, using (f1), we have that g, € C}(R,R), gn(s) = 0 for all s < 0. For all o € (0, #), we are

able to apply (2.8) to derive lin’(l) 9n(5) = 0 easily and so point (g;) holds true. To prove point (g2), we
S— S

claim that

(2.9) F($)£(5)[fn(5)] < 2402 f2(s) and F2(s)[f,(s)] < 136n22(s), ¥s > 0.

Indeed, we recall the definition of 7,, defined in (1.14) to see that f,(s) = 0 if s > 2n. Then, with the
aid of (2.8), we have that |f,(s)s| < 24n? for all s > 0 which together with (2.4) indicates the first
part of this claim. Similarly, using the fact that f,,(s) = 0 if s > 2n, we exploit (2.8) again to obtain
If/.(s)s?| < 136m? for all s > 0 and so (2.4) gives us the second part of this claim. Combining (2.9) and
(f2) with 6 € (0,1), there is a o7 = ﬁ > 0 such that we have that

F(s) [f'(s) + 20 f(5)fu(s) + 0 F(s)f(s) + 0*F(s)a(s)] — g [£2(s) + 82F% ()i (s)]

> % 12(s) + F(3) [20 7 (8)ials) + o F()fo(9)] + 50°F ()
> £ 12(5) — 20 F(3) () (5)] — 0 F2(5) I (5)
> <5 - 184m2> £2(s) > Zf (s).

It is simple to calculate that

9n(s) = [f'(s) + 20 f (8)fu(s) + TF ()T () + o F ()T (1)] e751), Vs € R.

As a consequence, the above two formulas shows us that

Gu(3)gn(s) _ F(5) [f'(s) + 20 f(s)fu(s) + o F () (s) + 2 F ()3 ()]
ga(s) [f(5) + 0 F(5)fa(s)]”

F(s) [f'(s) + 20 f(s)fn(s) + 0F () (s) + a*F(s)fa(s)] _ 0

2/%(s) + 202 F(s)f7(s) 4

finishing the proof of point (g2) if ¢ € (0,01). Recalling the verification of point (g2), one will find that

point (g3) is a direct corollary of (f3). In order to verify point (g4), we continue depending on the fact

>

v

that f,(s) = 0 if s > 2n. Then, choosing 03 = 45—, it follows from (2.4) and (2.8) that
gnls) = [f(s) + 0 F ()fu(5)] €75 > [f(s) = o F(s)|fn(s)]] €75
1 1
(2.10) > (1- 24077,2) f(s)e7Sn() > §f(s)e"3"(s) > §f(s), Vs >0,
provided o € (0, 02). Thereby, point (g4) concludes. If the last second inequality in (2.10) is considered,
then point (g5) follows (2.6) immediately. The proof is completed. O
Let 7 € (0,1) be fixed, for all n € N, we define the functionals \I’}1 : Fy — R and \I’TQ1 : Ey — R by
1 2
Ul(u) == < Gn(u)dx>
2 \ Jr2
and

U2 (u) = ;/W (|77 % Gn(w)] Gp(u)da.

We have the following results.
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Lemma 2.4. Suppose that f satisfies (1.3) and (f1), for alln € NT, then W), is well-defined on Ey
for X\ > 1, where j = 1,2. Actually, ¥}, € C* with j = 1,2 and the derivatives given by

() @) = [ Gulwds [ gu(wyds
for all ¢ € Ey and
(U @) = [ [lel™ * Galw)] gu(wyi.

Proof. The verifications of U} can follow [53, Lemma 2.6] lines by lines, and so we omit the details. In

order to derive that U2 is well-defined on Ey, we find that G,,(s) < F(s)e**™ for all n € N* by (1.15)
and (2.7). Combining (2.1) and (2.3), for all u € E}, one has that

/RQ 277« P(w)] Fu)dz < Cvs (/Rg |F(u)\437dx> N

< Cpe (/ \u!‘l—fdx) + C1C. (/ |u| =7 da:) (/ (64_T“ _ 1) dx) .
R2 R2 R2

From which, we conclude that W2 is well-defined on E) for all n € N* thanks to the classic Trudinger-
Moser inequality. We shall show that U2 has a continuous Gateaux derivative on E), then W2 € C!
by [61, Proposition 1.3].

Existence of the Gateaux derivative. Let u, 1 € E). Given z € R? and 0 < || < 1, taking into
account the mean value theorem, there exists a x € (0,1) such that

;A;UxVT*GM“+4¢ﬂ<%AU+twkm-—;A;erT*Gauﬂc%mym
1 T U u x_l 1,—7'* U w)da
=5 [ [+ Gutut )] Guu twhdo = 5 [ [lal ™« Gl #4)] Gula)d
1 T G (u u xﬁ} T O e
+§ /R? [|$‘ Gn( +t7f))] Gn( )d 2/R2 [| | Gn( )] Gn( )d
= ;/RQ (|77 G (u + t9)] gn(u + xt9)trpda + ;/W ()™ * Gu(u)] gu(u + xtt)tibd

The standard arguments enable us to derive that |z|™ * Gy, (u + tY) — |2|~7 * G (u) a.e. in R? as
t — 0, then the Lebesgue’s Dominated Convergence theorem indicates that

Uo (u+ 1) — U7 (u)
2 .
(V2)' () () = by =202 = Znl),
from where we know that the Gateaux derivative exists and can be computed as above.
Continuity of the Gateaux derivative. We suppose uj, — v in E), then u; — u a.e. in R? along

a subsequence. Some simple calculations that can be found above provide us that

| (P3) (we) (¥) = (93) (W) ()| = ou(V) ¥ 5, YV € En,

which gives the desired result. The proof of this lemma is completed. O

We conclude this section by the following convergent results related to the nonlinearity G,, and g,.

Lemma 2.5. Let g be given by (1.2) and satisfy (1.3) with (f1) — (fa). Then, for all o € (0,02) with
o2 > 0 in Lemma 2.5-(g5), if (ux) C Ey satisfies uy — u in LP(R?) with 2 < p < 400 and uy — u a.e.
in R? with a constant C' > 0, which is independent of k € Nt , such that

sup/ gn(ug)urdzr < C' and sup/ [Gr(ug)]"dz < C,
keNt JR2 keN+ JR2
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where 1 < k < (1 — 5)_% with € € (0,1) given in (3.28) below, we have the following results

lim Gr(ug)de = Gp(u)dz,

(211) k—oo 2 R2
lim /R gn(ug)pda :/ gn(u)pdx, Vi € CSO(RQ),
k—oo Jr2 R2

in the sense of subsequences if necessary. Moreover, if in addition 0 < T < 7, = , it holds that,

A 2(k—1)
K
along some subsequences,

lim (2|77 * Gn(ug)] Gp(ug)dz = / (|77 % Gn(w)] Gp(u)da,

(2.12) k—o0 2 R2
lim f; el % Gln)] g () da = /R 7 # Gu(w)] ga(upida, Wi € CF°(R?).

Proof. Recalling Lemma 2.3-(gs), the verification of (2.11) is very similar to that of [53, Lemma 2.9],
and so we omit the details. To derive (2.12), we firstly find that

Gn(ug(y)) , Gn(ug(y)) G (ug(y))
/Rz oyl dy‘/wq &yl dy*/xyzl g Y

k=1

< </|x_y|<1 Iw—ylmdy> H (/Rz[Gn(uk)]“dy)i Jr/R2 G (ug)dz.

On the one hand, due to Lemma 2.3-(¢g;), we argue as the same way in (2.4) to see that G,,(s) < gn(s)s
for all s > 0. On the other hand, since 7 < 7, reveals that -5 < 2, we are capable of adopting Lemma
2.3-(g1) again to obtain

(2.13) /R2 7G”(“’“(y))dy <C

lz—ylm 7

for some C' > 0 independent of k¥ € N*. The proof of (2.12) would be done immediately if we can show
that |2|~7 * G (ug) — |2|~7 * Gn(u) a.e. in R? as k — oco. Actually, it is correct via applying (2.11)
and (2.13) to the generalized Dominated Lebesgue’s Convergence theorem. Alternatively, we shall not
demonstrate the detailed proof since it is essentially similar to that of [6, Lemma 4.6]. So, the proof is
completed. O

3. EXISTENCE RESULTS FOR THE AUXILIARY PROBLEMS

In this section, we are going to investigate the existence results for the auxiliary problems (1.12) and
(1.16) under the assumptions (V1) — (V3) and (1.3) as well as (f1) — (f4) for all 7 € (0,1) and n € N*.
On the one hand, we shall mainly focus on the following planar logarithmic Choquard equation

(3.1) —Au+ AV (z)u = [G,(2) * Gp(u)] gn(u) in R?,

where G, and G, are defined by (1.13) and (1.15), respectively. We recall that a solution u € E) to
the Problem (3.1) corresponds to a critical point of the variational functional 7 ;. : Ex — R below

1 1

(32) Inrn(u) = / [Vul? + AV () |uf*]dz — / (G (@) * Gn(u)] Gn(u)da.
2 R2 2 R2

For all fixed A > Ay, we can derive from the discussions in Lemma 2.4 that the variational functional

Tnrn is well-defined and belongs to C1(Ey, R) with its derivative given by

T enl)) = [

[VuVv + AV (z)uv]dz — / [Gr(z) * Gp(u)] gn(u)vdz, Yu,v € Ej.
R2

RQ
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As a matter of fact, due to (1.13), we can rewrite Jy r,, as the form below

2
Trrm(t) = ;/R2[|Vu|2 AV (@)|uf2dz + % </R Gn(u)d:v> _ % /R [la]™ * G ()] Gru)de

Then, the conclusion follows by Lemma 2.4.
The main result concerning Eq. (3.1) is the following:

Theorem 3.1. Let V satisfy (V1) — (V3) and suppose g given by (1.2) to require (1.3) with (f1) — (f3).
Then there exist some constants o > 0, 7. > 0 and A, > 0 such that for all o € (0,04), 7 € (0,7) and
A >\, Eq. (3.1) admits at least a nontrivial solution for all n € N*.

The proof of the above theorem will be divided into several lemmas.
As a start, we shall verify that the variational functional J) ;, satisfies the mountain-pass geometry
structure for all n € N*.

Lemma 3.2. Let V satisfy (V1) — (V3) and suppose g given by (1.2) to require (1.3) with (f1) — (f3).
Then, for all o € (0, 4ng) T € (0, %) and \ > g, there exists a constant o > 0, independent of o, T, A
and n € NV, such that

(3.3) m, £ inf {T\7n(u) : u € Ey, |ullg, = p} >0, Vpe (0,0,
and
(3.4) my, & inf {J5 ., (u)(w) : u € By, |lullg, = p} >0, Yp € (0, ]

Proof. In view of (2.7), we apply 7/ % in Lemma 2.2 to have that

1 1 |z —y|77 -1
Inrn(u) > Q”UHQE)\ ~3 /R2 (/@_y<1 Gn(U(y))dy> Gp(u(z))dx

T

(3.5) >z ’UHE,\ / /}R2 \a:—y\ (y))da:dy>

for some C' > 0 independent of o, 7, A and n € N*. Let ¢ = 1 in (2.3), we choose g =
and v,v/ > 1, then it depends on (2.1) and (1.8) to arrive at

7
F F 1 _ 1
/ / (w@DF@) 4.4y < ¢ < \u|176dx> Lo [/ |37 (eéwﬂ - 1) dx}
R2 JR2 |x — y|§ R2 R2
(3.6) : = 5
<y </ |u|176d$> 4 Oy [/ ‘u|$ :L} 4 [/ (egamﬁ _ 1) dl} 2
R2 R2 R2

.
< Csllull, + Callullg,,

where C; > 0 is independent of o, 7, A and n € Nt with j € {1,2,3,4}. With the aid of (3.5) and (3.6),
we can conclude (3.3) and (3.4) immediately. The proof is completed. O

with 1 +

2&1/

ESIN]

Lemma 3.3. Let V satisfy (V1) — (V3) and suppose g given by (1.2) to require (1.3) with (f1) — (f3).
Then, for all o € (0,1), 7 € (0,1) and A > Ao, there exists a function e € Ey with |le||g, > o such that
Inrn(e) <0, where e is independent of o,7,\ and n € NT.

Proof. Choosing a nonnegative function 1 € C§°(R?) with ¢(z) =1 for all |z| < 3, ¥(z) = 0 for all
lz| > % and |V4)|o < 16, then it simply has that

</| i<l an(W(y))dy) Gn(tp(z))dz

Tnrmlt) = S )2, — - /
A\, T,m = Y
2 F 2 |lz—y|<

1
2
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ﬁ 2 1 —|:1c—y|_7—1 z))dx
5 1115, 2/|x—y<; </|x_y< - F(tw(y))dy> F(ty(z))d

2 1 9 2
(3.7 < Sl - 252 ([ Fewas)

where we have used the facts ¢(z)y(y) = 0 if |z — y| > 1, (2.3) and Lemma 2.2, respectively. Define

IN

() & % </RZ F(tw(x))dx)2, Wt > 0,

e £(t) = % </RQ F(tq/;(x))d:z:) </RQ f(t¢(x))t¢(x)da:) V> 0.
w0
(3.8) % (/R F(szp(x))dm>2 —E(s) > £(1)sT = % (/R F(q/;(x))dx)z 5735, Vs > 1,

Combining (3.7) and (3.8), we reach

In view of (2.5), one has that > for all t > 0. Integrating it on [1, s, it holds that

1-0)t

2 2 )
Trnlts) < 0l — 52 ([ Fw@ae) o5, ws 1.
RQ

2
Since 6 € (0,1) in (f2), then Jy rn(t1)) = —o0 ast — 400. As a consequence, we can find a sufficiently
to > 0 such that e = tpy will be the desired function. The proof is completed. O

Relying on Lemmas 3.2 and 3.3, we shall exploit the following critical point theorem without the
(C) condition introduced in [43] to construct a (C) sequence for Jy .

Proposition 3.4. Let Z be a Banach space and ¢ € C*(Z,R) Gateaux differentiable for allv € Z,
with G-derivative ¢'(v) € Z~1 continuous from the norm topology of Z to the weak * topology of Z~*
and ¢(0) = 0. Let S be a closed subset of Z which disconnects (archwise) Z. Let vg =0 and vy € Z be
points belonging to distinct connected components of X\Z. Suppose that

i%fg029>0 and ¢(v1) <0

and let T' = {y € C([0,1],Z) : v(0) and v(1) =v1}. Then

— inf t)>0>0
c ;Ielrtrél[%so(v( ) > o

and there is a (C),. sequence for ¢.

L), 7€ (0,4) and A > Ao,

Combining Lemmas 3.2 and 3.3 as well as Proposition 3.4, for all o € (0, Tz

there exists a sequence (uy) C Ey such that
(3.9 Trrant) = e and (14 el )15 () 1 = 0.
for all n € NT, where

(3.10) Crrn = inf  max Ty ra(v(t)) >0
YEL N, 7,n t€[0,1]

with T = {7 € C([0,1], Ex) : 7(0) = 0 and Jyra(1(1)) < 0}.

Remark 3.5. The reader is invited to observe from the proofs of Lemmas 3.2 and 3.3 that there exist
some constants ¢, ¢ > 0, independent of o, 7, A\ and n € N, such that ¢ < ¢y ., < é.
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Lemma 3.6. Let V satisfy (V1) — (V3) and suppose g given by (1.2) to require (1.3) with (f1) — (f3).
Then, for all o € (0,03) with o3 = min{o1, o9, #} > 0, any sequence (u) C Ey satisfying (3.9) and
(3.10) is uniformly bounded in k € N*. Moreover, there is a constant Cy > 0 independent of k € N
such that

kseuNIir /]R2 (Gr(x) * Gy (ug)] Gp(ug)dx

(3.11) < Cp and

sup / (Gr(x) * Gy (ug)] gn(uk)ugdz| < Co.
keN+ JR?

Proof. To verify that (uy) C E) is uniformly bounded in k& € N, we introduce a suitable test function
below

N gn(uk)
(D)
1—- ,1fuk§0,

, if ug >0,

where ¢ € (0,1) is given by (f2). For all o0 € (0,01) with o7 > 0 in Lemma 2.3-(g2), we claim that

(3.12) Gin <1 - > )s, Vs > 0.
d Gp(s)
In fact, Lemma 2.3-(g2) infers that di ( <1-—- for any s > 0, then for all £ € (0, s), one has
s gn(s
- = dt<|(1—-- dt: 1——)(s—¢
gn(s)  gnle)  Je dt oD 1)/ 1) 59

G
which together with lim n(€)
e—0+ gn(e)

we are derived from (3.12) that (v;) C Eyx. To further show that ||vg| g, < Cllug| g, for some constant
C > 0 independent of k € NT, due to Lemma 2.3-(g;), it suffices to show that

= 0 uniformly in n € NT yields the claim by tending ¢ — 0. Thereby,

G /

(3.13) M <C, Vs> 0.
9n(s)

Indeed, it is a direct consequence of Lemma 2.3-(g3) and g, € C! in (g1). Adopting Inrn(Uk) = carn
n (3.9), it has that
1 1
/ [[Vug]? + AV (2)|ug|*] dz — / (Gr(z) * G (ug)] Gn(ug)dz.
2 R2 2 R2

Combining Lemma 2.3-(g1), (g2) and (3.12) as well as (3.14), we reach

(314) Cxrm Tt Ok(l) =

o, = (1-9) [ (9wl e e de s [ wu [1 - Golilshln)

+ /RQ AV (x)uy, () dr — /R2 (Gr(z) * G (ug)] G (ug)dx

1)
< (1 - 4> [ I9uP 4 AV @haP] o [ | [6:(0) s Galus)] Guun)i

dx

1)
=20\ rm — ZHukHZEA + ox(1)

which reveals that ||ug|| g, < C for some C' > 0 independent of k € N*. Since HukHE)\Hj)/\Tn(uk)HE;1 —
0 in (3.9), then

1
315 o) =5 [ [VuP+AV@hal]do = [ [Bo(e) « Gl gu(ue)und.

The remaining parts follow directly by (3.14) and (3.15). The proof is completed. O
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Remark 3.7. As a direct corollary of Lemma 3.6, without loss of generality, we shall always assume
that the Cerami sequence (u;) C E) in (3.9) is nonnegative. In fact, we define u; = min{uy, 0} € E)
and so u,, <0 for all k£ € NT. Recalling g, (s) = 0 for all s <0 by Lemma 2.3-(g1), then

ok (1) = llug B 1 T3 (W) | g = T 7 () ()

= i, = [ 16+(0) # Gl g (e
= g I3, > 0.

Hence, we must have that u, — 0 in E) and it permits us to conclude that (u;f) is a Cerami sequence,

where u)” = max{uy, 0} > 0.

Consider that the nonlinearity GG,, possesses the supercritical exponential growth at infinity and it
causes the lack of compactness. To restore it, we proceed as the Brézis-Lieb method to pull the mountain-
pass level ¢y ., down below a critical value. Have this aim in mind, motivated by [2,3,16,27,28,32,62],
for a fixed constant ¢ € (0, 1], we shall consider the Moser sequence functions defined by

Viogk, if 0 < |z < %2,
_ a 1 log(r) .
k(@) = Von ﬁ, if 2 < z| < o,
0, if |x| > o,
where 7y > 0 is sufficiently small to satisfy B,,(0) C €. In fact, since Q = intV ~1(0) is open, without

loss of generality, we can suppose that 0 € €2 and so such an rg is available.

Lemma 3.8. Let V satisfy (V1) — (V3) and suppose g given by (1.2) to require (1.3) with (f1) — (f4).
Then, for all o € (0,03) with o3 = min{oy, 09, ﬁ} > 0, we have that

2w 1
0< inf exrp < sup crpm < —, VT € (O, > and A > Ag.
neN+ neN+ ap 2

Proof. The first inequality is a corollary of Remark 3.5 and so we shall just exhibit the detailed proof of
the last inequality. First of all, some elementary calculations provide us that (wy) C E) and \Vwk]% =1
and [V AVwg|3 = 0 for all k € N*. We define wy = —25— then ||wg| g, =1 for all k € N*.

lokl ),
To conclude the proof, it suffices to determine a suitable B > 0, independent of o, 7, A and k,n € NT,
such that there is a kg € NT satisfying

(3.16) max I (twry) < B.

Arguing it indirectly, we could suppose that there is a ¢; > 0 such that

I (trwy) = max Inrm(twy) > B.

Consequently, one can infer that

t2
(3.17) s % / (G (2) % G (trtw)] G (twg)da + B,
RQ
and
(3.18) - / (G (@) # Gunltiun)] gt il
R

In view of the support of wy, we choose rg < % and so G(x) > 0 for all € suppwy. Using Lemma
2.3-(g1) and (3.17), there holds

(3.19) t2 > 2B.
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Our next aim is to show that limsupt; < 2B. Otherwise, by (3.19), there would be a §y > 0 such that

k—+4o00
(3.20) t3 > 2B+ do.

for some sufficiently large k € N*. Hence, we are able to make full use of Lemma 2.2, Lemma 2.3-(g1),
(94), and Holder’s inequality to reach

e [ [ B8l 2L G by () gn o (@)t (@) dady
R2 JR2 T

2

1 k
> 5 log <27“0> e ) VF (tpwg () f (tewy () tpw (z)da

According to (f4) and the definition of wy, for some sufﬁciently large k € N, it holds that

79
B k log k Q0 9 — |-
> Sntrlog (o ) 6l exp [ (2043 ol 52— 4) log |
2 To s A
which together with (3.18) indicates that
log k
B2y fetrdion (5 ) ol (Y ) exp [ (2263 72 — 4) log ]
2m 7r
Obviously, we must have that ti < i—’g for large k € NT and so we choose
2
(3.22) B="",
Qo
4
which enables us to arrive at a contradiction, namely it implies that lim sup tz < il Owing to (3.20),
k——+o0 Q@
without loss of generality, we shall suppose that, up to a subsequence if necessary,
4
(3.23) lim 2= —,
k—+o00 Qap

Finally, we are capable of finishing the proof. If ¥ < 3 in (f4), i.e. 1+ 5% > 0, then (log k:)“' 7 —
+00 as k — 400 and so there would be a contraction by (3.21) and (3. 23) In this situation, the proof
is done immediately because of 8 > y = 0 due to (3.16) and (3.22). If 9 = 3 in (f4), then we apply

this and (3.23) in (3.21) to get
5 2,49
<a0> =47 ro(2m),

which contradicts with the choice of By in (fy). Consequently, we always conclude a contradiction when
(f1) holds true and so (3.16) is true. With (3.22) in hands, the proof of this lemma is completed. [

Because of the sign-changing logarithmic kernel, the following lemma is a key ingredient.
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Lemma 3.9. Let V satisfy (V1) — (V3) and suppose g given by (1.2) to require (1.3) with (f1) — (f3).
Then, for all o € (0,03) with o3 = min{o1, o9, #} > 0, any sequence (u) C Ey satisfying (3.9) and
(3.10) has the following conclusions

(3.24) sup / gn(ug)urder < Cp and sup / (G (ug)]™ dz < Cy,
keNt JRR? keN+ JR2
1

for some C1 > 0 independent of k € N*, where 1 < k < (1 —¢)"2 withe € (0,1) given in (3.28) below.

Proof. First of all, inspired by [19], we introduce the auxiliary function

/ 9" dt Vs > 0,
gn

and define wy, = H,(uy,). Let us take some key estimate for ||wy||,. To end it, we choose vy determined
by Lemma 3.6 and then Remark 3.7 jointly with |vg| g, HJA,T,n(uk)H@ 1 — 0in (3.9) implies that

- /]R Vg, |2 {1 - G"(“’“)g;b(“’“)] dz + /R AV (2)up Cnle) 4.,

92 (ur,) In(ur)
- /R (G (2) # Gonlos)] G ()

Due to the above formula, we apply Jx rn(ur) = cxrn in (3.9) to get

nmm+ou(1) = [ [Vl + V@il do = [ [Br(a) + Golu)] Golun)do

w2 — w2 |1 Cnlu)gn(un)] oy, Gnluk) 4
=l — 9ol [1 - Ct s - [ v o0

Gn( )9 (ur) / [ > Gn(uk):l
3.25 / V| ? =2 d 4 AV(z) |up, —u dx.
As a consequence, combining (3.12) and (3.25), it holds that
|

|Vwk\§=/RQ V H, (up, |dx—/ IV \2de

g (ur)
G (uk) 2}
= 2c Tn+/ AV (x [u —uz | dax 4+ og(1
SEa . () Fonlun) k(1)
(3.26) < 2¢)\rn +0(1).
Moreover, it follows from Lemma 3.6 and (3.13) that
(3.27) / NV (z)wide = / AV (z)H2(up,)dz < C’/ AV (z)uidz < C’HukHJZEA < C.
R2 R2 R2

Secondly, we recall Lemma 2.3-(g3), for all € € (0, 1), there is a s, > 0 such that
/
MZI—&, Vs > s..
9n(s)
With the help of it, we exploit Lemma 2.3-(g2) to have that

wk—/ \/ gn dt / 1/ g" dt>—E—i—\/l—e(uk—se)>\/1—5(uk—35)

from where it follows that

(3.28) up, < 8. + ———, Vo € R%
V1i—¢
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Finally, we are ready to exhibit the verifications of (3.24) in detail. In view of Lemma 3.8 and (3.26),
we choose a > «a sufficiently close to ag and v > 1 sufficiently close to 1 in such a way that % + 5 =1
with v > 1 and )
4dr(1 —¢)

Vw3 < ———
av|Vwg|; TS
where € € (0,1) comes from (3.28). We define

av(l+¢)?
47r(1 —¢)?

Wg = wg, Vk € NT.
So, we conclude that |Viig|3 < 1 and [V AViig|3 < O by (3.27) for some C' > 0 independent of k € NT.
Thanks to (1.8), these facts show us that

(3.29) sup / [eo"’(lﬁ)z(l*s)_lwi — 1] dx = sup / [64”(175)@1% — 1] dz < C < +o0.
keNt JR2 keN+ JR2
To continue to proof, for the above fixed ¢ € (0,1) given in (3.28), we need the following two types of
Young’s inequality
la+ b2 < (1 +e)|al* + (1 4+ 12, Va,beR

and

1 €

a+b - 1.(14e)a _c (e
e d§1+6[e d]+1+6[e d], Ya,b,d € R.

Letting ¢ > 2 be given as (2.2), we are derived from Lemma 3.6 and (3.28)-(3.29) that

_ B wy, 2
/ ful* (eaui N 1) dz < / Jug |7 [e“(S”W) - 1] da
U2 Se Uk >Se

= / g7 [eolite Dstralba(=a Tl 1] g
B Uk >Se
< / |uk|z7 |:<€ea(1+6_1)25§ _ 1) + <1ea(1+6)2(1—a)—1wi - 1):| dx
< C. |ug|9da + L lug|? (ea(1+5)2(175)*1wi _ 1) da
ukZSE ]‘ + € UkZSE
1 1
< Ce/ ‘uk‘qu 4 L </ |uk|qy’d$> v [/ (eau(1+s)2(175)—1w§ _ 1) dx] v
Up > Se 1 t+e Uf > Se Uk >Se
(3.30) < C..

Since 1 <k < (1 — 6)_%, some simple calculations reveal that

sup / [eo‘“”(1+€)2(1_6)71wz — 1} dz < sup / [64“ I—edf _ 1} dzr < C < +o0.
keNt JR2 keN+ JR2

From which, we proceed as the same way in (3.30) to arrive at
(3.31) / | |75 <eo‘”“i — 1) dz < C: < 400.
Uk >Se
In view of (2.2) and (2.3) as well as (2.7), we conclude the proofs of this lemma immediately by taking
advantage of (3.30) and (3.31). The proof is completed. O

Lemma 3.10. Let V satisfy (Vi) — (V3) and suppose g given by (1.2) to require (1.3) with (f1) — (f3).
Then there exist some constants o, > 0, 7. > 0 and A\ > 0 such that for all 0 € (0,04), T € (0,7%) and
A > A, any sequence (uy) C Ey satisfying (3.9) and (3.10) contains a strongly convergent subsequence.
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Proof. First of all, we choose o € (0,03) with o3 2 min{oy, o9, ﬁ} >0, o € (0, %) and A > \g, then
all the conclusions above in this Section remain true. By Lemma 3.6, (ug) is bounded in E) and so,
there exists a u € F) such that up — u in E), uy — v in LfOC(RZ) with s € [1,400) and up — u a.e.
in R?. To conclude the proof clearly, we shall split it into several steps:

Step 1: Define vy, 2 uy, —u, then there exists a A > 0 such that vy — 0 in LI(R?) for all ¢ € (2, +-00)
along a subsequence as k — oo when A > A.

Actually, since (vg) is uniformly bounded in k € N for all A > A, then we have one of the following
two possibilities for some r > 0:

(i): lim sup/ lug|?dz > 0 and (ii): lim sup/ lug|?dz = 0.
By (y) B (y)

k—00 4 cR2 k=00 ycRr2

If (i) was true, there is a constant 6 > 0 independent of A > Ag such that

lim sup/ lup2da > 6
Br(y)

n—oo yeRQ

for some r > 0. Since (ug) is uniformly bounded in E), without loss of generality, we are assuming that

li_>m ||uk||fEA < O for some © € (0,400). Clearly, there holds 1i_>m Hvk”%A < 40. Recalling vy — 0 in
L (R?) with g € (2,+00) and |Ag| — 0 as R — 400 by (V3), where A = {z € R?*\Bg(0) : V(z) < b},

we can determine a sufficiently large but fixed R > 0 to satisfy

5
(3.32) limsup/ log|?de < ~
Br(0)

k—o0 4

and
q

5\ 2
(3.33) |ARg| < (16@) (1Z]kan) -2,

where kgn > 0 symbols as the optimal constant related to Gagliardo-Nirenberg inequality. Proceeding
as [55, (3.21)], one sees that

=] o

2
—2 —2
(3.34) limsup/ |ug|?dz < lim sup (/ |vk|qu> ’ \AR]qT < 4@(\E\HGN)§|AR]qT <
.AR -AR

k—o0 k—o0

Let us choose A = max {1, Ao, 1?? }, then for all A > A, we reach

1 40
(3.35) limsup/ o |2dz < limsupE AV (2)|og|?dz < — <
Br

k—o0 n—oco Br Ab

= on

where Br = {z € R?\Bg(0) : V(z) > b}. We gather (3.36), (3.37) and (3.35) to derive

6 < lim sup/ |vg|2dz < lim sup g |2de
k—o0 yeR? () k—oo JR2

= limsup / \vk\de+/ log2dz | < 30
k—00 R2\ Bg(0) Br(0) 4

which is impossible. The proof of this step is done.
Step 2: For all 7 € (0, 7;) with 7, in Lemma 2.5, we have that u # 0, j/(mn(u) = 0and Jyrn(u) > 0.
We suppose, by contradiction, that u = 0 and thus the Step 1 gives us that u, — 0 in LI(R?) for all
q € (2,+00) when A > A. According to Lemma 3.9, we realize that Lemma (2.5) is available and thus
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(2.11)-(2.12) can give us that

(3.36) lim (G, (x) * Gp(ug)] Gp(ug)dz = 0.

k—oco JR2
As a consequence, combining Jy ;. (ur) = cxrpn in (3.9), (3.36) and Lemma 3.8, it holds that

lim sup/ ([Vug|? + AV (2)ui]dz = 2¢) ,.p < 41
k—oo JR2 @
Thereby, we shall choose o > «g sufficiently close to ag and v/ > 1 sufficiently close to 1 in such a way
that %—l—%:land
owHukHZEA <4n(l—¢), Yk € NT,
where € € (0, 1) comes from (3.28). It follows from (2.2), (2.7) with o < ﬁ and the Holder’s inequality
that

/ n(ug)ugde < e/ |ug|?dz + C’E/ ]uk]q(eo‘“i —1)dz
R2 R2 R2

1 1
< 6/ |uk|2d$ + C. </ \uk‘qz/dx> v (/ (647r(1—6)2(u1¢/||uk||E>\)2 B l)dm) v .
R2 R2 R2

Recalling (1.8), we shall deduce that [z gn(ug)urdz — 0 by letting k — co and then tending e — 0.
Thanks to this and (2.13), it holds that [po ||~ * Gy (uk)]gn(ur)urdz — 0. It is, therefore, to reach

(3.37) lim (Gr(2) * Gp(ug)] gn(ug)ugdz = 0.

k—oo JRr2
Adopting Jy , ,,(ux)(ug) — 0 in (3.9) and (3.37), it derives that [|ug| s, — 0 which together with (3.36)
and (3.9) reveals that ¢y -, = 0. It is absurd because of Lemma 3.8. So, u # 0 concludes. Moreover,
Irrn(w) = 01is a direct consequence of Jy  ,(ux) — 0 in E;l and (2.11)-(2.12). In view of Remark
Gr(u)
gn(u)”

3.7, we are capable of supposing that v > 0. Choosing v = it belongs to E in the same spirit of

Lemma 3.6 and so Jy . ,,(u)(v) = 0 which is equivalent to

21 Gn(Wn(v) x $an(u) x — x) * Gp(u u)der =
[ vl [1 e }d # [ W@ s [ (6(0) 6] Golwas =0,

Using it, one has that

1
; /R (G (2) % G ()] G (1)

1
Tl = Sl 2 [
1 1 n ! 1 n
= Lz, - / Vul? {1 _ G(“)W} dr— L [ @i @a,
2 2 Jgre )

2 (u) 2 Jeo MV
1 Gl 1G],
333 = [ T *2@””[ gn<u>}d

finishing the proof of this step.

Step 3: Choosing o, = 03, 7% = min{%, T} and A, = max{)\o, A}, then we have that uy — u in E)
along a subsequence as k — oo for all o € (0,0), 7 € (0,7) and A > A,.

Combining J rn(ur) = €xrp in (3.9), the Fatou’s lemma and (2.11)-(2.12), there holds

1 1
exrn = 5 lunllE, — 5 /2 (G- () * Gn(ur)] G (ug)dz + ox(1)
R

2

1 1
= S llun = ullf, + Tarm(u) + 0k(1) 2 2 lluk — ullf, +on(1).
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Due to Lemma 3.8, it permits us to choose o > ag sufficiently close to ag and v > 1 sufficiently close

to 1 in such a way that % + % =1 with v,/ > 1 and
Ar(1 —¢)
2 +
av||ug — u < , Vk e NT,
” k HE) (1+E)2

where ¢ € (0,1) comes from (3.28). Therefore, we apply (1.8) to arrive at

keNt JR2 LeN+ JR2

where C' > 0 is independent of k& € NT. Exploiting again the two types of Young’s inequality introduced
in Lemma 3.9, we obtain

/ (eauui N 1) dr < / |:eozu(1+s—l)u2+au(l+s)|uk7u|2 _ 1] da
R? - JR2

< € / [eau(l-i-e*l)zzﬂ - 1j| dz + 1 / [eal/(l—‘ra)Q\uk—u\Q _ 1} dx
— 1 + € R2 1 +e€ R2

<C

for some C' > 0 independent of k € N*. So, letting kK — oo and then tending € — 07 we derive

/ |gn (ug) (ug — w)|dz < e/ lug||ug — uldx + Ce/ lug — u\|uk|q*1(ea“i —1)dx
R2 R2 R2

v

< e|uk|2|uk — u|2 + CG‘uk‘g:lj/1|uk — u|qy/ |:/ (eal/“% — 1) d$:|
R2
— 0.
As a by-product of it and (2.13), there holds [go (||~ * Gy (uk)]gn (ur) (ur, — w)dz — 0 and so

lim [ [G-(z) * Gp(uk)] gn(uk) (up — w)dz =0,

k—oo JR2

which together with (3.9) yields that
0k(1) = T 7 (W) (W — 1) = T 70 (w) (ur; — w)

— N = ulfy, = [ | [6r(0) # Gi)] g e — )
R2

= [luk = ullE, + ox(1).
The proof is completed. O
At this stage, we are capable of showing the proof of Theorem 3.1.

Proof of Theorem 3.1. Given o € (0,04), 7 € (0,7) and A > A, hence the existence of a sequence
(ur) C Ey is available. In view of Lemma 3.10, there is a nontrivial u € E) such that J ;»(u) = ¢\ rn
and J§ _,(u) =0 in E;'. The proof is completed. O

Now, we are in a position to contemplate the existence of a nontrivial solution for Eq. (1.12). More
precisely, let us consider the following planar logarithmic Choquard equation
(3.39) —Au+ NV (z)u = [G,(z) * G(u)] g(u) in R2.
In this direction, we have the result below.
Theorem 3.11. Let V' satisfy (V1) — (V3) and suppose g given by (1.2) to require (1.3) with (f1) — (f3)-
0,6

Then there exist some constants 6 > 0, 7« > 0 and A > 0 such that for all o € (0,64), 7 € (0,7%) and
A > A, Eq. (3.39) has at least a nontrivial solution.
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Let us recall the definition of 7, defined in (1.14), one may observe that if a solution v € E) of Eq.
(3.1) satisfies |v|c < n and thereby it is in fact a solution of Eq. (3.39). In order to conclude Theorem
3.11, we are going to verify that the solution u € E) obtained in Theorem 3.1 belongs to L>(R?) and
its L°-norm can be controlled by a positive constant which is independent of n € N*.

To proceed with the proof, we claim that the constants, C, Cy, C1, etc., are independent of n € NT.
As a matter of fact, the reader is invited to observe that this would be correct if we are able to verify
that the constant C' > 0 in (3.13) does not depend on n € N*. On the one hand, combining (f;) and
(f3), there exists a constant C' > 0 independent of n € N* such that F(s)f/(s) < Cf?(s) for all s > 0.
Using it and (2.9) as well as (2.8), one has that

F(s) [f'(s) + 20 f(s)fn(s) + o F(s)f,(s) + J2F(s)f721(s)] < [C+ (184 + 360)0712] f2(s), Vs > 0.

On the other hand, in view of (2.10), we are choosing o4 = %0* > 0 and the claim therefore concludes
for all 0 € (0,04). From now on until the end of this Section, we would like to highlight here that the
constants adopted are independent of n € NT.

Before showing that u € E) belongs to L>(R?), we recall from Lemma 3.10 jointly with Remark 3.7
that there is a function @ € E\ which is independent of k,n € N such that

(3.40) 0 <u(z) < w(z), Vo € R?

Lemma 3.12. Under the assumptions of Theorem 3.1 and let u € E) be a nontrivial solution of Fq.
(3.1). Then, for all o € (0,04), we have that w € L>®(R?). In particular, it holds that

2§ q
NG a2 [ - , T
ke = (2) 57 (e [ o= - nan) T

where Cy > 0 is a constant independent of n € N*, w comes from (3.40) and q € (1,2) with % + % =1.

Proof. Let v > 1 and z € N* and we introduce the sets 21, = {x € R? : w771 < 2} and B, £ R?\A4,.

Consider the sequences
w1 in A, u’, in A,
Uy = 5 and v, =

z7u, in B,, zu, in B,.
It is simple to observe that u,,v, € E, |u,| < [u[*~! and |v,|> = uu, < |u|*” in R2. Moreover,

Va. — (27 — 1)u?"YVu, in A, yu "V, in A,
2T 22V, in 9B, 2Vu, in B,

which imply that

and Vv, = {

VuVu,dr = (2y — 1)/ w20V |Vu)?dz + 22/ |Vu|?dz,
(3.41) R 2 B=
/ |V, |?dz = 'yz/ uz(v_l)\VuFdx—i—zQ/ |Vu|?dz.
R2 B

z

Combining (3.41) and the fact that v > 1, one obtains

/ |V, |*da :/ VuVu,dx + (v — 1)2/ w07 |Vl 2da
R2 R2 Az

—1)2
(3.42) < [1 + M] VuVu,dz < ~2 VuVu,dz.
2’7 -1 R2 R2

Since u € E) is a nontrivial critical point of Jj 7, then Jj . (u)(u;) = 0 which gives that

(3.43) /R? [VuVu, + AV (z)uu,| doe = /R2 (G (u) x Gp(w)] gn(u)u,dz.
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Next, We need to take some careful analyses for the two items in (3.43). Firstly, one may note that
uu, = v2, it then follows from (3.42) and v > 1 that

(3.44) / [[Vo.]? + AV (2)|v.]*] da < 72/ [VuVu, + AV (z)uu,] dz.
R2 R2

Using (2.13) and Lemma 3.9, there is a constant C' > 0 independent of n € N such that |G (u) * Gy, (u)| <
C. Moreover, for all o € (0,04), we apply (2.4) and (2.7) to get

(3.45) gn(Wyuz = [f(u) + 0 F (u)fn(w)] uze” < (14 2400%) f(u)uze™> ) < 2ef (u)us
As a consequence of the above two facts, it infers from (2.2) with § = 2 and (3.40) that

/ (Gr(u) * Gp(u)] gn(uw)ude < EC/ lv.|?da + C’e/ v, |? (ea‘"|2 - 1) dx
R2 2 2

Q=

1
(3.46) 7HUZHE/\+CIaq (/ !vz\qufU) ;

where and in the sequel
Ino 2 / (eaque ) dz
7q R2

According to (3.43), (3.44) and (3.46), we have that

1
/ [[Vo.]? + AV (2)|v.|*] dz < Cla 57 </ ]vz|2‘7d:p> ’
R2 R2

We fix G € (1,2) with ¢ = G/(¢— 1) and Ey — L*(R?), then there is a constant Cy > 0 independent

v and n € Nt such that
1 1
2 _ ~ q
(/ ]vz\4dx> < Colng’ (/ vz|2qu>
R2 R2

Once v, = u” in A, and v, < «” in R?, there holds

% 1
< ]u]47dx) < éofa,QIWQ (/ ]ulmda,) ! , Vz e NT.
A, R2

Applying the Lebesgue’s Dominated Convergence theorem with z — oo to the above formula, one has

(347) |u|4’Y < COIa a7 |u‘2q'y

oo

1
7

We choose the constant = 2/¢, then p > 1 because ¢ € (1,2). For every j € NT, define v; = W
and thus 2¢vj41 = 2Guy; = 4v;. For j =1, 4 = > 1 which can be applied in (3.47) to derive

1 1

(3.48) [ulay < pk(Cola,g)? uls.
For j =2, v9 = p? > 1 and 2§y, = 4, = 4 and by (3.47),

1
(3.49) [ulgpz < (1 2y (Cola,g) 2 [ulap-
For j =3, y3 = p® > 1 and 2§73 = 4, = 4p? and by (3.47),

1
(3.50) |ulas < (1 3 (Cola,g)** [uly2-

Similar to (3.48), (3.49) and (3.50), proceeding this iteration procedure j times, we can infer that

L
z

(3.51) |l < Mz 4 (Cola ~/)221 1M1|U|4
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o0 . oo
j 1 1
invoking that u € L*’ (R?) for every j € N*. Clearly, Z - LQ and Z — = ——, thereby
o (k-1 —pt op—l
we can take the limit in (3.51) as j — oo to obtain
122 _ 1
‘U|oo < /14(”71)2 (COIa,(j’)Q(uil) |U|ZLJL
finishing the proof of this lemma. O

Proof of Theorem 3.11. Choosing 6, = 0y, 7% = %7'* and \, = s, then for all o € (0,5), 7 € (0, 7%)

and A > \,, we know that the u € Ej obtained in Theorem 3.1 is still a nontrivial solution of Eq. (3.1).
Due to (3.38) and Lemma 3.8, we are derived from Lemma 2.3-(g2) and (3.12) that

4

3.52 ull2 <
(3.52) Il < ot

which together with Lemma 3.12 yields that

2§ g 2
2\ C-9? | o5 ~ 24’ (2-9) 4 A
Jufoo < <> ’ [Cg / (e0?=’ —1)dx] BV, ) 24,
q R2 aomin{l — ¢, §

where T > 0 denotes an imbedding constant of E) < L*(R?). Now, we arrive at the proof of Theorem
3.11 by fixing n > Cp, because in this scenario u is a nontrivial solution of (3.39) due to the definition
of n, in (1.14). The proof is completed. O

4. EXISTENCE AND DECAYING PROPERTY OF SOLUTIONS FOR EQ. (1.1)

In this section, we are concerned with the existence and decaying property of nontrivial solutions for
Eq. (1.1). To reach the proof of Theorem 1.1, we are based on the results obtained in Theorem 3.11.
In what follows, let us denote uy » by the nontrivial solution obtained in Theorem 3.11 to emphasize
the dependence of the parameters A and 7. As a matter of fact, we have that Jy -, (ux-) = ¢ rpn and
j)’\ﬁ’n(u)\ﬁ) =0in E;l. In view of Remark 3.5 or Lemma 3.8, we are able to take the same arguments

to deduce that (uy ) is uniformly bounded in 7 € (0, 7). Consequently, as 7 — 0T, up to subsequences
if necessary, there is a function uy ¢ € E) such that

(4.1) uyr — uxo in Ey, uy, — uyo in LfOC(Rz) with s > 2, uy» = uyp a.e. in R2.

To restore the compactness, regarding as a counterpart of Lemma 3.9, we shall establish the following
result.

Lemma 4.1. Let V satisfy (V1) — (V3) and suppose g given by (1.2) to require (1.3) with (f1) — (f4).
Then, for all T € (0,74), any sequence (uy ) C Ey satisfying (4.1) has the following conclusions

(4.2) sup / g(uyr)uydr <Cy and  sup / [G(uy+)]" dz < Co,
7€(0,74) JR? 7€(0,7) JR2

for some Co > 0 independent of T € (0,74), where 1 < k < (1 — a)_% with € € (0,1) given in (3.28).

Proof. Let us go back to the proof of Lemma 3.9, one might observe that the constant C' and C; are
independent of 7 € (0, 7). Setting wy . = Hy(uy ), then we are able to proceed as (3.26) and (3.27)
to derive

(4.3) Vs[5 < 2¢x 70 + 0k(1).
and there is a constant C' > 0 independent of 7 € (0, 7%) such that

(4.4) / )\V(m‘)wiﬁdx <C.
R2



ON A CLASS OF PLANAR LOGARITHMIC CHOQUARD EQUATIONS 25

Doe the € > 0 in (3.28), we also can find an s, > 0 to satisfy

W, r 2
4.5 uyr < Se + — . Vx € R”.
( ) A,T — € m
With (4.3), (4.3) and (4.3) in hands, repeating the calculations exhibited in Lemma 3.9, we are capable
of applying Lemma 2.5 to reach the proof of this lemma, where a similar fact in (3.45) is used.. O

Our next aim is to investigate the decaying property of uy , which yields the proof of Theorem 1.4.

Lemma 4.2. Let V satisfy (V1) — (V3) and suppose g given by (1.2) to require (1.3) with (f1) — (fa).
Then, there is a Ay > 0 such that for all X\ > X, there are A,B > 0, independent of o, 7, \ and n € NT
such that

(4.6) s ()] < AX"2 exp [—BA% (Jz| — R)} , V|z| > R,
where the consatnt R is independent of o, 7, \ and n € NT.

Proof. First of all, we shall conclude that uy , € LOO(R2). To demonstrate it, we realize that uy (x) > 0
for all z € R? by Remark 3.7. Since Jy _ (uy,) =0 in E/\_l, it allows us to obtain

r—y| T -1 .
(4.7) —Auy ; + AV (2)uy » < / ¥Gn(u>\j)(y)dy gn(uy,) in R2.
lz—y|<1 T
Recalling 7, = %7'* < %TH = ”T_l, because o € (0,6,) and 7 € (0,7%), we apply (4.2) to have
—yl7T -1 G
me [ SISl sy e [ S
le—y|<1 T lz—y|<1 ‘{L’ — y‘ e

k=1

(4.9 < Cue ( /|||iy|dy> (L [G(uA,T@))]“dy)i < ¢

for some C3 > 0 independent of 7, where we have adopted Lemma 2.2 with 7" = r
(4.7) and (4.8), it has that
—Auyr < —Auy; + AV (2)uy r < Csgn(uy ) in R2.

> 7. Combining
K

Proceeding as the same calculations exhibited in Lemma 3.12, we can determine a suitable constant
C4 > 0 independent of 7 such that |uy ;| < C4. By exploiting o € (0,6) agiain, gnlurr) < C5u‘)]\;1 for
some ¢ > 2 given in (2.2), where Cs > 0 is independent of 7. Let ¢(z) = —ug\f(az) for all z € R3, then
one sees |¢(x)]s < CZ_2 and
—Auyr +c(z)uy, <0in R2.
Consequently, we follow [31, Theorem 8.17] to find a Cg > 0 independent of 7 such that
(4.9) sup ux - (x) < Colnrlr2(py(y)), VY € R
z€B1(y)
By (V3), there exists an Ry > 0 such that = C Bpg, (0), and so V(z) > b for all |z| > R; which together
with (3.52) implies that
4
(4.10) / lu.-2dz < 7 s—=(Ab)1, Y|y > Ry +2.
L2(B2(y)) agmin{l — ¢, 7}

Combining (4.9) and (4.10), we obtain

4
(4.11) unr(z) < Cg T (AD) 2 2GR, Yz > Ry L
’ aomin{l — ¢, 7}
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Finally, to continue the proof, we define
Wy,(z) & AV (x) — csuA , Yz € R?.
Since |uy r|oo < C4 and V(x) > b for all |z| > Ry, there is a A > 0 such that for all A > \,, it has that
W (z) > %)\b 2 \B?, V|z| > Ry + 1.

As a consequence, we reach

(4.12) _AUA,T + )\B2U)\77— <0, V‘ﬂj| > R; + 1.

Choosing ¥ -(z) = AN2 exp ~BA2 (|| — R)} with A = C; and R = Ry + 1, it therefore follows from
(4.11) that

(4.13) upr(z) < Uy, (x), Y|z =
Moreover, it simply derives that
(4.14) — A+ AB*Y - > 0, V]| #0.

Setting ¢z r = ¥ — uy -, then we make use of (4.12), (4.13) and (4.14) to have that

—Apxrr + B0y, >0, in|z| > R,

orr >0, on |z| =R
According to the maximum principle (see e.g. [31, Theorem 8.1]), we shall demonstrate that ¢y -(z) > 0
for all |z| > R. The proof is completed. O

With Lemma 4.1 and Lemma 4.2 in hands, we are capable of arriving at the compact result below.

Lemma 4.3. Let V satisfy (V1) — (V3) and suppose g given by (1.2) to require (1.3) with (f1) — (f4).
Then, for all o € (0,64), 7 € (0,7%) and A > max{)\*, A}, passing to a subsequence if necessary,

t [ 160« Gl Gt = [ fiog (1)« Glunal| o

Proof. Since 2> 5\, we can repeat the same way in the Step 1 of the proof of Lemma 3.10 to conclude
that uy » = uyp in L*(R?) for all s > 2 along a subsequence as 7 — 0%,
On the one hand, due to (4.2) and Lemma 2.3-(g5) with 7 € (0, 7%), it simply has that

(4.15) lim G(uyr)de = G(uyp)de.
=0t JR2 R2
Recalling IT which is defined in (4.8) is uniformly bounded in R?, jointly with (4.15), we can show that
[z —y[T -1
i
we it follows from the generalized Lebesgue’s Dominated Convergence theorem that

lim / |x_y|—__1G<u)\’T(y)>dy G(U,)\,T)daf
=0t JR2 le—y|<1 T

_ /Rz [/Ir_ydlog (M) G(uxo(y))dy

|z —y|™7 —

1 .
Liz—y)<1G(uns(y)) — log <]:J:—y]> Lip—y|<1G(uro(y)) a.e. in R? as 7 — 0T. Therefore,

G(unp)de.

On the other hand, we begin with the term

the intermediate mean value theorem, there is a such that

lig—y>1- As a matter of fact, according to

|z —y|77 —1

gz = [ =yl T log(lz = Y1y
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where ¢ = ((|z —y|) € (0,1). Some elementary calculations provide us that

|z —y[~7 -1

. Loy 21G(urr (1)) G(urr(2))| < [log(|z — YD) 1jpyj21G (urs ()G (ur - (2))]

< |x‘G(uA,T(y))G(uA,T(x)) + |y|G(u)\,T(y))G(u>\,T(x))

As a consequence, we are able to observe observe that

[ ( [ 1G<ux,f<y>>dy> Gurar <2 ( [ G ) ([ lalcine).

We claim that there is a constant Cg > 0 independent of 7 such that |zG(uy ;)|1 < Cs. To see it, with
aid of (4.2), it suffices to deduce that

/|| |z|G(uy,r)dz < e/| || [lu,\,T\Q + |u>\7T|2 (ea“‘“lgo — 1)} dz
z|>R z|>R

< el+ac4/ |2]|un - [2dz £ Cg < +o00,
|z[>R

|z —y[~7 -1

T

where we have used |u) 7| < C4 and (4.6) in Lemma 4.2. Owing to (4.15), we obtain

i ( / |f”—?/|_—1G<uA7T(y))dy> Glup.)de
R2 lx—y|>1

70+ T

_ /RZ [/Ix_leog (M) G(uxo(y))dy

The proof is completed. O

G(uyp)de.

Now,we can exhibit the proof of Theorem 1.1 in detail as follows.

Proof of Theorem 1.1. Choosing ¢* = 64, 7° = 7, and \* = max{:\*, 5\*}, then for all o € (0,0%),
7 € (0,7%) and A > \*, we take the similar arguments adopted in the proof of Lemma 3.10 to conclude
the proof. Since \* > 5\, as explained in Lemma 4.3, passing to some sequences if necessary, uy » — uy
in Ey, uy, — uyo in L#(R?) for all s > 2 and Uy r — Uy a.€. in R? as 7 — 07. We next claim that

uy o # 0. Otherwise, combining Lemma 4.3 and J r,(u ) = ¢\ rpn with Lemma 3.8, it indicates that

4
lim sup ||u,\7T||2EA < —. Then, some standard calculations give that lim g(ux)uydz = 0. We
70+ o =0t JR2

adopt Jy , ,(ux-) =0 in E; ! and (4.8) to find that

0= llurrl, = [ | 16(0) * Gl glun
> Hu)\,THZEA - / (/ GT('%. - y)G(u/\,T(y))dy> g(u)\,f)u)\,rdx
R2 lz—y|<1

G(uy.r
> furl, — G [ (] Grr W) 4} guy Yy
R2 lz—y|<1 ‘:1,’ y‘

> s, = Gl | glunJunsds
R
= [lua -, + or(1).
Hence, we are derived from it and Lemma 4.3 that lim ¢y ,, = lim+ In7n(ux,r) = 0 which contradicts
T—0

T—0t
with Remark 3.5. So, the claim holds true.
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Using a very similar argument in Lemma 4.3, for all v € C§° (Rz), we have
lim (Gr(z) * G(uy+)] g(uy,)vde = / log * Guxp) | g(uro)vde.
=0t JR2 ‘ |

which together with Jy . (ux-)(v) = 0 implies that JJ  , (ux0)(v) = 0. Thereby, uyp is a nontrivial
solution of Eq. (1.1). A similar idea in (3.38) shows us that J) ;n(ux0) > 0. Thereby, proceeding as
the same way in the proof of Lemma 3.10, we are capable of demonstrating that uy ; — uyo in E) as
7 — 07. The proof is completed. O

Remark 4.4. As some by-products of uy ; — uyo in E) as 7 — 0T, we have the results below
(1) Since [Juy .|| < Cy for some Cy > 0 independent of o, 7 and A, then

1
(4.16) / [log <| ’> * G(u,\,g)} G(upp)dz| < C3 + 2¢,
R2 T
where & > 0 comes from Remark 3.5. Analogously, for all v € C§°(R?), it holds that
1
(117) [ e (1) + 6| aturopuda] < ol

(2) The proof of Theorem 1.4 follows immediately by (4.6) and so we omit it.

5. ASYMPTOTIC BEHAVIORS

In this section, we shall mainly study the asymptotic behaviors of the obtained solutions in Theorem
1.1 as A = +oo0 and 0 — 0T, respectively.

First of all, according to Theorem 1.1, we shall denoted the obtained solution by uy , € E) for all

€ (0,0%) and A > \*.

5.1. Case 1: o € (0,0%) is fixed and A — +o0.
For any u € H(Q2), we denote by @ € H'(R?) its trivial extension, namely

A Ju inQ
u =
0 inQ°={z:2ecR>\Q}.

We now define Jq 7, : H}(Q) — R as

Jorrn(u /yw dx—/ U log (miy')@ (u (y))dy] G () da.

Note that, as what we have done in Section 4, we always exploited the following fact directly without
mentioning if there is no misunderstanding

(5.1) F(trg) < Gn(ung) = Flup o )eSne0) = F(uy 5)e?l " < eF(uy )
for all o € (0,0%).

Proof of Theorem 1.6. Let \; — +00 as k — 400 and (uy, ,) C E), be a sequence of nontrivial
solutions of Eq. (1.1), that is, jj\k’mn(u}%o) =0in E;kl and Jx, on (U, o) = Cr0n- According to
Remark 3.5, we can argue as Lemma 3.6 show that (uy, ) is uniformly bounded in k£ € NT. Passing to
some subsequence if necessary, uy, ; — U, in H(R?), U0 — U0,o D LfOC(RZ) for all 2 < s < 400
and uy, ; — Ug s a.e. in R? as k — +o0o. We claim that upo = 0 in Q¢ Otherwise, there is a compact
subset O, , C Q° with dist(0., ,,0Q2°) > 0 such that ug, # 0 on Oy, and by Fatou’s lemma

(5.2) lim inf / u3, oAz > / up o 2dx > 0.
R2 (S

k—o00
U0, o
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Moreover, there exists g > 0 such that V(x) > ¢ for any x € ©,,, by the assumptions (V1) and (V2).
Since ||uy, o[z, is uniformly bounded, then the Fatou’s lemma gives us that

k—o0

+oo > lim inf/ )\kV(ac)u?\k sdz > g (/ ul Jd:v> lim inf A\, = +o0,
R2 ’ Oup., ’ k—00

a contradiction. Therefore, ug, € H () by the fact that 99 is smooth. In order to finish the proof,
we are ready to verify that uy, , — ug s in LS(RQ) for all 2 < s < 400 in the sense of a subsequence as
k — +o00. Arguing it indirectly, we follow the arguments in [55] to make full use of the Lions’ vanishing
lemma to find some 9,7 > 0 and &;, € R? such that

9 <
/ ’u)\k,a' - U/O,O" dx > 57
Br (&)

which implies that |&,| — oo and hence |Bi () N E| — 0. Recalling |lu, o £,, is uniformly bounded,
then the Holder’s inequality yields that

lim |ur, o — u070|2dx =0.
k—+4o0 B'F(ik)m:

As a consequence, we are derived from the above two facts that

400 > liminf )\kb/
k—o0

By (Zg)N=e

= lim inf A\;b / |ur, .o — u070]2da: — / |ur, o — u07a\2dx
k—o0 Bi () Bi(&)NEZE

> & liminf A\ = 400,
k—o00

u3, ,dz = liminf Agb [ur, .o — oo 2da
’ k—o0 By (#,)NEe

which is impossible. So, uy, » — o in L*(R?) for all 2 < s < 4+00. In view of (4.17), it is simple to
observe that, for all v € C§°(R?),

tim [ e ()« Gl | atuseeods = [ | 1o (12 ) Gt atun)ods

jointly with J§ . (ux, o) =0 in E ! yields that 74, (u0,) = 0 in (H(22))~!. Adopting the same
idea above, we are able to rule out the case ug , = 0 standardly. Therefore, ug, € H}(£2) is a nontrivial
solution of Eq. (1.17). The proof is completed. O

5.2. Case 2: A > \* is fixed and o — 0.

The reader is invited to retrace the contents exhibited above and we are very sure that the constants
C and C; are independent of o.

We define the variational variational functional Jy : Ex — R by

ol = [+ av@lliae — 5 [ ][ or (1) Futa] Fu

Let us show the proof of Theorem 1.7 as follows.

Proof of Theorem 1.7. Let o — 07 as k — +o00 and (u),,) C E) be a sequence of nontrivial
solutions of Eq. (1.1), that is, Jj\’ak’n(uA7gk) =0 in E/\_1 and Jx o, n(Uro,) = Cropn- According to
Remark 3.5, we can follow as Lemma 3.6 show that (u) ,,) is uniformly bounded in k € NT. Passing
to some subsequence if necessary, uy s, — uxpo in Ey, )4, — Uy in LfOC(RQ) for all 2 < s < 400 and
Ux,g, — UN0 A-C. in R? as k — 4o00. In view of the Step 2 of the proof of Lemma 3.10, we still have
that uy s, — w0 in L*(R?) for all 2 < s < 400 as k — +00.
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In view of Lemma 4.2, we have showed that |uy ¢, |ooc < C4 for some C4 > 0 independent of k € NT.
Then, taking into account (2.2) and (2.3), it simply sees that

lim F(u,\,ok)dx:/ F(uy0)dz,
R2

k—o0 2
(5.3) limﬁ f(uA’Uk)u,\,okdxz/ f(uxo0)unr0de,

k—oo Jr2 R2
lim f f(urg, )vde = / f(uro)vdz, Yo € C°(R?).
k—oo JRr2 R2

With (4.16), (5.1) and the first one in (5.3) in hands, the generalized Lebesgue’s Dominated Convergence
indicates that

i [ [ 1o () Galunen 0)ay] Gutun o

k—00 |z — y|

B /R VR og (wiyr) r <“Av°<y>>dy] F(uy0)da.

In the same spirit of it, we also conclude that

k—o0

— /]R2 |:/]R2 log (,xl_y|> F(uA,o(y))dy} f(uxo)urodz

. 1
lim {/ log < > Gn(u,\,gk(y))dy} Gn(Ux oy, )UN o, AT
R2 LJ/R2 |z — ]

and for all v € C§°(R?),

‘ 1
lim [ / log () Gn(ux,ak(y))dy} gn (U, Jvda
R2 R2 ‘.'17 - y’

k—o0

- /Rz [/W log (M) F(UA,O(y))dy} fuxo)vde.

Consequently, we are capable of taking advantage of the above three formulas to deduce that uy 5, — ux
in E)\ along a subsequence as k — 400 and wy g is in fact a nontrivial solution of Eq. (1.18). The
proof is completed. O
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