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Abstract. We consider the existence of ground state solutions for a class of zero-mass Chern—Simons—Schrddinger systems

—Au+ Aou+ Y5, Alu = fu) —a()u?2u,
Ay — A = —Lu?, 1A+ &4 =0,
hAg = Arul?,  hAg = —Ailul?,

where a : R2 — R7 is an external potential, p € (1,2) and f € C(R) denotes the nonlinearity that fulfills the critical
exponential growth in the Trudinger—Moser sense at infinity. By introducing an improvement of the version of Trudinger—
Moser inequality approached in (J. Differential Equations 393 (2024) 204-237), we are able to investigate the existence of
positive ground state solutions for the given system using variational method.
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1. Introduction and main results

In this article, we focus on establishing the existence of positive ground state solutions for the follow-
ing generalized Chern—Simons—Schrodinger (CSS in short) system/equation with critical exponential
growth

—Au+ A+ Y5 A2u= f(u)—a(x)|ul’u,
01Ar — H A = —3|ul?, 0141 + 024, =0, (1.1)
d1Ag = Azlul?, hAg = —Aful?,
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where a : R? — R* is an external potential, p € (1,2) and f € C(R) denotes the nonlinearity that
fulfills the critical exponential growth in the Trudinger—Moser sense at infinity which would be specified
later.

Recently, great attention has been paid to the time-dependent CSS system in two spatial dimension

iDoy + (D1 Dy + DaDo)yr + g(x, ¥ [P)¥ =0,
dA; — 31Ag = — Im(Y Dayp),

N (1.2)
doAz — 02 Ag = Im(y D),
01Ar — A = —3|Y I,

where i stands for the imaginary unit, dy = %, 0| = 3371, 0 = 3372 for (t, x1,xp) € RIT2 ¢ : RI*2 = C

acts as the complex scalar field, A; : R'*? — R denotes the gauge field, D; = 9; + 1A is the covariant
derivative for j = 0, 1,2 and g is the nonlinearity. In real world, it is usually exploited to describe the
non-relativistic dynamics behavior of massive number of particles in Chern—Simons gauge fields. This
model plays an important role in the study of high-temperature superconductors, Aharovnov—Bohm
scattering, and quantum Hall effect, we refer the reader to [16—18]. Moreover, there exist some further
physical motivations for considering CSS system (1.2), see [12,14,25,26] for example.

For all (¢, x;, x,) € R and j = 0, 1, 2, one usually considers the situation Aj(t,x) = Aj(x).If the
standing wave ansatz ¥ (¢, x) = e u(x) with a given A € R for u : R> — R, then (1.2) reduces to

—Au + Au + Aou + Z?:] A?u = f(x,u),
01Ar — A = —3lul?, (1.3)
Ao = Aslul?, »Ao = —Ailul?,

where f(x,u) = g(x, |u|*)u. Suppose A; satisfies the Coulomb gauge condition Zizo 0jA; =0, then
(1.3) with A = 0 becomes the original CSS equation (1.1), namely

—Au + Aou + 2321 A?u = f(x,u),
Ay = Arlul?, DAy = —Alul?, (1.4)
Ay — hA; = —1ul?, 1A + 0,4, = 0.
It follows from 8, A9 = A,|u|> and 3,A¢9 = —A|u|? in (1.4) that
AAy = 0y (Aalul®) — B2(A1[ul?),
leading to

X1
27 |x|?

X2
27 |x|?

Aolul(x) = * (Azlul?) — * (A1 |ul?). (1.5)

In a similar way, we depend on 0, A, — d,A| = —% |u|?> and 3;A; + 9,4, = 01in (1.4) to derive

AA; = 8 | |2 ]ld AA, = 8 | |2
— — a — — .
1 2 ) 2 1 )
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From which, the components A; for j = 1, 2 in (1.4) can be represented as

uz
A[ul(x) = 2]['”2 % ( = fR2 (lexyzllz(y) dy, (1.6)
Aou](x) = zﬂmz _ fR (1 |xyl;7 ) dy.

In the sequel, we shall write A; in place of A ;[u] for j € {0, 1, 2} for simplicity as long as there is no
misunderstanding. There are some further properties of A; for j € {0, 1, 2} in Section 2 below.

Indeed, CSS system (1.2) can reduce to a single equation if one studies the standing wave ansatz
Y (t, x) = e u(x) with a radially symmetric u. Actually, Byeon—-Huh—Seok [6] considered the standing
waves of type

Y(t, x) = u(jxe’, Ao(t, x) = k(|x]),

X2 X (1.7)
At x) = Wh(IXI), Ax(t,x) = —Wh(IXI),

where k and h are real value functions depending only on |x|. Note that (1.7) satisfies the Coulomb
gauge condition with ¢ = ¢t + nm, where n is an integer and c is a real constant. To seek for solutions
of CSS system (1.2) of the type (1.7), it is enough to handle the following semilinear elliptic equation

oo 2

—Au+ (/ @uz(s)ds 4 h |)(C||);I))u — f(x,u) inR% (1.8)
|x|

where h(s) = [ 5u®(r) dr. As before, we continue to assume that A = 0 in Eq. (1.8).

At this stage, there are two kinds of CSS equations, (1.4) and (1.8), which could be called by the
so called zero-mass ones. Generally, when f(x,?t) = f (x,1) — V(x)t for all (x,t) € R* x R in the
classic CSS equations, more and more interesting results have been explored by many mathematicians
over the past decades for various assumptions on f and V. Speaking precisely, for f(x, 1) = |¢|?~?¢ and
V =1, by exploiting the Nehari—-PohoZaev manifold argument, Byeon et al. [6] derived the existence
of positive solutions for all p > 6. Particularly, with the prescribed mass constraint [p, |u|*dx = ¢?,
they showed some existence results for each ¢ # 0 if p € (2, 3] and sufficiently small |c| if p € (3, 4).
Afterwards, the existence, nonexistence and multiplicity of nontrivial solutions for (1.3), or (1.8), have
been considerably contemplated by a lot of mathematicians, see [4,8,11,19,20,23,27,29,30,32,34,35,37]
and the references therein for example even if these references are far to be exhaustive.

Next, we should turn to consider the so-called zero-mass CSS equation. Very recently, Zhang, Tang
and Chen [40] handled the following zero-mass CSS equation

00 2
—Au + (/ @uz(s) ds + h|(||);|)>u = f(u) —alul’*u inR? (1.9)
| X

x| §

where a > 0 is a constant, p € (3, 4) and the nonlinearity f admits the critical exponential growth in
the Trudinger—Moser sense at infinity. In fact, we say that a function f possesses the critical exponential
growth at infinity if there exists a constant g > 0 such that

(1.10)

t—+4o00 eafz

.| f@ [0, Yo > ay,
lim =
400, Ya < ap.
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The above definition was introduced by Adimurthi and Yadava in [1], see also de Figueiredo, Miyagaki
and Ruf [9] for example.
In [40], the authors depended on the work space below

E % {u : u(x) is Lebesgue measurable s.t. |Vu|*dx < 400 and lul? dx < —|—oo}
R2 R2

which is the completion of C§° (R?) under the norm

lull = /IVul3 +lul3, YueE,

where ||, denotes the usual norm corresponding to the Lebesgue space L7(R?) forevery 1 < ¢ < co.In
order to treat the problem variationally, proceeding as [1,2,7,9,10,22,39], they established the following
version of Trudinger—Moser inequality

Proposition 1.1. Suppose that 3 < p < 4, then (e‘)“‘2 — 1 —au?) € L'R?) for all « > 0 and
u € E. Moreover, ifu € E, |Vu|% <1, |u|£ <M > 400 and a < 4w, then there exists a constant
C(M, a) > 0, which depends only on M and «, such that

/ (e =1 —au?) dx < C(M, a). (1.11)
R2

With the help of Proposition 1.1, they concluded the existence of mountain-pass solutions for Eq. (1.9)
with a nonlinearity f involving the critical exponential growth. Actually, to search for the nontrivial
solutions, they Actually, to look for the nontrivial solutions, they restricted themselves in the radially
symmetric subspace of E, namely E, = {u € E : u(x) = u((|x])}. In this situation, they immediately
have the compact imbedding E, < L*(R?) forall p < s < +o00.

Afterwards, Shen [33] generalized and improved the results in [40] to the case that 1 < p < 2 and
the nonlinearity f having supercritical exponential growth. Precisely, by contemplating the work space
E above and introducing the Young function defined by

Jo=1
By jo(1) = ¢ =Y %ltIZj’ Vi R, (1.12)
j=0 7"
where o > 0 appearing in (1.10) and j, £ inf{j € N* : 2j > p*} with p* = 22_—”p > 2, Shen [33] firstly

established the Trudinger—Moser inequality below

Proposition 1.2. Suppose that 1 < p < 2, then ®, ;,(u) € L'(R?) for all« > 0 and u € E. Moreover

S(e) £ sup /@a,jo(u)dx<+oo (1.13)
R2

uek, lul <1

forall0 < a < 4m. Finally, if o« > 47, then S(a) = +o00.
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Then, combining the minimax procedure and elliptic regular theory, Shen investigated the existence of
a nontrivial solution with the mountain-pass energy in [33], where the subspace E, was still considered.

Motivated by all of the quoted papers above, particular by [33,40], it is quite natural to ask some
interesting questions. For example,

(I) As pointed out in [33], either (1.11) or (1.13) is a subcritical Trudinger—Moser type inequality in
the whole space R?, namely there is no information when « is exactly equal to 47. Thereby, can we
given an affirmative answer that whether S(47) < 400 or S(4) = +o0.

(IT) Owing to the compact imbedding E, <> L*(R?) foreach p < s < 400, although the nonlinearity
f possesses the (super)critical exponential growth in [33,40], it is simple to recover the compactness to
some extent. Hence, can we find nontrivial solutions for zero-mass CSS equation (1.9). In other words,
whether the existence results in [33,40] remain true for Eq. (1.4) with f(x, t) = a|t|?~t for all x € R?
andt € R, where p € (1,2),0r p € (3,4).

(IIT) The reader is invited to observe that Eq. (1.9) is an autonomous one because a > 0 is just a
constant. Thus, can we improve this constant to a general potential function. Moreover, if it was true,
whether the obtained nontrivial solution is indeed a ground state solution.

As a consequence, we shall try our best to introduce some new analytic tricks and then contemplate
the above Questions.

First of all, we focus on the Question (I). Let us continue to use the Young function @, ;, defined in
(1.12), we shall prove the following result.

Theorem 1.3. Suppose that 1 < p < 2, then ®, ;,(u) € L'(R?) forall« > 0 and u € E. Moreover

S(e) £ sup fRz D, j, () dx < 400 (1.14)

uekE,|lul|<1
forall @ € (0, 47 ]. Moreover, S(a) = +o0 if a > 4.

Remark 1.4. Due to Theorem 1.3, we can make sure that S(47) < 400, and so it solves the Question
(I) completely. Moreover, we do believe that the technique for the proof of Theorem 1.3 can be also
adapted to Proposition 1.1.

Next, in order to solve Questions (II) and (III), we are ready to introduce some technical assumptions
on the potential a : R? — R and the nonlinearity f : R — R in Eq. (1.1) as follows.

(A1) a € C°(R?) with inf, g2 a(x) > 0;
(A,) for almost every x € R?, a(x) < limy | o0 a(x) £ 45 < +00 and this inequality is strict in a
subset of positive Lebesgue measure

Concerning the nonlinearity f, we suppose that
(f1) f €C(R) with f(t) =0forallt € (—o0,0] and f(z) = o(t) ast — 0F;
(f») themapt +> f(t)/# is strictly increasing on ¢ € (0, +00);
(f3) there exist constants typ > 0, My > 0 and 9 € [0, 1) such that
0<t"F@t) < Myf(t), Vt>t,

where and in the sequel F (1) = fot f(s)ds forall t > 0;
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(fa) lim;_ 0o F(t)e'_"“’[2 £ Bo > 0, where oy > 0 comes from (1.10).

We are now in a position to state the second main result in this article.

Theorem 1.5. Let 1 < p < 2 and suppose (A)—(Ay). If f satisfies (1.10) and ( f1)—(f4), then Eq. (1.1)
admits at least a positive ground state solution in E.

Remark 1.6. It is obvious that Questions (II) and (III) are uncovered by Theorem 1.5 which in turn
indicates that our results improve and replenish the counterparts in [33,40]. It should be mentioned here
that both the assumptions on the potential a and the nonlinearity f are standard. On the one hand, the
function a equipping with (A;)—(A;) is usually called by the well-known Rabinowitz’s type potential
introduced in [31] and it was later exploited by Wan and Tan in [37]. On the other hand, as to the function
f having critical exponential growth and satisfying ( f;)—( f1), we prefer to refer the reader to [30,34,40]
and their references therein.

Finally, we shall exhibit the main idea for the proof of Theorem 1.5. The reader is invited to see that
the work space

|Vu|?dx < 400 and /

a(x)|ul?dx < +oo}
R2

E, & {u : u(x) is Lebesgue measurable s.t.
R2

endowed with the norm

2 1
7\ 2
il = (/ Vul dx + (/ a(x>|u|"dx)")  VueE,
R2 R2

is equivalent to (E, || - ||) because a is a positive and bounded function in R2. Thus, we will exploit the
work space (E, || - ||), instead of (E,, || - ||o), just for simplicity. Due to the lack of compactness caused
by the critical exponential growth and the absence of the compact imbedding E, < L*(RR?) for every
p < s < 400, the foremost point of the proof of Theorem 1.5 is to restore the compactness. Inspired by
[37], we need to investigate the existence of ground state solutions of the associated “limit problem” of
(1.1), which is given as

— At + anolulP2u + Agu + Y- Alu = f(u),
Ay — hA; = —1ul?, 01A1 + 0,4, =0, (1.15)
Ay = Arlul?, DAy = —Ailul’.

We obtain the following result.

Theorem 1.7. Let 1 < p < 2. If f satisfies (1.10) and (f1)—(f4), then Eq. (1.15) possesses a positive
ground state solution in E.

Remark 1.8. Obviously, one realizes that Theorem 1.7 also provides a positive answer to the Question
(IT) above. In the proof of Theorem 1.7, the most striking point is that we success in establishing the
Vanishing lemma corresponding to the work space (E, || - ||), see Theorem 3.8 below. Although the
essential idea originates from its classic version due to Lions, c.f. [38, Lemma 1.21], we have to make
some efforts to prove it and it may prompt some further studies for zero-mass Schrodinger equation.
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With Theorem 1.7 in hands, the solvability of Theorem 1.5 becomes available so far, but we emphasize
here that the condition ( f>) plays a crucial role in restoring the compactness, see Lemma 3.5 and (3.17)
for instance. As a consequence, one naturally wonders that whether there still exists a mountain-pass
type solution for Eq. (1.15) when ( f3) is replaced with a weak type condition below

(f,) forallt > 0, there holds f ()t —6F(t) > 0.

Actually, we are going to conclude the existence result as follows.

Theorem 1.9. Let 1 < p < 2 and suppose (A1)—(Az). If f satisfies (1.10) and ( f1)—(f,) as well as
(f3)—(fa), then Eq. (1.15) has a positive mountain-pass type solution in E.

Remark 1.10. We note that Theorem 1.9 solves Question (II) and (III) partially. Let us point out here
that we will borrow some idea adopted in [33] to reach the proof. Nevertheless, there are some new
challenges that prevent us repeating the arguments simply. For example, as to the critical exponential
case in [33], the author strongly relied on the following condition of type

(f;) there are y > 0 and s > 6 such that F(t) > yt* forallt > 0,

to restore the compactness, where y > 0 is sufficiently large. One would easily deduce that the condition
(fs) in the present article is weaker than (f;) which is a global one that does never reveal the essential
feature of the critical exponential growth in (1.10).

The outline of the paper is organized as follows. In Section 2, we mainly present some preliminary
results and show the proofs of Theorem 1.3. Sections 3 and 4 are devoted to the proofs of Theorems 1.7
and 1.5, respectively. The proof of Theorem 1.9 shall be presented in Section 5.

Notations: From now on in this paper, otherwise mentioned, we ultilize the following notations:

e C,Cy, Cy,...denote any positive constant, whose value is not relevant and R™ £ (0, +00).

e Let (X, | - |lx) be a Banach space with dual space (X!, || - |[x-1), and W be functional on X.

The (C) sequence at a level ¢ € R ((C), sequence in short) corresponding to W means that W (x,,) —
cand (1 + ||x, )Y (x) ] x-1 = 0in R as n — oo, where {x,} C X.

| - |, stands for the usual norm of the Lebesgue space L?(R?) for all p € [1, +o0].

For any ¢ > 0 and every x € R?, B,(x) L{yeR?:|y—x| <o}

0, (1) denotes the real sequences with 0,,(1) — 0 as n — +o00.

“—” and“—” stand for the strong and weak convergence in the related function spaces, respectively.

2. Variational framework and preliminaries

In this section, we are going to exhibit some preliminary results which enable us to treat the problems
variationally.

First of all, let us recall some imbedding results which would play a foremost role in formulating the
variational structure. The following results can be found in [33, Lemmas 2.1 and 2.2], so we shall omit
the detailed proofs.

Lemma 2.1. Assume 1 < p < 2, then the imbedding E — L*(R?) is continuous and E — Ly (R?) is
compact for all p < s < 400, respectively. Moreover, (E, || - ||) is a reflexive Banach space.
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Then, we turn to contemplate the so called Chern—Simons term in Eq. (1.1). To begin with, there
exist some meaningful and significant observations. According to the second equation and the last two
equations in Eq. (1.1), for each u € E, one has

/2 Aolu? dx = 2/2 Ao(,A, — 31 A>) dx
R R

= 2/ (A28A¢ — A13,Ag) dx = 2/ (A7 + A3)|ul*dx. (2.1)
R2 R2

As a by-product of the well-known Hardy-Littlewood—Sobolev inequality [24, Theorem 4.3], we
could conclude the following estimates to the gauge fields A; for j € {0, 1, 2}.

Lemma 2.2 (see [15, Propositions 4.2-4.3]). Assume 1 < r < 2 and % — % = % then
|Ajlr < Crluly,  for j = 1,2, Aol < Crluls, lulf,
where C, > 0 is a constant dependent of r.
Combining Lemmas 2.1 and 2.2, one can easily see that
|Ajuly < |Ajlrlul =, < Crlul3lul =, < Collul’,  forj=1,2, 2.2)

because 2r > 2 and r/(r — 1) > 2, where C, > 0 depends only on r > 1. We also need the following
Brézis-Lieb type lemma for the Chern—Simons term.

Lemma 2.3 (see [13, Lemma 2.4]). Ifu, — u in E and u, — u a.e. in R?, then one has Ailu,] —
Ajlulae. for j =1,2,

lim,,_, fRz AO[”n]”nw dx = fRZ Ao[u]mﬁ dx, VW €E, (2.3)
limy, oo fro AZlunlun dx = [po AS[uluy dx, V¢ € E with j = 1,2, ’
and
lim | [AZ[u]lual’ — A3luy — ulluy — ul?]dx = / Alulluldx,  forj=1,2. (2.4)
n—oo R2 v R2

Finally, we shall focus on the nonlinearity f. Whereas, it possesses the critical exponential growth at
infinity in the Trudinger—Moser sense at infinity, we have to derive the Trudinger—Moser type inequality
associated with the work space E in this article.

Proof of Theorem 1.3. Let « € (0,4rx] and u € E with ||u|| < 1. We denote by u* the Schwarz
symmetrization of u, then u* is radial and non-increasing. Thanks to the results in [21],

|Vu*|2dx</ |Vu|2dx,/ |u*|”dx=f lu|? dx
R2 R2 R2 R2
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and

Lz cIDoz,jo(”‘*) dx = Lz cDoz,jo(u) dx.

So, without loss of generality, we can suppose that # € E is non-increasing. Given an R > 0 which will
be determined later, due to Lemma 2.1, we could deduce that the function v(x) £ u(x) — u(R) belongs
to Hy (Bg(0)). Adopting the Young’s inequality, there holds

u?(x) = v7(x) + 2v(@)u(R) + u*(R) < v*(x) + [1 + v*()u*(R)] + u*(R)
[14+ (R’ (x) + 1+ u*(R) £ w*(x) + 1+ u*(R), Vx € Bg(0).

Obviously, w £ /1 + u2(R)v € H, (Br(0)) and Vw = /1 + u?(R)Vv = /1 + u?(R)Vu. Moreover,
we recall from [5, Lemma A.IV], because u € L?(R?) by Lemma 2.1, there is a constant C,, > 0 which
is independent of u# such that

()| < Cplx| 7 |ul, forallx # 0. 2.5)

Consequently, with the help of (2.5), we are able to see that

|Vw|*dx = [1 +u2(R)]/ |Vul*dx < [1 +u2(R)][1 — (/ |u|de)p]
R2 R2

R2

; 2 2 p—4 ;
<1- ul’dx ) +u*(R)<1—(1-C.R 7) lul?dx | .
R2 R2

‘We then choose the constant R to be sufficiently large such that 1 — C;R_% > 0andso [Vw|} < 1. As
a consequence, we can apply the classic Trudinger—Moser inequality explored in [7,10] to arrive at

2 2 2
f ¢4]‘[’j0(u) dx < / e4nu dx < e47r(1+u (R))f e4nw dx < C.
Br(0) Br(0) Bg(0)

From which, one concludes that

sup / Dyr jo(u)dx < C < +o00. (2.6)
Br(0)

uekE:|u|<l1

On the other hand, we can follow the proof of [33, Theorem 1.1] to verify that the integral on the
complement of B (0) is uniformly bounded. For the sake of the reader’s convenience, we shall show the
proof in detail. Using [5, Lemma A.IV] and Lemma 2.1 again, for each u € L?"(R?), there is a constant
C, > 0 independent of u such that

-p

)| < C,plx|" 7 ulye forall x # 0. 2.7)
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Since jo = inf{j € N:2j > p*}, thenone sees2j > p* forall j > jy and so applying (2.7) and R > 1,

oo oo

(4m)’ Y (4m)’ i
/2 Cirjg@)dx = —— | ufldx=3 = | u" |l dx
R2\Bg(0) imje 1 JRABRO) iz 1 JRABRO
o .
4m)/ = i p* *
<R @l d
. 2
i=Jo J R2\Bg(0)
1 >, (4m)/ - -
= Gl dx
Cp, |u|p* o 1 TRABO
e4n(ép|u\p*)2 i e4n(ép|u\p*)2 e4n(é,,\|u||)2 64716,2,
gﬁ lul” dx < = < = ==
Cp lulp JR\B, () Cp Cp C,

From this inequality and (2.6), we obtain that
S(a) < C + e“”@ﬁC;p* < 400, Va € (0,4n].
The remaining parts are totally same as in [33, Theorem 1.1], so we omit them here. [

Now, we are able to verify that the variational functional J, : E — R defined by
1 2 2 2\, 2 1
Jow) == | [IVul> + (A7 + A))u’]dx + — [ a()|ul’dx — | Fu)dx,
2 Jre P Jr2 R2

is well-defined and of class C!(E, R). Actually, due to (1.10) and (f}), for all ¢ > 0 and @ > «, there
is a constant C, > 0 such that

|f ()] < els| + Cels|?™ g jy(s), Vs €R, (2.8)
where @, j, is defined by (1.12) and ¢ > 2 can be arbitrarily chosen later. Using ( f>), there holds
|F(s)| < els” 4 Cels|?®Pqjy(s), Vs €R. (2.9)

Moreover, without mentioned any longer, let us exploit directly the following inequality (see e.g. [39,
Lemma 2.1]):

(dDOl,jo(s))m < D, jp(s), VseR,a>0andm > 1.
With (2.8) and (2.9) in hands, exploiting Theorem 1.3, we could proceed as the calculations in [32,33] to

deduce that the variational functional J, associated with (1.1) is well-defined and belongs to C'(E, R)
such that

Ja’(u)[v]=f [vuw+(Af+A§+A0)uv]dx+/ a(x)|u|”_2uvdx—/ fwyvdx, YvekE.
R2 R2 R2
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In particular, it follows from (2.1) that

Ja’(u)[u]zf [|Vu|2+3(A%+A§)u2]dx+/ a(x)|u|”dx—/ fwudx.
R2 R2 R2

Hence, any (weak) solution of Eq. (1.1) corresponds to a critical point of J,. In order to search for the
critical points of J,, we introduce the following results.

Lemma 24. Let 1 < p < 2 and f satisfies (1.10) and ( f1)—(f1). Suppose there exists a sequence
{u,} C E such that u, — w in E and u, — u a.e. in R%. If in addition, we assume that

sup fuu, dx < Ky (2.10)
neN JR?

for some Ky € (0, +00) independent of n € N, then, going to a subsequence if necessary,

lim F(u,)dx = / F(u)dx for any compact set Q C R. (2.11)
Q Q

n—oo

Moreover, passing to a subsequence if necessary, there holds

n—oo

lim f(un)wdx=/ fayydx  forally € CF(R?). (2.12)
R2 R2

Proof. We can follow the essential ideas adopted in [9, Lemma 2.1] and the details will be omitted. [

3. The limit problem (1.15)

The main objective of this section is to investigate the existence of positive ground state solutions for
the CSS equation (1.15) which acts as the “limit problem” of Eq. (1.1).

In order to solve Eq. (1.15), we are going to look for the critical points of its corresponding variational
functional J, : E — R below

1 %0
Jo) == | [IVuP+ (A2 + ADu?]dx + 22 | wprdx— | Faydx, YueE. (1)
2 Jr2 P Jr R?

Arguing as before, it is simple to show that J., is well-defined and it is of class C' (E, R) satisfying

J;O(u)[v]zf [vuvU+(A%+A§+AO)uu]dx+“;’° |u|p_2uvdx—/ f(wvdx, YvekE.
R?2 P Jr2 R2

Moreover, we are derived from (2.1) that

J;o(u)[u]=/ [|vu|2+3(Af+A§)u2]dx+aoo/ |u|”dx—/ fwudx.
R2 R2 R2
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In what follows, we shall denote the Nehari manifold associated with J, by
N & {u € E\{0} : J. (w)[u] = 0}
and the corresponding ground state energy level on N, is defined by

Moo = mAiP Joo (). (3.2)

ueN«
Our main result concerning the autonomous CSS equation (1.15) is the following:

Theorem 3.1. Let 1 < p < 2 and suppose that | satisfies (1.10) and ( f1)—(fs), then Eq. (1.15) admits
a positive ground state solution u., € E such that

Joo(oo) = Mmoo = Inf max Jo(tu).
ueE\(0} >0

The proof of the above theorem will be divided into several lemmas. For simplicity, we shall always
suppose that the nonlinearity f satisfies (1.10) and ( f1)—( f4) and do not mention them unless needed.
First of all, let us give some key observations on the shape of the functional J.
Lemma 3.2. Let 1 < p < 2, then there exists a constant ¢ > 0 such that
m, 2 inf{Ju() :u € E, ul = p} >0, Vpe(0,¢], (3.3)
and

n, Zinf{J lul:u € E, |ull =p} >0, Vpe(,<] (3.4)

Proof. It follows from (2.9) that

1 2 p 2 q
Joo) = = | (IVul® +acclul”)dx —e | |ul*dx —C(e,q.a) | |ul?®qj,(u)dx.
2 R2 R2 R2 ’

Using Lemma 2.1 and letting ¢ > 0 be suitably small, with the help of (1.14), there exists a constant
¢ € (0, 1) such that

1 _
Joo(U) = L—‘nun2 — Cllull? when [lu] <¢.

In light of ¢ > 2, we can determine a constant { € (0, ) such that (3.3) holds true. According to the
definition of J/_, it is easy to reach (3.4) as before. The proof is completed. [

Lemma 3.3. Let 1 < p < 2 and suppose that u € E\{0}, then for all t > 0, there holds
Jo(tu) - —00 ast — +o0.

In particular, the functional J is not bounded from below.
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Proof. For any fixed positive function # € E\{0} and ¢t > 1, we have that

Oot(ﬁtu) < p/ [1Vul® + (AT + A)u® + acclul”] x——/ F(tu)dx.
R2

Due to ( f3), one sees that F(t)t~® — 400 ast — +o0. Thereby, using the Fatou’s lemma, we arrive at
Joo(tu)/t® — —oo ast — 400, and the claim follows. [J

Relying on Lemmas 3.2 and 3.3, we shall exploit the following critical point theorem without the (C)
condition introduced in [28] to find a (C) sequence for J.

Proposition 3.4. Let X be a Banach space and ¢ € C' (X, R) Gateaux differentiable for all v € X, with
G-derivative ¢'(v) € X~ continuous from the norm topology of X to the weak * topology of X' and
©(0) = 0. Let S be a closed subset of X which disconnects (archwise) X. Let vg = 0 and v; € X be
points belonging to distinct connected components of X\ X. Suppose that

iI;f(p >0>0 and @) <0

andletT’ ={y € C([0,1], X) : y(0) and y (1) = vy}. Then

= inf 1)) = 0
o=t my o) >e>

and there is a (C). sequence for ¢.

Combining Lemmas 3.2 and 3.3 as well as Proposition 3.4, there is a sequence {u,} C E such that

Joo(ttn) = coo and (14 [lun ) | Joo@n) | ;-1 = O, (3.5)
where
A
Coo = VIEI}EO max Joo(y (@) >0 (3.6)

with oo = {y € C([0, 1], E) : y(0) = 0 and J(y (1)) < 0}.

Lemma 3.5. Let 1 < p < 2, then for every u € E\{0}, there exists a unique constant t, > 0 such
that Joo (t,u) = max;>o Joo(tu) and t,u € Nuo. In particular, we could conclude that coo = My = dyo,
where

do £ inf max Jo(tu).
ueE\{0} >0

Proof. For any u € E\{0} and ¢t > 0, we define &(t) = J.(fu) and so

1) =0 t|Vu|® + 3t + u X+ axt’ u X — twudx =
"t)=0 |Vul® + 3t° (AT + A3)u?]d P=U L ulPd (tw)udx =0
R2 R2 R2

— J (tw)[tul/t =0 <= J (tu)[tu] =0 < tu € N.



14 L. Shen and M. Squassina / Ground state solutions for zero-mass Chern—Simons—Schrodinger systems

Proceeding as in the proofs of Lemmas 3.2 and 3.3, £(¢) possesses a critical point which corresponds to
its maximum, that is, there exists a constant z, > 0 such that £'(z,) = 0. Next, we verify that ¢, is unique.
Arguing it indirectly, we would assume that there exist two constants #;, r, > 0 with #; # f, such that
u, € Ny fori € {1, 2}. It follows from some elementary computations that

-t
Joo(t1u) — Joo(t2u) — P Jo () [tu]

1

12 u\:  [(6)\°
- _1[2—3(—2) + (—2) } |Vu|? dx
6 h h R2
tP 5\ \°
+L[(6—p)—6<—2> +p<—2> ]am/ Jul? dx
6p A A R2

1,6
+/ [Mf(tlu)tlu — F(tu) + F((tl_ltz)tlu)] dx
R2

6

and

6 6

t /
Joo(ta1t) = Joo (1) — 2. (tu0) [12u]
61,

12 0\>  (1)\°
= l[z—s(i) + (—1) } \Vul? dx
6 153 153 R2
t? 1\? 1\°
+i[(6—p)—6<—1> +p<—l> ]am/ ul? dx
6p [5) 1) R2

1—(t;'1)° .
+ / [76 f(u)u — F(bu) + F((t tl)tzu)] dx.
R2

Combining the above two formulas and J_(f;u)[t;u] = O for i € {1, 2}, we arrive at a contradiction if
t1 # 1. Next, to coincide the three numbers with each other, we shall firstly conclude that ¢, < dwo,
then do, < Mmoo and finally m, < ¢ step by step.

(1). coo < dxo. In view of Lemma 3.3, there is a sufficiently large #, > 0 such that J,(tou) < O for
every u € E\{0}. Define yy(t) = ttou € I's, then coo < Maxepo, 1) Joo (to) < max;>o Joo(fu) which
implies that c», < do-

(2). doo < myo. We claim that, for all u € E and ¢ > 0, there holds

— 16

Joo () — Joo(tu) — Joo W)[u]

1
= —(2—3t2+t6)/ |Vu|?dx
6 R2

.6

+ ‘L"’[(6 —p)— 617 + pté]/ lu|? dx +/ [ ! fuwu — Fu) + F(tu):| dx. (3.7
6p R2 R2 6
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Due to (f>), it suffices to verify that

/6
6 f(s)s+ F(st) — F(s) >0 foralls >0andt > 0.

(s, 1) =

Indeed, it is simple to calculate that

9 st f(s)
, ift e [1, +00),

>0
<0, ifte 1],

where we have used (f>) in the last inequalities. Therefore, we obtain that ¢ +— (s, #) is decreasing in
(0, 1) and increasing in (1, +-00) for all s > 0, respectively. It has that 7(s, ) > min,e 4o0) T(s, 1) =
7(s, 1) = 0 for every s > 0 and the claim concludes. Owing to the claim, for all u € N, one sees that
Joo () = Joo(tu) for all t > 0 yielding that dy, < Mmeo.

3). Mmoo < coo. We follow [38, Theorem 4.2] and present the details for the sake of completeness.
The manifold NV, clearly separates E into two components, we say them by {J,, > 0} and {J,, < 0},
respectively. According to Lemma 3.2, one can conclude that {J,, > 0} contains the origin and a small
ball around the origin. Moreover, adopting ( f2), Joo (1) = Joo(u) — é]éo(u)[u] > Oforallu € {J > 0},
so one must have that y (1) € {Jo < 0} for all y € I's.. Because y € C°, there exists a fy € (0, 1) such
that y (fy) € N showing that m., < ¢ by the arbitrariness of y. The proof is completed. [

Since the nonlinearity f fulfills the critical exponential growth at infinity which leads to the lack of
compactness, to recover it, we have to pull the mountain-pass level c,, down below a critical value. Have
this aim in mind, inspired by [1,2,7,9,10,22,39], we will consider the Moser sequence functions defined
by

Jogn, if 0 < |x|

- A log(t) .
wn(x) - \/E @ 3 n
0, if |x| > 1,

Lemma3.6. Let 1 < p <2, then0 < ¢ < i—’g

Proof. We have ¢ > m, > 0 by Lemma 3.2. Taking advantage of Lemma 3.3, it is not difficult to
observe that co, = inf), cr max;¢(o,1) Joo (¥ (1)) < infcp\jo) Max;~o Joo(fu). As a consequence, it suffices
to conclude that there exists a function w € E\{0} such that max;. ¢ Joo(tw) < 2% 1t follows from some

ag "
elementary computations that w, € C;°(B;(0)) C E and it satisfies

D Pdx = — RS S B
[Vw,|"dx = sdx = dp =1,
R2 27 logn Jp, o008, 0 1X] logn J1 p
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_ logn 2r (1 logn 1
dr — z S —— ) =0, (D).
fRz“””' * 2m 2 Ty logn(4 202 4n2> on(1)

Thanks to the interpolation inequality, there holds |w,|{ = 0,(1) forall 1 < s < 400.
Denoting |w, |, = §, with §, — 0 and we then define w, = w, /(1 + ¥/§,) for all n € N. Obviously,
it has that ||w, || = 1 which together with §, — 0 indicates that

and

[Vw,|3 > 1 and |w,|? — 0. (3.9)

With the help of (2.2) and (3.8), we follow [35, Lemma 3.10] to show that
c(w,) = f (Af[w,] + A3[w,])w; dx — 0. (3.9)
R2
We now claim that there is a n € N such that

2
max Jo, (tw,) < —. (3.10)
t>0 o

Otherwise, for all n € N, there exists a £, > 0 corresponding to the maximum point of max,.o J (fw,)

2
T ltgw)ltywn] =0 and  Joo(tyy) = max Joo(1,) > il (3.11)
1> (XO

From ( f3)—(fa4), for all € € (0, By), there exists a constant R, = R(¢) > 0 such that
F)s = My (Bo — ©)s" e V5| > R..

According to the second formula in (3.11), {#,} is bounded below by some positive constant. For some
sufficiently large n € N, one knows that #,w, > Rc on By,(0). Using (3.11) again,

2 2 6
1 IVwy |5 + acoty [wn|h + 38, c(w,)
= f f(tnwn)tnwn dx P f f(tnwn)tnwn dx
R? B/, (0)

_ .,
= M, LBy — €)(tyw,) " Tewolinwnl™y =2

t,+/Togn ]’Hl [ 2 logn
—_— exXp| o ————
A+ oovan) P2+ 5
indicating that {z,} is uniformly bounded in n € N. Up to a subsequence if necessary, there exists a

constant 7y € (0, +00) such that ¢, — ty. Since F(s) > 0 for all s € R, we invoke from (3.8) and the
second formula in (3.11) that

ZJTM()_l(,Bo—E)[ —210gn]

4

15> P (3.12)
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Choosing € = /2, we apply (3.8)—(3.9) and 7, — ¢, to get

+1
2

¥
(1 —9)logty > C[l + log(logn) + (aotg 27) ™" —2) log n] +0,(1),

where C > 0 is independent of n € N. Recalling (3.12), we would arrive at a contradiction by tending
n — oo and so (3.10) holds true. The proof is completed. [

Lemma 3.7. Let 1 < p < 2, then each sequence {u,} C E satisfying (3.5) is uniformly bounded in E.
Moreover, there is a constant Ko > 0 independent of n € N such that (2.10) holds true.

Proof. Given a sequence {u,} C E satisfying (3.5), it follows from ( f>) that

1
Coo + On(l) = Joo(un) - g\]éo(un)[un]

1 , 11
> — |VM,,| dx +|—— = |aw |un|pdx'
3 R2 P 6 R2

Recalling Lemma 3.6 and 1 < p < 2, we see that {||u, ]|} is uniformly bounded in n € N. Then, we are
derived from ||u,||||J ., (#n)|lz-1 — O and (2.2) that

/ f(un)undxzf [|wn|2+3(A%+A§)u,§]dx+aoof lun)” dx + 0, (1)
R2 R2 R2

< [ 1Vt an [l dx o+ 360+ 0,01
R2 R2
implying the desired result. The proof is completed. [J

Before establishing the existence of ground state solutions for Eq. (1.15), we shall introduce a new
version type of Vanishing lemma with respect to our variational setting.

Theorem 3.8. Let 1 < p <2 andr > 0. If {u,} is bounded in E and suppose that

lim sup sup / lu,|? dx =0,
B (y)

n—o00 yeRZ

then u, — 0in L*(R?) forall p < s < +o0.

Proof. We follow the idea adopted in [38, Lemma 1.21] to conclude the proof and exhibit it in detail for
the convenience of the reader. First of all, we recall the Gagliardo—Nirenberg inequality in [3] that

lul} <C|Vuly ’lul?, VYu e Eand p <s < +00, (3.13)
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where the constant C; > 0 only depends on s. So, we are derived form (3.13) that

s—p

2
/ |un|5dx<CS(/ |un|”dx)(/ |Vun|2dx) .
By (y) B (y) B, (y)

Covering IR? by balls of radius r in such a way that each point of R? is contained in at most 3 balls, we
are able to see that

p(l-m)
aF
/2 lun|* dx < 3Cs sup (/ Iunl”dx) a7
R yERz B (y)

Under the assumption of this lemma, it holds that u, — 0 in L*(R?) for each p < s < +00. The proof
is completed. [J

We are now in a position to show the proof of Theorem 4.1.

Proof of Theorem 3.1. Due to Lemmas 3.2-3.3 and Proposition 3.4, there is a sequence {u,} C E
satisfying (3.5). From Lemma 3.7, {||u, ||} is uniformly bounded in n € N. Passing to a subsequence if
necessary, using Lemma 2.1, there exists a uo, € E such thatu, — uo in E, u, — us in L} (R?) with

s € (p, +00) and u,, — Uy a.e. in R2. We claim that, there are y € R? and r, T > 0 such that
/ | dx > 7. (3.14)
B (y)

Otherwise, thanks to Theorem 3.8, we obtain that u,, — 0 in L*(R?) for every s € (p, +00). According
to Lemma 3.7, we now take a similar calculations in (2.11) to deduce that

lim F(u,)dx =0. (3.15)

n—>oo Jp2

Our next goal is to show that

lim fu)u,dx =0. (3.16)
R2

n—oo

Indeed, on the one hand, taking (3.15), Joo(u,) — co and Lemma 3.6 into account that

limsup,_, . |Vunl3 < i—’g. Thereby, we shall choose @ > « sufficiently close to ap and v > 1 suf-

ficiently close to 1 in such a way that % + L =1withv > 1 and

ochVun|§ <4 (1 —€) for some suitable € € (0, 1).

‘We define

_ oV
U, = |——u,, VneN.
4w (1l —€)
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Obviously, one sees that |Vii,|5 < 1 for all sufficiently n € N and |it, |} is uniformly bounded in n € N.
On the other hand, we apply (1.14) in (2.8) to get

/ fuu, dx < Sf |un|2dx + Ca/ |un|qq)a,jo(un) dx
R2 R2 R2

1
<e / |un|2dx+cg</ |un|q”’dx> (f q>4n<16),,-0<ﬁn>dx)
RZ Rz RZ

1
< s/ | |2 dx + CES(4JT)</ |t |97 dx)” .
R2 R2

Letting n — oo and then tending ¢ — 0%, we reach the desired result (3.16). With (3.16) in hands,
as a direct consequence of J/_(u,)[u,] — 0, we derive that |Vu,,|% — 0, |u,|h — 0 and fRZ (Af +
A%)u% dx — 0. Exploiting (3.15) and J»(#,) — ¢ again, it immediately concludes that c¢,, = 0
which contradicts with ¢, > 0 in Lemma 3.6. So, we see that (3.14) must hold true.

According to (3.14), we define v, = u, (- 4 y,) for every n € N. Since both J, and J, are translation
invariant in R?, one knows that {v,} is still a (C) sequence of J, at the level c,,. Arguing as before,
passing to a subsequence if necessary, v, — vin E, v, — vin L] (R?) with s € (p, +00) and v, — v
a.e. in R%. Moreover, we can see that v # 0 by (3.14). As a consequence, without loss of generality, we
consider the sequence {u,} instead of v, to suppose that i, # 0. In view of (2.3) and (2.12), there holds

J.(Uo) =0and sous € N4 . We are then derived from (3.5) and the Fatou’s lemma that

1
Coo = hang;lf Joo(un) = h,,rgg}f{ Joo(Utn) — gJéo(un)[un]}

L1 5 1 1 1
= liminf{ — [Vu,|"dx + | — — = |as lu,|” dx + — [f(un)u,, - 6F(un)] dx
n—oo 3 R2 p 6 R2 6 R2

1 1 1 1
> - |Vu|*dx + | — — = aoo/ |uoo|”dx+—/ [f(uoo)uoo—6F(uoo)]dx
3 R2 p 6 R2 6 R2

i) — éJ;omoo)[uoo] (i) > M, (3.17)

From which, it follows from Lemma 3.5 that u, — u. in E along a subsequence. In other words, we
deduce that u, is a solution of Eq. (1.15) with Jo(#s) = M. The positivity of u is trivial, and so
we omit it here. The proof is completed. [

Remark 3.9. We invite the reader to see that Theorem 1.7 is a direct corollary of Theorem 3.1.

4. Proof od Theorem 1.5

In this section, we are going to investigate the existence of positive ground state solutions for Eq. (1.1).
From the view point of variational method, we search for critical points of J, defined in (3.1). Recalling
the discussions in Section 2, J, is well-defined and of class of C'(E, R).

We shall prove the following result.
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Theorem 4.1. Let 1 < p < 2 and suppose (A)—(Ay). If f satisfies (1.10) and ( f1)—(f4), then Eq. (1.1)
admits at least a positive ground state solution u, € E such that

Jo(uy) =m, = inf max J,(tu).
ueE\{0} 10

Associated with J,, we have the Nehari manifold given by
Na={u e E\{0}: J;w)[u] =0},
and define the minimization problem

my = m/i\IP Ja (). 4.1

ueN,
By definitions of m ., and m,, in (3.2) and (4.1), adopting (A,), it is easy to check that
My < M. 4.2)

Moreover, because a is a positive and bounded function, it permits us to repeat the arguments in
Section 3 to find a (C) sequence {u,} C E of J, at the level c,, where

. = inf a 4.
¢a = inf trel%gf]J (y@®) >0 4.3)

withT, ={y € C([0,1], E) : y(0) =0 and J,(y (1)) < 0}. We can also deduce that

m, =c, =d, £ inf maxJ,(tu) 4.4)
ueE\{0} >0
and
21
O<c, < —. 4.5)
(&%)

Actually, the essential, or unique, difference between the proof of Theorem 3.1 and that of Theorem
4.1 is that whether the variational functional is translation invariant in R?. Clearly, we realize that J,
does not have such a good property because of the appearance of the nonconstant potential a. Thereby,
to reach the proof, it is enough to verify that the weak limit of (C)., sequence is nontrivial.

Lemma 4.2. Under the assumptions of Theorem 4.1, if {u,} C N, denotes a (C)., sequence of J, and
u, — u, in E along a subsequence, then u, # 0.

Proof. Assume by contradiction that u, = 0 and let #, > 0 such that t,u, € N, by Lemma 3.5. The
standard calculations show that {z,} is bounded, and so,

tn
Ca +0n(1) = Jo(up) = max Jo(tuy) = Jo(tautn) = Joo(tyun) + _/ (a(x) - aoo)|un|pdx;
>0 P Jr?
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where we have used Lemma 3.5 again in the second equality. From this,

tp
caton(1) = meo + i/ (a(0) — ool dix.
P JRr2

In light of the fact that {z,} is bounded, we can make use of (A;) to have that

/ (a(x) — aoo)lunlpdx -0
R2

loading to
C(l 2 mooa
which contradicts with (4.2) and (4.4). The proof is completed. [

Proof of Theorem 4.1. Owing to (4.4), we just need to find a sequence {u,} C N, and it is a (C),,
sequence of J,. It is standard, we refer the reader to [30, Theorem 1.1] and so the proof is done. [

5. Proof od Theorem 1.9

In this section, we aim to derive that Eq. (1.15) admits a mountain-pass type solution whose energy is
equal to the mountain-pass level.
The main result in this direction can be stated as follows.

Theorem 5.1. Let 1 < p < 2 and suppose (A1)—(Az). If f satisfies (1.10) and ( f1)—(f,) as well as
(f3)—(f1), then Eq. (1.15) has a positive mountain-pass type solution inu € E with Jo(u) = ceo, Where
Joo and coo are defined by (3.1) and (3.6), respectively.

As we have pointed out in the Introduction, when ( f>) is absence, we cannot restore the compactness
as what we have done in the Sections 3 and 4. Speaking it clearly, let {u,} C E be a (C),,, sequence of
Jo, it is impossible to conclude that {u,} admits a strongly convergent subsequence in E by (3.17). The
existence of such a sequence is guaranteed by adopting some very similar calculations in Section 3.

Whereas, since the whole space R? itself also results in the lack of compactness, we shall always
restrict ourselves in the radially symmetric subspace of E. In other words, in this section, we prefer to
take advantage of E, to be the work space, instead of E.

Now, we are able to verify that the variational functional J, satisfies the (C) condition at the level

Coo-

Lemma 5.2. Under the assumptions of Theorem 5.1, if {u,} C E, is a (C),,, sequence of J, then there
is auy € E such that u,, — ug in E, along a subsequence.

Proof. Proceeding as the proof of Lemma 3.7, {||u,|} is uniformly bounded in n € N. Passing to a
subsequence if necessary, there is a uy € E, such that u, — ug in E,, u,, — ugin L* (RN) with s > p
and u, — ug a.e. in RV, Combining (2.3) and (2.12), one has J.(up) = 0 which implies that

1
oo (o) [uo] = 0. (5.1

Joo (o) = Joo(uto) — 3



22 L. Shen and M. Squassina / Ground state solutions for zero-mass Chern—Simons—Schrodinger systems

Moreover, it follows from the Brézis-Lieb lemma, (2.4), (2.11) and (5.1) that

1 a 1
Coo = = |V, |2 + ?’oluﬂﬁ + —/ (ATTun] + Ad[u,))us dx — /
R2

F(uy) dx + 0,(1
> 3 - (un) dx + 0, (1)

1 a 1
= 5|V — Vuol3 + ?'Olun —uoly + 3 /Q(Af[un — ug] + A3[uy — uol) (uy — up)* dx
R

1 a 1
+ E|vu0|§ + —uol? + —/ (ATluol + A3luol)ugdx — / F(uo)dx + 0,(1)
p 2 Jre R?

1 1
> 3|V, — Viol; + Joo (o) + 0,(1) > 51V — Vuol; + 0,(1).

From which and Lemma 3.6, then limsup,,_, ., |Vu, — Vgl < i—’;. Consequently, we shall choose

o > «p sufficiently close to oy and v > 1 sufficiently close to 1 in such a way that % + 5 = 1 with
V' > 1 and

av|Vu, — Vbtol% < 4w (1 —€) for some suitable € € (0, 1).

We define

i = * ), VneN
U, = o Uy, — Ug), n .

Obviously, one sees that |Vz2n|§ < 1 for all sufficiently n € N and |ii, |} is uniformly bounded in n € N.
Besides, for the above fixed € € (0, 1), we need the following two types of Young’s inequality

la+b> < (1 +&)al>+ (14+€7")bl>. Va,beR

and

1 ) é o
— [eU+&a _ _C r,a+ehy
d<l+é[e d]+1+é[e d], Va,b,d e R.

a+b

By means of the above facts together with (1.14), we derive

1 . €
./RZ (Dozv»jo(un) dx < m - cb47r(l+€)_2yjo(un) dx + m - cbva(lJré_l)z,jO(uO) dx
S Cye
< L O < too, VneN

T 14e  1+4€

As a consequence, by (2.8), we obtain

1 1
2 2
< </ Iunlde) (/ |, — uolzdx>
]RZ RZ

/ S ), — uo) dx
R2
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1
-1 v
+ C|un|g{qf)l)u/|un — uplaw (/2 q)av,jo(un) dx)
R

= 0,(1). (5.2)
It is simple to see that
f2 o), — ug) dx = o0,(1). (5.3)
R
For all 1 < r < 2, thanks to the significant inequality [36, (2.2)] which can be stated as follows
(Iy2l2y2 = I 2y1) - 2 — y1) = C, - Iyz——y1|22
(y2l + IyiD==

From which, using J/ (u,) = 0,(1) and J/_(up) = 0 as well as (2.3) and (5.2)—(5.3), it holds that
0 (1) = JL (un) [y — uol — J (o) [, — uol

= / [IVu, — Vuol* + (Jual? 2w, — luol” *uo) (un — uo)] dx
RZ
+ / (ATTunluy + A3l luy) (u, — u) dx + f (ATTuoluo + A3[uoluo)(u, — uo) dx
R2 RZ
+f f(un)(un - MO) dx +/ f(”O)(“n - MO) d-x
R2 R2
= / [IVun — Vuo|* + (Iunl”‘zun - |u0|p_2”0)(un - uo)] dx 4+ 0,(1) = 0,(1)
]RZ
yielding that
Vity — Vito2 = on(1) and / (It 17210 — a0l 100) ttn — 119) .
]RZ

At this stage, we apply the Holder’s inequality to get

/ luy — uol? dx
R2
C

rQ2=p)

/2 (417210, — L1t "~210) (U — )| % (] + o)) "7 dlx
R

[S1S)

2—p

P
aA_D 2 2
<Cp2<f |(|un|f’—2un—|uo|P—2uo)(un—uo>|dx) </ <|un|+|uo|>f’dx>
R2 R2

i
2
< C(/ |(|”n|p_2un - |”0|p_2u0)(un - uO)ldx> = 0,(1).
R2

Thus, we can derive that u, — ug in E, as n — oo. The proof is completed. [



24

L. Shen and M. Squassina / Ground state solutions for zero-mass Chern—Simons—Schrodinger systems

Proof of Theorem 5.1. In view of Section 3, there is a (C),, sequence {u,} C E, of J. So, we can
finish the proof by Lemma 5.2. This proof also concludes Theorem 1.9. [
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