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ABsSTRACT. We study a class of planar Schrédinger-Poisson systems

“Au+ AV (@)ut du = f(u), zER?,

A¢ = u?, x € R?,
where A > 0 is a parameter, V € C(R?,Rt) has a potential well Q :=
int V=1(0), and the nonlinearity f fulfills the supercritical exponential growth
at infinity in the Trudinger-Moser sense. By exploiting the mountain-pass theo-
rem and elliptic regularity theory, we establish the existence and concentrating
behavior of ground state solutions for sufficiently large .

1. Introduction and main results. In this paper, we focus on the existence and
concentrating behavior of ground state solutions for a class of planar Schrodinger-
Poisson systems

—Au+ AV (z)u+ ¢u = f(u), z€R? 1
AQSZUQ, x GRz’ ( )

where A > 0 is a parameter, V € C(R?, R") has a potential well Q := int V=1(0),
and the nonlinearity f possesses the supercritical exponential growth at infinity in
the Trudinger-Moser sense. More precisely, throughout the whole paper, we shall
suppose f has the form

ft)=h()e*", VieR, (2)

for some o > 0 and 7 > 2. In what follows, we assume that A : R — R is a function

satisfying:

(h1) h € C(R) vanishes for every t € (—o0,0] and h(t) = o(t) as t — 0;

(ha) The function h(t)/t? is increasing for all ¢ > 0;

(h3) There exist 6 € (0,2) and v, M > 0 such that |h(t)| < M(e”'”é — 1) for each
t € RT = (0, +00).
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Over the past several decades, a lot of attentions has been paid to the standing,
or solitary, wave solutions of Schrédinger-Poisson systems of the type

{ i%0 = v+ W) +mey - f([¢)w, inRY xR, 3
A¢ = [yf?, in R,

where 1 : RY x R — C denotes the time-dependent wave function, W : R? —
R is a real external potential, m &€ R is a parameter, ¢ represents an internal
potential for a nonlocal self-interaction of the wave function, and the nonlinear
term () := f(|1|)¥ describes the interaction effect among particles. Let ¢(x,t) =
exp(—iwt)u(x) with w € R. Then, the standing wave solutions of (3) also lead to

the Schrodinger-Poisson system

—Au+ V(z)u+mou = f(u), inR% 4
A¢ = U/27 in Rd’ ( )

where here and in what follows V(z) = W(z) + w. In view of [27], the second
equation in (4) determines ¢ : R? — R only up to harmonic functions. Conversely, it
is natural to choose ¢ as the negative Newton potential of u2, that is, the convolution
of u? with the fundamental solution ®; of the Laplacian, which is denoted by
Pq(x) = —1/(d(d — 2)wa)|z|*>~? if d > 3, and Py(z) = — 5= log(|z]) if d = 2. Here,
wy denotes the volume of the unit ball in R4. With this inversion of the second
equation in (4), we arrive at the integro-differential equation

—Au+ V(x)u+m(®q+u?)u= f(u), in R% (5)

When m # 0, the Poisson term (®4 * u?)u results in that (5) is not a point-
wise identity any longer such that there are some mathematical difficulties which
make the study of it more interesting. In the three-dimensional case, because of the
relevances in physics, we have a rich literature associated with (5) and its general-
izations under the variant assumptions on V and f via variational methods. The
interested reader can refer to [1,8,20,33,42,48] and the references therein.

For d = 2, the Schrédinger-Poisson equation (5) can be rewritten as the form

—Au+ V(z)u+ ;(log(m) xu’)u=f(u) inR? (6)
T
whose variational functional is defined by
1 _
I(u) :f/ [[Vul® + V(z)u?]d
2 o

o [ toglla syl )dody — [ Fud,
81 R2 JR2 R2
where here and in what follows F'(u) := fou f(¢)dt. As mentioned by Stubbe in [51],

the functional I would not be well-defined on H!(R?). To overcome this difficulty,
he introduced a new Hilbert space

X = {u € H'(R?): / log(1 + |z|)u?dx < +oo},
R2
endowed with the inner product and norm

(u,v)x :/ [VuVv + uv + log(1 + |z])uv]dz and |ullx = v/ (u, u)x.
R2
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In Stubbe’s argument, it depends strongly on the crucial identity
logr = log(1 +r) — log (1 + i), Vr > 0,
because it permits us to define the variational functionals V7, V5 : X — R by

Vi(u) = /}R2 /}R2 log(1 + |z — y)u? (z)u? (y)dady, Yu € X,

and

Va(u) = /]R /R log <1+ ! )uZ(a:)u2(y)da:dy, V€ X.

[z -yl
Stubbe [51] proved that Vi, Vs € C1(X,R), and found the equality

Vo(u) = / 2 / og((a — yl)u* (@)u(y)dady = Va(u) — Va(u), Vu € X,

which implies that I given in (6) is of class C!(X).
In [27], Cingolani and Weth made full use of the above variational framework to
study the existence and multiplicity of nontrivial solutions for the equation

—Au+u+ Qm(log(|x|) s u®)u=bluf *u inR? (7)
T

where b > 0 and p > 4. With the help of variational methods and the action of
groups, they investigated the existence of multiple solutions and obtained a ground
state solution by minimizing the energy functional over the Nehari manifold for Eq.
(7). Subsequently, considering (7) with b = 1 and p € (2, 4], Du-Weth [32] proved
that it possesses a nontrivial solution if p € (2,3), and a ground state solution if
p € (3,4] by constructing a asymptotic (PS) sequence, where the Pohozaev identity
was established. In [14], Bonheure et al. concluded the asymptotic decay of the
unique positive, radially symmetric solution to (7) with b = 0. Afterwards, Chen,
Shi, and Tang [22] extended the main results in [32] to a general nonlinearity. It is
important to note that the above cited papers rely on the fact that the potential is
constant or Z2-periodic. To handle the obstacle, the authors in [24,25], restricting in
an axially symmetric space which is weaker than the classic radially symmetric one,
succeeded in finding nontrivial solutions for (7) with a non-constant or non-periodic
potential. Regarding some other meaningful research works associated with (7), we
suggest the reader to refer to [10,26,31] and the references therein, even if these
references are far from exhaustive.

Another interesting point for considering Schrédinger-Poisson equations, like Eq.
(6), is the space dimension d = 2. Moreover, to our best knowledge, the existence
result for the Schrodinger-Poisson equation with steep potential well has not been
studied yet, especially with the nonlinearity involving the supercritical exponential
growth. Therefore, one of the main purposes of the present paper is to fill these
blanks. Generally speaking, we aim at establishing the existence and concentrating
behavior of ground state solutions for Eq. (1).

As is known, for every bounded domain  C R?, the imbedding H} () < LP(£2)
with 1 < p < +o00 does not imply that H}(Q) < L°°(£2). As a consequence, one
naturally wonders if there exists another kind of mazimal growth in this situation.
Indeed, the authors in [44, 45, 52] got the following sharp maximal exponential
integrability for functions in H}(Q):

sup / e dy < Cmeas(Q?) if a <4, (8)
u€H (), [|Vull 12 g, <170
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where the constant C' = C(«) > 0, and meas(€2) stands for the Lebesgue measure
of Q. As is known, (8) is the celebrated Trudinger-Moser type inequality, related
to elliptic problems with critical exponential growth, meaning that a function f
satisfies the following: There exists ag > 0 such that

o { 0, Va>ao,

[t|—+oo e2t? +o00, VYVa < ayp.

(9)

This definition was introduced by Adimurthi and Yadava [2]; see also de Figueiredo,
Miyagaki, and Ruf [28] for example. Motivated by the previous works in [6,7], there
exist two ways to understand that the function h, defined in (2) together with (hs),
satisfies the so-called supercritical exponential growth in the following sense:

{ (I) 7 > 2 is arbitrary and a > 0 is fixed;

(IT) @ > 0 is arbitrary and 7 > 2 is fixed. (10)

Moreover, one could call Cases (I) and (II) in (10) the subcritical-supercritical ex-
ponential growth and critical-supercritical exponential growth, respectively.

As to the whole space R?, the author in [30] established the following version of
the Trudinger-Moser inequality (see also [17] for example):

e — 1€ L3(R?), Vo > 0 and u € H(R?). (11)

Moreover, for all u € H*(R?) with |Ju]|2gre2) < M < 400, thereisa C' = C(M, a) >
0 such that

sup / (ea“2 — 1)dw <Cif a<d4nr. (12)
uEH(R2), ||Vl 252y <1/ R2

Concerning some other generalizations, extensions, and applications of the
Trudinger-Moser inequalities for bounded and unbounded domains, we refer to
[28,29,36,47] and the references therein.

As far as we are concerned, Alves and Figueiredo [4] first applied (9) to the
Schrodinger-Poisson equation (6), and investigated the existence of ground state
solutions by using the Nehari manifold method. In this direction, there are more and
more research works concerning this topic, including the two-dimensional Choquard
problem with logarithmic kernel, see [3,19,21,23, 25, 38-40,49] for example.

Before stating the main results in this paper, on V' we shall impose the following
assumptions:

(V1) V € C(R?,R) with V(x) >0 on RZ.

(Vo) Q := intV~1(0) is nonempty and bounded with smooth boundary, and Q =
V=1(0).

(V3) There exists b > 0 such that = := {x € R? : V(x) < b} is nonempty and has
finite measure.

Assumptions like (V1) — (V3) were first proposed by Bartsch et al. in [11,12].
Particularly, the harmonic trapping potential

Viz) = { wilz1]? +wolwal? —w, i [(Vormy, wams)? > w,
Oa if |(\/L‘71$17 \/"‘TQ‘T?)F < w,
with w > 0 satisfies (V1) —(V3), where w; > 0 is called by the anisotropy factor of the
trap in quantum physics and trapping frequency of the ith-direction in mathematics,
see e.g. [13,18,41]. Indeed, the potential AV (x) with the above hypotheses is usually
known as the steep potential well.
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For all fixed A > 0, by (V1), define the Hilbert space
E, = {u € L2 .(R?) : |Vu| € L*(R?) and/ AV (2)|u?dz < —1—00}
R2
equipped with the inner product and norm

(u,v)g, :/ [VuVo + AV (z)uv]dz and ||ullg, = /(u,u)g,, Yu,v € Ey.
R2

Hereafter, let us denote E and || - ||g by Ex and || - ||g, for A = 1, respectively. It
is simple to observe that || - ||z < || - || g, for every A > 1. Therefore, due to Lemma
2.4 below, E could be continuously imbedded into H'(R?), and then into X. With
these discussions, we could introduce the work space

X, = {u eX: AV (2)|ul?dx < +oo}
R2

which is a Hilbert space equipped with the inner product and norm
(u,v)x, = / [Vu- Vo + (AV(z) + log(1 + |z|))uv]dz and ||ul|x, = v/(u, u)x,,
RZ

for all u,v € Xy. Obviously, || - [[x, = /Il - %, + [ - 12, where [ul. = ([ log(1 +
|z|)|u|?dz)? for all u € X.

Now, we shall exhibit the first main result in this paper as follows.

Theorem 1.1. Let V satisfy (V1) — (V3). Suppose that the nonlinearity f defined
in (2) requires (h1) — (hs). Then, for each T > 2, there are o* = a*(1) > 0 and
Ao > 0 such that Eq. (1) has a nonnegative ground state solution in Xy for all
a € (0,a*) and A\ > \g. Moreover, if we suppose that

(ha) there are constants & > 0 and p > 4 such that H(t) = fot h(s)ds > &tP for all
t €10,1],

then for every o > 0, there exist T« = To(a) > 2, A\j > 0, and & > 0 such that
Eq. (1) possesses a nonnegative ground state solution in Xy for every T € [2,74),
A >N, and € > &.

From a variational method point of view, in order to find nontrivial solutions
corresponding to Eq. (1), it would be equivalent to finding critical points for the
variational functional Jy : X\ — R defined by

1 1
Jx(u) = 7/ [[Vul? + AV () |u|?)dz + Vo (u) — / F(u)dz, Yu € Xy.
2 R2 4 R2

Alternatively, although the property of X is good enough, adopting (11), one could
never show that 7 is well-defined in X, which is caused by the appearance the
nonlinearity f involving the supercritical exponential growth (10) in the Trudinger-
Moser sense. As one will see later, this is the biggest difference from [4,25], which
prevents us from reusing the approaches in the cited papers to conclude Theorem
1.1.

Inspired by [6, 7], given a fixed constant R > 0, we need to introduce a cut-

off function ff° and consider an auxiliary equation which involves a (sub)critical
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exponential growth. Roughly speaking, we define vag :R — R as follows:

) 0, £<0,
oy =4 e,  0<t<R, (13)
h(t)e® "t >R,
where
5o g, if Case I'in (10) is considered,
" | 2, if CaseIlin (10) is considered.

In light of such a f RS , we consider the auxiliary equation below
—Au+ AV (z)u+ (log(|z]) * u*)u = fR’g(u) in R?, (14)

where here and in what follows FR(t) = fot FE9(s)ds. Obviously, for each fixed
R > 0, by (h3), it is simple to find that % admits a subcritical or critical expo-

nential growth at infinity. Hence, the variational functional Jf’s : X\ — R given
by
- 1 1 -
Jf”a(u) = f/ [[Vul? + AV () |u|?]dz + = Vo (u) —/ FRO(u)da
2 R2 4 R2

associated with Eq. (14) is well-defined and of class C'(X)). Moreover, we could
certify that every critical point of it is a (weak) solution of Eq. (14). Recalling [53,
Subsection 4.1], let us call the solution ug € F the ground state solution of Eq.
(14) if it satisfies

JE0u) = inf  J0(0) = mi0 (15)

ueN?

where the corresponding Nehari manifold is given as
NI = Lue X0\{0} : () (u)u] = 0}.

It can easily be concluded that if every ground state solution ugp € E of Eq. (14)
satisfies |ur|oo < R, then ug is a ground state solution of Eq. (1), where |-|, stands
for the standard L?-norm with 1 < ¢ < co. With this in mind, we should establish
such a solution up to derive the proof of Theorem 1.1. So, it is necessary to show
the following result.

Theorem 1.2. Let V satisfy (V1) — (V3). Suppose that the nonlinearity f defined
in (2) requires (h1) — (h3). Then, for every fired R > 0, there exists a Ao(R) > 0
dependent of R such that Eq. (14) with 6 = § has a nonnegative ground state
solution in Xy for all A > Ag(R). Moreover, if, in addition, we suppose that (hy),
then there exist \y(R) > 0 and & (R) > 0 such that Eq. (14) with § = 2 possesses
a nonnegative ground state solution in Xy for all X\ > A((R) and § > &(R).

Remark 1.3. It is worth pointing out that, to the best of our knowledge, Theorem
1.2 seems to be the first result concerning the planar Schrodinger-Poisson system
with steep potential well involving subcritical or critical exponential growth. Al-
though there may be existence results for such problem with non-constant or non-
periodic potential, the results in Theorem 1.2 are new in our setting. We mention
the paper [46] in which the authors obtained the existence and concentrating behav-
ior of ground state solutions for the generalized Chern-Simons-Schrodinger equation
with steep potential well in the critical exponential case. Nevertheless, compared to
it, we have to present some new tricks and analytic skills because of the indefinite
Poisson term log(|z|) * u?, bringing additionally distinct challenges.
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Next, we shall contemplate the asymptotical behavior of the ground state solu-
tions obtained in Theorem 1.1 as A — +oco. Let u € X, be a ground state solution
for Eq. (1). There is no doubt that it depends on the parameter A > Ay > 0 (or,
A > A > 0), so we relabeled it by uy to emphasize this dependence, where Ag > 0
(or, A, > 0) is a constant appearing in the proof of Theorem 1.1 below. Therefore,
we can prove the following result.

Theorem 1.4. Under the assumptions in Theorem 1.1, going to a subsequence,
uy — ug in X as A = +oo, where ug is a ground state solution for the Schrodinger-
Poisson equation

—Au + (/ log |z — y|u2(y)dy>u = f(u), z€Q,
Q (16)
u =0, x € 0N.

Remark 1.5. Let us recall the main results in Theorems 1.1 and 1.2, dealing with
the planar Schrédinger-Poisson system with non-constant or non-periodic potential
involving critical exponential growth. The well-known Ambrosetti-Rabinowitz con-
dition, namely f(t)t — pF(¢t) > 0 with g > 4 for all ¢ € R, plays a significant role
in concluding the boundness of (C) sequence corresponding to the variational func-
tional. In view of (hg) (or (28) below), nevertheless, we can remove it successfully
by the steep potential well AV under the assumptions (V1) — (V3).

Although we have briefly introduced the essential ideas of the main results in
this article, it is still far from enough to get the detailed proofs of Theorems 1.1,
1.2, and 1.4. Alternatively, the key to considering such supercritical problem is to
transform it into a subcritical or critical one. As to the L*°-estimate on nontrivial
solutions for a class of supercritical problems, the elliptic regular result or Nash-
Moser iteration procedure are effective tools. Moreover, we truly anticipate that
the results in the present paper shall be conducive to further studies on the planar
Schrodinger-Poisson system with (sub)critical or supercritical exponential growth.

The outline of the paper is organized as follows. In Section 2, we mainly present
some preliminary results. In Section 3, we consider the (sub)critical problem (14)
and give the proof of Theorem 1.2. Section 4 is devoted to the proofs of Theorems
1.1 and 1.4. Some remarks are given in Section 5.

Notations. From now on in this paper, unless otherwise mentioned, we ultilize the
following notations:

e C (1,05, denote any positive constant, whose value is not relevant, and
R* := (0, +00).

e Let (Z,] - ||z) be a Banach space with dual space (Z71,|| - ||z-1), and ® be
functional on Z.

e The (C) sequence at a level ¢ € R ((C). sequence in short) corresponding to ®
means that ®(z,,) — ¢ and (1 + ||z, 2)]|®(zn)]|z-1 — 0 in X! as n — oo,
where {z,} C Z.

e | |, stands for the usual norm of the Lebesgue space LP(R?) for all p € [1, 4o0],
and || ||+ denotes the usual norm of the Sobolev space H*(R?) for i = 1,2.

e For any ¢ > 0 and every z € R?, B,(z) :={y € R?: |y — z| < o}.

e 0,(1) denotes real sequences by 0,(1) — 0 as n — +oc.

e “— 7 and “ — 7 stand for the strong and weak convergence in the related
function spaces, respectively.
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2. Preliminaries. In this section, we exhibit some preliminary results which shall
be exploited frequently in this paper. Let us begin defining the following three
auxiliary symmetric bilinear forms X x X — R

(u,v) 5 By(u,v) = / 2 / og(1+ [z — yl)u(z)o(y)drdy,

(u,v) > Ba(u,v) = /IR 2 /R log <1 + 1) u(z)v(y)dzdy,

|z —yl
(u,0) 5 Blu,v) = B (u,v) — Ba(u,v) = / 2 / og(lz — yl)u(x)u(y)drdy.

The above definitions are understood as being over measurable functions wu,v :

R? — R, such that the integrals are defined in the Lebesgue sense. Then, V;(u) =

B;(u?,u?), where V; is given as in the introduction for i € {0, 1,2}.

Lemma 2.1. ( [27, Lemma 2.2]) (i) The space X is compactly embedded in L*(R?),

for all s € [2,00).

(ii) 0 < Vi(u) < 2ul3|u|? < 2||ul|% and Vi is weakly semicontinuous in H*(R?).

(iii) V/(u)[v] = 4B;(u?,uv), and so V/(u)u] = 4V;(u) for u,v € X andi € {0,1,2}.

(iv) There is Ko > 0 such that | Ba(u,v)| < Ko|u|%|v|%,Vu,v € L3 (R?). Hence,
[Va(u)| < Kolul}, Yu € LT(R?). (17)

3
(v) Va is completely continuous in X, that is,

Up = u in X = Va(un) = Va(u).

Lemma 2.2. ( [27, Lemma 2.6]) Let {u,}, {vn}, and {w,} be bounded sequences in
X such that u, — uwin X. Then, for every z € X, we have By (vpwy, 2(up,—u)) — 0,
as n — +00.

Taking into account the uniform L°°-estimate for the nontrivial solutions estab-
lished in Theorem 1.2, we obtain the result below.

Lemma 2.3. It holds that g, (z) := log(1+|-| 1) *|u|? € L (R?) for allu € H'(R?).
Moreover,
19u(2)loo < 4 (lul3 + [ulg). (18)

Proof. The original idea comes from [5,50], and we exhibit it in detail for the sake
of the reader’s continence. For all 2 € R?, there holds

1 1
)l = [ 10g (1 n ) )y [ o (1 i ) uly)Pdy
Bi(z) |z — vy R2\B1 () |z —y
2
< / W 4 4 1og 2 / fu(y) Pdy. (19)

Bi(z) |z —y| R2\ B (z)

It follows from Holder’s inequality that

2 3 3
ur(y 1 3 3
/ lur@)” . (/ de> (/ u(y)|6dy)
By (z) |z —yl Bi(z) [T —yl|2 R2

— i ([ wray) g (20)

Combining (19) and (20), we get the desired result (18). The proof is complete. [
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Next, we have to prove the following imbedding result, which guarantees the
reasonableness of the work space X, whence A\ > 1.

Lemma 2.4. Suppose that (Vi) — (V3). Then, the imbedding E — H'(R?) is
continuous. In particular, Ex can be continuously imbedded into H(R?) for all

A>1.

Proof. For every u € H'(R?), by adopting (V;) and (V3) as well as the Gagliardo-
Nirenberg inequality, one has

/ |u|2dw:/ |u|2dx+/ lu|?dx
R? = R2\Z
_ Pl
meas(:)(/ |l dx) —i—f/ V(z)|u)?dx
R? b

HGN\/meaS(E)</ u|2dw) (/ |Vul dx) —1—%/ V (x)|ul*dx
R2
1 1
5/ |u|2dx+§szNmeas(E)/ \Vu|2da:+g/ V(z)|u|?dx,
R2 R2 R2

IN

N

IA

IN

where kgn > 0 denotes the best constant associated with the Gagliardo-Nirenberg
inequality. From this inequality, we obtain

2
/ lu|?dz < k& ymeas(Z) |Vul|?dx + f/ V(x)|u|>dz
R2 R2 b Jre
= 2 2
< max /QGNmeab(:) [l

indicating that [[u[|%: g2y < Czpllul|%, where Oz, := max{1+ k¢ meas(Z), b2 >
0. The proof of this lemma is ﬁnished. O

Remark 2.5. With the help of Lemma 2.4, for all A > 1 we can redefine the space
X)\ by

X, = {u € FE: / log(1 + |z|)|ul?*dz < +oo}.
]R2

Finally, we consider the compact results for the nonlinearity f%9 (defined in (13))
which would be very important in receiving the boundedness of the (C) sequence
for J,.

Lemma 2.6. Suppose (h1) and (h3). Let {u,} C H*(R?) be a sequence such that
Up — ug in LP(R?) and u,, — ug a.e. in R%. Then, for all fizred R > 0, passing to
a subsequence if necessary,

lim [ 0 (up)upde = | f59(uo)uodz,
n—oo RQ ]R2

lim FR";(un)dxz/ FES (ug)udz.
R2

n—oo [po
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then for every fixed

If in addition we suppose that lim sup ||UnH%{1(R2) < #,
n—oo

R > 0, passing to a subsequence if necessary,

lim B2 (uy ) upde = 22 (up)uode,

n—oo R2 R2 (22)
lim FR2(u,)de = / FR2(ug)udz.

n—00 Jp2 R2

Proof. Tt suffices to verify the first formulas in (21) and (22), respectively. First,
we study (21). In this situation, without loss of generality, we can suppose that
sup ||un||%,1(R2) < ¥(R), where the constant X(R) > 0 is dependent on R > 0, and
neN

independent of n € N. Then, we claim that for every ¢ > 0 independent of R, there
is a constant C.(R) > 0, which may depend on R, such that

[FE20)] < elt] + Co(R)e| ST 1), Wi e R, (23)
where ¢ > 1 is arbitrary. To see it, via (hq),

R,

O (t - h(t
lim V) = lim e®*" lim (—)
t—0 t t—0 t—0 t

= 0 uniformly in R > 0.

On the other hand, we need the following two facts: (1) For t; > 0, there are
b > a > 0 such that
aet’ < betz, YVt > to;

2
(2) For tp > 0, since lim 62; =1, there is a constant C' > 0 such that
t—+oo " —1

e’ <O — 1), Wt > to.
Thereby, for all |t| > 1, by using (h3), there are Ma(R) > M;(R) > M such that
P < M et
< MerHaRT2)[t°
< My (R)eE®+D |t
< My (R )
< My(R)[t]7 e ERFDT I _q).

71|t‘2

So, we derive (23) by the above two formulas. Combining (23) and (12), we obtain
that

1 e <2 / [un Pda + Co(R) / e
R? 2

<5/ lup |2d2 + C-(R (/ [t |2qdm>
2|lun |2 2
* (/ [6%(\%\/“%\@1@2)) _ 1}dl‘)
R2

<5/ lup|?dz + C-(R (/ [, |2qdm)

N



PLANAR SCHRODINGER-POISSON SYSTEM WITH STEEP POTENTIAL WELL 11

Thanks to u, — wug in L?(R?), since ¢ > 1, we could exploit the generalized
Lebesgue’s dominated convergence theorem to get the desired result by n — oo,
and then ¢ — 07.

Next, we consider (22). Similar to (23), we claim that there is a CZ(R) > 0 such
that

FP2@)] < elt] + CLUR)T O RTOME 1], v e R, (24)
Indeed, for all |t| > 1, by using (hs), there are M(R) > M > M such that
FR20)] < MM - 1y

< MM a2

< NretP ok R

< M(R)[e” — ][R 1" _q]

< M(R)[eOTeR 017 _q

< M(R)|t|q—1[e(v+aRT’2)\t|2 —1]

jointly with f#2(t) = o(t) uniformly in R > 0 as ¢t — 0. As a consequence of (24)
and (12), there holds

[ 1 wnunldo <= [ JunPdo+ CLR) [ fune0tem 0l
R? R? 2

R
%
<e [ o+ CUR)( [ fuac)
R2 Rz
2
2(w+aR7_2)|lun”§ql<R2) (“n”gn) :
X /[e B
RQ

Ss/ |un|2dg;+(7;(R)</ Iu,,?qdﬂﬁ)
R2 R2

Repeating the above arguments, we can verify the validity of (22). So, we can
accomplish the proof of this lemma. O

Remark 2.7. Thanks to the calculations in Lemma 2.6, for all u € H!(R?), we
immediately derive that

| F70 (w)u|da < 6/ lul?dx + CE(R)< |u|2qu> ’ (25)
R? R?

R2

provided ||u|\§11(R2) is sufficiently small, where ¢ > 1 could be selected as required.

3. On problem (14): The (sub)critical case. In this section, we mainly make
full use of the mountain-pass theorem introduced in [16,43] to establish the existence
of ground state solutions for Eq. (14). Now, we state the theorem, which is a
consequence of the Ekeland variational principle developed in [9] as follows.

Proposition 3.1. Let Z be a Banach space and ¥ € C*(Z,R) Gateaux differentiable
for allv € Z, with G-derivative ® (v) € Z~1 continuous from the norm topology of
Z to the weak x topology of Z~—* and ®(0) = 0. Let S be a closed subset of Z which
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disconnects (archwise) Z. Let vo = 0 and v1 € Z be points belonging to distinct
connected components of Z\S. Suppose that

igf@2A>0 and ®(v1) <0

and let T'= {~ € C([0,1], Z) : v(0) and v(1) =wv1}. Then,

— inf d(y(t) > A>0
¢ = Inf max (v(t) = A>

and there is a (C). sequence for ®.
In what follows, if not otherwise specified, we shall always assume (V1) — (V3)
and (h1) — (hs3) for simplicity.

Lemma 3.2. Let R > 0 be fized, then for all A > 1, we have the following conclu-
sions: .
o There exist A,p > 0 independent of A > 1 such that J)}\%’é(u) > A for all
[ull 2y = p; )
o There exists u € Xy such that Jf"‘(a) <0 with ||t| g, > p-

Proof. For all u € X}, it follows from (17) and (25) with |Ju||x small enough that

- 1 1 -
S () = 3 /R2[|Vu|2 AV (@)[uf*)dz + 3 Vo(u) - /R F1 (u)da

1 Ko
> Sllully, = S2ful} — elul} - C.(R)ulf,

1
> (5 - =Co ) lulfs, - Cululy, — Callul, (26)

where C; > 0 with ¢ € {1,2} is dependent on R and the imbedding constant for
Ey\ — LP(R?) for each 2 < p < +00 by Lemma 2.4. Choosing ¢ > 0 sufficiently
small and ¢ > 4 in (25), there exist A > 0 and p > 0 which are independent of

A > 1 such that Jf’5|gA > A, where Sy := {u € X : ||ul|g, = p}. The closed set
S disconnects X in the two arcwise connected components
Xii={ueXy:|ullg, <p}and X3 :={ue Xy: ||u|g, >p}
Furthermore, we can conclude that 0 € X/{ and there exists a u € Xf such that
Jf’é(ﬁ) < 0 because tlim Jf"‘;(tu) = —oo for all u € X,\{0}. Then, the value
—00

R,5 . R,§
= ’ >
ex” = Inf ma Jy (v(t) > A>0 (27)

determined by Propositions 3.1 is well-defined, where Ff’g = {y € C([0,1], X») :
7(0) = 0,7(1) € X} and Jf"s(y(l)) < 0}. The proof is complete. O

To characterize the mountain-pass level cf’é, we have the following lemma.

Lemma 3.3. Let R > 0 be fized, and X > 1. Then, for every u € X \{0}, there

exists a unique t,, > 0 such that tyu € Nf"‘s, Moreover, the mazimum of Jf’é(tu)
fort >0 is achieved at t = t,,.

Proof. According to the definition of f9 defined by (13), due to (f2), it simply
concludes that

the function fR’g(t)/lf3 is increasing on ¢t € R™. (28)
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Let u € Xx\{0} be fixed, and define the function ((t) := Jf’g(tu) for ¢ > 0. It can
be easily noticed that ¢’(t) := (J/I\{";)’(tu)[u] if and only if ¢t,u € J\ff"s. Moreover,
¢'(t) = 0 is equivalent to

1 RS

— f0 () (tu) udz.

t2 R2 (tu)?’
By using (28), the functions on the left and right-hand sides are decreasing and
increasing, respectively. Moreover, we compute that

C(t) = ;(’; /R2[|Vu|2 AV (@) |uf?)da + iVO(u) - /R FR’S(tu)dx).

Using some very similar calculations in Lemma 3.2, {(t) > 0 for ¢ > 0 small.

Moreover, ((0) = 0 and ((t) = J/I\:i’g(tu) < 0 for t > 0 large. Therefore, from the
previous conclusions, there exists a unique ¢, > 0 such that ¢’(¢,) = 0, that is,

tyu € ./\/’f”s. Furthermore, ((t,) = max;>o ((t). O

A;va2+xvo»mﬁwx+v@w>=

Next, we consider the number

R,5 L . R,
dy "’ = ue)l(r:{{o}rglzagcJA (tu). (29)

We derive the characterization with respect to cf’g.

Lemma 3.4. Let R > 0 be fized, Then, for every A\ > 1, there holds mf’g = Ci%j =
A where mi° and ¢ are defined by (15) and (27), respectively.

Proof. The preceding lemma implies that mf’g = df’g. Since ((t) = ij(tou) <0
for u € X3\{0} and ¢, large, define 75’5[0, 1] — Xy by 'yf’é(t) = ttgu. It follows that

75’5 € Ff"s, and, consequently, cf’é < df’é. Next, we show that mf’[s < cf’é. To

end it, it suffices to prove that the manifold N, f 0 separates X, into two components.
Proceeding as in Lemma 3.2, we have

_ 1 _ = ~
<ﬁ@mmu(f*%)wa—awa—@W@A

with ||u|| g, small and ¢ > 4. So, there exists p > 0 independent of A > 1, such that
(Jf’g)’(u) [u] > 0 when 0 < |lu||g, < p. This proves that the component containing
the origin also contains a small ball around the origin. Moreover, Jf ’S(u) >0
for all u in this component, because (Jf’s)’(tu)[u] >0 forall 0 <t <t, Thus,

7/1\2’8(0) = 0 and Ayf”é(l) are in different components, which indicates that every
path 'yf’é € 1"?’6 has to cross Nf"s. Therefore, we must have mf"s < cf"s and

dfj < ¢ and the lemma is proved. =

Now, let us turn to concentrate ourself on the properties for the (C) sequence at
the mountain-pass level cf"s.

Lemma 3.5. Let R > 0 be fized, and for all X\ > 1, there is a constant ¢™% > 0
independent of X\ > 1 such that cf\?”é < B for every X\ > 1. Moreover, if we

additionally suppose (h4), then there exists a & = & (R) > 0 such that, for all
g > 50;

R,2 m
2 < L VA> 1,
N S A0, (It +aR2) -
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where v > 2 and C=zp, > 0 come from (hs) and Lemma 2.4, respectively.
Proof. Let ¢ € C§°(Q) satisfy 0 < ¢ < 1. Since V(z) = 0 for all z € Q by (Va),
then

2 4
5w = 5 [ welde + St - [ PR @

In view of the proof of Lemma 5.16, Jf"s(tw) > 0 for ¢t > 0 small and Jf’é(tw) <0
for ¢ > 0 large, and so the maximum of Jf”‘;(tw) for t > 0 is achieved at t = ¢y, > 0,
namely max Jf’é(tw) = Jf’é(tw@[}). We choose cft? = Jf’é(td,w) independent of
A>1, and get the desired result by Lemma 29.

Without loss of generality, we could suppose that 0 € Q. Since 2 is an open set,
there is a constant ¢ > 0 such that B,(0) C Q. Let us assume that p = 1 just for
the convenience of calculations. Now, we shall choose a ¢y € C§°(B1(0)) satisfying
0 <o <1, polx) =1if |z|] <1/2, po(x) = 0if |x] > 1, and [Vpo| < 1 for all
x € R2. Recalling the definition of f%2 and (hy), F2(t) > &P with p > 4 for all
t € [0,1]. Thus, using Lemma 2.1-(ii),

R,2 1 2 1 2 2
B2 <5 [ VePdot g [ lofde [ tog(t + [al)lpolds
2 JBi(0) 2 /B0 B1(0)

- / FR2(pg)de
B;1(0)

1
<=(1+mlog2)m —& lo|Pdx
2 By2(0)

1
§§(1 + mwlog2)m — %w
=0. (30)
where & = 2(1 + wlog2). In particular, invoking (30), we have that

1 1
5 [ Vel V@lePlds + et <& [ el @)
B1(0) Bi1/2(0)

Defining v (t) = t¢o, one deduces that 42 € I‘f"Z ={y e C([0,1], X») : v(0) =
0, J)}\%’Q(’y(l)) < 0} by (31). Therefore, we have that

t2
max J3"(tpy) < max {(1 + mlog2)m — 5tp/ <P0|pdx}
t€[0,1] tefo,1] | 2 By 2(0)

t? &
< max<{ — mlog _ 24P
t>0 {2(1 : 2) 4t }

_ m(p—1)(1+mlog2) [2(1 +7rlog2)} 72
- 2p PE '

As a consequence, we can let the constant {5 = £y(R) be as follows:

€ = max {51, 2(1 +;10g 2) [405,17(]? -1+ w1;§2)(1 +7+ aRT_Z)] ,,;z}

According to the definition of cf\:i’Q, we conclude it. So, we can accomplish the proof
of this lemma. O
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With Lemma 3.5 in hand, we start verifying the boundedness of the (C) sequence

at the level cf\w of Jf’g. Specifically, if {un,} C X is a (C)_r.s sequence of Jf"s,
A

we aim at showing ||u,||x, is uniformly bounded in n € N for all A > 1if R > 0 is
fixed. Before proceeding, we introduce the following two lemmas developed by P.
L. Lions [37].

Lemma 3.6. Let {p,} C L*(R?) be a bounded sequence and p, > 0. Then, there
exists a subsequence, still denoted by pn, such that one of the following two possi-
bilities occurs:

(i) (Vanishing) Jim. ys;lﬂg fBQ(y) pndx =0 for all o > 0;
(i) (Non-Vanishing) there are 3 > 0 and ¢ < +o00 such that

lim sup/ pndz = 5.
B, (y)

n—oo y€R2

Lemma 3.7. Suppose that {u,} is bounded in L?(R?), and {|Vu,|} is bounded in
L?(R?) as well as

lim sup / [ty |*da = 0.
B, (y)

n— 00 yeRz
Then, u, — 0 in L*(R?) for s € (2,+00).
Lemma 3.8. Let R > 0 be fized, and for all X > 1, suppose that {u,} C Xy is
a (C) sequence at the level cf‘"s of Jf’é. If (hy) is additionally satisfied for § = 2,
then {||un| g, } s uniformly bounded in n € N. Moreover, for all o > 0,
lim sup/ [, |2dx = 0 (32)
Bo(y)

n—0o0 yE]R2
could never occur.
Proof. Tt follows from (28) that
FRO()t — AFRO(1) > 0, Vt € RT.
From this inequality, we obtain that
5 5 1 ns 1

R,5 R, R,

¢+ On(l) > Jy (un) - Z(JA )I(un)[un] > leunHE (33)
showing the first part of this lemma. In view of Lemma 2.4, both {|u,|,} and
{|Vuy|2} are uniformly bounded in n € N for some r > 2. Suppose by contradiction,
we suppose that (32) holds true. Thus, u,, — 0 in L*(R?) for all s € (2,+00) by
Lemma 3.7, which, together with (33) as well as Lemmas 2.4 and 3.5, we have
obtained that {u,} C H'(R?) satisfies the assumptions in Lemma 2.6. Hence,

||un||2E,\ + Vi(un) = Va(un) + fR’g(Un)Undf + 0, (1) = 0,(1)
R2
where we have used Lemma 2.1-(v) and (22). By the positivity of V4, there holds
[unll, = 0n(1) and Vi(un) = o0n(1)
jointly with Lemma 2.1-(v), and (21) again indicates that

rs 1 1 1 .
oy’ = §\|Un||%ﬂA + le(Un) - Z‘/é(un) . FRO (u,)dx + 0,(1) = 0,(1).

Thereby, we arrive at a contradiction by (27). The proof is complete. O
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Thanks to Lemma 3.6, with the help of Lemma 3.8, we derive the following result
which is crucial to prove that the sequence {u,} C X} is uniformly bounded in X,.

Lemma 3.9. Under the assumptions in Lemma 3.8, there exists a constant Sy > 0,
independent of A > 1, such that

lim sup/ lu,|2dz = Bo.
"0 yeR2 J B, (y)

Proof. Letting p, = |u,|? € L*(R?), we know that only the Non-Vanishing in

Lemma 3.6 occurs because of Lemma 3.8. Then, we divide the proof into interme-

diate steps.

Step 1. There exists a constant 8y = B(\) > 0 such that

lim sup/ [u,|?dz = By.
0 yeR? Bo(y)

Suppose, by contradiction, that u, — 0 in L¥(R?) for s € (2,+0c0). It is very
similar to the proof of Lemma 3.8, and one derives a contradiction.
Step 2. Conclusion.

Suppose by contradiction that the uniform control from below of the L?(R?)-
norm is false. So, for any k € N, k # 0, there exist A\ > 1 and a (C)CR,g sequence

Ak

{ug,n} of Jf’g such that
1
[tk nl2 < o definitely.

Then, by a diagonalization argument, for any k& > 1, we can find an increasing
sequence {ny} in N and u,, € X, such that

R, R,5 R,§
J)\nk (unk)zc)\nk +0k(1)’ (1+Hunk||xxnk)”(JAMC)I(Umc)”X;l :Ok(l)a |unk|2:0k(l)a
ng

where oy (1) is a positive quantity which goes to zero as k — +o00. In this situation,
we can repeat the proof of Lemma 3.8 to reach a contradiction, again. The proof
of this lemma is finished. O

Now, we can prove that the sequence {u,} C X, in Lemma 3.8 is uniformly
bounded in X for some sufficiently large A > 0.

Lemma 3.10. Let R > 0 be fized, and suppose that {u,} C Xy is a (C) sequence at

the level cf”g of in’g. Moreover, we shall additionally suppose (hs), whence § = 2.
Then, there is a A\g = Ao(R) > 1 (\g = A\g(R) > 1 for § = 2) such that the sequence
{llunllx,} is uniformly bounded in n € N, and X > Ao (or A > \j for 6 =2).

Proof. Combining Lemmas 3.8 and 3.9, there exists a constant Sy > 0, independent
of A > 1, such that

lim sup/ lun 2 dx = Bo,
Bi(y)

n— oo ye]Rz

where we have supposed that ¢ = 1 in Lemma 3.9. Up to a subsequence if necessary,
there exists a sequence {y,} C R? such that

1
/ |un|2dx = —fp. (34)
Bi(yn) 2
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We claim that {y,} is uniformly bounded in n € N. Otherwise, we could suppose
that |y,| — oo in the sense of a subsequence. Define
2l :={x € Bi(yn) : V(z) < b} and Z2 := {z € By(y,) : V(z) > b}.

Since the set = := {z € R? : V(z) < b} is nonempty and has finite measure, one
concludes that
meas(Z1) < meas({z € R? : 2] > |y,| —2,V(z) < b}) = 0asn—oo.  (35)

In view of Lemma 3.8, |u,|, with r > 2 is uniformly bounded in n € N. Then, using
(35),

un|w% = on(1)

[ oo < fraeas(2})) 7

which reveals that

1
/ |un|2dx = / |un|2dx — / |un|2dm = 550 + on(1).
Egl B1(yn) E‘}L

Thanks to V(z) > 0 for all x € R? by (V}), using the definition of =2,
1
/ V(z)|u,|?dx > / V(2)|u,|*dz > b/ | |Pda = §b50 +0,(1). (36)
R2 52 =2

Besides, in view of the proof of Lemma 3.8 again, we have that
{Va(uy,)} and { / FR"S(un)dac} are uniformly bounded inn € Nand A > 1. (37)
R2
So, combining (36) and (37), we derive

- 1 1 -
72 5 [ V@l Pde = Vo) = [ P )ds+ 0,(1)

S AbBo
- 4
where the positive constants b, 5y, and C are independent of A > 1. Using Lemma
3.5, there exists a sufficiently large A\g = Ag(R) > 1 (Aj = M\y(R) > 1 for 6 = 2)
such that (38) is false provided A > )\g. Hence, the sequence {y,} C R? appearing
in (34) is uniformly bounded in n € N.
Consequently, passing to a subsequently if necessary, we suppose that y, — yo
in R?. Taking (34) into account, there holds

1
/ |un |2dx > ~ By > 0. (39)
B2 (yo) 4

—C+o,(1), (38)

Next, we shall investigate that [uy |, = ( [z. log(1+ |z|)u2dz)? is uniformly bounded
in n € N. Let us choose a constant § > 0 large enough to satisfy § > |yo| + 2.
Moreover, one has

eyl 21+ W s VT v € By(0), Wy € B\ Bys(0)

Due to this choice for § implying that Bs(yg) C Bs(0), by means of (39),

Vitu) = [ ([ los(1-+ o = sl ) )y

> | ( [ g+ e y)ui<x>dx)ui<y>dy
R2\B25(0) Bs(0)
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i 5 2 (509

Bo 2

— 1 d
> / g 080 ) )y

A

8

Po

8

Y

(nunn? / (0)1og<1+|y|>ui<y>dy)
26

> 2 (flunl2 = log(1 + 26) unl3). (40)

Since we have proved that |uy,|2 is uniformly bounded in n € N for all A > Ao, with
(40), it suffices to show that {V4(u,)} is uniformly bounded in n € N for all A > Ag.
In fact, adopting (37),

0< Vilun) < 4¢° + Va(u,) + 4/ FR3 () dz + 0,(1)
]R2

finishing the proof of this lemma. O
We are in a position to present the proof of Theorem 1.2.

Proof of Theorem 1.2. Combining Proposition 3.1 and Lemma 3.2, for every fixed
R > 0, the variational functional J{** admits a (C) sequence {u,} C Xy at the

level c)” %3 for all A > 1. With the help of Lemma 3.10, {un} is bounded in X,
whenever A > \g, where Ay > 0 depending on R > 0 is determined by Lemma 3.10.
Passing to a subsequence if necessary, there is a u € X, such that u, — v in X},
up — u in L*(R?) for every 2 < s < oo by Lemma 2.1-(i), and u,, — u a.e. in R? as
n — 00. So, the remaining part is to verify that w,, — w in X by (27) and Lemma
3.4. Moreover, u > 0 by (h1), and we omit the details.

It follows from Lemma 2.1-(ii) and (iii) as well as Lemma 2.2 that

V() [un — u] = 4By (ug), tn (U, — )
= 4B (u2, (up, — u)?) + 4By (v, u(u, — u))
= 4B1(Uia (un - U)Q) + On(l)
< 8l — ula|lun| + on(1)
= 0,(1). (41)
Using Lemma 2.1-(i) and (iv),
[V (un)[tn — ul| = 4| Bz (ul, tn (un — w))||
S 4|BQ(U1217 (un - u)2)| + 4|B2(Ui, u(un - U))|
= 4Kouz| 1| (un —u)?|a + 4Kolup | 1 [u(un —u)| 4
< AKg|un|3 Jun — ul3 + 4K un |3 [uls [u, — uls
3 3 3 3 3
= on(1). (42)

Using the same arguments in Lemma 3.8, one could verify {u,} satisfies all of the
assumptions in Lemmas 2.6, and so

/ FR () (0 — w)dz = op(1). (43)
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As a consequence of (41), (42), and (43), we obtain
0n(1) = () () [un — u]
= /R2 [V, V(uy — u) + AV (@) un (un — u)]dz + 0, (1)

= llunll, = Ilull, +on(1)
= llun = ullf, +on(1).

Next, we deduce that ||u, — u||« = 0,(1) and then we are done. Indeed, proceeding
exactly as (40), one has

on(1) = B, (tn — %) 2 2 (g — ul? ~ log(1 + 26) u — ui3)

yielding the desired result. The proof is complete. O

4. Proofs of Theorems 1.1 and 1.4. In this section, following our discussions in
the introduction, we must take the uniform L°°-estimate for the nontrivial solution
obtained in Theorem 1.2. Let ur € X be a ground state solution associated with
Eq. (14), according to the definition of ™9, which is defined as in (10). Then,
it is a ground state solution for Eq. (1) provided |ugr|ec < R. So, the key idea is
to find a constant Cy > 0 which is independent of R > 0 satisfying |ug|eo < Co.
Therefore, we define R to equal to such a constant Cy. With this in mind, we derive
our direction in this section.

To the aim, we must first prove that the constants Ag(R), A\((R), and &(R)
appearing in Theorem 1.2 do not depend on R. Let us recall the two cases in
Theorem 1.2. To proceed clearly, we split it into two subsections: (I) § = & € (0,2),
and (IT) § = 2.

In Cases (I) and (II), we shall choose a* = &= > 0 and 7, = 2+ £ > 0,
respectively.

4.1. The Case (I) in (10): 6 = 6 € (0,2). In this subsection, we shall suppose that
V satisfies (V1) — (V3), and the nonlinearity f defined in (2) requires (h1) — (h3).

With the choice of o* = =15 > 0 in this subsection, we improve (23) in the
sense that, for each € > 0, there is a constant C. > 0 independent of R > 0 such
that

IFRI@)] < elt| + Coft|T e KD _ 1], vt € R, (44)

where ¢ > 1 is arbitrary and K > 0 is independent of R > 0, which is determined
later. Via the two facts in the proof of Lemma 2.6, for all & € (0,a*) and |t > 1,
there are My > My > M independent of R > 0 such that

[FRA@)] < MM — 1)ea” TP
< MO+’
< MyeE+D
< MQ[e(K+1)71\t|2 —1]
< My|t|a= e EH+D TP _q)

jointly with ff%(¢) = o(t) uniformly in R as t — 0, we have (44) at once.
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Lemma 4.1. If A > 1, and we let {u,} C X be a (C) sequence of Jf’é at the

level cf’é, then {uy} is is uniformly bounded in n € N and R > 0, that is, there is
a constant K > 0 independent of n € N and R > 0 such that

21K
sup ||Un||§11(m2) <—— < +oo. (45)
neN q

Proof. We claim that there are constants Ay > 0 and ¢ > 0 independent of R > 0
and A > 1 such that

A0<cf’5§c<+oo, VR>0and \ > 1. (46)

Indeed, recalling the definition of f%7, one has that FT°(t) > H(t) for all t € R,
and so Jf"s(u) > I\(u) for all u € X, where the variational functional I : X — R
is defined by

In(u) = %/RQ“WF AV (@)]ul?)dx + ng(u) - |, Hwdz (47)

Let us choose the constant ¢y > 0 to be a mountain-pass level associated with I,
the existence of such number follows Lemma 3.2. In light of ¢ as in Lemma 3.5,

one has ) A
0 =5 [ 1VoPde+ i) - [ A

Then, using the same arguments in Lemma 3.5, we could find a ¢ > 0 independent
of A > 1 such that ¢y < ¢. Besides, by exploiting (44), we proceed as with (26) to

derive such a constant Ay > 0 satisfying cf“’é > Ag. So, (46) holds true. Combining
(33) and (46) as well as Lemma 2.4, we would receive the desired result (45). The
proof is complete. O

Remark 4.2. In view of (38), due to (46), one can see that we can determine the
constant Ag(R) to be independent of R > 0. Moreover, by using (44) and (45), one
would conclude that (21) holds independently with respect to R > 0.

Lemma 4.3. Let ug € X be a nonnegative solution of Eq. (14) with § = §
established by Theorem 1.2 for all fited R > 0. If o* = ﬁ > 0, then for all
a € (0,a%) and T > 2, we have
|UR|oo < Co, VR > 0,

for some Cy > 0 independent of R > 0 and A > A\o(R).
Proof. In view of Section 3, we know that the nonnegative solution ur # 0 of Eq.
(14) is established by looking for the weak limit of {u,} C X, which is a (C)
sequence of Jf"s at the level cf"s. So, combining the Fatou’s lemma and (45),
||uR||%{1(R2) < % for all R > 0, where K > 0 is a constant independent of R > 0.
We claim that there is a constant C; > 0 independent of R > 0

|fR9(ug)|s < C1 < 400. (48)
In fact, due to (44), by applying (12), then it suffices to show that

RZ

< / |UR|2qu o /[qu(K-&-l)*l\uRP_l]dx ¢
 \Jr2 R2

=
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g=1 2 1
2 a M(WRVHURH 1 (p2 )2 !
= |ug|“?dx [e™ &+ HE)) —1]|dx
R2 R2
<C

for some C' > 0 independent of R > 0.

Then, proceeding as with the proof of [5, Lemma 4.10], we shall show that
[ugloo < Cp, where Cy > 0 is independent of R > 0. Taking the convenience
of the reader into account, it should be done in detail. Since ug is a nonnegative
solution of Eq. (14), by (V1), ug must satisfy the inequality

—Aup +ug < [1+ gup(@)]ur + fR’é(uR), zr € R?,

where g, () is defined as in Lemma 2.1. Set T := 1+ |gy,|c0. Then, T € (1, +00)
does not depend on R > 0 by Lemma 2.1 and (45). From this and (48), there is a
vp € H%(R?) such that

—~Avg +vr = Yug + f2%(ug) in R%
Next, we fix the test function
zr(2) = ¢(z/r)(ur — vr)*(z) € Xa,
where ¢ € C5°(R?) satisfies
0< ¢(x)<1 VzeR? ¢p(z)=1 Voe Bi(0) and ¢(x) =0 Ve R\ By(0).
<

Using the function test z. on —A(ug — vg) + (ug —vg) < 0 in R? we get the

inequality below
/ [V(ugr —vR)Vz, + (ugp — vg)zy]dz <0, ¥r >0.
RZ
Since

2z, — (up —vgr)" as r— +oo in H'(R?),
by Lebesgue’s dominated convergence theorem, we arrive at
/ V(ur —vr) " + |(ur — ve) " do <0,
R2
implying that
0 <ugr(z) <wvg(z), VoeR2

By using the continuous Sobolev embedding H?(R?) < L°°(R?), there is Cy > 0
independent of R > 0 such that

|UR‘oo < CQH’URHHz(Rz), VR >0
which, together with the last fact, gives that
|ur|so §C3H'URHH2(R2), VR > 0.

On the other hand, by Brézis [15, Theorem 9.25], there is Cy > 0 independent of
R > 0 such that

vl 2@y < CalTug + f*2(ug)l2, VR >0,
where from (45) as well as (48), it follows that
lvrlla2mey < Cs, YR >0
for some C5 > 0 independent of R > 0. With this in mind, we must have
[urleo < Co, VR > 0.
for some Cy > 0 independent of R > 0, showing the desired result. O
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4.2. The Case (II) in (10): § = 2. In this subsection, we shall suppose that V'
satisfies (V1) — (V3) and the nonlinearity f defined in (2) requires (h1) — (hs) as well
as (hyg).

With the choice of 7, = 2 + % > 0 in this subsection, we improve (24) in the
sense that, for all € > 0, there is a constant C. > 0 independent of R > e such that

1
e

IFR2(1)| < eft]| + CLIEI eOrTee It _ 1], vt € R. (49)

First, one can observe that RliIE R® = 1, and the function RT is strictly decreas-
—r+00

ing in R € (e, +00). Then, 0 < R% < e for each R € (e, +00). For all |t| > 1, by
using (h3), there is My > M independent of R > e such that

FR2(0] < M — 1)
— M o RE
< MM’ gact It
< My 1] P _q)
< My [etrtee ) )
< M1|t|q—1[e(7+ae%)\t|2 —1]
together with f2(t) = o(t) uniformly in R > 0 as t — 0.

Lemma 4.4. If A\ > 1, there are some constants Ay > 0 and & > 0 independent of
R > e such that, for all € > &y, there holds

Ay < cf? < T VR >e. (50)
405,1,(1 + v+ aeé)

Proof. Applying (49) to (26), one can find such Ay > 0, and the details are omitted.
By the definition of f#2 then cf’2 < ¢y, where ¢y is a mountain-pass level corre-
sponding to the variational functional I defined by (47). Let ¢o be as in Lemma
3.5. Then, according to (h3) and Lemma 2.1-(ii),

1
I (o) < 5/ |Vipo|2da
B1(0)

1
1 / ool da / log(1+ [2)lpo2dz — [ H(po)da
B1(0) B1(0) B1(0)

2
1
< =(I+mlog2)m —¢ |oo|Pdx
2 By,2(0)
1
< 5(1 + wlog2)w — %7’1’
=0, (51)
where & = 2(1 + wlog2). In particular, invoking (51), we have that
1 1
5/ [Vipol* + AV (@)l pol*ldz + 3 Vo(po) < 51/ |olPdz. (52)
B1(0) B1/2(0)
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Defining 7o (t) = twp, one deduces that v € T'y = {y € C([0,1],X) : v(0) =
0,Ix(v(1)) < 0} by (31). Therefore, we have that

t2
I(t) < P4 rlog2)m — tp/ rq
nax A(t) < e, { 5 (14 7log2)m —¢ 0 |0l x}

t2
< max{2(1—|—7rlog2) - 7ft”}

t>0

_ w(p—1)(1+mlog2) [2(1 + wlog2)} =
2p 23
As a consequence, the constant &, independent of R > e can be chosen as

(1 +mlog2) [4CE,b(P —1)(1+7log2)(1+~+ aei)] ”22}
p 2p

us

§o = max {51, 2

showing that ¢\ < — for all R > e. By the fact cf“’z < ¢y for every

4Czp (14v+aee)
R > 0, we get the desired result immediately. The proof is completed. O

Remark 4.5. With Lemma 4.4 in hand, for all A > 1, we obtain that

lim sup ||unH§{1(]R2) < % VR > e, (53)

n— oo Y ae

where {u,} C X, is a (C) sequence of Jf’2 at the level cf\m. Indeed, using (33)
and (50) together with Lemma 2.4, it is obvious. With the help of (38) and (50),
we can also conclude that the constant A > 0 is independent of R > e. Moreover,
it follows from (49) and (53) that (22) holds independently with respect to R > e.

Lemma 4.6. Let ur € X\ be a nonnegative solution of Eq. (14) with 6 = 2
established by Theorem 1.2 for all fited R > e. If 1. = 2+ % > 0, then for alla > 0
and T € [2,7.), we have
[ur|eo < Ch, VR > e.
for some C{, > 0 independent of R > e and A > \j(R).
Proof. In light of Lemma 4.3, it suffices to prove that
|[f2(ur)l2 < C) (54)

for some C{ > 0 independent of R > e. First, due to the Fatou’s lemma, ||“RH%11(R2)

< —"+ by (53) for all R > e. Hence, using (49) with ¢ = 4, we exploit (12) to
Yt+aee
have

1
/2 |fR’2(uR)|2dx < /2 |UR|2d$ + Cl/2 |uR|2(471)[6(’Y+aee)|uR|2 B l]dx
R R R

3
1
§/ |uR|2dx—|—C'</ |uR|8dx)
R? R?

1
" (/ (e tOrrae ) unli oy (unl/urll s e2))” 1]dx)
R2

<c

as required. O

1
1

Now, we can present the proof of Theorem 1.1 below.
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Proof of Theorem 1.1. Recalling Theorem 1.2, we have established a nonnegative
ground state solution for Eq. (14) under the suitable assumptions. Let us denote the
obtained ground state solution by ugr. Thanks to the explanations in Remarks 4.2
and 4.5, the constants \g for § = 6 € (0,2) and A} and &, for § = 2 are independent
of R > 0 and R > e, respectively. It follows from Lemmas 4.4 and 4.6 that we can
choose R = Cy and R = max{C},e} for § = § € (0,2) and § = 2, respectively. In
this situation, a* = Cg —and 7, =2+ m So, ug is a nonnegative ground
state solution of Eq. (1). The proof is completed. O

Finally, we are concerned with the asymptotical behavior of ground state solu-
tions of Eq. (1) obtained in Theorem 1.1 as A — +oo.

Before showing the proof of Theorem 1.4, via the same constant R > 0 deter-
mined in the proof of Theorem 1.2, we need the variational functionals below:

Ja(u) = ;/ [Vul*dx + VO\Q /F Yu € H(Q),
Jg’g(u) = %/Q|Vu| dx + 1V0|Q('U/) - /QFR"S(u)da:, Vu € HE (),
where the functional Vol : HE (2) — R is defined by Vylo = Vi|q — Va|q with
Wla(w) == [ [ 1og(1 + o =y ()il o) dody. v < 13(€).
and

Valou) = [ [ 1og (14 2 Yt ) dedy, v e 1)
Since meas(§)) < +oo, there is a constant 0 > 0 such that Q C B,(0), and so
0 <log(l + |z —y[) < log(1 +2¢), Vz,y € O

indicating that Vi|q is well-defined and of class of C! in H}(Q) endowed with its
usual norm.
Moreover, we define the ground state ¢y associated with (60) by
mo = inf I (), where NI = {u e HY@\0}: u £ 0, (JE°) (w)lu] = 0}.
uEN;;
Now, we are ready to prove Theorem 1.4 as follows.
Proof of Theorem 1.4. Let uy € X be a ground state solution for Eq. (1), choosing

a subsequence A\, — 400 as n — 00, we denoted {uy, } by the subsequence of {u,}.
In view of the proof of Theorem 1.1, we know that

2n K
2 ®2) < 2 and sup |uy, oo < Co (55)
neN q neN
and -
lim sup ||u,\n||§{1(R2) < — and sup |uy, oo < C)) (56)
n— 00 Y+ aee neN

for § = 6 € (0,2) and & = 2, respectively. Moreover, due to the proof of Lemma
3.10, we deduce that |luy, || x,, is uniformly bounded in n € N since we have shown
the facts that (46) and (50) are true for all A > Ao if § = § € (0,2), or A > A} if
§ = 2. Going to a subsequence if necessary, there is a v € X such that uy, — v in
X, uy, — uin L¥(R?) for each 2 < s < oo by Lemma 2.1-(i), and uy, — u a.e. in
R? as n — oo.
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We claim that v = 0 in Q°. Otherwise, there is a compact subset ©, C Q¢ with
dist(©,,, 90°) > 0 such that u # 0 on ©,, and by Fatou’s lemma,

liminf/ ui dr 2/ u?dz > 0. (57)
n—oo R2 " W

Moreover, there exists £g > 0 such that V(z) > g¢ for any « € ©,, by assumptions
(V1) and (V2). Combining (28) and (57), one has

RS _
e\ = hnrglcgf J (u)\n)

= liminf [J, n’é(u,\n) -

n—r oo 4

2dx

1
> fliminf/ AV (z)|uy,
4 R2

n—oo

60(/ u2d:c) liminf A,
4 o, n— 00

= —"—OO,

v

violating (46) and (50). Consequently, u € H(€2) by the fact that 9 is smooth.

Recalling (J ®Y(uy,) = 0 for each fixed n € N, we now claim that (JR 6) (u) =
0. In fact, for every P € C§°(Q), it is very similar to (41) and (42) in that

Vi (ux, ) [0] = Vi (W) [)] = 4Bi(u3 , ux,¥) — 4B;i(u”, ug))
= 4Bi(u§\n, (uy, — w)h) + 4B;(u1, u%\n —u?)

= o,(1). (58)
By means of the Vitali’s dominated convergence theorem, one can easily verify that
[ 17, yoda = [ 57 e+ 0,0, (59)

R2 R2

With the above two formulas in hand, by using (V2), we derive
0= (J3,") (ur, V]
= [ Vun, Voo + Vi )] = Va6 - [ F55 (Yoo
R2

R2
- / VuVidz + V()] - Valp ()] - / R (wyibdz + 0n(1)
Q R2

= (JEOY ()] + 0n(1),

which is the claim. Next, we begin by showing that v # 0. Arguing it indirectly
and supposing that u = 0, since {uy,} is uniformly bounded in L?(R?), recalling
(V3), we can proceed as with the calculations in the proof of Lemma 3.10 to find a
sufficiently large constant ¢ > 0 such that

/ luy, |*dz < %, for n sufficiently large.
Be(0)NE

Adopting V(z) > b on E° by (V3), and since [Juy, || x,, is uniformly bounded, there
holds

1
/ lun, |2de < — /\nV(x)\uAanx < @, for n sufficiently large.
BC(O)OHC )\ b BC(O 4
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Let us recall that uy, — 0 along a subsequence in L?(B,(0)). Then,
2 Bo :
|ux, [“de < —, for n sufficiently large.
B, (0) 4

Combining the above three formulas, there would be a contradiction to Lemma 3.9.
So, u # 0. ) B

Finally, the remaining part is to verify JSI;"S(U) = 05,6 because each of (55) and
(56) indicate that FRS — F', which yields that Jg"s = Jq. Obviously, Ng"s C NARH’&
for all fixed n € N, and so we have that

[y

ng > liminf (Ji’g(uxn) - =

n—roo

(T (uy, )[un, )

S

> I5w) ~ Y )l
= 75" (u)
> cg“g

indicating that uy, — u in X and Jg’g(u) = cg’g, where we have exploited Fatou’s
lemma together with (Jg”‘s)’(u) =0 and u # 0. The proof is finished. O

5. Some further remarks. In this section, we tend to present some further re-
sults on Eq. (1) with steep potential well and supercritical exponential growth.
Inspired by [54, Theorem 1.3], one could prove that assumption (hs) is unnecessary
to manipulate Theorems 1.1 and 1.4. Speaking simply, there are a wider class of
nonlinearities which are suitable for the main results in this article. Hence, we shall
mainly discuss how to relax the restriction associated with (hs). For this purpose,
we suppose that:

(ho1) There is a constant 6 > 3 such that h(t)t > 6H(t) for all t € RT;
(ha2) The function h(t)/t? is nondecreasing on t € RT.

Concerning the potential V, we need to put forward some additional conditions

below:

(V1) Ve CYR? R) and 2V (x) + (VV,z) > 0 for all z € R?;

(V@) V € CYR? R) and t — t2[2V (tz) — (VV (tz), tz)] is nondecreasing on t € R
for all z € R? as well as V(z) — (VV(x),z) > 0 for all z € R2.

The main results in this section are as follows.

Theorem 5.1. Let V satisfy (V1) — (V3) and (V,}). Suppose that the nonlinearity
f defined in (2) requires (h1),(h3), and (ha1). Then, for all T > 2, there are
atl =ai(r) >0 and A} > 0 such that Eq. (1) has a nonnegative nontrivial solution
in Xy for all a € (0,a}) and A > \}. Moreover, if we suppose that

(ha) there are constants & > 0 and p > 4 such that H(t) = fot h(s)ds > &tP for all
t€l0,1],

then for every a > 0, there ezist 7} = 71 (a) > 2, ) > 0, and &} > 0 such that Eq.
(1) possesses a nonnegative nontrivial solution in Xy for every T € [2,71), A > A,
and £ > &}.

Theorem 5.2. Let V satisfy (V1) — (V3) and (V}) — (V). Suppose that the non-
linearity [ defined in (2) requires (hy), (hs), and (he1) — (ha). Then, for all T > 2,
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there are oy = ai(7) > 0 and A3 > 0 such that Eq. (1) has a nonnegative ground
state solution in X, for all a € (0,a3) and X > A3. Moreover, if we suppose that

(ha) there are constants & > 0 and p > 4 such that H(t) = fg h(s)ds > &P for all
t €10,1],

then for every a > 0, there exist 72 = 72(a) > 2, Ay > 0, and €& > 0 such that

Eq. (1) possesses a mnonnegative ground state solution in Xy for every T € [2,72),

A> A, and € > &2.

Remark 5.3. It is simple to observe that (hs) is definitely stronger than (hs;) and
(h22). Chen et al. [23] obtained the existence of nontrivial solutions for Eq. (14)
with A = 0 and 6 = 3 in (hd), but the novelty is that we consider A > 0, and f can
be admitted a supercritical exponential growth.

Remark 5.4. There are a lot of functions V satisfying (V1) — (V3) and (V,}) — (V2).
For example, in the sense of ignoring a zero measure set, we define V(z) = V(|z|)
for a.e. x € R? given by

[0, 0<|z <1,
Vi) = { al, o > 1.
Due to the discussions in the introduction, to accomplish the proofs of Theorems
5.1 and 5.2, we have to establish the following two results.

Theorem 5.5. Let V satisfy (V1) — (V3) and (V}). Suppose that the nonlinearity
f defined in (2) requires (h1), (hs), and (ha1). Then, for each fized R > 0, there
is a \o(R) > 0 dependent of R such that Eq. (14) with § = 0 has a nonnegative
nontrivial solution in Xy for all X\ > X\o(R). Moreover, if in addition we suppose
that (hy), then there exist Ny(R) > 0 and & (R) > 0 such that Eq. (14) with § = 2
possesses a nonnegative nontrivial solution in Xy for all A\ > N\y(R) and & > & (R).

Theorem 5.6. Let V satisfy (V1) — (V3) and (V) — (V2). Suppose that the non-
linearity f defined in (2) requires (h1), (hs), and (ha1) — (ha2). Then, for each fized
R > 0, there is a Ao(R) > 0 dependent on R such that Eq. (14) with 6 = § has a
nonnegative ground state solution in Xy for all X > S\O(R). Moreover, if in addition
we suppose that (hy), then there exist N'(R) > 0 and &y(R) > 0 such that Eq. (14),
where § = 2 admits a nonnegative ground state solution in Xy for all X > %(R)
and € > & (R).
Remark 5.7. Without considering the computations in Theorem 5.5 or 5.6, com-
bining the arguments in Section 3 and [24, Theorem 1.1], one can get the desired
results. Nevertheless, the most challenging difficulty is how to investigate the L>°-
estimate of the solution obtained by Theorem 5.5 or 5.6. To be more eloquent,
because of the lack of (33), we must come up with some new analytic tricks to
receive the analogous estimate in (45) or (53). Let us point out here that, although
it can be obtained easily with the help of the method in [49], which should make
the nonlinearity f have to be imposed on some more stronger restrictions, this is
not what we expected in this section.

Finally, we invite the reader to note that the so-called ground state in Theorems
5.2 and 5.6 is of class Pohozaaev-Nehari type, instead of the Nehari type in Theorems
1.1 and 1.2.

Following very similar calculations as in Theorem 1.4, we can conclude the asymp-
totical behavior of uy, which is the solution established by Theorem 5.1 (or Theorem
5.2). Let us state it without the detailed proof as follows.
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Theorem 5.8. Under the assumptions in Theorem 5.1 (or Theorem 5.2), passing
to a subsequence, uy — ug in X as A — +o0, where ug is a nontrivial (or ground
state) solution for the Schridinger-Poisson equation

~aut ([ togle = sty )u = s(w), €
Q (60)
u =0, x € 0N.
Now, we start with some brief proofs of the main results in Theorems 5.1, 5.2,

5.5, and 5.6 in this section.

5.1. Proofs of Theorems 5.5 and 5.6. The proofs are divided into two parts
below.

5.1.1. Proof of Theorem 5.5. First, we recall the following result introduced by
Jeanjean [34,35], which is crucial for finding a bounded (PS) sequence without the
Ambrosetti-Rabinowitz condition, namely 6 > 4 in (h3).

Proposition 5.9. Let (Z,||-||z) be a Banach space, and let A C RY be an interval.
Consider a family {®,},en on Z of C*-functional having the form

@,.(u) = Alu) — uB(u), Vu € A,

with B(u) > 0 for all u € Z and either A(u) — 400 or B(u) — +00 as |ul|lz —
+00. Assume that there are two points vi,v9 € Z such that

Cp = ;relfﬂ tren[g,}f] ®,,(v(t)) > max{®y(v1), u(v2)},

where T' = {v € C([0,1], X) : v(0) = 0,7(1) = va}. Then, for a.e. u € A, there is a
bounded (PS)., sequence for ®, in Z, namely a sequence {u,(\)} C X satisfying
(i) {un(N)} is bounded in Z;
(ii) @,(un(X)) = cu as n— oo;
(iii) @, (un(N) = 0 in Z7".

Moreover, c,, is non-increasing on p € A.

To apply Proposition 5.9 successfully, inspired by [24], we have to modify the
work space (X, | - ||x,) mildly. Speaking clearly, according to Remark 2.5, for all
A > 1, we redefine the space X by

X, = {u €E,: / log(2 + |z|)Jul?dz < —i—oo}
R2
which is a Hilbert space equipped with the inner product and norm

(u,v)x, = /R2 [VuVv + (AV (z) + log(2 + |]))uv]dz and |ju| x,

— Vo, Vuv e X,.
1

So, | -llxy = /Il I, + Il - 112, where [Jull. = ([ log(2+ |z])|ul?dz)? for all u € X,

where
X = {u € H'(R?): / log(2 + |z|)u?dx < +oo}.
R2

With this space X, we rewrite Vi and Vo on X in this subsection below:

V= [ [ g2+ |~ )t @)ils)dady. Vu € X



PLANAR SCHRODINGER-POISSON SYSTEM WITH STEEP POTENTIAL WELL 29

Va(u) := /]R2 /]R2 log (1 + 2 )uz(x)uQ(y)dxdy, Yu € X.

[z -yl
As one could observe that there is no essential difference between the above def-
initions and those in Sections 1-2. Thereby, we keep the same notations in this
subsection just for simplicity when there is no misunderstanding.

Setting @, (u) = Jf:;f(u) on the work space (Z, |- |lz) = (X, || - ||x,) with A > 1,
where

5 1 1 1 5 1
b =y [ VPV uPldos gl + 3 Vota)—n( [ PR a3l
2 Jge 2 4 R? 2
for all p € [$,1], let us rewrite Jﬁ‘f(u) = A(u) — pB(u) on X, with

1 1 1
Atw) =5 [ IVl + XV @)aflde + g Jull + Vo0,

5 1
Blu) = [ PR (s + 2 ul?
- 2
Lemma 5.10. Let V satisfy (V1) — (V3). Suppose that f defined by (2) satisfies

(h1) and (hs). Then, for all fited R >0 and A > 1, then B(u) > 0 for any u € X.
Moreover, either A(u) — 400 or B(u) — 400 as ||Ju||x, — +o0.

Proof. By (hg), one observes that B(u) > 0 for each v € X,. In consideration of
the completeness, we borrow the ideas in [24, Lemma 3.2] to conclude the proof.
Arguing it indirectly, we could suppose that, up to a subsequence if necessary, there
is a sequence {u,} C X such that

llunllx, — +o0, A(u,) < C and B(u,) < C. (61)
)

So, recalling the definition of || - ||« in this subsection and (61

1 1
w2 < ——|lunll? < —B(u,) < C
unlf < gl < g B <
which, together with (17) and the Gagliardo-Nirenberg inequality, indicates that
Va(un) < K0|un% < C|un|g|Vun|2 < Cllunllx, -

As a consequence of the above formula and (61), there holds

1, o, 1 1, 5 C
C 2 Alun) 2 5llunlk, = V2(un) = Sllunlik, — |

which contradicts with ||u,||x, — +00. The proof is complete. O

Lemma 5.11. Let V satisfy (V1) — (V3). Suppose that [ defined by (2) satisfies
(h1) and (hs). Then, for all fived R > 0 and A > 1, we have that:

(i) There exists a vg € X \\{0} independent of p and A such that Jif(vg) <0
for all p € [%11],'
(ii) Denoting Fi’g = {v € C([0,1], X») : v(0) = 0,7(1) = vo}, then

[un x5

. 5 5 5 1
cvn = inf max S (y(t) > A1 > max{Jy70(0), Sy (vo)}, V€ |

Z1;
R5te[0,1] NP 27
'\/GFA,“ G[ 7]

(iii) There ewists a constant M™% > 0 independent of pn and \ such that cf\?”;j <
MBS,
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Proof. (i) Without loss of generality, we suppose that 0 € 2, and then there exists
an g9 > 0 such that B.,(0) C Q by (V). Let ¢ € C§°(B.,(0)), and set ¢, := t29(¢t")
for all ¢ > 1, hence suppt; € B, (0). By some direct computations, we have

/ Ve |2da = t* / V| 2da, / FRO () dx = t2 / FRO (1)) da,
R3 Be, (0) R2 B., (0)

/ log(2 + || *dz = 2 / log(2 + £ |z]) || 2dz
R2 By (0)

< IOg(Q + 50)t2 fBaO(O) |¢|2d95,
Vo(te) = t*Vo(¢) — t* log tfebl5

2
<t |:log(2 +¢€0) sto(O) |v|2dx + IOgt(fBEO(O) |¢|2d33> :| .

. (62)
Due to (h;) and (h3) together with (62), there holds F0(t) > C1t? — Cot? for all
t > 0, and thus

JR’S(d)t) 2 12(0-3) R,3 (42
AL 1 9 t FRo(t2y)
e o _ 1 _
ttlogt — 4(/350(0) 9] d%) 2logt /]R? (t2¢)? Ydr+o:(1) = —oo (63)

as t — 400 because § > 3. Choosing vy = 1); with ¢ sufficiently large, we have
T3 (vo) < 3 (vo) < 0 for all € [3,1].
; .1

(ii) We can repeat the calculations in Lemma 3.2-(i) to find such a constant
Ay > 0 independent of y € [§,1] and A > 1.

(iii) Since cf";j < maxgs Jf’j(wt) < Jf"lg(wt) for all p € [$,1], the conclusion
: : 3

immediately follows from (63). Thus, we finish the proof of this lemma. O

Lemma 5.12. Under the assumptions of Lemma 5.11, if in addition we suppose
that (ha), then there exists a § = £ (R) > 0 such that, for all £ > &,

2 m(0 —2)
Aot 2905’17(1 + v+ CYRT_2)

1
7V)‘217 #e[ial]a

where v > 2, 6 > 3, and Czp > 0 come from (hs3), (h21), and Lemma 2./, respec-
tively.

Proof. We postpone the proof and refer the reader to Lemma 5.15 below for the

details. O

It is essentially same as the proof of [32, Lemma 2.4]. We can derive the following
lemma.

Lemma 5.13. Let V satisfy (V1) — (V3) and (V}}). Assume that the nonlinearity f
defined in (2) requires (h1) and (h3). For each fized R >0 and A > 1, if u € Xy is
a critical point of Jﬁf, then it satisfies the PohoZaev identity Pf;f(ﬂ) = 0, where
Pﬁ’f : Xx — R is given by

5 1 1
P = 5 [ V@) + (VVoalfuda + Zlul} + Vo(w)

L—p 2 / I / R,§
— 2 de | —2 o dx.
t—3 ( |lullz + . 2+|z|u x W . (u)dz
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Lemma 5.14. Let V satisfy (V1) — (V3) and (V}!). Assume that the nonlinearity f
defined in (2) requires (h1), (hs), and (ha1). Then, for each fited R >0 and A > 1,
there is a u, € X \\{0} such that

5 5 5 1
(T () = 0 and T (w,) € (0,¢570], Vae. € (5-1); (64)
where we must additionally suppose (hy) with & > §0 appearing in Lemma 5.12,
whence § = 2.

Proof. Combining Proposition 5.9 and Lemmas 5.10 and 5.11, for a.e. pu € [%, 1],
there is a sequence {u, (1)} C X, (we denote it by {u,} just for short) such that

lunllx, < C, T (un) = 0 > 0 and (JF0) (up) = 0in X510 (65)

Since |Ju,||x, < C, passing to a subsequence if necessary, there is a u, € X, such
that u, — u, in Xy, u, — u, in L*(R?) for every s € [2,4+00), and u,, — u, a.e. in
R?. We then claim that u, # 0. By contradiction, using Lemma 2.1-(ii) and (iv),
we have

Vo (un)| < Vi(un) + Va(un) < 2lun3llunl? + Kolunlt = 0a(1), (66)

where we have used the fact ||u,||2 < C?. By means of (65) and (66) jointly with
(ha1), there holds

—- — 1 —-
Ciﬁ = J){?f(un) - g(J)l\%,f)l(un)[un} + 0n(1)

_ 20 2 20(1 — 1) 2
T e 2||u”||Ex + ﬂ”un”*
+ 81 ) — 0P () do + 0 (1)
R2
Z 9 ) ||UT'||2E>\ + On(l)

which, together with Lemma 5.11-(iii) and Lemma 5.12, reveals that all the assump-
tions in Lemma 2.6 holds true. Consequently, we deduce that

lim fR’S(un)unda: =0 and lim FR’g(un)dx =0 (67)

N0 JR2 N0 JR2
With (66) and (67) in hand, we could derive ||uy,|x, — 0 by (ij)’(un)[un] — 0.
As a consequence, it holds that 0 = nh_)ngC J;f j(un) = ci’i , which is absurd since
Lemma 5.11-(ii). So, u, # 0 is true.
Next, we shall show that (J)}ff)’(uu) = 0. To see it, for all ¢ € C§°(R?),
proceeding as (58) and (59), there holds (Jf:‘;f)’(uu)[w] = nler;O(Jﬁ;f)’(un)[¢] =0,

which indicates the desired result. Using Lemma 5.13, we obtain P5 f (up) =0, and
SO

— — 1 — —
TN ) = I ) 208 (] — PR )]
_ 1 2 1*7,“ 2 / |z 2
=5 A2V (z) + (VV, 2)]|uy|“dx + 3 <2||uu|* + Sy uy,dx

1 n 5 5
+ *|uu|£21 + */ [fR’é(“#)“u - 3FR76(UM)]d$
16 2 Jeo
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implying that Jﬁf(u#) > 0, where we have exploited (h%)_and (V1.

Finally, the remaining part is to verify J f f(uu) < ci’i . To this aim, we claim

that Vi(u,) = Vi(u,) as n — oo. Indeed, in view of Lemma 2.1-(ii) and |ju, || x, <

)

Vitu) = [ ([ toutz-t o~ sy o)
<2fun [ uida

< 202/ u? da
RQ

jointly with u, — wu, in L?*(R?) yields the claim. By adopting 2.1-(v) and (he1), it
follows from the Fatou’s lemma that

—- —- 1 —
ey = liminf [T (un) — 5(Jfff)/(un)[un]]
. 20 2001 — ) 0—4
= lgglcgf {9_2|U7L2E>\ + ﬁ”%”f + W[Vl(un) — Va(un)]
+ 5 | 1 g — 05 (un)]da:}
RQ
20 20(1 — p) 04
> m”%”%A + ﬂlluul\i + Te[vl(uu) — Va(uy)]
g [T — 0P ()
— 1 —
= Jﬁi(u#) - E(Jf’f)/(u#)[u#]
= Jﬁ’j(uu).
So, we accomplish the proof of this lemma. O

As a direct consequence of Lemma 5.14, there exist two sequences {u,} C [3,1]
and {u,(un)} C X still denoted by {u,} such that

f = 17, I (un) =y € (0,ex0 T and (J300 ) (un) = 0. (68)

Before presenting the proof of Theorem 5.5, we need to pull Ef\{j down to some
critical threshold value, whence § = 2, namely the following lemma.

Lemma 5.15. Under the assumptions of Lemma 5.11, if in addition we suppose
that (ha), then there exists a & = &o(R)(= £ (R)) > 0 such that for all & > &,
there holds
8(6—3) ro
h—2

3 s
16K2r%y(c?)? <

HI6Koren ()" < G Ty ek )

where v > 2,0 >3, Ko >0, and C=p > 0 are from (hs), (h21), and Lemmas 2.1-

(iv) and 2.4, respectively. Moreover, kgn > 0 denotes the best constant associated

with the Gagliardo-Nirenberg inequality.

1
) V)‘Z 17 ne [§al]a (69)

R,2

A,

deduce that cf’f satisfies (69). On the one hand, we could claim that ¢
53

Proof. Since ¢, is non-increasing on p € [%,1] by Proposition 5.9, it suffices to
R,2
1<

1
A5
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inf max Jff(tu) Indeed, this is a direct corollary of Lemma 5.11-(i) and (ii).
weX\\{0} t>0 A3

On the other hand, we can follow the calculations in Lemma 3.5 to determine some
suitable { = { (R) > 0 & = &(R) > 0 to ensure Lemma 5.12, and this lemma
holds true. The proof is finished. O

Now, we are ready to show the proof of Theorem 5.5 as follows.

Proof of Theorem 5.5. First, we fix the constants R > 0 and A > M\)(R) > 1.
Depending on the above results, we obtain two sequences {y,,} C [3,1] and {u,} C

X satisfying (68). Obviously, we have that Pﬁi (un) = 0 by Lemma 5.13 and

(68). So, taking account of (V') and (ha1), it holds that
_R,6 .6
Cil"n = J)Ifl"n (Un)

= TP () — S0V ()] — PP ()]

4 Astin
_ 1/ ARV (@) + (VV, )] |un 2dz + = (2u ||2+/ 22 gy
8 Jo )Tt g L B Il
1 n - .
+qglolt+ 5 [ — 3P o
1 63 -
> —|unly + —— [ F®(un)d
> fglualt T2 [ P

- . 4eits
U, |2 < 4\/Ei’lfn and / FR2(y,)dx < ﬁ (70)

In light of (68) and (70), we apply Lemma 2.1-(iv) and the Gagliardo-Nirenberg
inequality to get

H 1 1 1
el — [ (Vul® + AV (@) un?da + = 2 + = Vo (un)
R2 2 4

2
5 1
- un</ FRO(u,)da + 2|un3>
RQ
1, 5 1. 5 1 1 R
> llunlf, + glhuall = $Va() = 5 [ PR
3
1 1 I(()KZ§ 1 5
_R,§
1 1 7R’5 3 20}‘7’ n
In this situation, we conclude that
8(9_3)71%5 _R3& \2
[unll3, = llunllEy, + luall? < 02 T 16K3 kN (xn, ) (71)

Combining Lemma 5.11-(iii) and Lemma 5.15, {||un||x, } is uniformly bounded in
n € N. Moreover, due to Lemma 2.4, we deduce that {u,} satisfies all assumptions
in Lemma 2.6. Repeating the proof of Theorem 1.2, we could verify that, going to
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a subsequence if necessary, u, — u in X as n — oo. Besides, u # 0 by (68), and
n — 17 implies that

8 : 8 o0
(X ()] = Jim (50 (un))'[8] = 0, Vo € C3°(R?)
finishing the proof. O
5.1.2. Proof of Theorem 5.6. Let us continue to use the work space (Xy, | - ||x,) in

this subsection.

Motivated by [24, Theorem 1.3], we shall take advantage of the Nehari-Pohozaev
manifold method to consider Theorem 5.6, that is, looking for a minimizer of the
minimization problem

mid = it JP(w) with ME = {ue X\\{0}: GO () =0},  (72)
’ uEMTY, '
where Gf’g(u) = 2(Jf’5)’(u)[u] - Pf’s(u) for each v € X, and Pf’g = Pf’lg in
Lemma 5.13. Recalling that every critical point u € X,\{0} satisfies (Jf’é)’ (u)[u] =
0 and Pf’é(u) = 0, it is natural to minimize Jf‘"; over Mf’é.

Lemma 5.16. Let V satisfy (V1) — (V3) and (V}) — (V2). Suppose that the non-
linearity f defined in (2) requires (h1),(h3), and (h21) — (ha2). Then, for each
u € X,\{0}, there ezists a unique t,, > 0 such that t2u(t,-) € Mf‘i for each fized
R >0 and A > 1. Moreover, ,

b RO 42 (0
v = ue)l(I;{{o} g Tv (Eut)).
Proof. According to the definition of f/% defined in (13), we deduce that f79(t)/t>
is increasing on t € RT, and so [f#9(t)t — F®9(¢)]/t3 is increasing on t € RT on
t € RT either. Proceeding as in the proofs of [24, Lemmas 4.3, 4.6, and 4.7], we can
get the desired result. O

Lemma 5.17. Let V satisfy (V1) — (V3) and (V}) — (V2). Suppose that the non-
linearity f defined in (2) requires (h1),(h3) and (ho1) — (haa), then for each fized
R >0 and A > 1, we conclude that

(i) There is a constant ¢ > 0 independent A > 1 such that ||u| g1 2y > o for all
u € Mi’é ;
(ii) The minimum mf”é > 0, where it is defined in (72).
Proof. (i) We suppose it by a contradiction, namely there exists a sequence {u,,} C

MY, such that [|un]| g1 ze) — 0. It follows from Lemma 2.4, (V2), (17), and (25)
that

Cq
CillunllFn ey < Collun| g ge) + 7”“71”%11(11@2) + Co(R)|[unlf e

yielding a contradiction if we choose q > 2. .
(ii) Arguing it indirectly, we suppose that mf’é = 0. Let {u,} C X\ be a
minimizing sequence of mf}i, that is, {u,} C Mf’é and Jf”é(un) — 0 as n — oo.

Due to (h3) and (V}!), there holds

- 1 —
on(1) = J){%)é(un) - ZGf)é(un)
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1 1
_ 7/ ARV (2) + (VV, )] [un2dz + — [un |3
8 Jeo 16
+ % / [fR’S(un)un — 3FR’S(un)]dac
R2

> —|u |4+9;3
=16 "% 20

1 0—3 5
> n4 FR,5 n)d
> gl + S5 [P e
>0

fR’S(un)unda:

which reveals that
[tnl2 = on(1), / FEO (u undz = 0,(1) and / FRO(u,)dz = o,(1).
R2 R2
Using G (un) = 0 again, via the above formula, we obtain

2/ [Vun|2dz < Va(u,) + l\un\% + 2/ (£ (up )un — FBO (uy,)|da
R2 R2
= V2(un) + On(l)

3
< KOHéN|un\§|Vun|2 + on(1)
1
2
1 2

§|Vun|2 + 0, (1)

IN

1
§|vun|§ + KgK%N‘unB + on(1)

which is impossible by Point-(i). The proof of this lemma is finished. O

Lemma 5.18. Let V satisfy (V1) — (V3) and (V) — (V2). Suppose that the non-
linearity f defined in (2) requires (h1), (hs), and (ha1) — (haa). Then, for each fized
R >0 and X\ > 1, any minimizing sequence {u,} C X, satisfies

8(0 —3)
lunll, < =g —5 mav S+ 16K 2k () + 0a(1). (73)
Proof. Let {u,} C X be a minimizing sequence of mA 0 that is, {u,} C M)\ v and

T3 (u) = myy as n — oo. Recalling Gy (u,) = 2(J§ 5Y (t) [1n] — P 5(%), it
is very similar to (70) that

- om0
unl3 < 4y/mjy 3 and/ FR‘Sun dx < 9_;’/4-0“(1)

According to this formula, using Lemma 2.1-(iv) and the Gagliardo-Nirenberg in-
equality,

1 1 ;
R,
w4 on(1) 2 S lunlE, — 7 Va(un) - /R FR3 (0, )da
3
K()HE 2 R,S
> lunlid, — 5N Vgl — 5 [l + 0,(1)]
1 RS 3 2 R3S
> 1”“71”?3A - 4Kg'f?éN[ AV T on(1)]% — m[m,\,v + 0n(1)]

showing the desired result. The proof of this lemma is complete. O
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Arguing as before, we have to verify that the minimum mf‘"&/ can be controlled
suitably.

Lemma 5.19. Let V satisfy (Vi) — (V3). Suppose that f defined by (2) satisfies
(h1) and (h3). Then, for all fived R > 0 and \ > 1, there is a constant M7° > 0

such that mi’é < MBS Moreover, if in addition we suppose that (hy), then there

exists a & = Eo(R) > 0 such that, for all € > &, there holds

8(9 — 3) R,2 2 3 R2\ 2 s
— 5 My 116K, v)® VA > 1.
g_9 "V + of‘fGN(mAy) < C=y(1+ 7+ aR™2)’ =
Proof. The proof is very similar to that of Lemma 5.15, so we omit it here. O

Proof of Theorem 5.6. We divide the proof into intermediate steps.

Step 1. The minimization problem mf\%’é in (72) can be attained.

Let {un,} C X be a minimizing sequence of mf"é/, that is, {u,} C Mi’é and
Jf’é(un) — 0 as n — oco. In view of Lemma 5.18, {||u| g, } is uniformly bounded
in n € N. Using Lemma 5.18 again, thanks to Lemma 5.19, we can follow step
by step in Lemmas 3.8, 3.9, and 3.10 to find A(R) if 6 = §, or N(R) if § = 2, to
assure that {||u,|/x,} is uniformly bounded in n € N for all A\ > A(R) if § = 4,
or A > N(R) if 6 = 2, respectively. Repeating the proof of Theorem 1.2, up to a
subsequence, there is a u € X such that u,, — uv in X . So, the nontrivial function
u is the desired attained function.

Step 2. The attained function of mf’é is indeed a nontrivial nonnegative critical
point of J )13 ’3.

We refer the interested reader to [24, Lemma 4.11] for the detailed proof since
there is no essential difference. O

5.2. Proofs of Theorems 5.1 and 5.2. Let us note that, combining Lemma
5.11-(iii), Lemma 5.15, and (71), we can still derive (45) and (53) for the proof
of Theorem 5.1. On the other hand, with the help of (73) and Lemma 5.19, we
conclude (45) and (53) for the proof of Theorem 5.2. As a consequence, by repeating
the calculations in Section 4, we would accomplish the proofs of Theorems 5.1 and
5.2 immediately.
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