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Normalized solutions to the Chern
—Simons—Schrodinger system: the
supercritical case

Liejun Shen and Marco Squassina

Abstract. We are concerned with the existence of normalized solutions
for a class of generalized Chern—Simons—Schrédinger type problems with
supercritical exponential growth

2
—Au+Xu+ Agu+ Y Afu= f(u),

j=1
01A2 — LA = —%\u|2, O1 A1 + Ay =0,
01 Ao = Aslul?, 92A0 = —As|ul”,

lul?de = o,
2

R
where a # 0, A € R is known as the Lagrange multiplier and f € C'(R)
denotes the nonlinearity that fulfills the supercritical exponential growth
in the Trudinger—-Moser sense at infinity. Under suitable assumptions,
combining the constrained minimization approach together with the ho-
motopy stable family and elliptic regular theory, we obtain that the
problem has at least a ground state solution.
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1. Introduction and main results

In this article, we investigate the existence of solutions for the following gen-
eralized Chern—Simons—Schrédinger (CSS in short) system/equation with su-
percritical exponential growth

2
—Au~+ Au+ Apu + ZA?U = f(u),

j=1
1 (1.1)
O1Ag — 09 A; = —§\u|2, O A1+ 0yA5 =0,
O Ag = Aglul?, 8340 = —Ay|ul?,
under the constraint
lu|?dx = a?, (1.2)
Rz
where a # 0, A € R is known as the Lagrange multiplier and f € C°(R)
denotes the nonlinearity that fulfills the supercritical exponential growth in
the Trudinger—-Moser sense at infinity which would be specified later.

In recent years, the following time-dependent CSS system in two spatial
dimension

iDoy) + (D1 Dy + DaDo)ab + g(|ah]?)h = 0,

0o Ay — 01Ag = —Im(y Do),

OoAz — 02Ag = Im(¢)D19)),

D14y — By Ay = — Ly,
is usually exploited to describe the non-relativistic dynamics behavior of mas-
sive number of particles in Chern—Simons gauge fields, where i stands for
the imaginary unit, 9y = %, 0 = 8%1, Oy = 6%2 for (t,z1,22) € R1F2
¢ : R"2 — C is the complex scalar field, A; : R'™2 — R denotes the gauge
field, D; = 0; +1A; is the covariant derivative for j = 0,1, 2 and the function
g is the nonlinearity.

This model plays an important role in the study of the high-temperature
superconductor, Aharovnov-Bohm scattering, and quantum Hall effect, we
refer the reader to [25-27]. Moreover, there are some further physical moti-
vations for considering CSS system (1.3), see, e.g., [18,23,40,41].

For j =0,1,2, we always deal with A;(t,z) = A;(x) for all (t,z1,29) €
R!*2, If the standing wave ansatz (¢, 2) = eMu(z) with a given A € R for
u:R? — R, then (1.3) reduces to

(1.3)
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2
—Au+ i+ Agu+ Y Alu= f(u),

1 j:; (1.4)
01As — 0 Ay = —§|U| ;

O Ao = Asluf®, 9340 = —Aiuf?,
where f(u) = g(|u|?)u. Let us suppose that the gauge field A; satisfies the
Coulomb gauge condition Z?:o 0;A; = 0, then (1.4) becomes the original
CSS equation (1.1), namely

2
—Au~+ Au+ Apu + ZAZU = f(u),

-1
Ay = Aslul?, 32140 = —A;|ul?, (1.5)

1
O01Ag — D0 A; = —§\u|2, A1 + DAy = 0.

Since 0y Ag = As|ul? and 9y Ag = —A;|ul? in (1.5), there holds
AAO = 81 (A2|’U,|2) — 32 (Al\u|2),
which leads to

Aol (x) = Q;Ti;l"’* (Aaful?) - 2””| 7+ (Aulul?). (1.6)

Analogously, adopting 014> — 8241 = —1|ul? and 0141 + 924> = 0 in (1.5)
to deduce that

2 2
AAl 62<| 2| ) and AAQ = —81 <|u2|>

From which, the components A; for j = 1,2 in (1.5) can be represented as

Al[u](x) _ T2 « (|U|> _ _i <x2 - y2)“ (y) dy, (17)

27 |x|? 2 A Jge |z —yl|?
a1 Juf? 1 / (1 — y1)u*(y)
A = — — " dy. 1.8
2[4]() 2m|x|? * ( 2 ) A |z — y|? 4 (1.8)

When there is no misunderstanding, for simplicity we shall write shortly A;
in place of A;[u], for j = 0,1, 2. Further properties of A;, for j = 0,1, 2, will
be introduced in Sect. 2.

Actually, if u is radially symmetric in the standing wave ansatz (¢, ) =
u(z), CSS system (1.3) becomes a single equation. In [11], Byeon-Huh-
Seok considered the standing waves of type

W(t,x) = ullz])e™, Ao(t,z) = k<|x\>
Ay(t,a) = fP (o)), As(t,z) = | |2 h(ja)),

where k and h are real value functions depending only on |z|. Note that (1.9)
satisfies the Coulomb gauge condition with ¢ = ¢t 4+ nm, where n is an integer
and ¢ is a real constant. To look for solutions of CSS system (1.3) of the type
(1.9), it suffices to solve the following semilinear elliptic equation

eiAt

(1.9)

— Au+ Au+ (/loohf:) %(s)ds + hT(| |))u=f(u) in R?, (1.10)
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where h(s) = [ u?(r)dr.

Now, we have two kinds of CSS type equations (1.1) and (1.10) in hands
and there are two aspects to the studies for them. On the one hand, one can
choose the frequency A € R to be fixed. In this situation, the existence,
nonexistence and multiplicity of nontrivial solutions have been considerably
contemplated by a lot of mathematicians, see [7,14,17,32,33,36,42,45-47,49,
53] and the references therein for example.

On the other hand, one can find solutions for (1.1) or (1.10) with an
unknown frequency A € R which appears as a Lagrange multiplier. As we
all know, the mass of each solution to the Cauchy problem for system (1.3)
is conserved along time, namely [o, [¢(t,-)|*dz = [5, [¢(0,-)*dz for any
t € [0,7). In physics, there exists a crucial meaning concerning the mass
which is often adopted to represent the power supply in nonlinear optics or
the total number of atoms in Bose-Einstein condensation, see [19,20,44] for
example. As a consequence, taking physical point of views into account, it is
interesting to seek for solutions to (1.3) with prescribed mass.

This naturally leads to the study of solutions to (1.1)—(1.2) for a > 0
given. In this scenario, solutions to (1.1)—(1.2) are referred to as normalized
solutions. Indeed, solutions to (1.1)—(1.2) correspond to critical points of the
underlying energy functional E restricted on S(a), where

Blu) 2 %/Rznvu\? + (Af+A§)|u|2}dx7/RQ F(u)dx (1.11)

and S(a) & {u € H'(R?) : /Rz lu|?dx = az}.

Moreover, from mathematical perspectives, the consideration of normalized
solutions turns out to be also meaningful since it benefits from understanding
dynamical properties of stationary solutions to equations like (1.3).

In recent years, the considerations for normalized solutions for (1.1) or
(1.10) have received more and more attentions. Speaking precisely, for f(u) =
|u|P~2u, Byeon et al. [11] derived the existence of normalized solution for
each a # 0 if p € (2, 3] and sufficiently small |a| if p € (3,4). Afterwards, the
authors in [35,58] generalized the results in [11] to p > 4. For the particular
case p = 4, Gou and Zhang [22] exhibited some very interesting results. There
exist some other related results on normalized solution in [38,43,56,57,59]
and the references therein.

It should be mentioned that the research interest could date back to the
Schrédinger equations with prescribed L2-norm. In [28], with the help of a
minimax approach and compactness argument, Jenajean contemplated the
existence of solutions for the following Schrodinger problem:

—Au+Au=g(u) inRN,
lul?dz = a® > 0. (1.12)
RN

Later on, there are some complements and generalizations in [30]. In [50], for
g(t) = plt|97% + |tP=2t with 2 < ¢ < 2+ & < p < 2*, Soave considered

the existence of solutions for problem (1.12), where 2* = 2 if N > 3
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and 2* = oo if N = 2. For this type of combined nonlinearities, Soave [51]
proved the existence of ground state and excited solutions when p = 2*. As to
more results for problem (1.12), see, e.g., [8,29,31,37,54] and the references
therein.

Whereas, the planar case for critical problem (1.12) are definitely dif-
ferent from N > 3. In reality, one can observe that 2* = oo if N = 2 and
H'(R?) & L>°(R?) which makes the problems special and quite delicate. So,
it is not easy to deal with the nonlinearity involving a (super)critical expo-
nential growth trivially. Due to the Trudinger—Moser type inequality, we can
say that a function f possesses the critical exponential growth at infinity if
there exists a constant ag > 0 such that

im SO {0’ va > ao, (1.13)

2
t—+oo eat +oo, Va < ag.

The above definition was introduced by Adimurthi and Yadava in [1], see
also de Figueiredo, Miyagaki and Ruf [15] for example. As to the subcritical
exponential growth at infinity for f, it says that

t_l§+moo LZOE%Q' =0, Ya > 0. (1.14)

Because of the appearance of the critical exponential growth in (1.13),
the results for problem (1.12) with N = 2 are fewer than those for N > 3
involving Sobolev critical growth. Very recently, Alves et al. [3] firstly studied
problem (1.12) in the case N = 2 with ¢ satisfying (1.13). Based on the
ideas in [3], the authors investigated the existence of normalized solutions for
(1.1) and (1.10) in [56,59], respectively. In this article, we continue to study
the existence of normalized solutions for (1.1) with supercritical exponential
growth which is definitely differently from (1.13).

To depict clearly the ideas how to handle the supercritical exponen-
tial case, we are going to derive the existence of normalized solutions for
CSS equation (1.1) with (sub)critical exponential growth. Let us impose the
assumptions on f as follows.

(f1) f € CY(R) and there is a constant x > 4 such that f(s) = o(sX71) as
s — 0;

(f2) There is a constant ¢ > 4 such that 0 < 0F(s) < f(s)s for all s # 0;

(f3) The function F(s) = f(s)s — 2F(s) satisfies

F(s)/|s|* is strictly increasing in (0, +00).

Since we are interested in positive solutions for Eq. (1.1), without loss
of generality, we suppose that f(s) =0 for all s € (—o0, 0] until the end of
the present paper.

Now, we can state the first main result.
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Theorem 1.1. Suppose that [ satisfies (1.14) and (f1) — (f3), then there is a
small a* > 0 such that problems (1.1)—(1.2) possess a couple weak solution
(ug, No) € HY(R?) x RT for all a € (0,a*], where A\g > 0, ug(z) > 0 for all
r € R? and E(ug) = m(a) with

= E(u), M(a) = {ue S(a): J(u) = 0}. (1.15)

m(a) uEi/r\l/lf(a)

Here the energy functional J : S(a) — R is defined by
J(u) = / [[Vul? + (A% + A2)|ul?|dx — / [f(w)u — 2F (u)]dx.
R2 R2
Given a u € S(a), it follows from (f1) — (f2) that

2
E(tu(t)) = %/ ([Vul® + (A2 + A3)|ul|?|dz — t*2/ F(tu)dz — —o0
R2 R?
as t — +oo and so we cannot find critical points for E restricted on S(a)
directly. According to the discussions in Sect. 2 below, we see that M(a) is a

natural constraint manifold.
Next, we deal with the critical exponential growth case. To the end, we
additionally suppose that

(f1) there exist some constants sg > 0, My > 0 and ¥ € (0, 1] such that
0 < s"F(s) < Myf(s) for all s > so;

(fs) liminfjg_ 4 F(s)e‘"“’s2 > By > 0, where Gy is an arbitrary but fixed
constant.

Our second main result reads in the following.

Theorem 1.2. Suppose that f satisfies (1.13) and (f1) — (fs), then there is
a small a. > 0 such that problems (1.1)~(1.2) admit a couple weak solution
(ug, Ao) € HY(R?) x RT for all a € (0,a.], where A\g > 0, ug(z) > 0 for all
x € R? and E(ug) = m(a).

Remark 1.3. In light of the nonlinearity f in (1.1) is more general than its
counterparts in [22,35,38], so we can never simply repeat their methods to
conclude Theorem 1.1. The critical exponential case has been studied in [56,
59], but there are the following three important contributions which can be
regarded as a partial motivation to contemplate the problems behind this
article.

(1) We do not require any compact condition which allows us to study a
wider class of CSS equations. Explaining more precisely, to overcome the loss
of compactness, authors in [59] look for solutions in the radially symmetric
subspace H}(R?) which implies that the imbedding H}(R?) — LP(R?) is
compact for all 2 < p < 400; conversely, the authors in [56] find solutions in
the work space X = {u € H'(R?) : [o, |z[*|u[*dz < +oo} which reveals that
the imbedding X — LP(R?) is compact for all 2 < p < +o0.

(2) Although with the above two types of compact imbedding results
in hands, authors in [56,59] have to suppose that a? < 1 to recover the
compactness. With the help of some specific calculations, we would remove
this unpleasant restriction. In other words, we only need to suppose that the
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mass a? is suitably small which is just caused by the Chern-Simons term

Jr2 (AT + A3)|ul?|dz. Actually, we could show that Theorems 1.1 and 1.2
holds true for all a # 0 provided that it is absent.
(3) When taking the energy estimate, the assumption

(ff) There are constants p > 2 and a sufficiently large ¢ > 0 such that
F(s) > ¢|sf? for all s € R,

acts as a key role in [56,59]. Nevertheless, as pointed out in [6], it covers the
essential feature of the critical exponential growth given in (1.13) because
(f) is a global condition which requires f to be p-superlinear growth for all
t € R and the parameter ¢ must be large. Therefore, we shall depend on
the slightly modified Moser sequence functions introduced in [6] to reach the
aim. However, owing to the presence of the Chern—Simons term fw (A% +
A3)|u|?|dz, there are some additional challenges that we are necessary to
bring in some technical calculations, see, e.g., Lemma 4.1.

Finally, as the applications of Theorems 1.1 and 1.2, we are able to
investigate the existence of normalized solutions for CSS equation (1.1) with
supercritical exponential growth at infinity. Due to [4,5], we suppose that the
nonlinearity f has the form of the following particular type

f(t) = ht)e™" vt e R, (1.16)

for some ag > 0 and 7 > 2. Hereafter, the C' function h that vanishes in

(=00, 0]) satisfies

(h1) There is a constant xy > 4 such that h(t) = o(tX™1) as t — 0;

(h2) There exists a 6 > 4 such that 0 < 0H(t) < h(¢)t for all ¢ # 0, where
H(t) = [ h(s)ds;

(h3) The function H(s) = h(s)s — 2H (s) satisfies

H(s)/|s|* is strictly increasing in (0, 400).

(hs) There exist § € [86~1,2) and v, M > 0 such that 0 < |h(t)| < M’
for all t € R.

Motivated by [4,5], for the function f defined in (1.16) together with
(ha), one could observe that it possesses the so-called supercritical expo-
nential growth at infinity when 7 > 2, for example

(I) 7 > 2 is arbitrary if @ > 0 is fixed; (II) &o > 0 is arbitrary if 7 > 2 is fixed.
(1.17)
Let us exhibit the main result on this topic as follows.

Theorem 1.4. Suppose that the nonlinearity f defined in (1.16) requires (hy)—
(ha), then there is a small a* > 0 such that, for each T > 2, there exists a
ay = aop(r) > 0 such that problems (1.1)—(1.2) possess a couple of weak
solution (i, o) for all fized &g € (0,a5) and a € (0,a*]. Moreover, if in
addition

(hs) there are some constants € > 0 and p > 4 such that h(t) > &P~ for all
t € [0,400),
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then there is a small a, > 0 such that, given a &g > 0, there exvist T, =
T(q) > 2 and § > 0 such that problems (1.1)~(1.2) admit a couple of weak
solution (g, No) for every fivzed T € [2,74), £ > & and a € (0, as).

Remark 1.5. Up to the best knowledge of us so far, except [48], there are
not any existence results for CSS equation with supercritical exponential
critical growth. As a consequence, it seems the first paper to consider the
existence of normalized solutions for supercritical CSS equation in R2. We
emphasize here that although the authors in [6] showed that the supercrit-
ical Schrodinger equation with Stein—Weiss convolution parts has at least a
normalized solution, one cannot derive Theorem 1.4 trivially because of the
Chern—Simons term [, (A} 4+ A3)|u[?]dz. What’s more, the absence of com-
pact imbedding results in this paper cannot also be ignored, see [6, Lemma
2.3] in detail.

Let us briefly sketch the proofs for our main results. To conclude the
proofs of Theorems 1.1 and 1.2, we first introduce some interesting results
for the Chern-Simons term [;,(A? 4+ A3)|ul*]dz in the literature and the
Trudinger-Moser inequality developed by Cao [12] and so that the energy
functional E, defined in (1.11), is of class C! over S(a). Then, we shall in-
vestigate some properties of M(a) including it is natural constrain manifold,
namely any minimizer of m(a) in (1.15) is indeed a weak solution of Eq.
(1.1) with a suitable A € R. In the meantime, with the help of the homotopy
stable family, we can prove that there is a sequence {u,} C M(a) which is a
Palais-Smale sequence for E restricted on S(a) at the level m(a). To get the
proof of Theorem 1.1, combing the Vanishing lemma in [55] and Brézis—Lieb
lemma as well as the monotonicity of m(a), we have that E(ug) = m(a) and
lim,, . |Vu,|3 = [Vug|3, where ug is the weak limit of {u,, } in H*(R?) along
a subsequence. On the other hand, we derive the strong convergence of {u, }
in H'(R?) by showing that the Lagrange multiplier Ay associated with ug is
positive. Compared with the proof of Theorem 1.1, to prove Theorem 1.2, we
make the following three additional adjustments: (a) We find a upper bound
by the Moser sequence functions for m(a) which is adopted to verify that the
weak limit ug # 0. (b) By taking advantage of (f2) jointly with the monotonic-
ity of m(a), we still prove that E(ug) = m(a) and lim,,_, |Vu,|3 = |Vuel3.
Let us stress here that this idea is also suitable for the subcritical case in
Theorem 1.1 and it should be reviewed as one of the striking novelties in the
present article. (c) As an application of lim, o |Vu,|3 = |Vug|3, we shall
derive that Ao > 0 which leads to that a — m(a) is strictly decreasing on a
right neighborhood of @, where a* = |ug|3 € (0,a?]. According to it, we must
have a? = a? which reveals the strong convergence of {u, } in H'(R?) and so
the proof is done.

Concerning the proof of Theorem 1.4, due to a variational method point
of view, we continue to search for critical points for the variational functional
E : S(a) — R. Unfortunately, we could not even show that E is well-defined
over S(a) directly which is caused by the appearance the nonlinearity f in-
volving the supercritical exponential growth (1.17) in the Trudinger-Moser
sense. Hence, the most imperative starting point is to deduce that E is of class
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C'. Given a fixed constant R > 0, followed by [4,5], we shall consider an aux-
iliary equation which possesses a (sub)critical exponential growth. Speaking
it clearly, introducing a cutoff function ff9 which is given by

i 0, t<0,
FROt) = h(t)e™,  0<t<R, (1.18)
h(t)e®R "t ¢ > R,

and
54 {57 if the Case I'in (1.17) is considered,

2, if the Case IT in (1.17) is considered.
Here, the function h appears in (1.16) and the constant 6 € (0, 2) is proposed
in the condition (hy). )
In consideration of such a nonlinearity f#9, let us study the following
auxiliary equation
2
—Au+ Au+ Agu + Z A?u = B9 (w),
. (1.19)
81142 — 82A1 = 7§‘u|2, 61A1 + 82142 = 0,

61140 = A2|u|2, 82140 = —Al\u|27

Using (hy), it is ready to observe that f%9 admits the subcritical or critical
exponential growth at infinity for every fixed R > 0. Consequently, with
the help of Theorems 1.1 and 1.2, we are able to establish the existence of
normalized solutions for Eq. (1.19) by finding critical points of the energy
functional B which is defined by

— 1 —
B () = E/RQHVu\Q+(A%+A§)|u|2]dx—/w FR(u)de  (1.20)

over a suitable subset of S(a), where R > 0 is a fixed constant determined
later and FF°(t) = f(f fE9(s)ds for all t € R. Furthermore, it could simply
contemplate that if a couple of weak solution (aff, \¥) of problems (1.19) and
(1.2) satisfying |uf|. < R, then it is a couple of weak solution of problems
(1.1)=(1.2). Have this in mind, we invite the reader to acquaint that one
should construct such a couple of weak solution (af, A\f) to conclude the
proof of Theorem 1.4. As a consequence, it is necessary to get the following
result.

Theorem 1.6. Suppose that the nonlinearity f defined in (1.16) requires (hy)—
(ha), then for every fized R > 0, there is a small aj, > 0 such that, for each
T > 2, there exists a &y = ao(T) > 0 such that problems (1.19) and (1.2)
admit a couple of weak solution (ull,\F) for every fired ag € (0,a5) and
a € (0,a%]. Moreover, if in addition

(hs) there are some constants & > 0 and p > 4 such that h(t) > &P~ for all

t€[0,+00),

then there is a small a* > 0 such that, given a ag > 0, there exist T, =
7(a) > 2 and &' > 0 such that problems (1.19) and (1.2) have a couple of
weak solution (ulf, \Y) for every fized T € [2,7.), € > &l and a € (0,a%].
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Again the results in Theorem 1.4 and 1.6 are new for the normalized
solutions under the Chern—Simons—Schrodinger system setting. As described
above, one of the key ingredients in the proof of Theorem 1.4 is to derive the
L>=-estimate for afl. It is widely known that both the elliptic regular theory
and Nash—Moser iteration procedure are the effective tools and we shall argue
as [48] using the former one to reach the aim. Alternatively, we have to exhibit
some nontrivial calculations to show that (Ag + A? + A3%) € L>(R?) when
ult € H*(R?), which differs from the counterparts in [48].

The outline of the present paper is organized as follows. In Sect. 2, we
introduce the variational settings and preliminaries. In Sects. 3 and 4, we will
exhibit the proofs of Theorems 1.1 and 1.2, respectively. Section 5 is mainly
devoted to the supercritical exponential case for problems (1.1)—(1.2).

Notations From now on in this paper, otherwise mentioned, we use the fol-
lowing notations:
o C,C1,05,Cq,Cy,--- denote any positive constant, whose value is not
relevant.
e Let (X, - ||x) be a Banach space with dual space (X1, - [/ x-1).
e | |, denotes the usual norm of the Lebesgue space LP(R?), for every
p € [1,+00], || llgir2) denotes the usual norm of the Sobolev space
Hi(R?) for i = 1,2.
e 0,(1) denotes a real sequence with 0, (1) — 0 as n — +oo and Rt £
[0, +00).
e “—” and “—” stand for the strong and weak convergence in the related
function spaces, respectively.
e The tangent space S(a) at u € H'(R?) is defined as

T, = {’UEHI(R2):/ uvdaczO}.
R2

e The norm of the C! restriction functional Els@) at u € H(R?) is
defined by

||E‘f5‘(a)HH*1(R2) = sup E'(u)[v].

UET“,”'UHHl(]Rz):l

2. Preliminary results

In this section, we are going to exhibit some preliminary results adopted to
prove the main results. To begin with, we shall give some useful observations.
Owing to the second equation and the last two equations in (1.1), for all
u € H*(R?), one has

/ A0|u\2dac :2/ A0(82A1 —81A2)d9c
R2 R2

= 2/ (A281A0 — A182A0)dx = 2/ (A% + A§)|u|2dx
R2 R2
(2.1)
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It follows from the well-known Hardy-Littlewood—Sobolev inequality
[39, Theorem 4.3], we can derive the following estimates to the gauge fields
Ajfor 5=0,1,2.

Lemma 2.1. (See [24, Propositions 4.2-4.3]) Assume 1 <r <2 and + — 1 =
ith
5, then
|4jl7 < Crlul3, for j=1,2, |Aolz < Cplul3, |ul,
where Cy. > 0 is a constant dependent of r.
With Lemma 2.1 in hand, one can easily conclude that

Agule < |Ajlelul =, < Gl lul =, < Crllulfys oy, for j=1,2,  (2.2)

r—1

because 2r > 2 and r/(r — 1) > 2, where C,. > 0 depends only on r > 1. We
also need the following Brézis—Lieb type lemma for the Chern—Simons term.

Lemma 2.2. (See [22, Lemma 2.4]) If u,, — u in H'(R?) and u, — u a.e. in
R?, then one has Ajlu,] — Ajlu] a.e. for j =1,2,

lim / Ao[un]unwdx:/ Aplulupdz, Y € H'(R?),

lim /R Al Jun pda = f Alujwpdz, Vi € H'(R?) with j =1,2,
R2 R2

(2.3)
and

lim (A2 [ g |> = A3 [tr, — ] |, —uf*] d :/ AZ]uldx, forj=1,2.
n—oo R2 R2
(2.4)

Caused by the presence of (sub)critical exponential growth at infinity
associated with the nonlinearity f, let us introduce the following type of
Trudinger-Moser inequality due to Cao [12].

Lemma 2.3. For any u € H'(R?) and for all a > 0, there holds
/ (e®l"* — 1)dz < +o0. (2.5)
R2

Moreover, if [Vula <1, |uls < M for some M € (0,+00) and a < 4w, then
there exists a constant C' = C(M,«) > 0 such that

/RQ (el — 1)dz < C. (2.6)

Combining (1.14) and (f1), for all € > 0 and a > 0, there is a constant
C. > 0 such that
[F(8)] < elsP! + Celsl*™} (e — 1), Vs € R, (27)
where g > 2 can be arbitrarily chosen later. Using (f2), there holds

|F(s)| < e|s|X + C.|s|9(e™” — 1), Vs € R. (2.8)
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Similarly, if the nonlinearity f has a critical exponential growth at infinity
with the critical exponent ag appearing in (1.13). Then fix ¢ > 2 as above,
for all e > 0 and « > «p, there is a constant C. > 0 such that

£ (s)] < els]X~ + Cels]17H (e — 1), Vs € R, (2.9)

and
IF(s)| < e|s]X + CL|s|?(e®** — 1), Vs e R. (2.10)

Now, recalling the imbedding H'(R?) — LP(R?) is continuous for all
2 < p < +o0 and adopting (2.2), we can apply (2.8) and (2.10) in (2.5) to
verify that the energy functional E, defined in (1.11), is of C! class on S(a)
whose derivative can be computed as

E'(u)[v] = / [VuVv + (AT + A3 + Ag)uv]dz — f(u)vdz
R2 R2
for any w,v € S(a). In particular, with the help of (2.1), one has

E'(w)[u] :/Rz [\Vu|2+3(A§+A§)\u|2]dx—/Rz F(u)udz.

Therefore if (u,A) € S(a) x R is a critical point of E, then the quintuplet
(u, Ao[u], A [u], Az[u], A) is a (weak) solution of system (1.1).

Next, we shall introduce the so-called Pohozaev identity for Eq. (1.1)
which is more general but easier than its counterpart in [11, Propostion 2.3].

Lemma 2.4. Suppose that f satisfies (1.14) and (f1), or (1.13) and (f1). Let
u € HY(R?) be a nontrivial weak solution of Eq. (1.1) with some suitable
A > 0, then it satisfies the so-called Pohozaev identity below

/\/ |u|2dx+2/ (A§+A§)|u|2dx—2/ F(u)dz = 0. (2.11)
R2 R2 R2
Proof. We postpone its detailed proof in Lemma A.l in the “Appendix”
below. 0

As a direct consequence of Lemma 2.4, we know that each nontrivial
weak solution of Eq. (1.1) is contained in the set M(a). Indeed, let u be a
test function on Eq. (1.1), there holds

/ [\Vu|2+3(Af+A§)\u|2]da:+/\/ |u|2dx—/ Fw)udz = 0. (2.12)
R2 R2 R2

One immediately derives J(u) = 0 if (2.12) minuses (5.23). In other words,
the set M (a) is a natural constraint to find normalized ground state solutions
for problems (1.1) and (1.2).

In the sequel, we mainly focus on establishing some properties for M(a).
Because the subcritical case for the nonlinearity f is much simpler than the
critical one, let us only consider that f possesses the critical exponential
growth at infinity. From now on until the end of this section, without loss of
generality, we would always suppose that f satisfies (1.13) and (f1) — (f3) for
simplicity.
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Lemma 2.5. Let a # 0. For every u € S(a), there exists a unique t,, > 0 such
that tyu(ty:) € M(a) and E(uy,) = maxeso E(ut), where uy = tu(t-) for all
t > 0. Moreover, the map S(a) — (0,400) defined by u— t,, is continuous.

Proof. Let u € S(a) be fixed and define the function ¢(t) = E(u;) for any
t > 0. Since u; € S(a), we simply have that

S(t) = 0 = t/R2[\Vu|2 (A2 4 AD)|uf?]da — ¢ /R [ (bu)tu — 2F (tu)]dz = 0

— %J(ut) =0« J(uw) =0 <= us € M(a).

We claim that ¢(t) > 0 for some sufficiently small ¢ > 0 and lim;_, ;o 5(t) =
—oo. Firstly, let us recall the celebrated Gagliardo—Nirenberg inequality

lull < Cp|Vulb?uf3, Yu € H'(R?) and 2 < p < +oc. (2.13)

Let t; > 0 small enough satisfy ¢7|Vul3 < I with a > ay appearing in
(2.10), then we can define & = /%t;u which shows that [Va[3 < 1 and

|ul3 = 2t7a* < 400, using (2.6) to obtain

/ (211l _ 1)dy = / (€™ — 1)da < € < 400 (2.14)
R2 R2
which together with the Gagliardo—Nirenberg inequality (2.13) implies that

2

t _ _
s(t) > = |Vu|’dz — et} 2/ |ul*dz — Ctd 2/ \u|q(eat%‘u|2 —1)dx
2 Jr2 R2 R2

x—2 g—1

2 T _ 7
> 4 |Vul*de — ea®t} </ |Vu|2dx) fCEatTQ(/ |Vu\2dx) ,
2 Jg2 R2 R2

where we need to require ¢ > 4 in (2.10) in this situation. Therefore, we
1

choose e = ;= if x =4 and e = 1 if x > 4 to see there is a sufficiently small
ta € (0,%1) such that ¢(t2) > 0. According to (f2), it is very clear to show
that ¢(f) — —oo as t — oo since § > 4. Thanks to the claim, it permits us to
find a such ¢,, > 0 and its uniqueness follows directly from (f3).

Invoking from the above arguments, the map u +— t, is well defined.
Suppose that {u,} C S(a) is a sequence satisfying u,, — ug in H'(R?), then
we only need to conclude that ¢, — t,, in (0,+00) along a subsequence,
where t,, U, (tu, ) tugto(tu,") € M(a). Note that t,, exists since |ugl3 =
a® > 0 which shows that uy # 0. On the one hand, we claim that {¢,} is
uniformly bounded from above. Indeed, since J(t,, tn(ty,-)) = 0 and (f2),

there holds

nUn n_2F ntn
/ [Vun|? + (A3 + A3)|un|*]dz = / Jtn)tin = 2B Entin) |1,
R2 R2 (tnun)4
F(tnun) 4
> -2 _— .
o (9 )/]R2 (tnun)4 |un| e

Using (f») again which implies that lim, ., ., F(s)/s* = 400, then the right
hand goes to +00 as n — oo. However, the left hand can be controlled by
a universal constant independent of n € NT by (2.2). Thereby, the claim
concludes. On the other hand, we claim that {¢,} is uniformly bounded from
below by a positive constant. Otherwise, we should suppose that ¢,,, — 0 up
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to a subsequence. By exploiting a very similar calculations in (2.14), we can
certify that

lim [ [|[Vu,|* + (A2 + A2)|u,|*|dz = 0

n—oo Py
which is impossible and the claim is true. So, passing to a subsequence if
necessary, there is to > 0 such that ¢,, — top as n — oo. Owing to the
Lemma A.2 in the “Appendix”, we immediately conclude that J(us,) = 0 by
J (b, wn (ty, ) = 0. This actually indicates that toug(to-) € M(a). Recalling
the above fact that t,,uo(tu, ) € M(a), we must have ty = t,, determined by
the uniqueness of the map ug + t,, which means that ¢,,, — t,, as n — oo.
The proof is completed. O

Lemma 2.6. Let a # 0. Then, for all w € M(a), there is a constant o > 0
such that |Vul|3 > o. In particular, it holds that the minimization m(a) > 0.

Proof. Arguing it indirectly, we suppose that there is a sequence {u,} C
M(a) such that |[Vu,|3 — 0 as n — oo. Clearly, without loss of generality,
we can assume that sup,cy+ [Vu,|3 < K with some K € (0,2F), where

o > ag comes from (2.9). Denoting %, = K~ 2u,, then sup,en+ |Viin|3 <1
and |, |3 = K~1a? < +o0o. Adopting (2.6) with 2K« < 47, we obtain

sup / (e22lunl® _ 1)dz = sup / (e2Kelml® _1)de < € < +o0.
neNt JR2 neNt JR2
Choosing ¢ > 3 in (2.9) and using the Gagliardo-Nirenberg inequality (2.13),

one has

fup)upde < 5/ |wn [Xdz + C’E/ |un|q(e(’|“”|2 —1)dz
R2 R2 R2

aQ(/ |Vun|2dx> —I—CE(/ |un|2qu>
R2 R2
([ )

R2

x—2 g—1

2 B )
< 6a2(/ |Vun|2d:1:> JrC'ea(/ |Vun|2d:1:>
R2 R2

(2.15)
Since {u,} C M(a) which gives that J(u,) = 0, one sees that

q—1

/ |V, |?ds <5a2(/ |Vun|2dm) —|—Caa(/ |Vun|2dx)
R? R? R?

which is absurd when y > 4 and ¢ > 3. It still remains valid when y = 4 by
choosing ¢ = ﬁ > 0. So, we derive the first part of this lemma. According

to (f2), for all u € M(a),
1 2
072‘]( > 29 %) / |Vu|“dz

showing the desired result. The proof is completed. O

E(u) = E(u) —
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Lemma 2.7. Let {u,} C M(a) be a minimizing sequence of m(a), then {uy}
is uniformly bounded in H'(R?). Moreover, we further have that

{/ F(un)dm} and { f(un)undx} are uniformly bounded in n € N*.
R2 R2
(2.16)

Proof. Since J(u,) = 0 for all {u,} C M(a), we conclude from (f3) that

m(a) + on(1) = E(un) = E(uy,) — 9%2
0—4

= 5= [Vl + (4 + A Pl

J(un)

g [ e, = 6P ()] do
0—4

D)

[ 090+ (48 + A Plde

and

1 1
S =5 /R [ (n )t — AF (u,)] da
> L —4 F(uy)dz.
2 Jeo

m(a) +on(1) = E(un) —

Since F'(s) > 0 for all s € R, exploiting the definition of J, we can finish the
proof of this lemma. O

Next, we are going to show that any minimizer of the minimization
problem m(a) = inf,erq(q) £(u) is a solution of Eq. (1.1) with a suitable
A € R. In other words, we prove that each critical point of E| () is indeed a
critical point of E|g(4). Taking this purpose into account, we need to introduce
the following result.

Lemma 2.8. (See [13, Corollary 4.1.2]) Let X be a real Banach space and

U C X be an open setl. Suppose that h, g1, ,gm : U — R are C* functions

and xo € M satisfying h(zo) = infyerm h(z) with
M={zeU:g(x)=0,i=1,2,--- ,m}.

If {gi(x0) Yy is linearly independent, then there exist A1, , Am € R such
that

B (o) + Y Aigh(xo) = 0.
1=1

Lemma 2.9. Let a # 0, then M(a) is a Cl-manifold of codimension 2 in
H(R?). Moreover, it is a Ct-manifold of codimension 1 in S(a).

Proof. Given au € M(a), one sees that J(u) = 0 and P(u) £ [o, u’dz—a® =
0. Since f € C!, we see that J and P are of C! class. There exist the following
two possibilities: either (i) J and P are linearly dependent; or (ii) J and P
are linearly independent.
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If (i) holds true, then for all fixed u € M(a), it means that there is a
constant A* € R satisfying

2 / [VuVe) + (Ao + A3 + A3 ug]ldx + 21" / updr = / [f (w)u — f(u)|da
R2 R2 R2
for all ¢ € H*(R?), that is,

2
—Au+ XNu+ Agu + ZA§“ = %[f’(u)u = fu)],

=1
1
81A2 — 82141 = —§|U‘2, 81141 + 82142 = 0,
N Ag = Aslul?, 02Ag = —A;lul?,

Using Lemma 2.4, we deduce that u must satisfy the equality

[ 9l + a4 Do = 5 [ [ (u? = 3f)u -+ 1)
R2 R2

Recalling that J(u) = 0 for v € M(a), using the above equality, there holds

/RQ [F (w)u? — 5f(u)u + 8F(u))dz = 0

which is impossible by Lemma A.3 in the “Appendix” below. So, we have
that (i) cannot occur.

When (ii) holds true, then by Lemma 2.8, there are A1, Ay € R such
that

E'(u) + A\ J (1) + Xou = 0 in HH(R?).
To derive the proof of this lemma, we shall show that A\; = 0. First of all, we
know that

(1+2)\) / [VuVip + (Ag + A + A3)urp)dx + Ao / updz
R2 R2

= [ = 0 - Dfwde
R2
for all v € H'(R?), that is,
—(1 + 2)\1)AU + )\gu + (1 + 2)\1)140’11
2
(1 420) X Afu= A f(w)u — (A = 1) f(u),
j=1
1
81A2 — 82A1 = 7§|u|2, (91141 + 82A2 = 0,
O Ag = Aslul?, 9aAg = —Aq|ul?,
It follows from Lemma 2.4 again that
(1+ 2)\1)/ [Vul? + (A2 + A)[ul)dr = / D (e — (37 — D) f(u)u
R2 R2
+2(2)\ — 1)F(u)]dx.

Since J(u) = 0 for u € M(a) combined with the above equality, we have

A / [ (w)u? — 5f(u)u + 8F(u)]dz = 0
R2
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jointly with Lemma A.3 below again yields that Ay = 0. The proof is com-
pleted. O

To look for minimizer of m(a), we shall construct a Palais—Smale se-
quence for E restricted on S(a) at the level m(a) using the minimax principle
based on the homotopy stable family of compact subsets of S(a). Due to [21],
we have its definition as follows.

Definition 2.10. Let B be a closed subset of a set Y C H!(R?). We say that
a class G of compact subsets of Y is a homotopy stable family with the closed
boundary B provided that
e every set in G is contained in B;
e for any A € G and each function n € C([0, 1] xY,Y) satisfying (¢, z) = =
for all (t,z) € ({0} x Y)U (]0,1] x B), then n({1} x 4) € G.

We borrow some ideas developed in [9,52] to consider the functional
U : S(a) — R defined by
U =Fo(,
where the map ¢ : S(a) — M(a) is defined as u — t,u(t, ) and ¢, > 0 is
determined by Lemma 2.5. Since u — t,, is a continuous map, motivated by
[52, Proposition 2.9], it allows us to show that W is of C! class over S(a) and
its derivative is computed as

V' (u)[v] = E'(C(u))[ve,] (2.17)
for any u € S(a) and v € T,,, see Lemma A.4 in the “Appendix” in detail.

Lemma 2.11. Let G be a homotopy stable family of compact subsets of S(a)
with closed boundary B and define

mg £ /lxréfg max U (u).

Suppose that B is contained in a connected component of M(a) and
max{sup ¥(B),0} < mg < 400,

then there is a Palais—Smale sequence {u,} C M(a) for E restricted on S(a)
at the level mg.

Proof. The idea can date bake to [9] and we will exhibit the detailed proof
for the convenience of the reader. According to the definition of mg, there is
a minimizing sequence {A,} C G such that
max U(u) =mg + o,(1).

Define a map 7 : [0, 1] x S(a) — S(a) by n(t,u) = (1 —t+tt,)u((1—t+tt,)-),
where t,, > 0 comes from Lemma 2.5 and so n € C([0,1] x S(a)). Moreover,
adopting Lemma 2.5 again, one can see that n(t,u) = u for any (t,u) €
({0} x S(a)) U ([0,1] x B) since B C M(a) which yields that ¢, = 1. In
light of G is a homotopy stable family of compact subsets of S(a) with closed
boundary B, then D, £ n({1} x A,) = {u;, : u € A,} € G by Definition
2.10. Using Definition 2.10 again, one knows that D,, C B C M(a), and for
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each v € D,, there is u € A,, such that v = u;,. In view of Lemma 2.5, we
have that U(v) = ¥(uy,) = E(¢(u)) = ¥(u) which shows that

max ¥(v) = max U(u).
vED, u€A,

Therefore, there is another minimizing sequence {D,,} C M(a) such that

max U(v) = max U(u) = mg + o, (1).
Thanks to the equivalent minimax principle [21, Theorem 3.2], it permits us
to derive a Palais—Smale sequence {u,} C S(a) for ¥ restricted on S(a) at
the level mg and dist g1 (g2 (tn, Dn) = on(1).

Taking advantage of #,, we shall prove that u, = ((@,) € M(a) is
a Palais-Smale sequence for WU restricted on S(a) at the level mg. Since
E(un) = E({(ty)) = ¥(a,) = mg + 0,(1) and = mg < 400, due to Lemma
2.7, one obtains that {u,} is uniformly bounded in n € N*. In particu-
lar, {|Vu,|3} is uniformly bounded from above by a universal constant. Ex-
ploiting Lemma 2.6, one concludes that {|Vu,|3} is uniformly bounded from
below by a universal constant. Then, we denote f, = t; > 0 such that
ta, Un(ta, ) € M(a) and so

2 _ ‘vun@
" Va3

S [Cla CQL

for some positive constants C7,Cs independent of n € NT, where we have
depended on Lemma 2.6 and dist 1 (g2) (@, Dyy) = 0n(1) with {D,,} € M(a).
In view of the definition of T, since

uvdx = ug, Uy, d
R2 R2

which implies that v;, € Ty, if, and only if, v € Ty, then we know that the
map T, — T,, , defined by v — vy, is an isomorphism by Lemma 2.5 with
the inverse v — v,-1. So,

||E|/3(a) (un)llg-1(r2) = sup E' (un)[v]
V€T, ,HUHH1<]R2>:1
= sup E/(C(an))[(vfgl)fn]

vETy,, aHU”Hl(RZ):l
= sup U (T, [vg-1]
VETy,, ,HU”Hl(]RQ):l
— sup W' (@ )[vg,1],

v;=1€Ta, 7Hvt_;1 lgr1 r2y=1

where we have made full use of (2.17) in the third equality as well as v;-1 €
Ta, if, and only if, v € T,,, in the last equality. In addition, by #2 € [Cy, (3]
and ””1?;1”?{1(]1@2) =1,%|Vv|3 + [v|3 < C < 400, we derive that

1E15 0y (n)ll -1 (r2) < C sup W' (1) [w].

wWETan |l g1 g2)=1
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Recalling {@,} C S(a) is a Palais—Smale sequence for ¥ restricted on S(a) at
the level mg, thereby we see that {u,} C M(a) is a Palais-Smale sequence
for E restricted on S(a) at the level mg. O

As a corollary of Lemma 2.11, we are able to derive the result below.

Lemma 2.12. Let a # 0. Then, there is a Palais—Smale sequence {u,} C
M(a) for E restricted on S(a) at the level m(a).

Proof. Let G be all singletons in S(a) and B = (), then it is simple to check
that G is a homotopy stable family of compact subsets of S(a) without bound-
ary. Moreover, we obtain
o= RGO = ) e P
If we show that mg = m(a), then we are done by Lemma 2.11. On the one
hand, for each u € S(a), there is unique ¢,, > 0 such that t,u(t,-) € M(a)
and max;~o E(u;) = E(u,) by Lemma 2.5, then
inf max F(u;) > inf E(u).

u€S(a) >0 ueEM (a)

On the other hand, we claim that, for all t > 0, there holds

w(t,s) = - [f(s)s — 2F(s)] +t 2F(ts) — F(s) > 0, Vs € R.

Indeed, it suffices to consider the case s > 0. Using some elementary calcula-
tions, one sees that

%w(t7 s) =t 3[f(ts)ts — 2F (ts)] — t[f(s)s — 2F(s)]
gl {f(ts)ts —2F(ts)  f(s)s —2F(s) }

(ts)* B st
>0,if t € [1,+00),
<0,if t € (0,1),

where we have adopted (f3) in the last inequality. Hence, we know that
t — w(t,s) is decreasing in (0,1) and increasing in (1,4o00) for all s € R,
respectively. It has that w(t,s) > minyec (g 4o00) @(t,s) = w(l,s) = 0 for all
s € R and the claim follows. Due to the claim, for all u € S(a) and t > 0,

1—1¢2
2

:/‘F;ﬂvwm_ﬂmm+f%WW—FW)wzg
R2

E(u) — E(u) —

J(u)

Given a u € M(a), we immediately conclude that E(u) > max¢so E(u) >
inquS(a) maX¢>q E(Ut) and so

inf FE(u) > inf maxE(u).

ueM(a) ueS(a) t>0

As a consequence, we must have that mg = m(a). The proof is completed.
O
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Lemma 2.13. Let {u,} C M(a) be a Palais-Smale sequence for E restricted
on S(a) at the level m(a), then there is a uniformly bounded sequence {\,} C
R such that

E'(up) + Ay, = 0,(1) in HH(R?). (2.18)
Proof. Since {u,} is uniformly bounded in H'(R?) by Lemma 2.7 and
||E|g(a)(un)||H71(Rz) — 0, we then obtain that [E'(u,) —
([E' (un)]tn)tn || -1 (m2) — 0 and it means that

/ [Vu, Vi + (Ag + A3 + A2 upip)dr + )\n/ uppdr — / flup)vde — 0
R2 R2 R2

for all » € H*(R?) and the above formula is the desired result (5.10), where

Ap 2 7% {/ [IVun|? + 3(AT + A3)ul]dz — f(un)undw}
a R2 R2
2
a R2 R2 R2

Here, we have exploited J(u,) = 0 for all {u,} C M(a) in the second equality.
According to Lemma 2.7, the sequence {\,,} C R is uniformly bounded. The
proof is completed. O

With Lemmas 2.7 and 2.13 in hands, passing to a subsequence if neces-
sary, there exist a function up € H'(R?) and a constant \g € R such that

up — ug in H(R?), up — up in L} (R?) for all 2 < p < 400 and uy — up a.e. in R?
(2.20)
and
An — Ao. (2.21)

To conclude this section, we introduce the following result.

Lemma 2.14. Let {u,} C M(a) be a Palais—Smale sequence for E restricted
on S(a) at the level m(a), up to s subsequence if necessary, there holds

lim [ f(up)yde = /R fuo)vpdz, Yo € C5°(R?), (2.22)

n—oo [po

where ug € HY(R?) comes from (2.20). In particular, ug is a solution of (1.1)
with A = Ao in (2.21).

Proof. Since E(uy) = m(a) + 0,(1) and (5.10) jointly with (2.22), the proof
is standard and we omit it here, see, e.g. [15]. O

3. The subcritical case

In this section, we give the proof of Theorem 1.1. For simplicity, we shall al-
ways suppose that the nonlinearity f satisfies (1.14) and (f1) — (f3) through-
out the present section.

First of all, since f admits the subcritical exponential growth at infinity,
then we have the following Brézis-Lieb type lemma associated with f.
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Lemma 3.1. Let {u,} € H*(R?) satisfies (2.20), going to a subsequence if
necessary, we have

lim [F(un) — F(up — up)]dz = F(ug)dx (3.1)
n—oo [p2 R2
lim [f(un)un — f(un —uo)(upn — UO)]dx = f(uo)updz  (3.2)
n—oo [p2 R2

Proof. The proof is standard and we omit it here. O

As a direct consequence of Lemma 3.1, we immediately derive the results
below that play crucial roles in this section.

Lemma 3.2. Let {u,} € H'(R?) satisfies (2.20), going to a subsequence if
necessary, we have

nh_)rr;o[E(un) — E(up, —up)] = E(uo) (3.3)
and
nlln;o[J(un) — J(up — ug)] = J(up)- (3.4)

Proof. Since u,, — u as n — oo, it infers from the basic property of Hilbert
space that
lim [[Vun|* — |V, — Vuo|?|dz = / |Vug|2dz
R2

n—oo [po

which together with (2.3) and (3.1)—(3.2) yields the desired results. The proof
is completed. O

Before showing the detailed proof of Theorem 1.1, we need to certify
that the minimization m(a) is non-increasing with respect to a.

Lemma 3.3. For all 0 < a1 < ag, there holds that m(a1) > m(as).

Proof. According to the definition of m(a;), for any € > 0, there is a u €
M(a) such that

E(u) < m(ay) + i

Let us consider a cutoff function v € C§°(R?,[0,1]) such that ¢(z) = 1 if
|z] < 1 and ¥(x) = 0 if |z| > 2 and define u.(z) £ ¥ (ez)u(z) € H(R?)\{0},
then u. — u in HY(R?) as € — 0T In view of Lemma 2.5, there is a unique
t. £ t,_ such that ¢, u.(t,.-) € M(a) and t. —t, =ty =1ase— 0.

As a consequence, we conclude that F((uc):.) — E(u) as ¢ — 01 with
the help of Lemma A.2 in the “Appendix” below and then one can fix a
sufficiently small g > 0 to satisfy

1
<m(ay) + €

\B_. (0) and define
€0

E((ueo)te,) < E(u) +

W~ o

Let v € C§°(R) satisfy suppv C By, 4 (0
€0

=

Vo — CL% — |u€0|g
- [vl3
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We choose wy = g, +1tvg, (t+) = e, + (ve, )¢ for all ¢ € (0,1), then it is simple
to calculate that

2 (2 2
distgrz (SUpD Ue,, SUPD (Ve )t) > — ( — 1) >—>0
€0 t €0

and so |wy|3 = a3 which means that w, € S(ag). It simply invokes from
Lemma 2.5 that there exists a t,, > 0 such that (w¢)s,, 2ty wi(ty,”) €
M (ag). We claim that {t,, } is uniformly bounded from above in ¢ € (0,1). In-
deed, ||wt||?ql(Rz) = ||U50H%11(R2) + ||(’U€D)t||%{1(]1§2) < HUEOH%F(R?) + HvsoH?ql(R?)
< +00, we argue as the proof of Lemma 2.5 to reach the claim. Similarly,
||wt||§p(R2) > || e, ||%11(R2) > 0, we can derive that {t,, } is uniformly bounded
from below by a positive constant in ¢ € (0,1). All in all, there are constants
Ty, Ty > 0 independent of t € (0,1) such that 0 < Ty < t,,, < Ty < +00. So

. 2 2
distg: (supp (teo)tn, »sUPDP ((Ve))t)t, ) = ( - 1> > >0

 tw,eo \ t Treo

which indicates that
IV (we)e,, [Pdz = / IV (s, ), [P + / V(e )e)rs, P,
R2 R2 R2

/R F((we)e,,, )do = /R L F((ueo)so, ) + / F(((veo))t,, ),

R2
and jointly with (1.7) and (1.8) yields that
Ajl(we)e,, ]| = Ajl(ueg)ta, ] + Aj[((V2)e)e,, |5 for j =1,2.

According to Lemma A.5 in the “Appendix”, there holds
[, Al @, ds
R2

= /Rz(A?[(uao)twt] + A7 [((veo) e, ] + 245 [(ueq ) A5 (Vo)) e, D (| (g ), |
+H((veo))tw, [*)da

= /RQ(A?[(ufo)twt”(uio)twt 1+ AF[((ve0) e, 11 (V20 ), ) ez + 02 (1),

where o(1) — 0 as t — 0*. Consequently, by (us,):., € M(a), we obtain
that

E((wi)t,,) = E((uzo)t,, ) + E((v20)t)t,,) +0:(1) < E((uz)s., )
+E(((UEO)t)twt) + o (1).

On the other hand, one easily exploits (f1) to verify that

B(((ve))ee) = 5 [ 190

Jr(A% + A%)\v50|2]d:c - tfzt;?/ F(ttw,ve, )dz = 0¢(1).
RQ
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Finally, since (w;):, € M(az), we could fix ¢ > 0 which is so close to 0"

such that

twt

mlaz) < B((wi)r,,) < B((uey)e,,) + 5 < mlan) + ¢

finishing the proof since € > 0 is arbitrary. d
Now, we are ready to exhibit the proof of Theorem 1.1.

Proof of Theorem 1.1. According to Lemma 2.11, there is a Palais—Smale
sequence for E restricted on S(a) at the level m(a) and we denoted it by
{un}. Using Lemmas 2.7 and 2.13, we derive the two sequences appeared in
(2.21) and (2.20). To show the proof clearly, we split it into three steps.

Step 1 Without loss of generality, we could assume that the weak limit
Ug 7é 0.

Since {u,} C H'(R?) is uniformly bounded, for some p > 0, then we
have the following two cases

CaseI: lim sup / |, |2dz = 0; Case IT: lim sup / |, [2dz > 0.
T yeR? J B, (y) "0 yeR? J B, (y)

If the Case I occurs, then u,, — 0 in LP(R?) for all 2 < p < +oo by the

Vanishing lemma. Exploiting some simple calculations, we obtain

lim F(up)dz =0 and lim flup)updx =0

n—oo Jpo n—oo [po

which indicate that

m(a) = nlLII;O[E(un) - %J(un)] = %nh_{lgo . [f (up)up — 4F (uy,)] dx = 0.
It is impossible by Lemma 2.6. So, the Case (II) must occur and there is a
sequence {y,} C R? such that lim,, . pr(o) |vn|?dx > 0, where v,, = 1w, (- —
Yn)- Recalling both E and J are translation-invariant, then {v,} C M(a) is a
Palais-Smale sequence for E restricted on S(a) at the level m(a). Repeating
the previous arguments, there is a v € H'(R?) such that v, — v in H!(R?),
v, — vin LI (R?) for all 2 < p < 400 and v, — v a.e. in R?. Clearly,
we deduce that v # 0. Regardless of the abuse of notations, we adopt the
sequence {u,} and ug # 0. The proof is done.

Step 2 E(ug) = m(a) and lim,, o |Vu,|3 = |Vuol3.

In view of Lemma 2.14, ug is a solution of (1.1) with A = Ao in (2.21)
and so J(up) = 0 by Lemma 2.4. Since {u,} C M(a) which is J(u,) = 0 and
then lim,, o0 J(uy, — ug) = 0 by (3.4). Thus, we have

By, — o) = E(un — o) — %J(un — o) + on(1)

= % [f (upn — wo)(up — ug) — 4F (uy, — ug)] dz + 0, (1)
RQ
> 024 [ b, —wo)de + on(1) = on(1) (35)

2 Je
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It follows from the Fatou’s lemma that |ug|3 < lim, o |un|3 < a?. In light
of ug # 0 by Step 1, we are derived from (3.3) and Lemma 3.3 that

lim E(u, —ug) + E(uo) = lim E(u,) = m(a) < m(jug|2) < E(ug). (3.6)
It follows from (3.5) and (3.6) that
lim F(up, —up)dr =0
n—oo [po

and so

lim f(un, — uo) (un — ug)dx = 0.
n—0o0 Jp2

Combining the above two formulas and lim,, . J(u, — ug) = 0 again, we
conclude that
lim [V, — Vuol? + (A3 un, — uo] + A2[uy, — o)) |un — uo|?]dz = 0.

n—00 [p2
Furthermore, we obtain lim,_,oc F(u, — ug) = 0 jointly with (3.5) gives that
E(ug) = m(a).

Step 3 There is a small a* > 0 such that \g > 0 for all a € (0,a*]. So,
lug|3 = a®.

It follows from (2.19) and (2.21) as well the calculations in Step 2 that

2
)\O = - {/ |V'LL0|2d1’ + 3/ F(Uo)dl' — f(uo)uodx} .
a R2 R2 R2

Since {u,,} is uniformly bounded in H'(R?), saying it sup,,cy+ HunHip(Rz) <
K, then one sees that ||u0|\§Il(R2) < K by Fatou’s lemma. Because a > 0 is

arbitrary in (2.7), we could choose it to satisfy 2K« < 4w. Taking the very
similar calculations in (2.15), for ¢ = %7X > 3, we obtain

fuo)updr < aaQ(/ |Vu0|2dx> —I—C_'Ea(/ |Vuo|2d:v)
R2 R2 R2

Note that € = % if y=4and e =1 if y > 4, then the constants C’l/gaz and

— a?
C1 are only dependent of f, x and «a. Let us define
1 ey
K Temmes if x =4,
a* = . 1 4—x .
min ¢ 5= oz ,if x >4,
V2

As a consequence, for all a € (0,a*], we can infer that
6
Ao > ) F(Uo)dl' > 0.
a R2

Finally, combining (5.10), Lemma 2.14 and the calculations in Step 2, we
have that

Noltn — uol3 = Aoltn|3 — Aoluol3 + 0n(1) = Anlunl3 — Ao|uol3 + 0n(1)

= f(un)undr — /}R2[|Vun|2 + (AT + AS)ul)dx — / f(wo)uodx

R2 R2

+ / [Vuol? + (A2 + AB)uldz + on(1)
R2
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=on(1)

showing that |ug|3 = lim,, o |u,|3 = a? since A\g # 0. Thanks to Lemma 2.9,
we finish the proof. O

4. The critical case

In this section, we concentrate on the proof of Theorem 1.2. Since it is the
critical exponential case, it could be much complex than that of Theorem
1.1. Nevertheless, we can still find a Palais—Smale sequence {u,} C S(a) at
the level m(a). Thereby, we can exploit the results in Sect. 2 directly.
Alternatively, the nonlinearity f has the critical exponential growth at
infinity as well as there is no compact result for H'(R?) < LP(R?) with 2 <
p < +00, thus we have to pull the minimization value m(a) defined in (1.15)
down to some threshold value which is crucial in restoring the compactness.
To the aim, motivated by [6], for the sufficiently integer n > 2, we require

the constant R,, > %p to satisfy

2

2 P 2 8 4
= 21 24+ 2log24+1— —1 - —
16logn ( og s+ logl+ nz 8" n2>
(2R, — p)(2R,, + 3p) log® 2
. 4.1
+ 48logn (41)
Here the constant p > 0 is suitably large and meets that
1 (0 — 2)
p> —=\ ——. 4.2
aofo 0 (4.2)
Moreover, it is simple to observe that
2 12 2
lim Ry = +oo, lim — =0 and lim - — 20 (43
n—o0 n—o00 logn n—o0 logn log 2

By the above discussions, inspired by [2,16,34], we define the following Moser
type functions

Vlogn, 0<|z[ <%,

log(p/|x|) p

1 ) )
wy(r) & — Viogn " (4.4)
V2T 2(Ry, — |z[)log2 <l <R
(2R, — p)y/logn’ 2 = "1 =7
0, |z| > R,.

Clearly, {w,} C H'(R?) and one can calculate in a standard way that

P

n 5 Jog? R 212
n 1 n 4 L — 1 2
/ |wn|2dx :/ Tlogndr+/2 Mrerr/ (R r)* log dr
R? 0 2 logn 2 (2R, — p)2logn

2

- 16logn

8 4
<2log22+21og2+ 1— — logn — 2)
n n
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(2R, — p)(2R,, + 3p) log® 2
+
48logn

and

1 (51 Ru (210g2)?
/ |Vw,|?de = —— —dr —|—/ __(2log2)" rdr
R2 logn Jo r s (2R, —p)?logn
~log2 (2R, +p) log? 2
logn = 2(2R, — p)logn —

Due to the negative impact caused by the Chern—Simons term in the
energy functional E, defined by (1.11), we shall follow the ideas exploited in
[49, Lemma 3.10] to establish the following result.

Lemma 4.1. Let {w,} C H'(R?) be defined as (4.4), then, passing to a sub-
sequence if necessary, it holds that

lim (A2[w,] + A3[w,])widz = 0.

n—oo [po

Proof. Recalling the definition of {w,}, we are able to see that

and

1 /

4 4

Wn, dr = ————— 1og p/lx dx
/:<|z|<§| | (2m)2log?n J e <jaj<s e/l

1 LI
= — lo r)rdr
27 logzn /ﬁ g (o/r)
9 log &
-_r 5 (2r* — 413 + 612 — 61 + 4)e*" = o,(1).
8mlog” n log 1
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In view of (4.3), there holds

161og* 2 (R, — |z|)*
/ e = G | o da
£<|z|<Rn (2m)2log® n Jg <|zj<r, (2BRn —p)

2

log? 2 Ry Y — 4
_8 ng / (Rn—1) rdr
mlog®n Je  (2Rn —p)
4log” 2
= LQ [15(7,, _ Rn)47"2 _ 20(7‘ _ Rn)3T3 + 15(7“ _ Rn)27’4
157log™n

Ry

—6(r — R,)r° + 7“6}

L
2

= 4log" 2 m 152 _r) (° 2+20 e mY ()
T 15m(2R, — p)ilog?n | " 2 ") \2 2 ") \2

L GRION0)

= 157(2Rn — p)ilog?n [R5+ on(1)] = 0n(1).

As a consequence of the above calculations, we derive |w, |} — as n — oo.
Since |w,|3 = a?, one will see that |wy[) — 0 for each 2 < p < 4 by the

interpolation inequality. Due to (2.2), we can finish the proof of this lemma.
O

Then, with (4.1) in hands, it permits us to take the estimate for the
minimization value m(a) as follows.

Lemma 4.2. Assume that f satisfies (1.13) and (f1) — (fs), then there holds

m(a) < c* = 2—7T (4.5)
o7

Proof. Due to the definition of m(a), it is obvious to conclude that m(a) <
inf,cs, maxsso F(ut). Since w, € S(a) for all integer n > 2, then it suffices
to show that max;~o E((wn,):) < ¢* for some integer ng > 2. Suppose it by
a contradiction, we assume that max;so E((wy):) > ¢* for all integer n > 2.
It follows from some direct calculations in Lemma 2.5 that there is a ¢, > 0
such that

J((wp)e,) =0 and E((wy)t,) = maxeso E((wy):) > .
Combining |Vw,|3 <1 and J((wy,),) = 0 jointly with (f2), one has that

th oyt / (A2[wy] + A2[wy,))w2de > % F (thwy) da. (4.6)
R2 R2

Since F(s) > 0 for all s € R, using |Vw,|3 < 1 again and E((w,),) > c*,
there holds

2+ 12 /R? (A2[w,] + A3[w,])w2dx > 2¢*, for all integer n > 2. (4.7)

Invoking from (f5), for all € € (0, By), there is a constant R. > 0 such that
F(s) > (B — ) e™*" Vs > R,
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which together with (4.6) implies that

0—2 tnv/logn
ti—i—tfl/ Af[w,] + Ad[w,]))wide > F(" )/ dz
[ (i) + M) ()

3

> (9—2)2’%—6) (eaoti@”)_l logn) ’B% (O)‘ (4.8)
- 7T<9 - 2) (50 - 5) p2 e[aoti(27r)’1—2] logn
0 .

So, with the help of (2.2), we obtain
m(0 —2) (B —¢) pQ]

+[apt? (2m) "t —2] log n.

(4.9)
If {t,,} is unbounded, up to a subsequence if necessary, we can assume that
t, — +oo and then
4logt, + log[Cr(a® + 2)]
t

4logt, +log[C,(a* +2)] > log [ 7

> 1,2 log {”(9 ~2) (950 —¢) /ﬂ]

+lao(2m) ™ = 2t,%logn
which yields a contradiction if we tend n — oo. Thereby, passing to a subse-
quence if necessary, there exists a positive constant t3 > 2¢* determined by
Lemma 4.1 and (4.7) such that
lim ¢2 =5 > 2c*.

n—oo
Moreover, we derive t3 = 2c¢*. Otherwise, we arrive at a contradiction by
letting n — oo in (4.9). Let us tend n — oo and then ¢ — 07 in (4.8), using
Lemma 4.1 again, there holds

— ) Bnp?
(2e)? = th > O 200 G)W
which contradicts with (4.2). The proof is completed. O

To deal with the lack of compactness, we also need the following type
of compact result.

Lemma 4.3. Let f meets (1.13) and (f1) — (fa). If the sequence {u,} C
HY(R?) satisfying u, — 0 in LP(R?) for all 2 < p < 400, u, — 0 a.e.
in R? and
sup [ f(up)upde < C, (4.10)
neN JR2
then we have that F(u,) — 0 in L*(R?) as n — oo along a subsequence.

Proof. The proof is standard and its detail is omitted, we refer the reader to
[15] for example. O

Note that the map a — m(a) is non-increasing by Lemma 3.3, whereas
taking into account that the nonlinearity f admits the critical exponential
growth as the infinity, we are going to prove the following result which is
obviously stronger.
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Lemma 4.4. Let a # 0 and u € M(a) be a minimizer of m(a). If there is a
A > 0 such that @ is a solution of Eq. (1.1) with A = A, then m(a) is strictly
decreasing in the right neighborhood of a.

Proof. We follow the method exploited in [22, Proposition 5.1] to exhibit
the proof. For each ¢,y > 0, define £ ~ta(t-). With the help of the
two functionals F,J : S(a) — R before, we define the following two new
functionals ®(t,v) £ E(fy,) and ®;(¢,v) = J(i ) which are given by

2

Bp(t0) = 5 [ DIV + (Al + AFla)lallds - ¢ | Pt

and
@y(t,7) = ¢ [ DRIV 445 (4Fla] + AFla)aldo - 2 [ | [7(ea)ea - 2F(na))da.
R2 R2

Since @ € M(a) which shows that J(@) = 0, then we have that '93%(1, 1) =
J(a) =0 and
0Pp ~12 27~ 21 ~1\ [~ (2 ~\ ~
—(1,1) = |Va|*de +3 | (Afla) + As[a)|a|dx — [ f(@)adx
6’)/ R2 R2

R2

= —X/ [u|?dz = —\a® < 0,
R2

where we choose @ as a text function of Eq. (1.1) with v = @ and X\ = X as
well as (2.1).
Moreover, combining J(#) = 0 and Lemma A.3 in the “Appendix”
below, we can compute that
?dp
ot?

(1,1) = /]R (IVa|*da + (A3[a] + A3[a))|af*|dx
— /R [f'(@)a® — 4f(@)a + 6 F(u))dx

_— / f' (@) — 5. (@)ii + 8F (i) dz < 0.
R2
Thanks to the above three facts, for all |¢] > 0 small enough and ¢y, > 0,
there holds
E(t1y,14.0,) = Pe(l+u,1+1y) < Pp(l,1) = E(a). (4.11)

According to J(@) = 0 again, one sees that ®;(1,1) = 0. Again adopting
Lemma A.3 in the “Appendix” below and J(@) = 0, there holds
0D,

T =2 [ [1VaP -+ (atlal + A3 aPae

- /R [ @)~ 3 (@) + AF (@)

=— /Rz [f'(@)a* — 5f(@)a + 8F(w)]dzx < 0.

It therefore concludes from the implicit function theorem that there exist a
constant € > 0 and a continuous function g : [1 —&,1 + ¢] — R satisfying
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g(1) = 1 such that ®;(g(vy),7) = 0 for every v € [1 — ¢,1 + ¢]. Particularly,
there holds @g(14e)14c € M((1 + £)?a). Consequently, we infer from (4.11)
that

2~ . ~ ~\ ~
m((+efa) < e B() < Eliggo,140) < B() = m(@)

showing the desired result. The proof is completed. O
At this point, we can exhibit the detailed proof of Theorem 1.2.

Proof of Theorem 1.2. Arguing as before, we can derive that there exists a
Palais—Smale sequence {u,} C M(a) for E restricted on S(a) at the level
m(a). In fact, all of the conclusions in Sect. 2 remain true in this situation and
we shall exploit them directly when there is no misunderstanding. Following
the proof of Theorem 1.1, we continue to divide the proof into three steps.

Step I The weak limit ug # 0.

In view of the Step 1 in the proof of Theorem 1.1, the proof will be done
by ruling out the Case I. Suppose it by contradiction that, if the Case I holds
true, then u,, — 0 in LP(R?) for all 2 < p < +o00. Since we obtain (4.10) by
Lemma 2.7, then F(u,) — 0 in L*(R?) as n — oo by Lemma 4.3. Hence,
taking F(u,) — m(a), (2.2) and Lemma 4.2 into account, we have that

lim sup |V, |?dr = 2limsup E(u,) = 2m(a) < —.
n—oo R2 n—00 Qo
Thereby, we shall choose o > «q sufficiently close to «p and v sufficiently
close to 1 in such a way that % + % =1 and

(1 —¢)
va

|V, |3 < for some suitable € € (0,1).

Define tin, = /7= tn, then Vi, |3 < 1 and |u,|3 = PP 6)a2 < 4o0.

With these observations, we adopt (2.6) to obtain
sup / (e”o‘lu"l2 —1)dz = sup / (64”(1_6“71"‘2 —1)dz < C < +o0.
neNt JR2 neNt JR2

which together with (2.9) with ¢ > 2 gives that

1
T

f(un)undx<0/ |unde+C(/ [t | dm)

Recalling J (un) = 0, we take advantage of the above fact and Lemma 4.3 to
arrive at |Vu,|3 — 0. However, it contradicts with Lemma 2.6 and so the
Case I cannot occur.

Step II E(ug) = m(a) and lim,, o |Vu,|3 = [Vul3.

Since ugy # 0, one easily sees that 0 < |up|3 £ a% < liminf, .o [u,|3 =
a® by Fatou’s lemma. Recalling Lemma 3.3 still holds true in this case,
J(up) = 0 by Lemmas 2.4 and 2.14, it then concludes from (f2) and Fa-
tou’s lemma again that

m(a) < m(@) < B(u) = B(u) = 37(w) = 5 [ [F(wo)u — 4P (uo)) do
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n—oo n—0oo

< }liminf/2 [f (un)up — AF (up,)] de = lim inf[E(u,) — %J(un)]
= linrr_l)ioréf E(fn) = m(a)
showing that F(ug) = m(a) = m(a) and
nh~>ngo . [f (up)up — 4F (uy,)] dx = /2 [f (ug)up — 4F (ug)] dz. (4.12)
With E(uo)R: m(a) in hands, combiningRFatou’s lemma and J(up) = 0, we
also obtain that
m(a) = lim FE(u,) = limsup|[F(u,) !

n— o0 n—o00 0—2

—4
= lim sup {2(90/ (IVun|® + (A7 + A3)|un|*|da
— -

J (un)]

+y [ Ui — 0 ()]

R2

DO

> liminf{ o4 / [|Vun|2 + (A% + A%)IunIQ]dz
n—oo (9 - 2) R2

1

. /R [ (tn)tm — OF ()] dx}
—4
(0 —2)

+ g [ o) — 07 (uo)) do

+
> >

>

/ (Vo l? + (A2 + A2) o )da
R2

DO

1
= E(up) — m.](uo) = E(up) = m(a).
As a direct consequence of the above equality, we derive

lim |Vun|2dx:/ |Vug|*de, lim / (A2 + AD)|u,|*dx
R2 n—oo [p2

n—oo [p2

= [ 4+ Ao,
R2

and

lim i [f (up)up, — OF (uy,)] dax = /2 [f (ug)up — OF (ug)] de. (4.13)
Hence, the Step II concludes.

Step III There is a small a, > 0 such that Ay > 0 for all a € (0, a.]. So,
lug|3 = a?.

Since |Vu,, — Vug|3 = 0,(1), we could continue to choose a > ag and
v, > 1 adopted in Step II to satisfy

4
T ; for some suitable € € (0, 1).

Vu, — Vg2 < ————
Vn u0|2<ua(1+€)

W(un—uo), then |Va,|3 < 1 and |i,|3 < %4& <

+00. Besides, for the above fixed € € (0, 1), we need the following two types

Define u,, =
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of Young’s inequality
la+ b < (1+8al® + (L+eY[b?, Va,beR
and

1 e € 1
€a+b—1§m[6(1+ )a—l]—i-m[@(l—i_ )b—l], Va,bER.

By means of the above facts together with (2.6), we derive

vau? 1 —Ar_ ‘ﬁn‘z
(e¥*n — 1)dx < - [ (ea+a? — 1)dx
R2 1 + € R2

€
c c
< 1+1€+1f€ < Oy < 400, ¥n € NT.

Letting ¢ = 23X > 3 in (2.9), we then make full use of the above fact and
(2.13) to deduce that

xX—2 g—1

f(un)undx§€a2</ |Vun|2dx) —|—C~'5a(/ |Vun2da:>
R2 R2 R2

It follows from (4.12) and (4.13) that

lim fup)upde —/ f(uo)upde.
RZ

n—oo

From which, adopting |Vu, |3 — |Vug|3 as n — oo, there holds

X

f(ug)uodz < aaQ(/ |Vu0|2d:v> +C'€a(/ |Vuo|2dx>
R2 R2 R2

Repeating the calculations of Step 2 in the proof of Theorem 1.1, we could
determine a suitable a, > 0 such that A\g > 0 for all a € (0,a.]. At this
stage, we reach a conclusion that ug € M(a) is a minimizer of m(a) and it
is a solution of Eq. (1.1) with A = A¢ > 0. Owing to Lemma 4.4, m(a) is
strictly decreasing in the right neighborhood of @. So, we must have a? =
a®. Otherwise, there is a sufficiently small € > 0 such that (1 +¢)%a < a
and (1 + £)%a locates in a right neighborhood of a. Therefore, there holds
m(a) > m((1 + €)%a) > m(a) which is impossible because of the Step II. So
ug € M(a) is a minimizer of m(a) and (ug, Ao) is a couple of weak solutions
of problems (1.1)—(1.2) when a € (0, a.]. The proof is completed. O

5. The supercritical case

In this section, we shall turn to the supercritical case for problems (1.1)—
(1.2) and it is the main topic in the present article. Note that if there is no
misunderstanding, it is always supposed that the C! function h that vanishes
n (—oo, 0] satisfies (hy) — (hg) for simplicity.

To conclude Theorem 1.6, as explained before, we begin with verifying
the necessary assumptions for Theorems 1.1 and 1.2.
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Now, we shall deduce that the nonlinearities f° and f&2 given in
(1.18) satisfy some growth conditions which are the counterparts of (2.7),
(2.8), (2.9) and (2.10), respectively. On the one hand, for every fixed R > 0,
q¢>2,a>0and e > 0, there is a positive constant M which is dependent
of R > 0 and £ > 0 such that

110 (s)] < st + ME[s|7 (el — 1), vs e R (5.1)
which together with (hg) implies that
|FR9 ()| < e|s|X + ME|s|7(e**" — 1), Vs € R. (5.2)
Actually, exploiting (h1) and (h3) with ¢ € (0,2), we have that
f0(s) L h(s)

lim ——— = lim —= = 0 uniformly in R > 0
s—0 gx—1 s—0 sx—1

and
R (y+aoR™%)|s|°
S Me
0<  lim M < lim 5
|s|—+o0 ealsl* —1 |s]—+oc0 ealsl> — 1

implying the desired result (5.1). Similarly, we fix R >0, ¢ > 2 and € > 0 to
find a M > M which is independent of R such that

FR2(s)] < elsp 4 M|t (R TR 1) s e R, (5.3)

and
|FR2(5)| < e|s|X + M|s|9(e 3R 7 sl” _ 1) vs e R, (5.4)
Moreover, we have to show the counterparts of (fz) and (f3) for the
nonlinearity f° which are exhibited as follows.

Lemma 5.1. Let f be defined in (1.16) with the C' function h satisfying (hs).
Then, for all fired R > 0 one has

0< FRIt) < 0fRI(t)t, vt € R\{O}.

Proof. The reader can refer to [4,5], whereas we should exhibit the detailed
proof for the completeness. For all ¢ € [0, R], we can see that f°(t) = f(t)

and so FR9(t) = F(t), then the lemma is done for ¢ € [0, R]. Indeed, for all
t € [0, R], one exploits (h2) to deduce that

= t _ T - T t ~ T = T
FR (1) = F(t) :/ h(s)e™* ds < e™°' / h(s)ds = e™" H(t) < 0e™" h(t)t
0 0

= 0f™%(t)t.
Given a t € [R, 4+00), then

t R t -
FR,S _ R,5 ds = RS d h dORTféséd
(t) /Of (s)ds /Of <s>s+/R (s)e s
t _

— FR’S(R) —|—/ h(s)e&ORT_gséds
R

- t o R .
= FR"S(R) —I—/ h(s)edORT *s’ ds —/ h(s)eo“)R °s° ds.
0 0
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We note that
~ R . R s
FRI(R) :/ h(s)e™® ds §/ h(s)e® " "5 ds
0 0

leading to

_ ¢ L st L
FRO(t) < / h(s)e® R "5 ds < eoR 6’56/ h(s)ds = e*F 5t6H(t).
0 0
Thereby, it follows from (hs) that
OF RO (1) < 9™ R " (1) < R ) = fRI(1)t, Wt > R.
The proof is completed. O

Lemma 5.2. Let f be defined in (1.16) with the C* function h satisfying (ha)—
(ha). Then, for all fited R > 0 one has

FR’S(t)/t4 is strictly increasing in (0, +00),
where FR3(t) = fRI(4)t — 2FR9(t) for all t € R.
Proof. First of all, one simply observes that ff:9(t) = f(t) for all t € [0, R],

" E (
then (ff9)(t) = f'(t) and FEO(t) = F(t) for all t € [0, R]. Then, for any
fixed ¢ € (0, R],

¢ t
F(t) :/ h(s)eaOSTds - H(t)e&otT _/ H(s)de‘iosr _ H(t)e&OtT
0 0
i = o
_6407'/ H(S)Sr—leags ds
0

t
> H(t)e&otT — c_yO’TH(t)e(iotT / T lds = H(t)e&of _ O_ZOH(t)tTG&OtT.
0

Hence, for all t € (0, R], using (hz), we deduce that
(FROY ()12 — 5f R0 ()t + SFIO (1) = f/(1)t2 — 5f ()t + 8F (1)
> [W (6% = 5h(t)t + 8 H(t)]e™ + agt™e™! [rh(t)t — 8 H(t)]
> agte®! (10 — 8)H (t) > 0,

where we have applied a very similar result in Lemma A.3 in the “Appendix”
below to (h3) in the last second inequality. So, Vt € (0, R], it has that

d (FR"S(t)> _ (Y ()2 — 5RO (1) + 8Pt

dt 4 t5

>0, (5.5)

showing the conclusions for all ¢ € (0, R].
We next consider the case for all ¢t € [R, +00). Firstly, one can calculate
that
~ R R
FRI(R) = / h(s)e™0 ds — / ¢ dH (5) = H(R)e™ ™"
0 0

R
— dOT/ H(s)s™ te®% ds
0
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R
> H(R)e™ " — agH(R)e™ R / 757" tds = H(R)e™f’
0
— agR™H(R)e ",
Similarly, one has that

¢ t o o
/ h(s)eO‘UR "% ds = / e@URPSSSdH(s) = H(t)e&"RPét(s — H(R)e™
R R

t o
—/ H(s)dedom_asa
R

— H(t)e®™™ " — H(R)e™" —agR™ 55/ H{(s)s" '™ R " g

> H(t)edom*;tl§ — H(R)e™ " —agR™ 5H B S/ 50~ 1ds

> H(t)e™ " — H(R)e™ " — agR™ O H ()t R "t
+ agR™H(R)e™ ",

From which, we obtain

FRI(4) = FRO(R) + / h(s)e®R " 4s > H(t)e® Rt

Recalling 6 € [807!,2) in (hy) which implies that § — 80 > 0, adopting
(ha) — (h3), so there holds

(F5) (O = 5% (0t + 8F™ (1)
> [ = 5h(t)t+8 H(1)]e™™ " 4 agR 5% R " (5p(t)t — 8 H(1)]
aoR™ 0Pt R T (5 80y (1) > 0,

yielding that (5.5) remains true for all ¢ € [R, +00). The proof is completed.
O

With (5.1), (5.2), (5.3), and (5.4) as well as Lemmas 5.1-5.2 in hands,
we could proceed as the proofs in Sect. 2 to get that, for all fixed R > 0, there
are two sequences {u,} C S, and {\%9} C R such that

ER (1) = m™%(a) + 0, (1) as n — oo, (5.6)

2
—Aun—k)\f”‘sun—hﬁloun—kzA?[un}un — B (u,) = 0,(1) as n — oo, (5.7)
j=1
JR’S(un) = 0,(1) as n — o0, (5.8)
where ER9 : S(a) — R is given by (1.20) and

m™ @) 2 inf E™(u) >0, M®(a) = {ue S(a): TP (u) = 0}.
ueEME:4(a)
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Here the auxiliary energy functional J%9 : §(a) — R is defined by
TR () = / [Vl + (A2 + A2)[u[?]dz — / £ () — 2F R ()] do.
R2 R2

Combining (5.6), (5.7) and (5.8) as well as Lemma 5.1, we can repeat
the proof of Lemmas 2.7 and 2.13 to see that the sequence {u,} C S(a) is
uniformly bounded in H*(R?) and

)\5’5 = 32 {/ |Vun|2d$ + 3/ FR’S(Un)dx - / fR’é(un)undx} : (510)
a R2 R2 R2

Moreover, we can derive that (2.20) and (2.21) remain true in some suitable
forms in this situation.

In what follows, we shall handle the case § = ¢ and § = 2 in two
subsections.

5.1. The case d = &

In this subsection, we know that the nonlinearity fR’S = 79 According
to the above discussions, we can give the proof of the first part (subcritical
exponential case) of Theorem 1.6.

Proof of Theorem 1.6. The proof is totally similar to that of Theorem 1.1,
so we omit it here. O

Before presenting the proof of Theorem 1.4, we have to study the L>°-
estimate for the nontrivial solution (af, \¥) established in Theorem 1.6. We
first show that any sequence satisfying (5.6), (5.7) and (5.8) is uniformly
bounded in n € N* and R > 0 for some suitable &g > 0.

Lemma 5.3. There is a constant &y = 7= > 0 such that for all &y € (0, &)
and T > 2, the sequence {u,} C H*(R?) satisfying (5.7), (5.8) and (5.8) is
uniformly bounded in n € NT and R > 0, that is, there is a constant ¥ > 0
independent of n € NT and R > 0 such that
sup |[Vun |3 < ¥ < 400 and 0 < M9 <% < 400. (5.11)
neN
Proof. We claim that there is a constant m(a) > 0 which is independent of
R > 0 such that

0 < mf(a) < m(a) < +o00, YR > 0. (5.12)
Indeed, in view of the definition of % one concludes that F7°(t) > H(t)
for all t € R, and so, Ef%(u) < I(u) for all u € H'(R?), where the energy
functional I : H'(R?) — R is defined by

I0) = 5 [ IVl + (48 + A3)aflae — [ A (5.13)

Here, it is enough to choose the constant m(a) to be a minimization of I| y(q)-
Secondly, we improve (5.1) and (5.2) in the sense that the positive con-

stant MER is independent of R > 0 under some suitable ag > 0. Indeed, for

cach ag € (0,a3) with & = 2= > 0, by (hs) with & € (0,2), one has that

1179 (s)] < MI* 2B 1I” < preGHDII s e R,
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Thus, given « > 0, there is M; = M;(«) > 0 independent of R > 0, such
that
2
|fR0(s)| < Mye®sl", Vs € R.
Therefore, there is M. > 0 independent of R > 0 such that

|1T0(s)] < elsPt + Mefs|? (el — 1), Vs e R (5.14)

and
|FRO(5)| < el s|X + M|s|?(e?!*" — 1), Vs € R. (5.15)
Finally, by virtue of (5.12) and (5.14)—(5.15), we could repeat the cal-
culations exploited in Lemma 2.7 to derive the first part of (5.11). From it
and (5.12) combined with (5.6), we obtain the second part of (5.11). Hence,
the proof of this lemma is completed. O

Thanks to the growth conditions (5.14) and (5.15) with respect to the
nonlinearity f%9, we recall the choice of a% > 0 which is very similar to its
counterpart in the Step 3 in the proof of Theorem 1.1, it would conclude that
a7y, is independent of R > 0. Furthermore, we have the following result.

Lemma 5.4. Let (ul’, \F) established by Theorem 1.6 for all fived R > 0, then
there is a constant af = ﬁ > 0 such that for all ay € (0,a5) and T > 2,
we have

ls%up\Ao[uo]JrAz[uo]JrA [@]|o0 < Ca,
>0

where C4 € (0,400) is a constant independent of R > 0.
Proof. According to the above observations, we derive that the constant a €

(0,a},] is independent of R > 0. On the one hand, using (1.7) and (1.8) for
j =1,2, there holds

R 1 g ? 1 |ad'? 1 |ud'|?
|Ajlu0 oo < ::Z— = u
T Jr2 |7 — Yl m mykdw—m T Jjoey>1 [T — Y
1 / I ‘Gd R 2 2 2 1 2
o Ug —a”,
= Var e T o

where we have used (2.13) and (5.11). We exp101t (1.6) to see that
Ajluad|s uf|?
Q r2 [T =yl

Combining the above two formulas, we can finish the proof of this lemma.
O

At this position, we are ready to give the proof of Theorem 1.6.

Proof of Theorem 1.4. Firstly, with (5.11) and (5.14) in hands, we can easily
prove that | f9(aft)|, is uniformly bounded in R > 0.

Then, we would show that there is a constant Cy > 0 which is indepen-
dent of R > 0 such that |u{f|c < Cp. To obtain it, since @ is a nontrivial
solution of Eq. (1.1) with a suitable A\f, namely there holds

—Aug’ + Ajag + (Aolag] + Aflag] + A3lag)ag = f7°(ag) in R2.
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Since h is nonnegative, without loss of generality, we can assume that uf¥ > 0
for all z € R?, and so,

—Aalt +alt < (1 2Dal + | Aolall] + A2[al) + A3[al)jad + 70 (all) in R%.
According to (5.11), we have that A\ < C' < +oc for some constant C' > 0

which is independent of R > 0. As a consequence of Lemma 5.4, the Lax-
Milgram theorem gives the existence of a function w/t € H%(R?) such that

—Aaf +ag = (1+AF)ag + [ Aofug] + Afug’) + Afug|ag + f° (af’) in R?.
Next, we fix the test function
ve(x) = d(x/r)(ag —wg) " (x) € H'(R?),
where ¢ € C§°(IR?) satisfies
0 < ¢(x) <1, Vo € R ¢(x) =1, Vo € B1(0); and ¢(x) =0 Yz € B5(0).
Using the function test v, on —A(af — wl') + (alf — wff) < 0 in R?, we get
the inequality below
/ V(af — wi) Vo, + (af — of)v.]dz <0,
R2
Since
v, — (@l —wf) T as r — +oo in H'(R?),
by the Lebesgue’s Dominated Convergence theorem, we arrive at
[ Il P (el - il e <o
R2
implying that
0 <alf <o, vr e R

Using the continuous Sobolev embedding H?(R?) — L°(R?), there is a
Cy4 > 0 independent of R > 0 such that

|03 |oe < Callwg | g2y, YR >0
which together with the last fact gives that
|1 oo < Cull@g |22y, VR > 0.

On the other hand, by Brézis [10, Theorem 9.25], there is a C5 > 0 indepen-
dent of R > 0 such that

@5 |22y < Cs|(1+ Ag)ug + |Aolug] + Af[ag]
+A3[ag]lag + 1 (ag)|, YR > 0,
from where it follows that
[ @§ || 72 g2y < Co, YR >0
for some Cg > 0 independent of R > 0. Have this in mind, we must have
[id|oo < Co, VR >0,

for some Cy > 0 independent of R > 0, showing the desired result.
Finally, we shall conclude that a{f € H*(R?) is a nontrivial solution of
the original Eq. (1.1) with A = A¥ by choosing R = Cy > 0 in (1.18) and
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hence @ = C5~7 > 0. In other words, the couple (@ff, A}Y) is a weak solution
of problems (1.1)—(1.2). The proof is completed. O

5.2. The case § = 2

In this subsection, we have the nonlinearity fR’S = f%2, Firstly, we derive
the following estimate for the mountain-pass value mf2(a) defined in (5.9).

Lemma 5.5. Suppose (hs) additionally, then there is a sufficiently large £ >
0 such that for all &€ > &8, there holds

2
mf2(q) < i

—_— 5.16
v+ agRO2 (5.16)

Proof. Given a > 0, define ¢ (z) = ar~ze~ 212" for all 2 € R? and so |Vi|3 =
Y3 = a®. By (2.2),

/ (A2[] + Ao Pd < 1602,
R2

For all t > 0, since ff2(t) > h(t) > &tP~1 for all ¢ > 0, we have that

B2 < e (5 [ 1908 + (a2 + appoiae— £ [ jupar)

_2

p—4 [ P }pé& 2 g\Ae=2) p-2 _ 2p

< 1+ 16C2a%) 7=7 mr=iq -3,
2(p—2) [(p—2)¢ ( )

where we have used [[} > aP7="2" . By Lemma 2.5, one sees that mf2(a) <
max;~o E%2(1y). Let us choose the constant &y (R) ro satisfy

en - PO+ 16C2a*)"™2 oz [(p— 4) (v + apR77?)
T -2 Am(p — 2)
which indicates the desired result. The proof is completed. O

Now, we can exhibit the proof of the second part (critical exponential
case) of Theorem 1.6.

Proof of Theorem 1.6. (Completed). Due to Lemma 5.5, the proof is totally
similar to that of Theorem 1.2 and so we just show the counterpart of Step
I in this situation.

If the case I occurs, then we can derive

47
lim su Vu,|?dr = 2limsup E®2%(u,,) = 2m%%(a) < ————————.
n—»oop R2 | n| n—»oop ( n) ( ) v+ (3401%672

Choosing v > 1 sufficiently close to 1 in such a way that % + % =1 and
4 (1 —€)
V(’Y + doR‘s*Q)

_ aoRO—2 _ _ aoRO2
Define @,, = 1/%0—5))7‘"7 then |Vii,|3 < 1 and |u,|3 = %cﬁ <
+00. Using the above facts, we depend on (2.6) to see that

/ (eV(’Y+&oR‘S_2)u3L —1)dz = / (e4ﬂ(176)ﬂi — 1dz < C < 400,
R2 R2

|Vu,|3 < for some suitable € € (0,1).
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The remaining part is trivial and we omit it here. The proof is completed.
O

Then, arguing as before, we begin considering the L>-estimate for the
nontrivial solution (uf, ) established in Theorem 1.6. To the end, we prove
the following result.

Lemma 5.6. Let (hs) be satisfied. There is a constant 7% = 2+ & > 0, then

for all for every a >0, 7 € [2,7%) and R > e, each sequence {u,} C H'(R?)

satisfying (5.6), (5.7) and (5.8) is uniformly bounded in n € N and R > e,

that is, there is a constant II > 0 independent of n € N and R > 0 such that
sup |[Vu,|3 < < +oo and 0 < A0 < TT < o0, (5.17)
neN

provided & > 0 in (hs) is sufficiently large, where the constant 11 > 0 inde-

pendent of R > e satisfies
T

IT <

T 5.18
20ee ( )
Proof. We claim that there is a constant m(a) > 0 which is independent of
R > 0 such that

0 < m™?(a) <m(a) < +o00, VR > 0. (5.19)

Indeed, in view of the definition of f%2 one concludes that F%2(t) > H(t)
for all t € R, and so, E*2(u) < I(u) for all u € H'(R?), where the energy
functional I : H!(R?) — R is defined by (5.13). Here, it is enough to choose
the constant m(a) to be a minimization of I| (4. Exploiting the very similar
calculations in Lemma 5.5, we can find such a IT > 0 in (5.18) to satisfy

- 0—4

m(a) < 50 -3) IL. (5.20)

Secondly, we shall improve (5.3) and (5.4). Obviously, imp_, oo R% =

and the function R% is strictly decreasing in R € (e, +00), then 0 < R% <e:
for all R € (e, +o0). Consider 7% = 2 + % > 0 for the fixed R > e, ¢ > 0 and
q > 2, there is a constant M, > 0 independent of R > e such that

I —

1
IFR2(s)] < el + M.|s|7 (e2c 151" _ 1), ¥s € R. (5.21)
Actually, using (h;), by some elementary calculations,
r—20.2 *_2) 2 L2
0 < 2] _ [h(s)]e” ST h(s)[ex® I fh(s) e
T s T st - st T st

[h(s)]ee* sl
< r N7

st 0

uniformly in s — 0. On the other hand, there is a sy > 0 independent of
R > e such that

1 _ 1 ~ 1
|fR,2(S)| < Me'y\s|56aee|s\2 < M62aee|s\2 < M|t|q(e2o¢eet2 o 1)7 V‘S| > S0,

where the constants M > M > M are independent of R > e and we have
used (h3).
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0< fRI(t) < M e B 1 < MOt < ppee vt eR,
where M; > 0 is a constant independent of R > 0. Similarly, there holds
|FR0(5)| < efs|X + Me|s|?(e2*¢* 5" — 1), Vs € R. (5.22)

Finally, we show (5.17). In fact, we make full use (5.6) and (5.8) jointly
with Lemma 5.1 to get

/ \Vu,|?de = 2E72%(u,) — / (A2 + A2)|u,|?dx +/ F(uy)dz + 0, (1)
R? R? R?

< 2BR2(uy) + 2 [E™?(uy) - %JR’Q(un)] +on(1)

0—4
_20—-3) R _2(0-3) o
which together with (5.19) and (5.20) indicates the first part of (5.17). The
remaining part is trivial, we omit it here. The proof is completed. O

Proof of Theorem 1.4. (Completed). We claim that |ff2(al?)|5 is uniformly
bounded in R > e. Let us contemplate @l = I~ 2§, then |[Vaf[3 < 1 and
|wf3 = TT71a? < 4o00. According to the definition of 7%, we deduce that
(5.21) still remains true. Since ¢ > 2 and (5.18) gives that

Sae+Il < 4,
we then apply (2.6) to conclude that
iR|2(a—1) (gdaee [af 2 _ 1y,
[ e )

_R4(q—1) 2 8aet M@k
< |y | dx (e ol —1)dx) <C
R? R?

for some C' > 0 independent of R > e. Besides, 2(x — 1) > 6, it simply
calculates that

[SE

/ [alPX Nz < C
R2

for some C' > 0 independent of R > e. Exploiting (5.21), we could derive the
claim. Repeating the remaining parts in proof of Theorem 1.4 in Subsection
5.1, we must have

"ITLOR|<X> S CO, VR > e.

for some Co > 0 independent of R > e. Finally, we obtain that the couple

(aff, AGY) is a weak solutions to problems (1.1)~(1.2) by choosing R = Cy =

max{Cp,e} > 01in (1.18) and then 7* = 2+ C% > 0. The proof is completed.
9]
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Appendix

Lemma A.1. Suppose that f satisfies (1.14) and (f1), or (1.13) and (f1). Let
u € HY(R?) be a nontrivial weak solution of Eq. (1.1) with some suitable
A > 0, then it satisfies the so-called PohozZaev identity below

)\/ lul?dx + 2/ (A2 + AD)|u|?dz —2 | F(u)dzx = 0.
R2 R2 R2

Proof. Since u # 0, taking (1.6) and (1.7)—(1.8) into account, define
be) = LD (aofu(w)] + A3fu)] + i) - 2

by means of (2.5) and using a similar arguments in Lemma 5.4, we can
conclude that b(z) € Li (R?) and u satisfies the following elliptic equation

loc
—Au = b(z)u.

In view of the classic Brézis—Kato theorem, one would conclude that u €
Li (R?) for all 1 < s < +o0. Thus u € W25(R?) for all 1 < s < +o0 by the
Caldéron—Zygmund inequality.

To derive the Pohozaev type identity for Eq. (1.1), we use a truncation
argument due to Kavian (see e.g. [55, Appendix B]). Let

P € C*([0,400),[0,1]) such that ¥(r) = 1 for r € [0,1] and ¥(r) = 0


http://creativecommons.org/licenses/by/4.0/
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for r € [2,4+00). Define 9, (x) £ +(|z|?>/n?) on R? for n € N. Then there
exists C7; > 0 such that

0 <4, < Cy and |z||Vi,(z)| < Ch.
Multiplying Eq. (1.1) by ¢y, (z, Vu), we have for every n € N,
0=1{—Au+u+ (Ao[u] + AT[u] + A3[u]) u — f(u) }ton(z, Vu). (5.23)

For every n € N, by virtue of the properties of the divergence, it is clear to
compute that

— (2, Vu)Au = div{ {Vu(:c, Vu) — le;(z} 7,/17,}

V9 (@, V) + (2, Vu) (Vidn, V),
U (z, Vu)u = %div[muzwn] —u?e, — %uz(x, Vi),
—p(xz, Vu) f(u) = =div(zy, F(uw)) + 2, F(u) + F(u)(x, Vi),

and by setting ¢, = Ag[u] + A3[u] + A%[u] that

o, V)b = v D] — i — 50 (2, Vi)~ 50 (2, V61).

It follows from the divergence theorem and (5.23) that

2
/ {|(w,Vu)| —n|Vul? — ndu® — ne,u® + 2nF(u)}wnda
B2, (0) 2n

_ / {)\uz F bt + - (z, Vb )u? — 2F(u)}wndw
BQn(o) 2

1
- 7/ {|vu|2 + M + pyu® — 2F(u)}(:1c7 Vb, )dx
2 B2n(0)

+ / (z, Vu)(Vt),, Vu)dz.
B2n (O)

Note that
/ (Vu, v)u’dr = —2/ (A3[u] + A3[u])u’dz.
R? R?

Recalling ¢, = 0 on 0B, (0) together with the definitions of the cutoff
function ,,, then exploiting the Dominated Convergence theorem, we obtain

\u?dr + 2/ (A3[u] + A2[u))u’dx —2 | F(u)dx

R2 R2 R2
= lim {mﬁ + puu® + 1(a:, Vou)u® — 2F(u)}wndx
n—oo BZn(O) 2
_ 1 lim {|Vu2 + Mu? + pu® — QF(U)}(SC, Vi, )dx
2100 B 5. (0)\Ban (0)
+ lim (z, Vu)(Vipy, Vu)dx

"= JB 5,(0)\Bzs(0)
=0
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showing the desired result, where the Fubini’s theorem is used in the first
equality. So, we accomplish the proof. O

Lemma A.2. Suppose that f satisfies (1.14) and (f1), or (1.13) and (f1). Let
Uy, — u in HY(R?) and u,, — u a.e. in R?, then
lim flup)upde = f(w)udz and lim F(uy,)dx :/ F(u)dzx.
n—oo R2 R2 n—oo R2 R2
Proof. Since ||uy, — uH%{l(W) — 0, adopting some very similar calculations in

the Step III in the proof of Theorem 1.2, we apply (2.7) and (2.6) to have
that

/ fup)upde < C/ [un|Xdx + C (/ |un|(IV’d£IJ) v
R2 R2 R2

Now, one can conclude that f(u,)u, — f(u)u by using a variant of Vitali’s
Dominated Convergence theorem. The remaining part is trivial, we omit it
here. ]

Lemma A.3. Suppose that [ satisfies (f1) and (fs3), then there holds
f(s)s* = 5f(s)s +8F(s) > 0, Vs € R\{0}.

Proof. Since f(s) = 0 for all s € (—00,0], then it suffices to consider s €
(0, +00). According to (f1) and (f3), the function F' € C' and so F'(s) > 0
for all s € (0,+00). Obviously, there holds

d o fls)s® = 5f(s)s +8F(s)
£F’(s) = = >0, Vs € (0,+00),
which gives the desired result. O

Lemma A.4. For U = E o (, where ((u) = tyu(ty:) for all w € S(a) and
tu > 0 comes from Lemma 2.5. Then, W is of C' class over S(a) and

' (u)[v] = E'(¢(u))[vr,]
for any u € S(a) and v € T,,.

Proof. Recalling the definition of A; in (1.7), given some u,v € H'(R?) and
t > 0, we have

_ 1 T2 — Y2 2
Al[qutv}(z) T 4r - |I—y|2 (u+tv) (y)dy
_ . i T2 — Y2 )
— @) - 5 [ R - £ Ale)
leading to
. Afu+ ] () — Aqful(x) 1 To — Y
i t T2 Jpe |z — y|2u(y)v(y)dy.

Arguing as a very similar way, by means of (1.8), there holds,

. Aglu +tv](x) — Azfu)(xz) 1 / T — 1
im = —
t—0 t 27 Jge2 |x — y|?

u(y)v(y)dy.



Normalized solutions to the Chern—Simons—Schrédinger system Page 45 of 50 29
From which, we apply the Fubini’s theorem jointly with (1.6) to deduce that

2
2 2 2
}51(1)27/ z_: (Af[u+ tv] — Aj[u]) u|*dz

_E%E/RQZ S o]+ A (Ay Ju + to] — A[u])) Juf*de

- ()
(o)

‘42(2;42u—;;“ o @i ) aoty

+ Q;A?%jag@mu><>m)wwuw@

- /R  Aoful(z)u(z)v(a)dz

Due to E(ut,) = maxsso E(ut) for all uw € S(a) by Lemma 2.5, then

U(u+tv) = V(u) = E((ut ), ,,,) — Blus,) < E((u+t0),,,,) = E(ut,,,,)

2
_ tu;—tv / [V (u+ t))* + (AT[u + tv] + A3[u + t])|u + tv|*|dz

t2
- "“v / Vu| + ( A2[u] + AQ[ ])\u|2]dx
R2
- tu+tv / tu+t’uu + ttu+tuv) F(tu+tvu)]dib
JR2

2
= %/ [2tVuVo + t*| Vo]
R2

+ (AT[u + tv] + A3[u + tv]) (2tuw + £2|v]?)]dx

tato
+ = /Q(A?[u + tv] + A[u + tv] — Af[u] — A3[u])|uf*da
R

u+tv/ S uttot + ottyt o) ttytrovde,

where o, € (0,1) is determined by the Intermediate Value theorem. Also, we
adopt E((u+ tv)y,,,) = maxeso E((u + tv);) to get

U(u+tv) — U(u) = E((u + tv)tuﬂv) — E(ut,) > E((u + tv)tu) — E(ut,)

t2 [\V(u+tv)| + (Af[u + tv] + A3[u + tv])|u + tv]*]dx

/\WA+£H+£MMHM
2/ (tuw + ttyv) — F(tyu)]dz
tu

=2 [ [2tVuVo + | Vol
2 Jr2
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+ (AF[u + tv] + A3[u + tv]) (2tuv + £3|v]?)]dz
te
5 [ A+ o]+ A+ o] - ATfa] - AZfa])fuldo
R
- t;Q/ f(tyu + Gitt o)ttt vd,
R2

where G4 € (0, 1). Since the map u+tv — 44, is continuous by Lemma 2.5,
one has

W ()] = %E% U (u+ tz;) — U(u)
t

9 /R? [2VuVo + (A3[u] + A3[u] + Ag[u])2uv]da

—t.2 | fltyw)t,vde
R2

- / [Vur, Voo, + (A2fur,] + A2fur,] + Aolur, ur,vr, ] de
R

- / flug, v, de
R2
= E'(ug,)[ve,] = E"(¢(u))[vr,]
which is the desired result. The proof is completed. O

Lemma A.5. Let u,v € H*(R?) and suppose that suppus Nsuppv = () for all
t >0, then

lim (/R2 AZlug + v]|ug + v|Pda — /R? A ] [y [P de — /Rz A?[v]h;?dx) =0.

t—0t
Proof. According to (1.7) and (1.8), for all ¢ > 0, there holds
Aj[ut +v] = Aj[ut] + Aj[v]v J=12,
and
Jue + 0| = Jue* + o],

It follows from some simple calculations that

/11&2 A?[ut + v]|ug + v|*dx — /R2 A?[ut]|ut|2dx - /R2 A?[v]|v|2daj

/ (A? [ug]v? + A?[v]ut2 + 2A;[u]A;j [v]u? + 24, [u)A; [v]vQ)dx
RQ

< |Aj[ut]|%|v|i% +14; [U]\%|Ut\i% + 2| Ajue]|7] A ['U]|;.|ut|2%:2
+ 1A ue] 71 A5 0] 7 o] %e

= LA [ Foles + 7 1A, ) Bluler + 26 |4 |7l Ay o]l es.
+t)Aj ] 7| A ] 7l ]2z,

—0

ast — 0T, where we exploited Lemma 2.2 with 7 > 2. The proof is completed.
O
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