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ABSTRACT. We study the fractional Schrédinger equations coupled with a neu-
tral scalar field
(=A)su + V(z)u = K(z)pu + g(z)|u|?%u, z € R3,

{ (I —A)t¢ = K(x)u?, z € R3,
where (—A)® and (I —A)! denote the fractional Laplacian and Bessel operators
with % < s < 1land 0 <t < 1, respectively. Under some suitable assump-
tions for the external potentials V, K, and g, given ¢ € (1,2) U (2,2%) with
2% = 3_%, with the help of an improved Fountain theorem dealing with a
class of strongly indefinite variational problems approached by Gu-Zhou [Adv.
Nonlinear Stud., 17 (2017), 727-738], we show that the system admits infinitely
many nontrivial solutions.

1. Introduction and main results.

1.1. General overview. In the present paper, we are concerned with the following
fractional elliptic system

(—A)u+ V(z)u = K(x)pu + g(x)|u|%u, =€ R3, (1)
(I - A)'¢ = K(x)u?, r e R,

where (—A)* and (I — A)? denote the classic fractional Laplacian and Bessel oper-
ators with % < s<1land0<t<1,respectively.
In light of its relevance in physics, the nonlinear fractional Schrodinger equation

zaa—\f = (=AY + (V(z)+ E)V — f(z,¥) forall z € RY, (2)
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where N > 2s with s € (0,1), E € R, and V and f are continuous functions, has
been received more and more attentions in recent years by a great many mathe-
maticians. Generally, they are searching for a particular type of the solution to Eq.
(2), the so called standing wave solution, which carries a form of the type

U(z,t) = exp(—iEt)u(z),
revealing that u acts as a solution of the fractional elliptic equation
(=AY u+V(z)u = f(z,u) in RN, 3)
u € H¥(RY), u >0, on RV,

The local case, that is, the general semilinear elliptic equations (3) with s = 1, has
been extensively considered; for example, we shall refer the reader to [20, 26, 3] and
the references therein.

In the nonlocal case, namely when s € (0,1), the corresponding results for Eq.
(3) never seem to be as fruitful as the local ones. This potentially occurs because
the techniques and arguments developed for the local case cannot be adapted im-
mediately, c.f. [23]. In order to introduce some results for Eq. (2), we recall that
for any s € (0,1), the fractional Sobolev space H® (RN) is defined by

smN 2 N ))2
H*(R™Y) = {uEL (R /RN/RN |x—y|N+25 dwdy<oo},

equipped with the norm

)) 1/2
oy = (Il + [ [ 2= aay )

The fractional Laplacian, (—A)*u , of a smooth function u : R — R with sufficient
decay is defined by

F((=A)*u)(€) = [E[* F(u)(€), €eRY,
where F denotes the Fourier transformation, which is
1 —i-x 7
FO© = [0 = 66,
(271') 2 JRN
for functions ¢ belonging to the Schwartz class. In reality, according to [6, Lemma
3.2], the fractional Laplacian operator can be equivalently represented as

(—A)Su(x) _ —%C(N, 8) /]RN U(Z‘ + y) +|;|(]\3[3+;Sy) — QU(Z‘) dy, Vr e RN,

where

-1
C(st)_</RN(l|£]$3_ngl)d£> ) 52(51352,“'a€N)6RN~

Also, due to [6, Propostion 3.4, Propostion 3.6], it holds that

el ~ ]- ))2
A 2 2515124 / / ~— 7 dad
(¢ )2ull7, (RN) — /RN €% ul"d€ 2 o |ac |N+29 Ys

for all uw € H*(R"Y). Moreover, we usually identify these two quantities by omitting
the normalization constant %C(N ,8) for simplicity. The homogeneous fractiotal
Sobolev space D*2(R¥) is defined by

DP2(RN) = {u € L% (RY) : |(~A)3u| € L2(RN)}



INFINITELY MANY SOLUTIONS FOR A CLASS 3

which is the completion of C§°(RY) under the norm

1
2
fullo-squy = ( [ | 16-a)7uaz)
RN

For N > 2s, from [6, Theorem 6.5], we further know that for any p € [2,2%] there
exists a constant C}, > 0 such that

ull Loy < Cpllull ey, for all u € HS(RY).

Besides, the imbedding H*(RY) < L (R”) is compact for all 1 < p < 27.

Actually, problem (3) was initially proposed by the author in [16, 17] as a result
of expanding the Feynman path integral from the Brownian-like to the Lévy-like
quantum mechanical paths. According to the celebrated paper [5], Eq. (2) and
its variants have been widely contemplated by many authors, especially on the
existence of ground state solutions, positive solutions, sign-changing solutions and
multiplicity of standing wave solutions, see e.g. [10, 4, 2, 13] and their references
therein.

For t > 0, the so-called Bessel function space in R3 is defined by

LY*(R?) := {f € L*(R®) : f = Gy  h for some h € L*(R?)},

where the Bessel convolution kernel is

Gi(z) = M /OOO oxp <— g|:17|2> exp <_ 4‘;)525@. (@)

The operator (I —A)~tu = Gy xu is generally known as the Bessel operator of order
t, and it induces the Bessel function space equipped with the norm || f|| 1.2 (gs) =
|P||L2(rsy if f = Gy h. Owing to the view point of the Fourier transformation, this
same operator can also read

Go=F o ((1+167) o F),
so that
I llzeaesy = || (7 = )8 /]

We refer the interested reader to [1, 25] and the references therein for more detailed
information concerning the Bessel operator and Bessel function space.
It should be mentioned here that authors in [9] introduced the pointwise formula

L2(R3)

u(x) —u
(1= 8)ule) = o [ DG K o = ol dy -+ ute)
R3 |$ — y| 3 2
for u € C2(R?), where K, is the modified Bessel function of the second kind with
order v. Nevertheless, a closed formula for K, remains unknown, see e.g. [9, Remark

7.3].
Very recently, Felmer-Vergara [11] investigated the existence of positive solutions
for fractional equations involving a Bessel operator

(I —A¥u+V(z)u= f(x,u), z € RV, (5)

Subsequently, under different technical assumptions on V and f owing to variational
methods, there are some bibliographies in the study of (5), see [21, 14, 22] and their
references therein for example.
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In [24], the author contemplated the multiplicity and concentration of nontrivial
solutions for the following fractional Schrédinger-Poisson system involving a Bessel
operator

(I —A)u+ NV (2)u+ ou = f(z,u) + g(x)|u|?%u, =€ R3,
{ (—A)tgp = u?, r € R3,
where AV represents a deepening potential with A > 0, f € C%(R3 x R) satisfies
some suitable conditions, g > 0 is a weight function, and 1 < g < 2.

Motivated by the relevance of problem (3) and the mathematical point of view,
we consider a class of Schrédinger equations coupled with a Bessel operator. More
precisely, we shall establish the existence of infinitely many nontrivial solutions for
system (1) under some suitable assumptions on V, K, and g. To the best of our
knowledge, it seems that this is the first time such type of problems have been
considered. What is more, we anticipate that the results in this paper will prompt
further studies on (fractional) Schrédinger-Poisson systems.

1.2. Assumptions and main results. To arrive at the aim mentioned above, we
shall suppose that

(Hy) V € COR3)NL>(R3) and 0 lies in a spectrum gap of the operator (—A)%+V;
(Hy) K € LT3 (R3) N L=(R3) and K(z) > 0 ae. for z € R3;
Now, the main results in this paper can be stated as follows.

Theorem 1.1. Let 2 < s <1 and 0 < t < 1 and suppose that (H,) — (Hs). If in

addition
(H3) g € LY (R3) with qo = m and 1 < ¢ < %,
then system (1) possesses infinitely many solutions {un, ¢y, } C H*(R3) x LH?(R3)

satisfying nh_}rrgo l|tn || e (r3y = 400.

Theorem 1.2. Let 2 < s <1 and 0 < t < 1 and suppose that (Hy) — (Hz). If in
addition

(Hy) g € L (R3) with g(x) <0 a.e. x € R3, gy = %

then system (1) possesses infinitely many solutions {un, ¢y, } C H*(R3) x L?(R3)
satisfying 1im |[|uy || g+ rs)y = +o0.
n—oo

and§§q<2,

Theorem 1.3. Let 2 < s <1 and 0 < t < 1 and suppose that (H,) — (Hs). If in
addition

(Hs) g € L (R3) with g(x) >0 a.e. x € R3, qo = m

then system (1) possesses infinitely many solutions {un, ¢y, } C H*(R3) x LH?(R3)
satisfying ILm l|wn || o3y = +o00.
n [o ]

and 2 < q < 2%,

Remark 1.4. Although the result in Theorem 1.1 is similar to [12, Theorem 1.3],
as far as we are concerned, one can never prove Theorem 1.1 by simply repeating
the arguments exploited in the cited paper caused by the appearance of the Bessel
operator; see Lemma 2.2 below for example. On the other hand, with the help of
some new analytic skills, the results are even new for the counterparts of [12].

Remark 1.5. It is worthy pointing out that we do not conclude whether the results
in Theorems 1.2 and 1.3 remain valid when g is sign-changing in (Hy) and (Hs),
respectively. Moreover, inspired by [26, 27], it is interesting to consider that problem
(1) has a ground state solution. We postpone these two questions to a further work.
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Again, up to now the results in Theorems 1.1, 1.2, and 1.3 are new. To conclude
this section, we sketch our proof. First of all, because the operator L = (—A)*+V
is strongly indefinite, we then follow the idea introduced in [19, 26, 27] to decompose
the space H®(R?) suitably. In the meantime, there exist some standard arguments
exhibited in Section 2 that allow us to treat problem (1) by variational methods.
Then, we shall depend heavily on a new type of Fountain theorem approached by Gu
and Zhou in [12] to derive the existence of infinitely many nontrivial critical points.
Finally, we concentrate on verifying the necessary properties of the corresponding
variational functional, see Sections 2 and 3 in detail. So, we can derive the proofs
successfully. However, owing to the Bessel operator appearing in (1), there are
some unpleasant barriers in the last step and we have to take some careful and deep
analysis there.

1.3. Organization of the paper. This paper is organized as follows. In Section 2,
we provide some preliminary results. Section 3 is devoted to the proofs of Theorems
1.1, 1.2, and 1.3.

Notations. From now on in the present article, unless stated otherwise, we shall
adopt the following notations:

e (,C1,Cy,--- denote any positive constants whose values are not relevant.

e Let (X, | -|/x) be a Banach space with dual space (X1, | - ||x-1), and ® be
a functional on X.

o Let ||-][z»(rs) denote the usual LP-norm for any Lebesgue measurable function
u:R3 = R, where p € [1, 00].

e Palais-Smale sequence at level ¢ € R ((PS), sequence in short) corresponding
to a functional ® on X means that ®(z,) — ¢ and ®'(z,) — 0in X! as
n — oo, where {z,} C X.

e If for each (PS). sequence {z,} in X there exists a subsequence {x,, } such
that z,, — zo in X for some x9 € X, then one says that the functional ®
satisfies the so called (PS). condition.

e 0,(1) denotes the real sequence with 0,(1) — 0 as n — +o0.

e “— 7 and “ — ” stand for the strong and weak convergence in the related
function spaces, respectively.

2. Preliminary results. In this section, we introduce some preliminary results.
For the potential V € C°(R3)N L>°(R?), we can define an operator L := (—A)*+V.
Thanks to the celebrated results in [8, Theorem 4.26], one sees that L is self-disjoint
with domain D(L) = H*(R?). Assume |L| and |L|'/? are the absolute values of L
and the square root of |L|, respectively. We denote {€(A) : —0o < A < 00} by the
spectral family with respective to L. Setting U :=1id —£(0) — £(07), then by virtue
of [7, Theorem IV 3.3], U commutes with L, |L|, and |L|*/2. Moreover, L = U|L|
is the polar decomposition of L. In view of [19, 26, 27], it holds that

X =D(L|*?), Y =£(07)X and Z = [id — £(0)] X.
Via (V), one has X =Y @ Z. Given u € X, then v = ut + u~ with
u” =&E(07)u:= Pu and v = [id — £(0)]u := Qu.
Furthermore, for all w € X N D(L), one also has that
Lu™ = —|Llu~ and Lu™ = |L|u™. (6)



6 LIEJUN SHEN, MARCO SQUASSINA AND XIAOYU ZENG

With the above facts in hand, we may introduce an inner product which can induce
the norm on X as follows:
(u,0)x = ([L[Y?u, |L|Y20) p2rsy and [Jullx = [|IL1ul] 2 gs),

where (-, -)2(gs) stands for the usual inner product of L*(R?). By (6), we have that
/Rsﬁ(—A)%uF +V(@)ult)dz = [|Qul|% —||Pullk, Yu e X. (7)
In particular, it holds that
[ IV @uP + Vi@)iQuPlds = Qul-
/]Rg[\VPM2 + V()| Pul*]dz = —||Pu|/%.

Since ||-[|x and ||- ||+ (s are equivalent by (H1) (see [15] for example), there exists
a constant S, > 0 such that

[ullr sy < Spllullx, Vp € [2,27], (8)
and by [28],it holds that

HUHL2(]R3) < CtHU||Lt,2(R3). (9)
Moreover, one knows that X and L"?(R?) can be compactly imbedded into L (R?)
with 2 < p < 2% := =5 and L} _(R?), respectively.

2.1. Formulation of problem (1). In this subsection, we assume that 3 < s < 1
and 0 < t < 1. Considering a fixed u € X, the linear functional £, : L*?(R3) — R
is defined by
L,(v) = K(2)u?vdz.
R3
It is bounded since Holder’s inequality, (8)-(9), and (Hz) show that

L (v)] < (/R 1r<(x)u|4d:g>é </R K(x)|v|2dx>%

1 1
SN oo ey Cel KN 0 Sz llull3 l[vll ez rsy, Yo € L5*(R?).

25-3 (R3)

So, due to the Lax-Milgram theorem, there is a unique ¢, € L“2(R?) such that

s K(z)uvdz = L,(0) = (¢u,v) r2(rs).- (10)

From this, we can derive from the Plancherel theorem [18, Theorem 5.3] that ¢, is
a weak solution of (I — A)f¢ = K(z)u?, and so ¢, (x) = Gop * (K (x)u?).
Letting v = ¢,, in (10), one has
1 1
[6alB e = [ Koo < 1K1 e CURI o s
R3 L 5

1s-3 (R

ull %l pullLee @s),

which in turn implies that

ul|%, Yu € X. (11)

2 2 4
[, K@it < Ko CEIK, o, g S5

Inserting ¢, into (1), it holds that
(—AYu+V(z)u = K(x)pyu+ g(z)|u|??u, x € R?, (12)
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and its corresponding Euler-Lagrange functional ¢ : X — R is defined by
1 1 1 1
pu) = S Qulk — S lIPullk — */ K(z)¢ u’dz — */ g(@)[ul'dz. (13)
2 2 4 R3 q JRr3
In view of one of (Hs)— (Hs), (7), and (11), it therefore would be standard to show
that ¢ is well-defined on X and belongs to the class of C(X,R) such that

o' (u)[v] = /]R3 [(—A)2u(—A) 20+ V(z)uv — K (z)pyuv — g(z)|u|! *w] dz, v € X.

Obviously, the critical points of ¢ are the weak solutions of problem (12).

Definition 2.1. Let 2 <s<1land 0<t<1.

(1) We call (u,¢) € H*(R?) x L"?(R?) a weak solution of problem (1) if u is a
weak solution of problem (12).

(2) We call u € H*(R?) a weak solution of (12) if

s

/]st [(_A)%u(—A)Ev + V(z)uww + K(x)p,uv — g(x)|u|q*2uv] dr =0,

for any v € H*(R3).
Let us define the variational functional ¥ : X — R by
U(u) = . K(z)p u’dx = /3 [Ga * (K (z)u?)] K (z)u’dz.
In the following, we c]illect some importfnt properties for W.

Lemma 2.2. Let 3 < s <1 and 0 <t < 1 as well as (Hy) — (Hz), then the

following conclusions hold true:
(i) ¥(u) >0 and ¥(Ou) = 64V (u) for any u € X and 6 > 0;
(ii) Ifup, = w in X, u, — u in LY _(R3) with 2 < p < 2% and u, — u a.e. in R?
as n — 00, then, going to a subsequence if necessary,

U(un) — ¥(u) and W' (un) ] — ¥’ (u) ()]

for every ¢ € X as n — oo;

(iii) For any fized constant o € (0,1) and every finite dimension subspace Zy C Z,
there exists a constant Cy,, > 0 such that for each w € Y @ Zy with ||Ju||x =1
it holds that

|Qu||x > sin(arctan o)) = ¥ (u) > C,.

Proof. (i) In consideration of K () > 0 and Go(x) > 0 for all in z € R3 by (Hs) and
(4), respectively, we immediately derive that ¥(u) > 0 according to its definition.
Moreover, for all # > 0, it is simple to see that

W(0u) = /R (G + (K (@) (0u)?) K (2) (0

= 94/ [Ga * (K (z)u?)] K (z)u’dz
R-’.’)
= 0" (u), Yu € X,

proving point (i).
(ii) We can rewrite ¥ (uy,) — ¥(u) as

U (un) — U(u) = K (2)(u, — du)usdz + y K(2)¢u(u2 — u?)dz
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7l 2
=TI 4+ I2.

Recalling ¢y, — ¢u, = Gap * (K (2)(u —u?)) and ||Ga||L1(rs) = 1, we then apply
Young’s inequality with respect to the convolution operator and K &€ LT3 (R?) in
(H2) to get

||¢u7l - ¢un”L2(R3)
1
3
< (/ K2(z)|uy — u|*un, + u|2dx>
R3

<INy ([ @l i) ([ K+ ulti)

1
3
< I Stllnlls ([ @ — ultae )
]Rfi
= On(l)v

where the last equality follows the generalized Vitali’s Convergence theorem. Thus,

1= ([ ke, -ot) ([ Kot

< K N poe oy S35 I bu,, — P [l (o
= o0,(1).

Similarly, we can also obtain that

2 2 : 21, 2 :
1< ([ k) ([ K@+ - )

1
3 1
< IR e Cellu B Sllun + ul ([ K@l = ultae)
= o0,(1).

Combining the above two facts, we derive the proof of the first part. The remaining
part is easier, so we omit it here.
(iii) Let us define a constant v := sin(arctan ) € (0,1) and a set

T = {v eY@ Z: vllx =1 and |Qullx > »y}.

Due to the definition of u, one sees that ¥(u) > vieqrfa U (v) := C,. Using point (i),
it holds that C, > 0. So, to finish the proof, it suffices to conclude that C, > 0.
Suppose, by contradiction, that C, = 0. Then, there exists a sequence {v,} C T«
such that ¥(v,) — 0 as n — oo. Since ||v,||x = 1, up to a subsequence if necessary,
there is v € X such that v, — v in X and Qu,, — Qv because {Qu,} C Zy with
dim Zy < 4+o00. Hence, |Qu||x >~ > 0 and ¥(v) < liminf,,_, ¥(v,) = 0, yielding
that v = 0, a contradiction to (ii). The proof is completed. O

Next, we prove that the variational functional ¢ satisfies the (PS). condition.

Lemma 2.3. Let 2 < s <1 and 0 <t < 1. Suppose that (H,) — (Hz) and one of
(H3) — (Hs) hold. Then ¢ satisfies the (PS). condition.
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Proof. Assume that there is a sequence {u,} C X that satisfies p(u,) — ¢ and
¢ (un) = 0 as n — co. Then

1
ct+ 1+ lunllx > p(un) — 5‘?1(“71)[1%]

- i\I!(un) n qzi/ng(x)\unwdx. (14)

To show that |lu,||x is uniformly bounded in n € N, we split it into two cases.

Case 1. Assumption (Hj3) holds.

In this case, that is, g € L% (R3) with ¢o = % and 1 < ¢ < %, we can
adopt (14) together with (8) to have that
1 @
q a0 o 23
U(u,) <4(c+1+ unx—i—(/ gqodx> (/ U, dx)
(1) e+ 1+ ) + 55— ([ 1o [l
< O+ Junllx + [lunll%)-
Denoting u,, = Pu,, + Qu,, := yn + 2z, with y, € Y and z,, € Z, then
W)l = | [ K)o, e
3
< i) ( [ Ko i)
R3
1 ; :
<t ( [ K@) ([ Keia)
R3 " R3
1 1 3
S F oo () O Sa W% (un) [[ym [l x
3
< C A+ [Junllx + [Junll%) * lynllx
3
< O+ flunllx + llunll%) * lunllx- (15)

Thereby, for n € N large, combining [[un||x > [[ynllx > —¢'(un)[yn] and (15), we
obtain

”yan( = _QOI(UH)[yn] - ‘I//(un)[yn] - /]RS g(x)|un|q72unynd1:

3 —1
< lunllx + C(L+ [lunllx + llunll%) * lunllx + Cllunll% llynllx-
Similarly, we deduce that
3 —1
lznll% < llunllx +CL+ llunllx + llunll%) T lunllx + Clluall " l2nllx-
Recalling the fact that ||u,[|% = [|ynll% + [|2n]/%, we know that ||u,||x is uniformly
bounded since 2 > 1 + %q, which is ¢ < % by (Hs).

Case 2. Either assumption (Hy) or (Hs) holds.
Obviously, both (H,) and (Hs) indicate that (¢—2)g(z) > 0 a.e. in R®. Therefore,
it follows from (14) that

W(un) < C(1L+ [lunllx)
and
0<(q-2) / g(@)|unltdz < C(1+ [lunx).
RS
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This is similar to (15) in that [¥(u,)[yn]| < C(1 + |Jun | x)7 ||un||x and then

3 g=1
lyall% < llunllx + CQ A+ flunllx)* flunllx + CQ+ [lunllx) 7 llynllx-

Analogously, one has
3 a=1
l2nl% < llunllx +C(1+ llunllx) T llunllx + C1+ lunllx) = llznlx-
So, we still can derive that ||u,||x is uniformly bounded since 2 > 1+ 3.

Based on the above discussions, we can conclude that ||uy,|| x is uniformly bounded
in n € N. Moreover, one deduces that ||y,||x and ||z,||x are uniformly bounded in
n € N. Passing to subsequences if necessary, there exist two functions y € Y and
z € Z such that, as n — oo,

Yn —yand z, = z, in X,

yn =y and z, — z, in LP (R3) with 2 < p < 27,

yn — y and 2, — 2z, a.e. in R3
Define u := y+2z € X. Then, we aim to show that ¢, — y in X along a subsequence.
Actually, we can argue as in the calculations of (15) to obtain that

(V' (un) = ' () [yn — y] = on(1)

as n — o0o. Since g € L% (R3), it follows from the generalized Vitali’s Convergence
theorem again that

/ 9(5) (un 7211, — [u]9220) (g — )
]RN

-2 1

< ([ oMl = ulr=af7an) ([ gl - siva
RN RN
= on(1)
as n — oo. Combining the above two formulas and ¢'(u,) — 0, it holds that
on(1) =(¢'(un) = &' () lyn — vl
== llyn =yl = (¥'(un) = ¥'(w))[yn — 9]

- / 9@ ([t |72t — [u]7=20) (g — )l
]RN

=—llyn — yll% = on(1)

which indicates the desired result. Analogously, we can also derive that ||z, —z||x =
on(1). So, one sees that w,, — u in X, finishing the proof. O

3. Proofs of the main results. In this section, we give the proofs of Theorems
1.1, 1.2, and 1.3 in detail. Toward this goal, we need to introduce the following
improved Fountain theorem developed by Gu and Zhou in [12], that is,

Proposition 3.1. Let ® € C1(X,R) be an even functional satisfying the (PS). con-
dition and V® be weakly sequentially continuous, for all k € N with X =Y, @ Zy,
if there exist two constants py > r > 0 such that:

(A1) di := sup O(u) < +oo;
u€Yg,|lullx <pi

(A2) ay = sup D(u) < inf D(u);
UEYk,HUHX:Pk uezkaUHXSTk

(A3) by := inf ®(u) = +o0 as k — +o0;

u€Z, ||lull x =%
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(A4) For any o > 0, there is a constant Cy > 0 such that sup @(u) < C, < 400,

lull- <o
where
— 1
Jull = max { 3 gz (P el 1Qulx } for ue x (16)
7=0

with {e;}32, denoting the normal orthogonal basis of Y.
Then, the functional ® has a sequence of critical points {u*=} such that
Tim_ [l = +oo.
Let us recall the decomposition on X = Y € Z in Section 2, and suppose that

the two sequences {e;}32; and {f;}52, are normal orthogonal basis of ¥ and Z,
respectively. For any k € N, define

k Too
Vi =Y | EPRS; | and Zi := P Rf;.
J=1 j=k+1

In order to apply Proposition 3.1 successfully, we shall regard the variational
functional ® as ¢, which corresponds to Eq. (13). From now until the end of this
section, we shall always suppose that % <s<1land O <t <1, and thus do not
mention them any longer.

First of all, we show that the functional ¢ satisfies condition (A;).

Lemma 3.2. Assume (Hy)— (Hz2) and one of (Hs) — (Hjs) hold. Then there exists
pr > 0 such that
dy = sup D(u) < +o0.
UEYk,||ullx <pk

Proof. The proof is standard since ¢ maps a bounded set into a bounded set, so we
omit it here. O

Now, we verify that the functional ¢ satisfies conditions (43) and (As).

Lemma 3.3. Assume (H1) — (H2) and one of (Hs) — (Hs) hold. Then there exist

pr > 1 > 0 such that ap, < inf o(u) and by, — 400 as k — 4o0.
uEZy, |lullx <r

Proof. First, to derive the first part, we just need to show that
ay = sup p(u) = —oo
u€Y,||ullx=pr
as pp — +oo. Either (H3) or (Hy) holds true, for all uw € X, and it holds that
1
_7/ g(@)|ultdr < Cllul, 1< g <2,
q JRrs

for some positive constant C' which is independent of u. If (Hs) holds true, because
g(z) > 0 for all x € R?, given u € X, it holds that
1

—f/ g(z)|u|?dz < 0.
q Jrs

In summary, for any fixed u = Qu + Pu € X, we can always deduce that

1 1 1
o) < S1Quilk = SIPull = 79(w) + Cllullg, where 1<q <2 (17)
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Now, we begin verifying that ar — —oco as pp — +o0o. Given a u € Y, =
Y P (EER]%) with [|ul|x = pk.
If u JG_Y, then Qu = 0 and Pu = u, and it follows from (17) that
p(u) < —%pi +Cpj = —o0
as pr, — 0o since ¢ < 2 in (17).
Ifu=y+zwithy €Y and z € é Rf;, for the constant o € (0,1) given by

Jj=1
Lemma 2.2-(iii), we shall distinguish the proof with two cases:

(1) [Qullx/[IPullx < e and (i) [|Qullx /[ Pulx > e

If (i) occurs, then |Jul|% = |Qu||% + || Pul)% < (1 + a?)||Pul|% which in turn shows
that

2
(6%
1Qullk = llullx — IPull% < m”“\@c

Combining « € (0,1) in Lemma 2.2-(iii) and (17) with ¢ < 2, we obtain

a? 1
< 2 - 2 C q

1—a?
= ——— C q

31 +a2) kP
— —o0 as ||lul|x = pr = +o0.
If (ii) occurs, we set v := Talx and so |lv]|x = 1. Moreover, one has that
|Qullx = |Qulx = sin (arctan ”QUX) .
[Jull x ([ Pull x

k
In this case, one deduces ||Qu||x > sin(arctan «). Accordingly, v € Y <@ Rfj)
j=1

k
with dim [ @ Rf; | < 400, and as a consequence of Lemma 2.2-(i) and (iii), we
j=1
obtain W(u)|julx* = ¥(v) > C, > 0. Then, adopting (17) again, we arrive at

1 Cq
o) < sl = ZEullk + Cllullk

_1e G
ol
— —00 as ||ul|x = pr = +o0.

pi + Cp}

Therefore, we always have ap — —oo as pp — +0o and the first part is concluded.
Second, we claim that
Bi = sup U(u) =0
u€Zp:||lullx=1
as k — 4o00. Indeed, according to the definition of Z;, one simply has 0 < 511+1 < B,i

for any k € N. Then there exists a constant 3 > 0 such that 3} — 8 as k — +o0.
By the definition of 8}, there is a uy € Z with |Juy| x = 1 such that ¥(uy) > Bi/2.
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o0
Since {ur} C Zr = @ Rf;, one concludes that vy — 0 in X as k — 4o00. In
j=k+1
view of Lemma 2.2-(ii), passing to a subsequence if necessary, we derive ¥(ug) — 0
as k — 4o00. Hence, we must have 8 = 0 and the claim holds true.
Finally, to prove by, — +00 as k — 400, we split it into two cases.

Case 1. Either assumption (H3) or (Hy) holds true.
In this case, combining ¢ < 2 and 3} — 0 as k — +o0, it holds that

1 a— C 1
Z(ﬂé)TQ Y > 3 for some sufficiently large k € N,

where C' > 0 is a constant independent of k. As a consequence, for any u € Z; with
lullx =re = (5,%)*%, by means of g € L% (R?) we have

1 B C
olw) 2 5l = Sl = lullk

1 _ C 1
= (B = Sl + 0= Bl ol

1, oy c) .
= —||u — — | {lu
<4|| [ . [[ull%

1
> gHU”g(
1, 4
= — 2
L)

= grk,

for some sufficiently large k € N. Clearly, r,, = (3}) 3 - 400 as k — +oo. Hence,

it holds that b, — +o00 as k — +oo.

Case 2. Assumption (Hs) holds true.

Since g(x) > 0 a.e. for z € R and g € L%(R3), for any k € N, we can verify
that

BE = sup / g(x)|u|?dz — 0.
wEZy:||ul|x=1JR3

Indeed, one can easily get that 0 < ﬁl%ﬂ < B2 for any k € N, and so there is a
constant B > 0 such that B,? — B as k — +o0o. By the definition of @37 there is a
uy € Zj, with |Jug||x =1 such that [y, g(z)|ug|?dz > 57 /2. Recalling {uy} C Zy =

o0

@ R/, one concludes that u;, — 0 in X as k — 400. Due to g € L% (R?), one
J=k+1

immediately has that f]R3 g(x)|ug|?dz — 0, and so 3 = 0. Therefore, for all u € Zj,

1
=
with ||Jul|x = rt = min {1 /ﬁ, (82122) }, we have

1 1 B 1 B —2
o) 2 gl + (= 2l e + (5 = 22l e

Y

1
Sl
1

1 1 q \7?
~amn{gr ()}
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1

2
= —ri.
4 k
It is easy to see that ry — +o00 as k — +oo since ¢ > 2 in this case. So, by — +00
as k — 400. The proof of this lemma is completed. O

Finally, condition (A4) will be proved for the functional ¢ as follows.

Lemma 3.4. Assume (Hy) — (Hs) and one of (Hs) — (Hs) hold. Then, for any

o >0, there is a constant C, > 0 such that sup ¢(u) < Cy < +00.
llull- <o

Proof. Sinceu € X =Y @ Z with Z = Y+, we may set u = Qu+ Pu with Qu € Z
and Pu € Y. Then, using very similar calculations as in (17), we reach

1

1 1 1
Pl = 51Qulk = 5IPullk = ¥ — < [ gl do

1 1
< SlIQulk - 5IPull% + Cllul

1 1
< 5llQulk + ClQulk - 51Pul + CllPulk.

Since ¢ < 2 in (17), —1||Pul/% 4+ C| Pu||% is bounded from above. By (16), we have
|Qullx < |lu|l- < o, and thus there exists a C,, < oo such that sup ¢(u) < Co.

lull-<o

The proof is completed. O

With Lemmas 3.2, 3.3, and 3.4 in hand, we derive that the variational functional
 has infinitely many nontrivial critical points.

Lemma 3.5. Assume (Hy) — (Hz2) and one of (Hs) — (Hs) hold. Then ¢ has in-

finitely many nontrivial critical points {u,} C H*(R3) such that li_>m tn || s 3y =
n oo

+o0.

Proof. Let ¢ = ® be as in Proposition 3.1. Then clearly ¢ is even. Owing to
Lemmas 2.2-(ii) and 2.3, we clearly know that ¢ satisfies (PS). condition and V¢
is weakly sequentially continuous. On the other hand, we have validated conditions
(A1), (Az), (As), and (Ay) for ¢ in Lemmas 3.2, 3.3, and 3.4, respectively. As a
consequence of Proposition 3.1, we can finish the proof of this lemma. O

At this stage, we can conclude the proofs of Theorems 1.1, 1.2, and 1.3 depending
on Lemma 3.5.
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