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CONCENTRATING NORMALIZED SOLUTIONS FOR 2D NONLOCAL
SCHRODINGER EQUATIONS WITH CRITICAL EXPONENTIAL GROWTH

LIEJUN SHEN, MARCO SQUASSINA

ABSTRACT. We study the existence of solutions to nonlocal Schrédinger problems with different
types of potentials

—Au+W(z)u = ou + &[|z|* * F(u)]f(u) in R?

/ |u|?de = a2,
R2

where a # 0, ¢ € R is known as the Lagrange multiplier, > 0 is a parameter, W € C(R?) is
the nonnegative external potential, u € (0,2), and F denotes the primitive function of f € C(R)
which has critical exponential growth in the Trudinger-Moser sense at infinity. We prove that
the problems admit at least a positive solution, and we analyze the concentrating behavior.

)

1. INTRODUCTION

In this article, we aim to prove existence of positive solutions to the nonlocal Schrodinger
equation with different types of potentials

—Au+W(z)u = ou+ k[|z| ™ * F(u)]f(u) in R? (1.1)

under the constraint
/R2 lu|?dx = a?, (1.2)

where a # 0, 0 € R is known as the Lagrange multiplier, x > 0 is a parameter, W € C(R?) is the
nonnegative external potential, i € (0,2) and F denotes the primitive function of f € C(R) which
has critical exponential growth in the Trudinger-Moser sense at infinity.

Inspired by the well-known Trudinger-Moser type inequality, we recall that a function f has
the critical exponential growth at infinity if there exists a constant ag > 0 such that

e ) {07 Ya > ao,

— =
|s]—=+o0 exs —|—OO7 Ya < Qq.

(1.3)

This definition was introduced by Adimurthi and Yadava [2], see also de Figueiredo, Miyagaki and
Ruf [30] for example.

Hereafter, we shall assume that the nonlinearity f satisfies (1.3) and the following assumptions:
(A1) f eC(R,R) and f(s) =0 for all s € (—o0,0];

(A2) Thereisa g€ (2, 677“) such that f(s)/s?7! is an increasing function of s on (0, +00).
(A3) There is a ¢y > 0 such that f(s) > cos?7! for all s € [0, +00).
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We would like to highlight here that many functions f satisfy the above assumptions, with
o = 47 and ¢y = 1, for example
0, s <0,
f(S) = { q—1 4rms?

s e , §>0,

where ¢ € (2, 6_7”) Similar assumptions for a nonlinearity f satisfying and (A1)—(A3) can
be found in [13, (8]

Over the past few decades, a lot of attentions have been paid to the standing wave solutions to
the time-dependent nonlinear Choquard equation

.0 _ .

190 =AY = W)y + [l « P () in RY X RY, (14)
where 1) : RV x R — C acts as the time-dependent wave function, W : RN — R stands for the
real external potential and nonlinear term f(1)) describes the interaction effect among particles.
Inserting the standing wave ansatz ¢(x,t) = exp(—iwt)u(z) with w € R and x € RY into (1.4), it
follows that u : RN — R satisfies the Choquard equation

—Au+W(z)u = [|z| ™ * F(u)]f(u) in RY; (1.5)

here and in the sequel W (z) = W (z) + w for all z € RV.

There exist two directions in the studies of standing waves of the Choquard equation .
On the one hand, one can choose the frequency w € R to be fixed and investigate the existence
of nontrivial solutions for obtained as the critical points of the variational functional I :
HY(RM) — R given by

I(u) = }/ [|Vu\2 + (W(x) + w)uQ] dx — 1/ [lz]7* % F(u)]F(u)dz.
2 Jan 2 Jan
Actually, is closely related to the Choquard equation arising from the studies of Bose-Einstein
condensation and can be used to describe the finite-range many-body interactions between particles
since |z|™# can be reviewed as the classic Riesz potential. Letting N > 3 and f(s) = |s[P~2s for
all s € R, is of the form

—Au+u = (|z| 7" * [u|P)|u|P2u,  c RV, (1.6)

To describe a polaron at rest in the quantum field theory, Pekar [51] introduced the Choquard-
Pekar equation which is N = 3, 4 = 1 and p = 2 in (1.6). Choquard adopted this equation
to characterization an electron trapped in its own hole as an approximation to the Hartree-Fock
theory for the one component plasma [41]. Subsequently, Lieb [40] and Lions [43] studied the
existence and uniqueness of positive solutions to by variational methods. The authors in
[45, [47] concluded the regularity, positivity and radial symmetry of the ground state solutions
and investigated the decay properties at infinity. It should be pointed out that was also
proposed by Morozet al. in [46] as a model for self-gravitating particles in the context as it
can be regarded as the classic Schrodinger-Newton equation, see e.g. [52 62]. Actually, (|1.6)
and its variants have received more and more attentions by many mathematicians because of
the appearance of the convolution type nonlinearities in these years. We refer the reader to
[1, [, B [8l @ B8], 111, [12], 15, 47, 48], 55] and the references therein, particularly to [49], for some
meaningful review of the Choquard equations.

On the other hand, one can consider the w € R to be unknown. In such a situation, w is
supposed to act as a Lagrange multiplier and the L?-norm of the obtained solutions would be
prescribed since there is a conservation of mass which is said that the wave function ¢ (z,t) with
its corresponding Cauchy initial function (0, z) which preserves L?-mass in the following sense

/ (e, )P = / (0, )2, Vit € (0,00).
RN RN

From the physical point of view, this spirit of research holds particular significance as it accounts
for the conservation of mass. Moreover, it provides valuable insights into the dynamic properties
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of the standing waves of , for instance stability or instability in [24, 28]. In this article, we
shall focus primarily on this direction.

Jenajean [34] used a minimax approach and compactness argument to conclude the existence
of solutions for the Schrédinger problem

~Au+wu=g(u) inRY,
/ |u|?dx = a®. 7
RN

There exist some further complements and generalizations in [36]. In [59], letting g(t) = 7|¢t[9~ 2t +
[t|P~2t with 2 < ¢ <2+ % < p < 2%, Soave obtained the existence of solutions for problem ,
where 2* = % if N >3 and 2" = co if N = 2. For this type of combined nonlinearities, Soave
[60] also proved the existence of ground state and excited solutions when p = 2*. For more results
for problem (L.7), we refer the reader to [7, 20, [35, 37, [63] and the references therein.

In the spirit of [34], when W(z) = 0 for all z € RY in (L.5)), the authors in [39] deduced the

existence of nontrivial solutions solutions to the nonlocal problem of Choquard type

—Au+wu = [|z| ™" % F(u)]f(u) in RY,
/ lu|?dx = a?, (18
RN

provided a > 0 is sufficiently small, where f possesses the Sobolev subcritical growth at infinity.
Afterwards, Bartsch et al. [I8] investigated the existence of solutions for problem which is
simpler and more transparent than that of [39]. As to the case that the nonlinearity f admits
the critical growth, Ye, Shen and Yang [65] dealt with the existence of normalized ground state
solutions for the Hartree problem with a perturbation. There are some other interesting results
with respect to problem 7 see [15] 18, 29, [39] for example.

The reader may observe that the spatial dimension of problem is two, the case therefore is
very special because 2* = oo in this situation. Explaining it more specifically, the fact H!(R?) <
L>(R?) shall make the problems special and quite delicate. Thus, it is not so direct to dispose
of the nonlinearity involving a critical exponential growth trivially. Letting W(z) = 0 for all
z € R? in 7 Deng and Yu [29] supposed that the nonlinearity satisfies (1.3) and the following
assumptions

(A4) f:R — R is continuous;

(A5) f(t) =o(|t|") as |t| — O for some T > 3;

(A6) there exists a positive constant 6 > 6;“ such that 0 < 0F (t) < f(¢)t for ¢t # 0;

(AT) there exist constants o > % and & > 0 such that F(t) > £|t|” for all t € R.
Then, for some sufficiently small mass @ > 0 and o > 0 large enough, the authors used the
arguments in [34] to investigate the existence of normalized solution. Moreover, the ground state
solution was considered when f in addition has some monotone type assumptions. Afterwards,
Alves and Shen [15] handled the existence of nontrivial solutions to the problem

—~Autwu =[] 5 (ja] P Pz f(u) n B,
/ lu|?dz = a® (1.9)
R2 7

where § >0, 0 < p < 2 with 0 < 25 + ¢ < 2 and f admits the supercritical exponential growth
(see [10, 12]). It is worth pointing out here that either assumption (A6) or

(A7) liminf,, oo GFQE)‘?Q > 0, where ag > 0 comes from (|1.3)),

plays a pivotal role in [I5]. Actually, either the assumption (A7) or (A7) is used for restoring the
compactness caused by the critical exponential growth and the whole space R2. As a consequence,
these assumptions seem indispensable to some extent in the mentioned works.

Motivated by the quoted papers above, particularly by [13] 14, 57, 58], we are going to consider
the existence of normalized solutions to nonlocal Schrédinger equations with different potentials
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and critical exponential growth. Speaking it clearly, let us suppose that W(z) := V(ex) for all
e>0and zr € R? in with the assumption
(A8) V € C(R%,R) and 0 < Vj := infuepz V(2) < Voo = lim inf |, o V(2) < 400, where
V(0) = Vb.
Now, we can state the first main result in this article.

Theorem 1.1. Assume (A1)—(A3), (A8), (1.3) hold and p € (0,2). Then there exist constants
K* >0, a* >0 and * > 0 such that, for every k € (0,k*), a > a* and € € (0,&*), the problem

—Au+V(ex)u = ou + kl|z| " * F(u)|f(u) inR?,
1.10
) e = )
R2
has a pair of weak solutions (u,5) € H'(R?) x R such that u(x) > 0 for all z € R? and & < 0.
Moreover, if z. denotes the global maximum of u, then, up to a subsequence if necessary,
lim V(eze) = Vb.
e—0+
We shall assume that W (z) = AV (z) for all A > 0 and € R? and the function V : R? — R
satisfies the following conditions
(A9) V € C(R%,R) with V(z) > 0 on R B
(A10) Q :=int V~1(0) is nonempty and bounded with smooth boundary, and Q = V~1(0);
(A11) there exists a b > 0 such that the set = := {z € R? : V(z) < b} is nonempty and admits
finite measure.

The main result in this directionreads as follows.

Theorem 1.2. Suppose (A)—(A3), (A9)-(A1l1), (L.3) hold and p € (0,2). then there are k. > 0,
ax >0 and A\ > 1 such that, for all k € (0,k4), a > a. and X\ > A\, the problem

—Au+ NV (2)u = ou+ &[|z| 7" * F(u)]f(u) in R?
, ) (1.11)
[ uta)ds = .
R2

has a couple of weak solution (u,co) € H*(R?) x R such that u(z) > 0 for all x € R? and g < 0.
If we denote (uy,ay) by the couple of weak solutions established above for all X > A, then for all
fized a > a., passing to a subsequence if necessary, uy — u, in H'(R?) and o\, — g, in R as
A — +o0, where gy < 0 and (ug,0q) is a couple of weak solution to the problem

=ou+kK 7F(u(y)) n T
—Au=ou+ /| —m“@)ﬂ)’ cq,

)=0, €0, (1.12)

/ lu|?dz = a®

The two types of potentials V' appearing in Theorems [I.1] and [I.2] have been considered by
many mathematicians over the past decades, see [I7, 23] 54 33, 311 B2] and [19, 21, 221 27, 44],
respectively. As a matter of fact, the former one is known as the Rabinowitz’s potential, While the
latter one is called by the steep potential well.

Remark 1.3. Concerning the existence of normalized solutions to some classes of local equations
with Rabinowitz’s potential, we prefer to refer the reader to [3, 6 [14] [T6l [57]. The reader can
find the latest paper [58] focuses on the normalized solutions to Schrédinger-Newton system with
steep potential well.

It seems the first attempts to study the existence of normalized solutions to Choquard equations
with the above two types of potentials in a unified way.

It should be pointed out that we could not conclude the proofs of Theorems [I.1] and [T.2] simply
by repeating the approaches adopted in the previous papers mentioned in Remark [I.3] On the



EJDE-2025/34 NORMALIZED SOLUTIONS FOR CHOQUARD EQUATIONS 5

one hand, we successfully generalize the local case in [3] [0} 14} 16, [57] to the nonlocal one and so
there are some additional difficulties. On the other hand, thanks to the special structure of the
work space in [58], the key compact imbedding holds true in advance and it mainly deals with the
boundedness of minimizing sequence, while we easily obtain the boundedness and there are some
subtle efforts to recover the compactness in the proof of Theorem [I.2} As a consequence, we tend
to believe that this article may prompt some further studies on normalized solutions to a class of
nonlocal Schrédinger equations.

To conclude this section, we simply sketch the main ideas to arrive at the proofs of Theorems
and Owing to the arguments adopted in [13] [14) 57, 58], for each fixed constant R > 0,
we introduce the following continuous function fr : R — R defined by

0, ifs<0,
fr(s) =< f(s), if 0 <s <R, (1.13)
%sqﬂ, if R<s< +oo,

where the constant ¢ € (2, °5#) comes from (A2). For the rest of this article, we define Fg(s) =

fos fr(t)dt for each s € R to be the primitive function of fr. It follows from a direct computation
with (A2) that

qFr(s) < fr(s)s, ¥s>0. (1.14)
We can use the monotone assumption in (A2) again to see that
f(R) 4
fr(s) < ReT 5771 Vs > 0. (1.15)

With such a nonlinearity fr defied in ([1.13]), we turn to study the auxiliary problem
—Au+ W (z)u = ou + k[|z| ™ * Fr(u)]fr(u) in R?,

1.16
/ lu|?dz = a®. (1.16)
R2

By , we can see that Problem involves L2-subcritical growth since ¢ < 677“ So, the
solvability of Problem becomes available. At this stage, we invite the reader to observe that
if the couple (ug,og) is a solution of Problem (1.16]), then it is indeed the solution to the original
Problems — as long as |ur|eo < R due to the definition of fr in . Having this in
mind, we shall derive the proofs of Theorems and combining the solvability of Problem
and the L*-estimate.

This article is organized as follows. In Section [1.2] we will introduce some preliminary results
handling the convolution parts. Sections [2] and [3] we obtain existence results for the auxiliary
Problem with two different types of potentials. Finally, the detailed proofs of Theorems
and [[.2 shall be exhibited in Section [4

1.1. Notation. From now on, we use the following notation:

B,(x) C R? is an open ball centered at # € R? with radius r > 0 and B, = B,.(0).
e C (Cq,C5, - denote any positive constant, whose value is not relevant.
e For all z € R?, we define

ut(2) := max{u(z),0} >0 and wu (x):= min{u(z),0} <O0.

e |- |, denotes the usual norm of the Lebesgue space LP(R?), for every p € [1,+00]. || - ||z
denotes the usual norm of the Hilbert space for i € {1, 2}.

e 0,(1) denotes a real sequence with 0, (1) — 0 as n — +oc.

e “— 7 and “ — 7 stand for the strong and weak convergence in the related function spaces,

respectively.
e We recall the celebrated Gagliardo-Nirenberg inequality, given an [ € [2, +00),
_ 1 1
fulf < Cluls ™ |Vul3" i HY(R?), v =2(5 - ), (1.17)

where the constant C > 0 is just dependent of [.



6 L. J. SHEN, M. SQUASSINA EJDE-2025/34

1.2. Two basic facts. In this section, we exhibit some preliminary results adopted to prove the
main results. From now on, we shall always suppose that 0 < g < 2 just for simplicity. Let us
first introduce the well-known Hardy-Littlewood-Sobolev inequality.

Lemma 1.4 ([42] Theorem 4.3]). Suppose that s,7 > 1 and 0 < p < N with % + &+ % = 2,
¢ € L*(RY) and ¢ € L"(RN). Then, there exists a sharp constant C = C(s,N,p,r) > 0
independent of p and v, such that

)

[ el e @liste)ds < Cllel. vl (1.18)

Since it mainly concerns the whole space R? in this paper, we will assume that N = 2 in (1.18)).
Let us conclude this section by introducing the celebrated Brézis-Lieb lemma for the nonlocal
term of Choquard type.
Lemma 1.5 (A7, Lemma 2.4)). . Let p € [*5%, +00) and (un)nen be a bounded sequence in

L%(Rz). If u, — u almost everywhere on R? as n — oo, then

nlin;o [ * JunP) [un [P = (2] 7" * Jup — ul?) |up — ul?] d
R (1.19)
= / (J|=# * |ulP) |u|Pdz.
R2
Moreover, for all p € C§°(R?), it holds that
lim (|7 * Jun [P) Jun P~ 2unpde = / (||~ * |ulP) [ulP~*pd. (1.20)
n—oQ R2 R2

2. TRUNCATED PROBLEM: RABINOWITZ’S TYPE POTENTIAL

In this section, we are going to prove the existence of positive solutions for the nonlocal
Schrodinger equation

—Au+ V(ex)u = ou+ &[|z| " * Fr(u)]fr(u) in R? (2.1)
under the constraint

/ lu|?dx = a?, (2.2)
R2

where the potential V : R? — R satisfies (A8), ¢,k > 0 are parameters, a > 0, o € R is known as
the Lagrange multiplier and the nonlinearity fg is defined in (1.13]).
In general, to solve Problems (2.1))-(2.2)), we look for critical points of the variational functional

1

Jer(u) = 3 /}R2 [|Vu|2 + V(sx)|u|2} dx — g/RQHx\*“ * Fp(u)|Fr(u)dx (2.3)

restricted to the sphere S(a) defined by

S(a) = {u c H'R?): [ |ufde = a2}. (2.4)

R2

Taking advantage of (A8) and ([L.15) together with (1.18]), it is simple to verify that the functional
Je g is of class C'(H'(R?),R) and it derivative is given by

L r(u)v = / [VuVo + V(ex)uv] dx — I{/ [|[2| " % Fr(u)]fr(v)vdz, Yu,ve H'(R?).
R2 R2
We note that since V is a positive and bounded function by (A8), then the work space H'!(R?)

with its usual norm || - || g1 will be adopted for simplicity in the present section.
The existence result concerning the Problems (2.1)-(2.2)) is the following.
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Theorem 2.1. Suppose (A1)—-(A3), (A8), (1.3)) holda and p € (0,2). then there exists an R* > 0
such that for all R > R*, there exist a* = a*(R) > 0 and * = ¢*(R) > 0 such that, for each fized
k€ (0,1), a>a* and e € (0,e*), the minimization problem

Y r(a):= min J; g(u) (2.5)
ueS(a)

can be attained by some function in H*(R?). Hence, there is (ur,or) € H'(R?) x R such that it
is a couple solution of Problems [2.1))-([2.2), where ur(z) > 0 for all x € R? and op < 0.

The proof of the above theorem will be divided into several lemmas. Before exhibiting them,
we will always suppose that the potential V' and the nonlinearity fr satisfy (A8) and (1.3]) with
(A1)—(A3) in this section.

Lemma 2.2. For all fized R > 0, the variational functional J. g is coercive and bounded from

below on S(a) for each k € (0,1), a > 0 and € > 0, where J. g and S(a) are appearing in (2.3)
and (2.4), respectively.

. 4 .
Proof. By (1.14)-(1.15) and (1.18)), for all w € S(a), we use (1.17)) with I = ﬁ > 2 to obtain
4—p

1 2 CFCfR(R)at 2, \a- 5
Js,R(u)zi/RQWm A = = i (/R Vul?dz)"

Asq e (2, 677"), clearly ¢ — 477“ < 1, then the statement follows. O

As a direct consequence of Lemma for every fixed R > 0, k € (0,1), a > 0 and £ > 0, the
real number Y. g(a) in is well-defined and it shall be used to look for nontrivial solutions
for Problems —. Alternatively, we need to conclude that Y. g(a) is uniformly bounded
above with respect to x € (0,1) and € > 0 and so there is the result below.

Lemma 2.3. There exists an R* > 0 such that for all fited R > R*, there is an a* = a*(R) > 0
satisfying for all a > a*, there exists a constant Or = O(R) < 0, independent of €, such that
Y. r(a) <O for all k € (0,1) and € > 0.

Proof. According to the definition of fg in (1.13)), it holds that

fr(s) _{Zfsb 0<s<R,

s1=1 ;;51’2, R < s < 4o0.

(2.6)

Since f satisfies (1.3]), we apply (A2) to see that limp_, ;o };Ef} = +oo which indicates that there

exists an R* > 0 such that, for all R > R*, it holds that };2’2 > ¢p. As a consequence, owing to
(2.6) and (A3), we arrive at
fr(s) > cos? !, Vs > 0 and R > R*. (2.7)

We now fix a positive function 1 € C§°(R?) N S(1); combining (2.7) and (AS), it follows that

t2 [V ]|oo Kt
Jer(ty) < = [ [VyPde + =42 — =2
nlt) < 5 [ IVePde+ e - B
as t — +00, where we have used that V(ex) < |V for all e > 0 and x € R? by (A8). Choosing
a sufficiently large t* = t*(R) > 0 and letting a* = t*|¢)|2, it permits us to look for a constant
Or = O(R) < 0, dependent of R, such that

Jer(u) <Opr, VR>R" ke€(0,1), a>a" and e >0,

[l s pinioiras - oo

provided u € S(a), as asserted. The proof is complete. (]

Similar to [3] [6] [14], 16} [57], we have the following result in the nonlocal case of Choquard type.

Lemma 2.4. Let as > a; > a*. Then Ts'aRz(az) < TE‘SQ(M) for all fited R > R*, k € (0,1) and
2 1
e > 0.
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Proof. Let £ > 1 such that as = £a; and (u,) C S(a1) be a minimizing sequence with respect to
the number Y. g(a1), that is,
Je r(un) = Yo p(ar) asn— 4oo.

Fr (t)
ta

Setting v, = &uy,, obviously v, € S(az2). According to (A2), the function ¢t — is increasing

on (0,400), we obtain the inequality
Fr(ts) > t?Fg(s), Vs>O0andt>1,
and so, by using Y. r(a2) < Je r(vn) = Je,r(Euy), we have that
K 1 — K
Ter(a2) < EJer(un) + 3 /2 {&[|27" * Fr(un)]Fr(un) — [Jo| ™" * Fr(§un)]Fr(§un) } dz
R

k(€2 — €24
% /Rz[|x|—H * FR(Un)]FR(un)dx.

To continue the proof, we have a claim.

< £2J6,R(un) +

Clame 2.5. There exist a positive constant C' > 0, independent of n € N, and a positive integer
ng € N such that [p,[|z]™* % Fr(un)]Fr(u,)dz > C for all n > ny.

Otherwise, there exists a subsequence of (u,) C S(ay), still denoted by itself, such that
/2[\m|_“ * Fr(up)|Fr(uy)de — 0 asn — 4oo.
Now, we apply Lemma to obtain
@RzlngQ+@JU:JQﬂ%)z—gA;WFW*FﬂmMFMWmm, nen,

which is absurd and Claim [2.5|is proved. Thanks to Claim and the fact that £2 — £2¢ < 0, we
therefore reach

TE,R(CQ) < €2J8,R(un) + “(52 - ng)C’
for n € N large. Letting n — 400, it follows that
TE,R<a2) S £2TE,R<a1) + 5(52 - £2q)C < §2T5,R(a1>7

that is,
Y. r(az2) < Y. r(ar)

proving the lemma. O

Lemma 2.6. Let R > R*, k € (0,1) and ¢ > 0 be fized, assume (u,) C H*(R?) is a minimizing
sequence associated with Y¢ g(a) for a > a*. Then, there exist bounded sequence (o,) C R and
or < 0 such that for some subsequence, still denoted by itself, one has lim,,_, ;- 0, = op and

||Jé7R(un) - an\Il’(un)H(Hl(Rz))_l —0 asn— +oo,
where ¥ : HY(R?) — R is given by
U(u) == lu|?dz.
2 Jge
Proof. Setting the functional ¥ : H'(R?) — R given by

1
wmziéﬂwm,

we see that S(a) = U=1({a?/2}). Then, by Willem [64, Proposition 5.12], there exists (o,,) C R
such that

||J;’R(un) — 0V (un) || (g2 2y -1 = 0 asn — 400, (2.8)
Since (u,) is bounded in H'(R?), it concludes that (o,,) is also a bounded sequence, then we can
assume that o, — or as n — +oo along a subsequence. This together with (2.8)) leads to

£ R(un) = 0rW (un) = 0,(1) in (H'(R?))7".
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Now, we prove that op < 0. First of all, let us recall that
/RQ [[Vu,* 4+ V(enz)|un?] dz — "K/RQ[M*” s Fr(un)]fr(un)unds = ora® + 0,(1).
Since J. r(un) = Te r(a) + 0,(1), one gets
ZTgJﬂa)+‘ﬁjé2H$r”‘*Iﬁdun)ﬂﬁh(un)——fR(unﬁthx::JRaz—kon(ly

By (A2), it holds that
1
27 r(a) + (6 — 1)”/ [lz| 7 % Fr(un)] fr(un)undr > ora® + 0, (1).
R?

As f(s)s > 0 for all s € R, ¢ > 2, we obtain

2Y. r(a) > oga®.
Now, according to Y. gr(a) < O < 0 for every R > R*, k € (0,1), a > a* and € > 0 by Lemma
it follows that o < 0. The proof is complete. O

Our next result is a compactness theorem on S(a) and then it is possible to find a minimizer
for Y. r(a).

Theorem 2.7. Let R > R*, k € (0,1) and € > 0 be fized as above. Suppose that (u,) C S(a) is
a minimizing sequence of Ye r(a) for each fized a > a*, then u, — u in H'(R?) as n — oo. If
u# 0, then u, — u in H*(R?) along a subsequence as n — oo.

Proof. Since J. g is coercive on S(a), the sequence (u,,) is bounded, and so, u,, — u in H*(R?)
for some subsequence. If u # 0 and |uls = 4 # @, we must have @ € (0,a). By the Brézis-Lieb
Lemma (see [64]),
|unl3 = [un — uf3 + [uf5 + 0n(1).

Furthermore, arguing as (|1.19) to see that
lim | {{lel™"*Frun)]Frun) = [lo] ™« Fr(un =) Fr(un —u) }do = /2[\$|7“*FR(U)]FR(U)dz-
Setting v, = u, — u, d, = |v,|2 and supposing that |v,|s — d, we reach a® = a* + d*. From
d, € (0,a) for n large enough,

Y. r(a)+on(l) = Jo r(un) = Jer(vn) + Jo r(w) + 0n(1) > Yo r(dyn) + Yo r(Q) + 0n(1).
thereby, by Lemma [2.4]

d2
Y. r(a)+o,(1) > a—;TaR(a) + Y. r(a) + 0,(1).

Letting n — +00, one finds
2

Y. r(a) > %TE)R(CL) + Y. r(a). (2.9)
Since a € (0,a), employing Lemma in again, we arrive at the following inequality
d? a? 2 a?
Te r(a) > ETE,R(G‘) + pTg,R(a) = (; + ¥>T5,R(a) = T¢ r(a),
which is absurd. This asserts that |u|s = a, or equivalently, u € S(a).
As |upla = |ulz = a, u, — w in L2(R?) and L?(R?) is reflexive, it is well-known that
up, — u  in L2(R?). (2.10)
This combined with interpolation theorem in the Lebesgue space and — gives
/2[|m|_“ * Fr(un)|Fr(un)dz — 2[|x|_“ * Fr(u)|Fr(uy,)dx. (2.11)
R R
These limits together with Y. r(a) = lim, 4 Je r(uy) provide

T57R(a) Z JE,R(U).
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As u € S(a), we infer that J. gr(u) = Y. r(a), then

L, Jerltn) = Jen(w),

that combines with (2.10) and (2.11]) to give
lunllF = lluliF,
The last limit permits to conclude that u,, — u in H'(R?). The proof is complete. O

As we can observe that it is crucial to verify that the weak limit u # 0 before exploiting the
compact result established in Theorem To arrive at it, we need to introduce the following
variational functionals Jy r and Jo g defined by

L 2 2 -z x| H * u u)dx
Jon(w) = [ [Vul? +VoluP)dz =5 [ (el « o)) Pr(ud. -
Joo r(U) = %/R? [[Vul® + Vo |ul?] do — g/ﬂp[\xr“ * Fr(u)|Fr(u)dz,

restricted to the sphere S(a) defined in (2.4). One easily sees that Jo g, Joo,r € C'(H'(R?),R)
and

Jo.p(u)v = /]Rz (VuVo + Vouv) de — & /]R2 [lz|™* * Fr(u)]fr(u)vdz,

o (v = /]Rz (VuVo + Voour) dz — R/RQ[|:E|_“ * Fr(u)] fr(u)vdz,

for all u,v € S(a). We also need to consider the minimization problems
Yo r(a) = min Jy gr(u
o.r(a) = i Jo.(u)

2.13
Too,r(a) = min Jyoo(u). (2.13)
ueS(a)

Owing to the definitions of Y r(a) and Yo, r(a), by (A8), it is clear to check that
Yo.r(a) < Yoo r(a), VR>R" ke (0,1) and a>a". (2.14)

Lemma 2.8. If R > R*, k € (0,1) and € > 0 are fized, then it holds that lim._,o+ Y r(a) =
Yo.r(a) for all a > a*. Particularly, there is a small e* = &*(R) > 0 such that T¢ r(a) < Yoo r(a)
for all e € (0,e*).

Proof. To begin wit a claim.
Clame 2.9. If R > R*, k € (0,1) and € > 0 are fixed, there is a Uy € H'(R?) such that
Uy € S(a) and J(),R(Uo) = TO,R(a)7 Va > a*.

Indeed, we suppose that (U,) C S(a) is a minimizing sequence of Yo g(a). Similar to Lemma
2.2} (U,) is bounded and there is a Uy such that U,, — Uy along a subsequence. It follows from
the Vanishing lemma, c.f. [64, Lemma 1,21], that there are p > 0 and (z,) C R? such that

lim inf / U, |2dz > 0.
n—00 Bp(yn)

Otherwise, U,, — 0 in LP(R?) for every p € (2, +00) which together with and (L.14)-(L.15)
implies that lim, e [go[2| ™ * Fr(Upn)]Fr(Un)dz = 0. So, Yo r(a) = limy, o0 [po VU, |?dz > 0
but it cannot occur using a similar arguments in Lemma Now, we define U,, := qU,,(-+2,) and
it is still a minimizing sequence of Yo r(a). Hence, U,, — Uy # 0 in H'(R?) along a subsequence,
and then the Claim is proved by Theorem

Since Uy € S(a) in Claim [2.9] we arrive at

1

Ynlo) < TonU0) =5 | (VU + V(U )de =5 [ (1ol « Fo@o)l (Ui
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Taking the limit as ¢ — 0% and recalling V(0) = inf,crz V(2) = Vp, the we use the Lebesgue’s
Dominated Convergence theorem as well as Claim to obtain

limsup TE,R(CL) S J07R(U0) = T07R(a). (215)

e—0t

On the other hand, by (A8), one finds that
JO,R(U) < JE,R(u)a Vu € Hl(RQ)a
implying that
TO’R(G) < TE)R(G), Ve > 0.
Therefore,
Yo.r(a) <liminf Y. r(a). (2.16)
e—0t
From ([2.15) and (2.16)), it holds that
lim TS’R(G) = TO’R((I).

e—=0t
The limit above combined with (2.14) yields that there is a €* > 0 such that Yo g(a) < Yoo r(a)
for all € € (0,*). The proof is complete. O

Lemma 2.10. If R > R*, k € (0,1) and € > 0 are fized. Assume (u,) C S(a) is a minimizing
sequence with respect to Y. g(a) for all a > a*, then there is a function u € H*(R?) such that
up — u along a subsequence in H*(R?). Moreover, we have that u # 0 provided that £ € (0,€*).

Proof. The first part is a direct consequence of Lemma [2.2] and hence we omit it here. Suppose
by the contradiction that u,, — 0 in H'(R?). Then

Y. r(a) +0n(1) = Je g(un) = Joo, r(un) + % /R? [V (ex) — Vao||un|*da.

From (A8), for each 1 > 0, there is a sufficiently large p > 0 such that
V(z) > Voo — n for |z] > p.
Thereby, in view of (u,) C S(a),

Y. r(a)+0,(1) > Yoo rla) — na’ +/ [V (ex) — Vio||un |2 dz,

Op

where O, := {z € R? : |z| < e !p}. Letting n — oo and then tending n — 0", we derive

Te,R(a) > Too,R(a)y
which contradicts with Lemma The proof is complete. O

At this stage, we can show the detailed proof of Theorem

Proof of Theorem[2.1} Using Lemma we can choose a minimizing sequence (u,) C S(a) as-
sociated with Y. g(a) and there is a ug € H'(R?) such that u, — ug in H'(R?). In light of the
suitable R > R*, k € (0,1) and ¢ € (0,e*), we can rely on Theorem and Lemma to see
that u, — up in H'(R?) and so up is a minimizer of Y. r(a) for every R > R*, k € (0,1) and
e € (0,&*) whenever a > a*. Thanks to the Lagrange multiplier theorem, there is a o € R such
that (ugr,or) is a couple of weak solutions to , where op < 0 follows directly by Lemma
We clearly know that ur > 0 by (Al); then some very similar arguments adopted in [48] reveal
that ugr(x) > 0 for all z € R2. The proof is complete. O

Let us finish this section by exhibiting the following theorem.

Theorem 2.11. Let ugr be given as in Theorem [2.1}, if z. denotes the global mazimum of ug,
then, up to a subsequence if necessary,

lim V(ez.) = Vb.

e—0+
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Proof. Let €, — 0%, we relabel ur as u,, to be a solution of the problem
—Au+V(epz)u = ou+ kf|lz| " * F(u)] f(u) in R?,

2.17
[ s = (217)
RZ
for some o = 0, < 27Y., r(a) by Lemma From Lemma we know that
lim J., g(u,) = li_>m Y., r(a) =YTor(a). (2.18)
n— oo n oo

Clame 2.12. There exists a sequence (7,) C R? such that v,, = u,(- + ¥,) contains a strongly
convergent subsequence in H'(R?). Moreover, up to a subsequence if necessary, ¥, = €,%n — ¥
as n — oo, where V(y) = Vy = inf,cg2 V(2).

Indeed, there are p > 0, 3 > 0 and (%,) C R? such that
/ lun|?dz > B, V¥n €N. (2.19)
By (gn)

Otherwise, one has that u, — 0 in LP(R?) for all 2 < p < 400 which together with (L.14)-(L.15)
and implies that limy, oo [po[|z]™* * Fr(un)|Fr(un)de = 0. As a consequence, by means
of (2.18), we derive Yo r(a) = lim,—o0 [ge |Vun[*dz > 0 violating Lemma Thereby, (2.19)
holds and we could fix v,, = u, (- + %,). There is a v # 0 such that v,, — v in H*(R?) along a
subsequence. Since (v,) C S(a) and J., r(un) > Jo r(un) = Jo,r(vn) > Yo r(a), then one can
invoke from that (v,) is a minimizing sequence of Yo g(a). It is very similar to Theorem
that v, — v in H'(R?) along a subsequence. Next, we shall verify that (y,) is bounded in
n € N. Suppose, by contradiction, that |y,| — +oco and so

To,r(a) = lim {% /}R2 [|an|2 +Vienz + yn)|vn|2] dx — g/Rsz\_“ * FR(vn)}FR(vn)d:ﬂ}

n—oo

1

=5 [ (V0P + Vol o= 5 [l P o

Z Too,R(a)
which is absurd by (2.14), where we have used (2.18) and v,, — v in H'(R?). Thus, passing to a
subsequence if necessary, we can assume that 3, — v in R2. A similar argument shows that

Yon(e) =5 [ [VoR+ V@] do =5 [ ol s Fo(o)lFao)ds > Yv(y.n(a).

If V(y) > Vo, as the byproduct of Theorem [2.7, we could conclude that Yy () r(a) > To,r(a). So,
we must have that V(y) = Vi proving the Claim.
Recalling (2.17), (v,) C S(a) is a sequence of solutions to the equation

—Au+ V(e + yn)u = opu + &[|z|™# * Fr(u)] fr(u) in R?
with 5
lim o, < a—QTng(a) <Opr<0.

n—oo
Owing to Claim the same arguments explored in [4, Lemma 4.3] become available in this
scenario to verify that

lim v,(x) = 0 uniformly in n € N.
n—oo

From which, given a 7 > 0, there are some pg > 0 and ng € N such that

vp(x) < 71, Y|x| > po and n > ng.
Clearly, it holds that |v,|ec # 0. In fact, we can derive from (2.19) that |v,|% > S meas(B,(0)).
At this stage, let us fix 7 > 0 such that |v,|eo > 27 and let g, € R? satisfy v,(9n) = |vn]oo
for all n € N. Therefore, according to the above discussions, it holds |§,| < po for all n € N.
Furthermore, if we denote z, by u,(z,) = |un|eo for all n € N, then z, = g, + g, and

n—00 n— 00 n—00
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completing the proof. O

3. TRUNCATED PROBLEM: STEEP POTENTIAL WELL

In this section, we shall conclude the existence of positive solutions for the nonlocal Schrodinger
equation
—Au+ NV (2)u = ou + k[|z| ™ * Fr(u))fr(u) in R?, (3.1)

under the constraint
/R2 lu|?dx = a?, (3.2)

where the potential V : R? — R satisfies the assumptions (A9)—(A11), A\,x > 0 are parameters,
a >0, 0 € R is known as the Lagrange multiplier and the nonlinearity fgr is defined in .

Before solving Problems —, we have to determine a suitable work space. Proceeding
as [53] 66l 58], given a fixed A > 0, by (A9), we define the space

By = {u € I3(R?): |Vu| € L*(R?) and /

AV (2)|ul?de < Jroo}
R2

which is indeed a Hilbert space equipped with the inner product and norm

(u,v)E, :/ [VuVo + AV (2)w]dz, |ullp, =/ (u,u)E,, Yu,v € Ex.
R2

From here onwards, we shall denote F and || - |g by Ex and || - ||, for A = 1, respectively. It is
simple to observe that || - ||z < || - ||g, for every A > 1. Therefore, owing to [56, Lemma 2.4], Ey
could be continuously imbedded into H*(R?) for all A > 1.

Define the variational functional Jy g : Ex — R by

Tuntw) =5 [ 106l V@] o= [ a7 FalFade. (3)

Obviously, combining (1.15)) and (1.18)), one can easily show that Jy r belongs to C*(Ey,R) and

it derivative is

Iy p(u)v = / [VuVv + AV (x)uv] dz — KJ/ [lz| 7" % Fr(uw)] fr(u)vdz, Yu,v € Ej.

R? R2
To solve Problems (3.1])-(3.2)), we consider the minimization problem

Tyr(a) = min Jyr(u), (3.4)
u€S(a)
where, with A > 1, the sphere in defined by
S(a) = {u € H*(R?): / lu?dx = a2}. (3.5)
R2
The existence result for Problems (3.1))-(3.2)) in this section can be stated as follows.

Theorem 3.1. Suppose rm (A1)-(A3), (A9)-(A11) and hold, and p € (0,2), then there is
an R, > 0 such that for every R > R, there exist some a, = ax(R) > 0 and Ay = A(R) > 1 such
that, for all k € (0,1), a > a. and X\ > A, the minimization problem can be achieved by
some function in Ex. Moreover, there is (ug,or) € H*(R?) x R such that it is a couple solution

of Problems (3.1))-(3.2)), where ur(z) > 0 for all z € R? and op < 0.

Arguing as we did in Section [2] we introduce several lemmas to prove Theorem [3.1] For
simplicity, when there is no misunderstanding, we will also suppose that the potential V' and the
nonlinearity fr satisfy (A9)—(A11) and with (A1)—(A3) in this section.

Using the same calculations as in the proof of Lemma we have the following result.

Lemma 3.2. For all fited R > 0, the variational functional Jx r is coercive and bounded from
below on S(a) for each k € (0,1), a > 0 and X\ > 1, where Jx r and S(a) are appearing in (3.3)

and (3.5)), respectively.
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The proof of the above lemms is the same as that of Lemma [2.2] and so we omit it here.
Employing some necessary modifications in the proof of Lemma we are able to conclude the
following lemma.

Lemma 3.3. There exists an R, > 0 such that fm: all ﬁxfd R > R,, there is an a, = a(R) >0
satisfying for all a > a., there exists a constant Op = O(R) < 0, independent of A, such that
Txr(a) <Op forall k € (0,1) and A > 1.

Proof. The main idea originates from [58, Lemma 3.3], we show the details for the convenience
of the reader. Without loss of generality, we are assuming that 0 € int V~1(0). Therefore, there
exists a sufficiently small 7 > 0 such that B,.(0) C int V~1(0). Choose ¢ € C§°(B,(0)) to be a
function satisfying fBT(O) ||2dxr = 1 and so ¢ € S(1). Thanks to the definition of 2, it holds that

2 = X 2I X 2I: . .
[ v@ptde= [ vla+ | vt =o (3.

Proceeding as the proof of Lemma we could determine a sufficiently large t, = t«(R) > 0 and
then t, = t.|1|2 to find a constant ©p < 0, dependent of R, such that

Ir(u) <Op, VR>R,, k€ (0,1), a>a, and A > 1,
provided u € S(a). The proof is complete. O

Owing to the essential feature of steep potential well, there is no need to certify the similar
result in Lemma [2.:4] In other words, we shall conclude the counterpart of Theorem [2.7] directly.

Theorem 3.4. Let R > R., k € (0,1) and A > 1 be fized. Suppose (un) C S(a) is a minimizing
sequence of Yx r(a) for all a > a., then u, — u in Ex as n — oo. If in addition u # 0, there is
a sufficiently large X, = X, (R) > 1 such that u, — u in E) along a subsequence as n — oo for all
A> AL

Proof. The first part is the same as its counterpart in Theorem [2.7] and we omit it here. To derive
the remaining part, we define v,, := u,, —u — 0 in E). Let us recall from (A11) that the nonempty
set = := {z € R? : V(x) < b} has finite measure, then

/ |vn|2dx=/ |vn\2da?+/ |vn|2dx—|—:/ fon |2z + on (1)
R? R2\Z = R2\Z

1
< —
- )\b RQ\E

which together with (1.17) with [ = 44_—‘2 > 2 gives that

1
)‘V(x)lvn|2d$ +on(1) < E”vnH?% +on(1)

A=)t
2

/ v |'dz < C(Ab)~
R2

From the inequality above, combining (|1.14)-(1.15) and (1.18]), we see that
O (R

[vnllf, + 0n(1).

C—=

_4—p 2
¢ —F RA—(@—1) (A0)™ = flunllE, + 0n(1). (3.7)

lﬁl/ [lx| ™" % Fr(vy)]Fr(vy)de <
RQ

On the other hand, obviously |v,|2 € (0,a), then Lemma indicates that Ty r(Jun]2) < 0.
Moreover, |lv,||g, is bounded, namely there exists a ¢ = ((R) > 0 such that |lv,||g, < ¢ for all
n € N. Combining these facts jointly with (3.7)), it holds that

0> [L_ CE L HR)
- [5 B 2¢4—r R(A-m)(a—1)

_4A—p

(Ab)~ = CQ(‘?‘”}II%H%AJF%(U- (3.8)

!’

Consequently, we shall determine a sufficiently large X, = A, (R) > 1 to satisfy ||lv, |3, = on(1)
whenever A > )\,. The proof is complete. O

To apply Theorem [3.4] successfully, we need the following lemma to show that the weak limit
of u is not 0.
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Lemma 3.5. Under the assumptions of Theorem there exists a A\« = A(R) > N, such that
u # 0 for all A > A,.

Proof. We collect the methods used in [53] 56l 58] to reach the proof. Firstly, we have a claim.

Clame 3.6. For some ¢y € (2,400), there exists a constant Sy > 0, independent of A > 1, such
that

lim sup/ |un|?de = Bo.
n—oo 2€R2 B;,(Z)

To demonstrate this Claim, we can suppose that there exists a constant 5y = S(A) > 0 such
that lim,, o SUp,cg2 fBg(y) |uy|%dz = Bx. Otherwise, u, — 0 in L%(R?) for every s € (2, +00)
jointly with - and yields that limy, oo [po[|#| ™" % Fr(uy )| Fr(u,)de = 0. Hence,
we can conclude that TA7R(a) = lim,, 00 Ja,r(un) > 0 and it is impossible because of Lemma
With such a gy, we are able to verify this Claim. Suppose, by contradiction, that the uniform
control from below of L% (R?)-norm is false. Consequently, for any k € N, k # 0, there are A\, > 1
and a minimizing sequence (uy_ ) of Ty, r such that

1
[k nlg < o definitely.

Then, by a diagonalization argument, for any k£ > 1, it permits us to find an increasing sequence
(ng) C Nand (un,) C Ey,, such that

(tny,) € S(a), In,, ,r(un,) = Tx,, r(a)+o0x(1) and |up, |g = o (1).

g
where o (1) = 0 as k — 4o00. In this situation, we could repeat the calculations above to reach a
contradiction TAan(a) > 0, again. So, the Claim is proved.

Thanks to Claim there exist a sequence (z,) C R? and a subsequence (uy,), still denoted
by itself, such that

1
/ |un|*dz = 5 Bo. (3.9)
By(zn) 2

Clame 3.7. The sequence (z,) above is uniformly bounded in n € N.

Otherwise, we suppose by contradiction to choose a subsequence if necessary that |z,| — oo.
Define

[1]

Li={x € By(z,): V(z) <b} and EZ2:={x € B,(z):V(x) > b}.

n -

Since the set = := {z € R? : V() < b} is nonempty and has finite measure, one concludes that
meas(Z.) < meas({x € R? : 2| > |yn| — 2,V (z) <b}) =0 asn — oo.
For A > 1, one sees |uy, |, with r > 2 is uniformly bounded in n € N by Lemma and then

r—2

[ lual?de < pmeas(Z2)] a2 = 00 (1)

which together with (3.9)) reveals that

1
/ |un‘2dx - / |un|2d‘r B / |u”|2dx = 580+ 0n(1).
=2 B =1 2
p(Zn) n

n

Thanks to V(z) > 0 for all z € R? by (A9), using the definition of =2, we obtain

1
/ V() up|2dz > / V(@) un|2dz > b/ JunlPdz = SbBo -+ 0a(1). (3.10)
R? EL =
It follows from (1.14])-(1.15) and (1.18) that
sup {/ [z ~# * FR(un)]FR(un)dx} <0, VA1, (3.11)
neN R2
where C' > 0 is independent of n € N and A > 1. So, we deduce by (3.10) and (3.11]) that
- 1 Ab
T r(a) > 5/ AV (@) |up|*dz — C + 0, (1) > 450 —C+o,(1) (3.12)
R2
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where the positive constants b, By and C' are independent of A > 1. Adopting Lemma again,
there is a sufficiently large A, = A (R) > X, (R) such that is impossible provided A > A,.
Hence, the Claim is proved.

Owing to Claim |3 . 3.7, passing to a subsequence if necessary, we suppose that z, — z in R2.

Since u,, — u in L% (R?), then we can arrive at the proof of this lemma. O

Proof of Theorem[3.1} There is a minimizing sequence (u,) C S(a) associated with Yy r(a) by
Lemma and thus u, — ug in E) for some A > 1. As a consequence of Theorem and
Lemma forall R > R., k € (0,1), a > a, and A > A, we see that u,, = ug in E) and so up is
a minimizer of YT a,r(a). By exploiting the Lagrange multiplier theorem again, a similar argument
in Lemma makes sure a op < 0 that (ug,or) is a couple of weak solutions to . Finally,
the reader can derive ug > 0 as in Theorem [2.1] The proof is complete. O

As we can observe from the proof of Theorem the couple (ug,oR) exists for all R > R,,

€ (0,1), a > a, and A > \,. In other words, if R > R,, x € (0,1) and a € (0, a,) are fixed, the
couple (ug,or) would also rely on A > A,. It is therefore that we shall relabel it by (ux, o) when
R > R,, k€ (0,1) and a € (0, a,) are fixed.

Letting A — 400, we have the following result.

Theorem 3.8. Let (uy,0)) € E) X R denote by the couple of weak solutions established above
for all X > \., passing to a subsequence if necessary, uy — ug in H'(R?) and o) — 0o in R as
A — +00, where o9 < 0 and (ug, 09) is a couple of weak solution to the problem

—AU =0Uu K M u), r
Au=ou+ (/Q| — dy)fR( ), €9,
)=0, ze€0Q, (3.13)

/|u| dx = a®.

Proof. Let A\, — +00, we study the subsequence of (uy,0x) € Ex x R, namely (uy,,0,) satisfies
(ux,) C S(a) and Ty, r(ur,) =T, R By Lemma the sequence (uy,) is uniformly bounded
in n € N. Similar to the proof of Lemma [2.6] it holds
1
o, = CTQ{/ [|Vun\2 + )\nV(x)\un\Q] dx — Ii/ [|z|=* FR(un)]fR(un)undx} + on(1)
R2 R2

showing that (o), ) is uniformly bounded in n € N. Up to a subsequence if necessary, uy, — ug
in H'(R?) and oy, — 09 in R as n — +o00. In view of Lemmas [2.6{ and |3.3| again, it holds that

2 _
o9 = lim oy < lim 7T)\ R()<@R<O-

n—oo " n—oo q2

Clame 3.9. ug =0 in Q¢ := R*\Q and so ug € Sqa(a) == {u € H}(Q) : [, |u]*dz = a®}.

Otherwise, there exists a compact subset Quo C Q° with dist(Quo, 09°) > 0 such that ug # 0
on ,, and by Fatou’s lemma
a? = liminf/ w3 dx > / updz > 0. (3.14)
R2 6

n—oo
uQ

Moreover, there exists (o > 0 such that V(z) > ¢, for every z € QuO by the assumptions (A9) and
(A10). Combining Lemma [3.3] (1.14) and (3.14), we obtain

0 > liminf Ty, R—hmlnfj,\ r(ux,)

n—oo

n—o0

= lim inf {jAn,R(UAn) — 6 [jA/mR(uAn)uAn - J)\naQ] }
q -2

0 w2dz ) iminf \,, + 70 a’? = +o00
C 0
A uO n—oo q

which is impossible. Consequently, up € HE(Q) by the fact that 9 is smooth. By taking some
similar calculations explored in (3.8)) to show uy, — ug in H'(R?) and so ug € Sq(a).
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Clame 3.10. Jo r(uo) = Ta,r(a), where Yo g = inf,es,(s) Jo,r(u) and the variational func-
tional Jo g : Hi () — R is defined by

Ja,r(u) = %/Q|Vu|2dx — g/Q/Q FR(ufj)EZ;Tlfu(y))dxdy, Yu € Hy(Q).

Actually, it is simple to see that So(a) C S(a) and so Tq r(a) > Tx, r(a). As a consequence,
it holds T r(a) > liminf, o T, r(a). On the other hand, we gather these facts together with
the Fatou’s lemma to obtain

Yo r(a) > liminf Yy, g(a) = linlgiorolfjxnﬁ(uxn) > Ja.r(uo) > Yo r(a)

n—oo

proving the Claim.
Finally, we shall prove that Jf(uo) — ooug = 0 in (H}(2))~1. To see it, for every 1 € C§°(9),
Combining (1.20) and oy, — 09, it holds that

lim {j;\mR(U)\n)ﬂ) — U)\n/ U)\n@/Jd:E} = 07 Vw c 080(9)7
n—oo R2

we can arrive at the desired result. The proof is complete. O

4. PROOFS OF MAIN RESULTS

In this section, we are concerned with the existence and concentrating behavior of positive
solutions to the nonlocal Schrédinger equation under the mass-constraint .

Firstly, we shall provide some growth conditions with the nonlinearity f and fr which play
foremost roles in this section. It can infer from (A1) and (A2) that

lim FEG) _ o g £

s—0t S s—0t S

=0. (4.1)
Actually, using (A1) and (A2) with ¢ > 2 again we obtain

0 < lim fL(S) = lim @ = lim &825‘1_2 < f(1) lim s772 =0.

s—0t S s—0t S s—0t 89~ s—0+t

Combining (|1.3]) and (4.1)), given a fixed ¢ > 0, for every p > 2 and v > 1, we are able to search
for two constants such that by = b1(p, a,e) > 0 and be = by (P, @, €) > 0 satisfying

1£(s)] < els| + bu|s|P~ (€™ —1), Vs eR, (4.2)
|F(s)| < e|s|? + ba|s|P(e*™ — 1), Vs €eR. (4.3)

taking in to accoun that the nonlinearity f has the critical exponential growth at infinity, the
following Trudinger-Moser inequality found in [61], 50}, 26] will play a crucial role in this section.

Lemma 4.1. If a >0 and u € H'(R?), then
/ (eo‘lul2 —1)dz < +o0.
R2

Moreover, if |Vul3 <1, [ul3 < M < 400 and a < 4, then there exists Koy = K(M, ) such
that

/ (ea\UI2 —1)dz < Ko ur- (4.4)
R2

Now, we are ready to exhibit the detailed proofs of Theorems [I.I] and [[.2] In order to show
them clearly, we shall divide into two subsections.
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4.1. Proof of Theorem Because of Theorem we know that the minimization constant
Y. r(a) defined in (2.5) can be attained by some nontrivial function in H'(R?) for every fixed
R > R*, k€ (0,1), a > a* and ¢ € (0,&*). In other words, there is a function ugr € H'(R?) such
that

ug € S(a) and J. g(ug) = Ye r(a), YR>R", k€ (0,1), a>a" and € € (0, 6*). (4.5)

Moreover, there is a og < 0 such that the couple (ug, ug) is a solution of Problems (2.1] . ) for
all R > R*, k € (0,1), a > a* and € € (0,&*), where ug(x) > 0 for all z € R2.

According to the introduction, the reader can observe that if ug in satisfies |ug|oo < R,
then ug is in fact a solution of the original with o = og. Therefore it is posssible to arrive
at the proof of Theorem As a consequence, the foremost objection for us is to take the

L>-estimate on ug. To this aim, we establish the uniform estimate on |Vug|3 below.

Lemma 4.2. Suppose that V satisﬁes (A8) and f meets (1.3) with (A1)-(A3). Let ur be given

by [@.5) for each R > R*, a > a* and e E (O €*), then there exists a k* = k*(R) € (0,1) such that

if k € (0,k*), it holds that |Vug|3 < W for every R > R*, a > a* and ¢ € (0,e*), where the
-i

constant v > 1 is appearing in (4.2) and (

Proof. Since ug € S(a), we borrow the calculations in Lemma to obtain

9 KC*2 O 9 g—5*
Je r(up) > / |[Vugr|® dx — S R—m)(a= 1)q4 m |VUR\ d:v .

Since 2 < ¢ < 6%, by means of the Young’s inequality, there is a 01 > 0 independent of R > R*

such that
KC 2" C,, f4#(R)a* 5 \I—F
2R(A4—p)(g— 1)q4 W (/ Vug] dx

Cuf* M(R)a* M o=ii==s | 1 2
23(4 w(a=1) gh—n ] T - [Vug|” d.

§C1

Thereby, for every R > R*, a > a* and ¢ € (0,e*), it holds that

KC'2" Cp f* M (R)a* 1 o=z
2RMU-m)(a—1)gd—p } ’

|V’LLR|% < 4J5,R(UR) + 401[

Assuming that

4Cy

KCT" Cﬂf4_“(R)a4_“] T < 2—u
2R~ (a=1) gd—n ~ 22+ p)v?’

we arrive at

_ATH

224 p)v?’

In light of J; r(ur) = Y¢ r(a) <0 by Lemma and , S0 it permits us to choose

|Vug|s < 4Jc r(ur) + VR > R*, a>a", € € (0,e").

—2¢q

(4=m)(g=1) g4~ - 2
K" =w"(R) = mm{[cﬁc ;;u( )a:—u] [801?2 +Hu>v2] Y

and then we can complete the proof. O

With Lemma [£.2) in hand, we can derive the following result.

Lemma 4.3. Suppose that V satisfies (A8) and f meets (1.3 with (A1)—(A3). Then, for every
fited R > R*, k € (0,k*), a > a* and ¢ € (0,e*), there exists a constant € € (0,+00) which is
independent of R > R* and € € (0,&*) such that

I'(z) = |z| " * F(ug) <€,
where ur comes from (4.5)).
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Proof. Since ur € S(a), adopting Lemma and (1.17), there is a constant T € (0, +o00) which
is independent of R > R* and € € (0,£*) such that

lull <T, VI € (2,+00). (4.6)
By (4.6)), we find a constant Cy € (0, +o00) which is independent of R > R* and € € (0,¢*) such

that ) ) )
/ lur(y)| dy — / lur(y)] dy +/ [ur(y)] dy
r2 |z —yl* le—yl<1 1T — y[¥ lo—y|>1 1T — y[* (4.7)
_ 2(2+41) e 9 -
SCM(/ lur(y)| > dy) +a” < Co.
RZ
Let us define ag = v4/ 2(2%2“)1@, then ur € S(a) and Lemma give us
B 202a2(2 + B
|agl3 = # and  |Vigl; <1
which together with (4.4) and v > 1 implies that
/R2 (¢ TF WP 1)y = /R (e W — 1)dy < K (a,v, ). (4.8)

The above inequality shall determine a constant C; € (0,+o00) which is independent of R > R*
and € € (0,e*) to reach

/ [ur(y) Pl — 1)
|z—y|<1

d
G v

_ 2—p
<0 [ lunl)] " (O pyay)
RQ

2—p
5 2(2+n) v PToEam
< CH (/ ‘uR(y)|72p2(2:;M) dy> " (/ (68 2(,27:M)|“R(y)|2 _ 1)dy) 2(2+n) < (Cl-
R2 R2

Using similar calculations, we have that

/ |up(y) [P (et 1)
lz—y|>1 |x_y|,u

‘ 2

—1 _
Jay < / [ur(y)[P (e — 1)dy
R2

25 .\ /2 mvlugr(y)]? 1/2
< ( lur(y)] "dy) ( (eZm it — 1)dy) < Co.
R2 R2

where Cs € (0, +00) is independent of R > R* and € € (0,&*). It follows from these two facts that
[ e -

R2 |z —y|»
Recalling (4.3)) with (4.7) and (4.9), the proof will be done by choosing € = Cy + C; + Cs. O

With the help of the study made above, we can get the estimate for |ug| as follows.

Lemma 4.4. Suppose that V satisfies (A8) and f meets (1.3) with (A1)—(A3). Then, for every
fized R > R*, k € (0,k*), a > a* and ¢ € (0,e*), there exists a constant M € (0,+00) which is
independent of R > R* and € € (0,e*) such that |ur|ec < M, where ur comes from (4.5)).

Proof. In view of the definition of fr in (1.13)), one has fr(s) < f(s) and Fr(s) < F(s) for all
R >0 and s € R. Since (ur,or) with ur(z) > 0 for all z € R? and op < 0 is a couple of weak
solution to (2.1)), we then apply (A8) and Lemma {4.3|to arrive at

—Aug +ug < f(ur) :=ug + €f(ug) in R2.

Proceeding with calculations similar to those in Lemma we are able to prove that |f(ug)|z <
K, where K € (0,+00) is a constant which is independent of R > R* and ¢ € (0,*). It then
follows from the Lax-Milgram theorem that there is a wr € H'(R?) such that

—Awg 4+ wr = f(ug) in R%,

‘ 2
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Moreover, it can choose wg to be positive in R2. At this stage, we can follow the methods used in
[10, M2] 13} 15 [56L 58] to complete the proof. For the completeness, we shall exhibit the details.
To this end, we have the claim.

Clame 4.5. For all R > R*, k € (0,k*), a > a* and € € (0,¢*), it holds
0 < up(r) <wg(z), VYreR2
Actually, we define the test function
¢(x) == (up — wr)*(z) € H'(R?).
Muitiplying by ¢ on both sides of —A(ur —wg) + (ur —wgr) < 0 in R?, we obtain the inequality

/Rz [V(ug —wr)V¢ + (ur — wr)gldr < 0.

An elementary computation gives us
/ [V(ur = wr)™]* +|(ur — wr)*[*Jde = 0
R2

yielding the claim.
Owing to Claim the proof of this lemma becomes available. From [25, Theorem 9.25] in
invokes that there is a K3 > 0 independent of R > R* and ¢ € (0,&*) such that

lwrllgz < Kol fr(ur)l2, VR>R" and e € (0,€").

leading to

lwrllgz < K3, VR > R"ande € (0,¢%),
for some K3 > 0 independent of R > R* and € € (0,&*). In view of the continuous embedding
H?(R?) < L*°(R?), there exists K4 > 0 independent of R > R* and € € (0,&*) such that

|wrleo < K4y, VR >R and € € (0,e").
From which, we are derived from Claim [.5] that

lurleo <M, VR>R"ande € (0,&).
Consequently, the proof is complete. O

Proof. Proof of Theorem [1.1] According to the above discussions, we can arrive at the first part
of the proof of Theorem by fixing R > {R*, M }, because in this case the function ugr € S(a)
is a positive solution of (|1.1)) with ¢ = og < 0 for each xk € (0,£*), a > a* and € € (0,&*). The
remaining part follows Theorem [2.11] directly. The proof is complete. O

4.2. Proof of Theorem Recalling Theorem [3.] there is a couple (ugr,0r) € Ex x R which
is a weak solution to (3.1) with 0 = op < 0 for every R > R,, k € (0,1), a > a, and A > A,
where ug(z) > 0 for each x € R?. Moreover, it holds that

ug € S(a) and Jy r(ur) = Ye r(a), VR>R., k€ (0,1), a > a, and A > A,. (4.10)

Proceeding as in Subsection [{:I] we are able to conclude the counterparts of Lemmas [£.2] [4-3]
and as follows. Because there are no essential differences, we just present them without the
detailed proofs.

Lemma 4.6. Suppose that V satisfies (A9)—(A11) and f meets with (A1)—(A3). Let ugr be
given by for each R > R, a > a, and X\ > A, then there exists an k. = k«(R) € (0,1)
such that if k € (0, K4), it holds that |Vug|3 < 222;% for every R > R, a > a, and A\ > A,
where the constant v > 1 is appears and

Lemma 4.7. Suppose that V satisfies (A9)—(A11l) and f requires (1.3) with (A1)—(A3). Then,
for every fivred R > Ry, k € (0,k4), a > a, and X > A, there exists a constant € € (0,400) which
is independent of R > R, and A > A\, such that

[(z) = |2| ™" F(ug) < €,

where ur comes from (4.10).
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Lemma 4.8. Suppose that V' satisfies (A9)—~(A1l) and f requires (1.3) with (A1)-(A3). Then,
for all fived R > R., k € (0,£4), @ > a. and A > A, there is M € (0,+00) which is independent
of R> R, and X\ > A, such that |ug|ec < M, where ur comes from (4.10]).

Proof of Theorem[1.4 We are able to fix R > {R,, M}, and Theorem thereby indicates the
first part of the proof of Theorem to satisfy that ur € S(a) is a positive solution of with
o=or <0forall k€ (0,k), a > a, and X\ > X,. As for the remaining part of the proof of
Theorem we refer to Theorem [3.8] The proof is complete. O
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