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By exploiting a variational technique based upon projecting over the PohoZaev
manifold, we prove existence of positive solutions for a class of nonlinear frac-
tional Schrodinger equations having a nonhomogenous nonautonomous asymp-
totically linear nonlinearity.

Keywords: fractional Laplacian; ground states; PohoZaev identity; critical point
theory

AMS Subject Classifications: 34A08; 35Q40; S58E05

1. Introduction and main results

In the last few years, the study of fractional equations applied to physically relevant
situations as well as to many other areas of mathematics has steadily grown. In [1,2],
the authors investigate the description of anomalous diffusion via fractional dynamics
and many fractional partial differential equations are derived from Lévy random walk
models, extending Brownian walk models in a natural way. In particular, in [3] a fractional
Schrodinger equation was obtained, which extends to a Lévy framework a classical result:
path integrals over Brownian trajectories lead to the standard Schrédinger equation. More
precisely, let s € (0, 1], n > 2s and i be the imaginary unit. Then the Schrédinger equation
involving the fractional Laplacian (—A)* is

idu = (—A)’u — f(x,u), in(0,00) x R", (1.1)
where the fractional Laplace operator is defined,[4] for a suitable constant C(n, s), as

u(x) —u(y)

(=A)Y’u(x) = C(n, s) lim e — ypr2s

ENOJR™\B, (x)
Though fractional Sobolev spaces are well known since the beginning of the last century,
especially among harmonic analists, they have become very popular in the last few years,
under the impulse of the work of Caffarelli and Silvestre [5], see again [4] and the references
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within. Looking for standing wave solutions u(z, x) = e**u(x) of (1.1) and assuming that

the nonlinearity is of the form f(x,s) = a(x)f(s), we are led to study the following
fractional equation
(=AY’u+ru=alkx)f(u) inR", (1.2)

for A > 0, whose variational formulation (weak solution) is
[(—A)S/Zu(—A)S/2<p+A/u(p = /a(x)f(u)go, forall ¢ € H*(R"). (1.3)

We shall assume that f satisfies the following conditions:

fe) _

N

(f1) f e CY(R,RT), f(s) =0 for <Olim,_ o+
f6) _

0;

(f2) im0 L;

1
(f3) if F(s) := fos f(@®)dtand Q(s) := Ef(s)s—F(s),thenthereexistsD > 1 such that
Q(@s) < DQ(t), foralls e[0,¢], t >0, limg_4000Q(s) = 400.
On the function a : R® — R, we will assume the following conditions:

(A1) a € C*(R",RY), infrra > 0;

(A2) lim|y|— 4o0a(x) = aoo > A;

(A3) Va(x)-x >0, forall x € R", with strict inequality on a set of positive measure;
\v/ .

(A4) a(x) + M < doo, forall x € R™;

n
x-Ha(x) - x
n

(A5) Va(x)-x+ > 0, forall x € R”, being H, the Hessian matrix of a.

Now we can state our main results. Consider the energy functional / : H%(R") — R,

() = %f|(—A)S/2u|2+%/uz—/amF(u),

naturally associated with equation (1.2). Then, we have the following nonexistence result

TueorEM 1.1  Assume that (A1)-(AS) and (f1)—(f3) hold and consider

P= {u € H'RM\ {0} : n_ZS/|(—A)S/2u|2

2
= n/ ((a(x) + m) F(u) — §u2>} .
n 2
Then, the infimum
p= inf 1), (1.4)

is not a critical level of I and the infimum is not achieved.

We stress that the non-existence of constrained minimizers is related to the problem of
finding nontrivial solutions to the equation (1.2). In fact, P is a natural constraint for this
problem, see Lemma 4.12 and its proof for details.
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Consider now also the limiting problem
(—=A)’u 4 Au = aoo f(u) inR". (1.5)
We shall denote by I, : H*(R") — R,

Ioo(u) = %/|(—A>S/2u|2+%fuz—/aoom),

its associated energy functional. In Section 2 we shall discuss some properties of least
energy critical values of this functional, namely In passing, we observe that by combining
the results of [6] (see e.g. Theorem 4.1 therein) with an adaptation of [7, (i) of Lemma 1] to the
fractional framework, it is possible to prove that any least energy solution u € H*(R")\ {0}
to (1.5), namely

Ino(u) = inf {Ioo(v) : v € H*(R") \ {0} is a critical point of /o },

is radially symmetric, nonnegative and nonincreasing.
We have the following existence result

THeEOREM 1.2 Assume that (A1)—(AS), (f1)-(f3) hold and that the following facts hold

(1) f e C'(R)NLip(R, RY) and there exists T > 0 such that lim,_, o+ f‘;(f) =0;

2) |laso — allr is sufficiently small;

(3) the least energy level co of (1.5) is an isolated radial critical level for I or
equivalently, Equation (1.5) admits a unique positive solution which is radially
symmetric about some point.

Then the nonautonomous problem
(=A’u+ru=alkx)f(u) inR",

admits a nontrivial nonnegative solution u € H*(R").

These results extend the corresponding results in [8] to the fractional case. The frame-
work employed and ideas of the proofs of our main results follow closely those found in [8].
However, the nonlocal character of the fractional Laplacian requires to overcome several
additional difficulties.

Theorem 1.2 follows under uniqueness of positive radial solutions of (1.5) or isolated-
ness assumption on the least energy level of /. To our knowledge, in the case s € (0, 1), the
isolatedness or uniqueness assumption of Theorem 1.2 is unknown in the current literature.
In the case s = 1, it follows, for instance, by the uniqueness result by Serrin and Tang [9],
under suitable assumptions of f(s) for large values of s, which are compatible with the
model nonlinearity

3
f5)= —— fors>0, f(s)=0, fors<DO. (1.6)
1+ 52
In fact, assumptions (HI1)—(H2) in [9, Theorem 1] are fulfilled with b = (A/(doo —
Y2 > 0, where as, > A. For the case of superquadratic nonlinearities f(s) = s?,
nondegeneracy and uniqueness properties of ground-state solutions of (1.5) were recently
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proved in [10,11], so assumption (3) of Theorem 1.2 is expected to be fulfilled. Semi-linear
Schrodinger equations associated with the asymptotically linear model nonlinearity (1.6)
are one of the main motivations for developing the technique in this paper. For the physical
background in the local case s = 1, see [12,13].

In [14], the author considers asymptotically linear fractional NLS equations with an
external potential V which provides compactness directly via coercivity. We also refer the
reader to the contributions [15,16] where the case of a superquadratic nonlinearity is covered
for the fractional Laplacian obtaining existence, regularity and qualitative properties of
solutions. In the superquadratic case, as known, one can also exploit the Nehari manifold
associated with the problem. On the other hand, when the nonlinear term is nonhomogeneous
and asymptotically linear, as it was pointed out by Costa and Tehrani in [17], in general, not
every nonzero function can be projected onto the Nehari manifold or it may happen that the
projection is not uniquely determined. In turn, as exploitied in other contributions,[8,18,19]
we shall look at projections onto the PohoZaev manifold in place of the Nehari constraint
in order to prove Theorems 1.1 and 1.2.

A few additional remarks: Conditions (A2), (A3) and (A4) imply
Va(x)-x — 0, if |x| —> o0, (1.7)

while (f1) and (f2) imply that, given ¢ > O and 2 < p < 2n/(n — 2s), there exists
C. = C.(p) > 0 with

[F(s)] < §|s|2+C5|s|p, for all s € R. (1.8)

In what follows we will denote

12
lull s = ( / (= 2)ul? + / Auz) , (1.9)

as the norm in H*(R"), which is equivalent to the standard norm of H*(R"). We will also
denote by ||, the usual norm of L7 (IR"). We define / : H*(R") — R as the functional
associated with (1.2)

() := %f|(—A)S/2u|2—/G(x,u), G(x,u) = a(x)F(u)—%uz.

Since f(s) = 0 on R7, it follows that any weak solution u € H*(R") for (1.2) is
nonnegative. In fact, by choosing ¢ = u~ € H*(R") in the variational formulation (1.3)

yields
f(—A)Wu(—A)S/Zu— = /a(x)f(u)u_ — k/uu_ = ,\/(u—)z.

Hence, if C(n, s) is the normalization constant in the definition of (—A)*, we obtain

/ (= A)Pu(=AYPu~ = / (=AY Ut — (=82 |2
_con) // () — O )

|x _ y|n+2A

+
=—Cn, >//| ()w&) dy — [(=A)u” |5 < =[(=A)*u" 3. (1.10)

— I(=A)?u™ |3
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In turn we get [u~ |13, = [(=A)Y2u~ |3 + Allu=[5 < 0, namely u~ = 0, hence the
assertion.

2. Energy levels of the limiting problem
In this section we study the following equation for s € (0, 1) and n > 2s,

(—=AY’u + Au = aso f(), inR", 2.1

where A > 0 and ay, > A. We shall assume that F satisfies the growth estimate (1.8). Our
aim is to provide a Mountain Pass characterization for least energy solutions which is the
counterpart of the main result of [19]. Let the Hilbert space H*(R") be endowed with the
norm (1.9) and let I, : H*(R") — R be the functional corresponding to (2.1), namely

Ioo () = %/ |(=2)"2ul® ~ f Goo (1),

where we have set
u u A

Goo(1t) =/0 goo (1)d1 =/0 (doo f (1) — M)Al = ase F(u) — zuz.
We recall that a solution u of (2.1) is a least energy solution to (2.1) if
Is() =m, m:=inf {Iso(u) : u € H*(R") \ {0} is a solution of (2.1)}.
As stated in [15, Proposition 4.1], the Pohozaev identity associated with (2.1) is given by
(n —2s)/ugoo(u) = Zn/ Goo(ut),
where goo and G, are defined as before. Also, if u and v belong to H*(R"), then

\/‘U(—A)Su = /(_A)S/ZM(—A)S/ZU,

which yields in turn

f Ugoo () = / (=AY ul* = @mzs,

lu(x) — u(y)[? 2
[M]HS = (/ dedy) .

Therefore, the PohoZaev identity may be written, equivalently, as

(n— 2s)/ (=) u)? = Zn/Goo(u). (2.2)
For the following, it is convenient to introduce the set
Poo := {u € H*(R") \ {0} : u satisfies identity (2.2)}.
We also consider the set of paths

Foo i={y € C(0, 1], H*(R")) : y(0) =0, Iso(y(1)) < 0},
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and define the min-max Mountain Pass level (see [20])

Co = min max I (y(1)).
yels t€[0,1]
The main result of the section is the following

THEOREM 2.1 coo = m.

In order to prove the result we need the following Lemmas.

(2.3)

LEmMa 2.2 Letw € H*(R") be aleast energy solutionto (2.1). Then there exists y € I'so

such that

w e (0,1, max lo(y (1)) = loo(w) =m.
tel0,1]

Proof Consider a least energy solution w of (2.1), which exists e.g. by [15, Theorem 1.1].
Then we can define the continuous path « : [0, 00) — H*(R") by setting «(7)(x) :=

w(x/t),if t > 0, and «(0) := 0. Then, by construction, we have /o, («(0)) = 0 and

_ 1 s/2 2
Ioo (e (1)) = §[|(_A) w(x/1)] —/Goo(w(x/t))

tn

-2
5 /|(—A)s/2w(x)|2—t"/Goo(w), t>0.

Then, taking the derivative, we obtain

(n — 2s)

i — 11—2S—1/ _ g‘/z 2_ n_I/
& cola(t)) = — t [(—A)“w|* — nt Goo(w)

tn—2s—1

=— {(n—2s)/|(—A)5/2w|2—2nt2S/Goo(w)}

Since w is a solution of (2.1), it satisfies the Pohozaev identity (2.2), therefore

n—2s—1

2

% oo la(t)) = (n—2s)(1 — tzx)/ (=AY w2,

Then, since n > 2s, the map {t — I («(t))} achieves the maximum value at ¢t = 1. By
choosing L > 0 sufficiently large and recalling (2.2) again to guarantee [ Goo(w) > 0, we

have

max loo(a(1)) = Ioc(a(1)) = Ioo(w) =m, Iso((L)) <O.
0<t<L

Taking y (¢) := «a(¢tL), we have that y € 'y, and the result follows.

Lemma 2.3 y([0, 1) NP # @, forall y € .

Proof Consider the function associated with the PohoZaev identity (2.2),

Too(u) i= 2 _22s / (=AY 2u)? — n/Goo(u), u e H° (R

(2.4)
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We will first prove that there exists p > 0 such thatif 0 < ||u|lgs < p, then J(u) > 0. We

have
-2 ) A
o) = = . sf|(—A)b/2u|2—naoofF(uH"7/u2

n—2s
>
-2
Then, by virtue of (1.8) (with p > 2) and the fractional Sobolev inequality [4, Theorem
6.7], we get

lul2s — nass / Fw).

n—2s

nea
> ||u||%1x — 2;0/)»142—naooC€/|u|l’

1
- (n — 25 — Nedoo
2

Joo(u)

v

v

2
) e = naoeCellullfys,

where C, has changed in the second line in order to include the constant of the fractional
Sobolev embedding. Take now & > 0 so small that n — 2s — neas /A > 0 and then choose
p > 0 small enough so that Joo(u) > 0if 0 < |Ju||gs < p, which is possible, since p > 2.
Observe now that

Joo (1) =n100(u)—sf|(—A)S/2u|2.

If y € ', we have Joo (¥ (0)) = 0 and Joo (¥ (1)) < nls(y (1)) < 0. Then, by continuity,
there exists o € (0, 1) such that ||y (o)|lgs > p and J5(y (o)) = 0. This means y (o) €
Poo, concluding the proof. Il

LEmMma 2.4 We have

= inf I .
"

Proof 1If we set
Seo = {u € H°(R") : /Goo(u) = 1},
it follows that ® : Soo — P defined by

B 1/2s
<I><u)<x>:=u(§), = (” 2S> (=AY P e

u 2n

establishes a bijective correspondence and

s /n—2s (n—2s)/2s N
Ioo(P(u)) = - < > 1= 2ully, u e S,
n 2n

yielding in turn

) (n—2s)/2s ‘
inf Ioo() = inf Ioo(®) = inf 5(” S) 1= A 2u)2* = m,
UeSy

UEP UESx N 2n

since the last infimum is achieved and the corresponding value equals the least energy level
m. This can be proved by performing calculations similar to those of [7, proof of (i) of
Lemma 1]. O
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Proof of Theorem 2.1 concluded. By combining Lemma 2.3 with 2.4 we immediately
obtain m < cso. Considering the path y € ', provided by Lemma 2.2, we have

max Joo(y (1)) = loo(w) = m.
0<r<l
By taking the infimum over ', yields

inf max I, 1) <m,
ol max, oy (1) =

so that ¢, < m, which concludes the proof. O

3. Pohozaev manifold

By [15, Proposition 4.1], if u € H*(R") is a weak solution of (1.2), then u satisfies the
Pohozaev identity

no2 / (=) 2u)? = n/ ((a(x) + M) Fu) — &u2> NCR)
2 n 2

Furthermore, we define the PohoZaev set associated with (1.2) by

P :={u € H (R") \ {0} : u satisfies identity (3.1)} .
We first have the following

Lemma 3.1  Let the functional J : H*(R") — R be defined by

_ . 2
sy ="22 / [~ Ay uf? - n/ ((a(x) + W) Fu) — %) |

Then, it holds that
(@) {u = 0} is an isolated point of J~1({0});
®) P:={ue H@®R")\{0}: J(u) =0} is a closed set.
(¢) PisaC' manifold.
(d) There exists o > 0 such that |ul|lgs > o, forallu € P.

Proof

(a) Using condition (A4), we get

. | :
s =" 225/|(—A)5/2u|2—n/<<a(x>+—v‘*(i) x)m)—%)

— 2
_ n 22S/|(—A)‘Y/2u|2—n/<aooF(u)—A%>

n—2s 5
z— lullys — nace | F(u).
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By virtue of the fractional Sobolev embedding [4, Theorem 6.7] and (1.8), we obtain

n—2s nea
J(u) Tnungs — 2;" /kuz—naooC€/|u|P

Nedeo

v

v

1
5 (n—zs _ )||u||%,x — naCe s,

where C, has changed in the second line in order to include the constant of the
fractional Sobolev embedding. Take ¢ > 0 with n — 2s — nease/A > 0. For p > 0
small, J(u) > 0if 0 < |Ju|lgs < p.

(b) JisaC' functional, thus PU{0} = J~'({0}) is a closed subset. Moreover, {u = 0}
is an isolated point in J~!({0}) and the assertion follows.

(c) Considering the derivative of J at u and applied at u yields

() = (n - 25) f =AY ul? f (ato) fa — 2ac?)
—/Va(x)~xf(u)u. 3.2)

Since u € P, it follows that u satisfies (3.1) and, using formula (3.1) into (3.2), we
obtain

J (u)(u) =2n/a(x)F(u) —nk/u2+2/Va(x) - xF(u)

—n/a(x)f(u)u—i—n)u/uz—/Va(x)~xf(u)u
Va(x) - x
= Zn/ <a(x) + T) F(u)

Va(x) - x
— nf (a(x) + T) S@u

Va(x) - x 1
= Zn/ <a(x) + T) (F(u) — 5f(u)u> <0,

in light of (A1), (A3) and (f3). If u € P, then J'(u)(«) < 0. This shows, by the
local inversion theorem, that P is a C! manifold, see [21].

(d) Since 0 is isolated in J~1({0}), there is a ball ||u|| zs < o which does not intersect
P. U

4. Nonexistence results

In this section we get relations between the Pohozaev manifold P associated with (1.2) and
the PohoZaev manifold P, for the limiting problem (2.1). Recall that

Poo = {u € H'(R") \ {0} : Joo () = 0},

where Jo is defined as in (2.4). Notice that (A3)—(A4) imply that /o (#) < I (u) for every
uin H*(R") \ {0}.

In this section we will show that the min-max mountain pass level cs, is equal to the
infimum p defined in (1.4) and that this level is not critical for I and, in turn, that it is not
achieved.
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LEmMma 4.1 Iff Goo(u) > 0, there exist unique V1,92 > 0 with u(-/91) € Pso and
u(-/vnp) € P.

Proof  First, we consider the case of Py,. Consider the function ¢ : (0, co) — R defined
by

ﬁn—ZS
0(9) = Lo(u(e/9) = /|(—A)S/2u|2—ﬂ"/Goo<u).

Taking the derivative of ¢, we obtain
19”*25*]
o) =— ((n —2s) / [(—A)*2u)? = 2n9* f Goo(u>)

= % (n _22S f |(=8)" Pute/ )P = ”/Goo(u(X/z?))> _ M.

Then, ¢'(¢#) = 0 if and only if

1/2s
-2 —A s/2.,12
0=ﬁ1=<n s U2 Pl > 0.

2n [ Goolu)

Since by the formula for ¢" we have u(-/9) € P if and only if ¢'(#) = 0 for some
¥ > 0, we have the result. In passing, we observe that ¢ is positive for ¥ > 0 small
while it is negative for ¢ > 0 large, so that the unique critical point of ¢ corresponds to a
global maximum point for ¢. Now we turn to the case of P. First, we define the function
W : (0,00) - R by

l9n—2s

- /I(—A)“/zulz—/G(x,u(X/l?))

n—2s 2
_2 5 f|(—A>5/2u|2—f(a(x)F(u(x/ﬂ))—x” O;””)

9 $/2.12 _ on uw’
5 [(=A) “u|* =9 a(z?x)F(u)—X? . “4.1)
Taking the derivative of W and recalling that n > 2s, we obtain:
) 2
v () = %ﬁ”_z“_l / (=AY ?u)? = no"~! / (a(z?x)F(u) —A%)
- 9" f Va(®x) - xF(u)
n—72s u?
— ﬂn—Zs—l { 2 / |(_A)Y/2u|2 _ nl?zs/ (a(l?x)F(u) _ )\.7)
— 9 f Va(9x) - (L?x)F(u)}

_ 2
- l{” 22S/|(—A)5/2u(x/19)|2—n/(a(x)F(u(x/z?))—Au ();/ﬂ)>

s
J(u(-/9))
—

W@ = I(u(x/9)) =

— /Va(x) .xF(u(x/ﬁ))} = 4.2)
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Hence, u(-/9%) € P if and only if ¥/ (1) = 0, for some © > 0. Notice that, in view of (A2)
and (1.7) and the Lebesgue Dominated Convergence Theorem, we get

. u?
ﬂli)mwf (a(l?x)F(u) —A?) = / Goo(u),

ﬁlim Va(x) - (Ox)Fu) =0.

Therefore, if ¢ > 0 is sufficiently large, then

W) = 9 {—”_zzsfl(—m‘ﬂmz—nﬂzs (/ Goo(u>+ozs<1>)}.

Since f Goo(u) > 0, it follows that /(1) < 0, for ¥ > 0 sufficiently large. On the other
hand, if ¥ > 0 is sufficiently small we have that condition (A4), together with (A1)—(A3)
yield

Va(x) - x
0O<alx)+ ——— < deo,
n

2
_&/u2 < / <<a(ﬁx)+w> F(u)_ku_> </Gm(u) < M/uz,
2 n 2 2

where C is a positive constant independent of ¢. Thus, taking ¢ > 0 sufficiently small in
W’(¥), we obtain W/ (%) > 0. Since W' is continuous, there exists ¥ = ¥»(u) > 0 such
that W’ (%) = 0, which means that u(-/9%,) € P. To show the uniqueness of ¥,, note that
W/(#) = 0 implies

-2
n _ S/|(—A)S/2M|2=nﬁ2sh(ﬁ),

. 2
h() = / ((a(ﬁx) 4 M) F(u) — —)LZ ) , 4.3)
n

with 9 > 0. Taking the derivative of & we end up with

(0x) 'Hul(iz?x) - (Ox) n Va(z?xrz . (z?x)) F ),

W) = %/ (Va(z?x) C(Ox) +

Hypotheses (A3) and (A5) imply that 42'(1%) > 0. Therefore, & is an increasing function
of ¥ and hence there exists a unique ¥ > 0 such that the identity in (4.3) holds. As for
the functional ¢, the above arguments show that W is positive for ¢ > 0 small while it is
negative for ¢ > 0 large, and hence the unique critical point of W corresponds to a global
maximum point for W. Il

Consider the open subset of H*(R")
0= {u e H*(R")\ {0} : /Goo(u) > 0} .
Then we have the following

Lemma 4.2 The map defined by O 3 u + 6>(u) € (0, 00), such that u(-/6>(u)) € P, is
continuous.
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Proof Letu e O and consider (1;) C O such thatu; — u in H*(R") as j — oo. First
note that 9, (u ;) is bounded. Indeed, consider the expression (4.3) of W' = 0 in the proof
of Lemma 4.1 for u; and 9> (u )

n—2s
- / (=AY u, P
2

= "ﬂzzswj)/ <<“<z92(u )X+ V"“’““’)XZ wzw]m) F(uj) — %) .

Suppose by contradiction that ¥, (#;) — o0 as j — o0, along a suitable subsequence.
Then, in light of the assumptions on a and F and by Lebesgue Dominated Convergence
Theorem, the right-hand side of the above equation goes to infinity while the left hand
converges to (n — 2s)/2||(—A)S/2u||§, which is a contradiction. Hence, 9> (u;) admits a
convergent subsequence, say v (u;) — ¥ as j — oo. In turn, by Lebesgue Dominated
Convergence Theorem, as j — oo, we have

/a(z?z(uj)x)F(uj) N /a(f}x)F(u),

fVa(ﬂz(uj)x) (D2 (uj)x)F (uj) — /Va(éx).(éx)F(u).

Then, since u; — u in H*(R") as j — 00, we obtain

f— i : ) 2
" [ 1eayPup = ns | ((a(;”” i M) s %)

Hence u(-/%) € P and, by uniqueness of the projection in P, ¥ = ¥ (u). Il
LeMMA 4.3 Ifu € P, then [ Goo(u) > 0.

Proof Letu € Poo.Of course [ Goo(u) > 0. Assume by contradiction that | Goo (1) = 0.

Then 5
, C(n,s) (u(x) —u(y))
— (= A)/2,112 —
0= lI(-)"ully = — // P AL
so that u is constant and hence, as u € L2(R"), u = 0, contradicting u € Peo. O

LEmMa 4.4 Ifu € P, then there exists a unique v > 0 such that u(-/9) € P and
9 > 1.

Proof Letu € P. Then, by Lemma 4.3, f Goo(u) > 0. In turn, by Lemma 4.1, there
exists a unique ¢ > 0 such that u(-/9) € P. Now, we are left with the proof that % > 1.
By the arguments in the previous lemmas, it follows that ¥ satisfies

_ . 2
! 22S/|(—A)X/2u|2=n1925'/ ((a(ﬂx)—i——va(ﬁx) (ﬂx))F(u)—A”?).
n

By condition (A4), we get

_ 2
" 2S/|(—A)s/2u|2 < 1925/ <aooF(u)—)\”—> =192"wa(”).
2n 2
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Since u € Py, the inequality above yields 6 > 1. [l
Lemma 4.5 Ifu € P, then [ Goo(u) > 0.

Proof Letu € P.Then, by condition (A4), u satisfies

_ , 2
" 22s/|(—A)5/2u|2 =n/ ((a(x)+%) Fu) —x”?) <n/Goo(u).

Since f I(—=A)/2u|?> > 0 otherwise u would be constant and hence the zero function as
u € L*>(R™), the assertion follows. O

Lemma 4.6 Ifu € P, then there exists a unique ¥ > 0 such that u(-/9) € Pso and
9 < 1.

Proof Letu € P,then [ G (u) > 0by Lemma4.5. By Lemma 4.1, there exists a unique
¥ > 0 such that u(-/9) € Ps. We are left with the proof that ¢ < 1. Notice that

”_B/kem”%ﬁ</6mwy

2n

Since u(-/9) € Poo, then the assertion follows since ¥ > 0 satisfies

ANS/2012
oy [ 1

9 = <1

2n /GWW)

This concludes the proof. ]

Notice that, as a consequence of the previous results, a given function u € H*(R")\{0}
can be projected onto the manifolds P and P if and only if [ Goo(u) > 0. We will also
need the following

LemMaA 4.7 Ifu € P, then u(- —y) € Poo, for all y € R*. Moreover, there exists
vy > 1 with

u<'_y)e7>, lim oy = 1.
29y [yl[—o0 ~

Proof If u € Ps, then from translation invariance, u(- — y) € Poo, for all y € R".
Furthermore, from Lemma 4.4, there exists ¢, > 1 such that u((- — y)/¥y) € P. Suppose
by contradiction that there exists a sequence (y;) C R" with |y;| — +o0and ¢y, converges
either to A > 1 or +o0. Let us define

Va(@y;x +yj) - (Fy;x +y;)

K@yx +yj)=a@yx+y;)+ . .

From (f1)—(f2) we have 0 < K(l?ij + ) Fu(x)) < acoF(u(x)) < Cu?®(x) for ae.
x in R" and for some positive constant C. Hence, by Lebesgue Dominated Convergence
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Theorem, we get

Jj—>00

2
lim (K(ﬁij + ) Fu) — x'%) = / Goo(ut). (4.4)

But for each y; it follows that u(%) € P with Oy, > 1, which means
; .

n—2s 5/2. 02 2s u’
5 /|(—A) ul :m?yj/ K@yx+yj)Fu) = 2= ). 4.5)

The right-hand side of (4.5) goes to +o0 or to nA% f G (1), while the left-hand side is
constant. In the first case we immediately get a contradiction. In the second case, asu € P
and A > 1, we get a contradiction too. O

Under the assumption of Lemma 4.7, we have the following
Lemma 4.8 1 <supycpntly < +00.
Proof From Lemma 4.7 there is R > 0 such that [9y| < 2 if |[y| > R. There exists
M > 0 such that sup{?}y : |y| < R} < M. In fact, suppose that there exists a sequence (y;)

with |y;| < R such that 9, — 400 as j — 00. As in the previous lemma, (4.4) holds.
Therefore, from (4.5), it follows

S [ arPur =no ([ G+ o,m)).

Since ¥y; — +00 and the left-hand side is constant we get a contradiction. 0

LemMA 4.9  There exists a real number & > 0 such that inf ,ep [ [(=A)/2u? > 6.

Proof Letu € P, then u satisfies (3.1) and by condition (A4), we have

_ 2
0<” 22S/|(—A)S/2u|2 < n/ (aooF(u) —x'%).
A

On the other hand, from condition (1.8) with p = 2n/(n — 2s), given 0 < ¢ < oo we get

n—2s 21/ (n—2;
0<—- /l(—A)S/2u|2 < aooC||u||2’;j§jj_2;;.
for some C > 0. Using the fractional Sobolev inequality (cf. [4, Theorem 6.5]), we find
C > 0 with
_9 2s/(n—2s)
0< ——= (f |<—A>“/2u|2) ,
2nasCC
which yields the assertion with & := ((n — 25)/(2nasCC))"=29/25 > (. O

Lemma 4.10 p > 0.
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Proof Letu € P, then I (u) satisfies
s 52,12 Va(x) - x s 522 _ 8O
I(u) = - [(—A)“ul” + TF(M) = [(=A)"ul” = - 0, 4.6)

by Lemma 4.9 and condition (A3). This concludes the proof. Il

Ifu € H*(R") with fGoo(u) > 0 and ¥ > 0is such that u(-/9) € Peso, then

Ioo(u(x/0)) = %ﬁ”—zs / [(—A)2ul?. (4.7)

Let ¢ be defined as in (2.3). Then, we have the following

N

Lemma 4.11 p = cwo.
Proof Letw € H*(R") be a ground-state solution to (2.1). Then w € Py, and I (w) =
Coo, by virtue of Theorem 2.1. Set wy := w(x — y), for any y € R". Of course w, € Py

and I (wy) = cxo, by translation invariance. From Lemma 4.4 we find a unique 9, > 1
with w, = wy(-/¥,) € P. Therefore, we have

[ (Wy) — cool = [1(Wy) — Loo(wy)]

1 1 ,
=I5 [1=ar2ap - [Guwa) -5 [1carPup+ [ Guw)
1 )\"‘2
Awi
+f Ao F(wy) — —
_ ‘1

2
= 5(19;1*23 — 1)/ |(—A)S/2u)|2 _ 19;‘/ (a(xﬁy + y)F(w) — %)

aw?

‘ (Ch 1)/|( A Pw|? +(19”—1)/

_ﬂn/a(xz?y +y)F(w)+/awF(w)‘

|l9n 2s

< —/l( A +|z9”—1|/—+f|F(w)||aoo 9a(xdy + ).

Since ¥y — 1if [y| — +o00, we obtain

|F(w)]||aoo — ﬁ;a(xﬂy +y) =0 as|y|] — oo,ae. inR",
|F(w)lace — 9pa(xdy + y)| < Clwl?,



Downloaded by [BY U Brigham Y oung University] at 12:57 01 June 2015

544 R. Lehrer et al.

for some positive constant C independent of y. By Lebesgue Dominated Convergence
Theorem,

/ |F(w)||aco — ﬁ;'a(xz?y +yl=o0,(1), as|yl— oo.
In turn, we conclude that |7 () — coo| < 0y(1), as |y| — oo. Then, p = inf,ep I (1) <

Coo- On the other hand, consider u € P and let 0 < ¥ < 1 by Lemma 4.6 be such that
u(-/v) € Px. Since u € P, then

1
() = i/|(_A>s/2u|2+_/Va(x).xm) > 5/|(—A)f/2u|2
n n n
> S gn2s / (—8)2ul = Io(u(@x/9)) > inf Loo(u) = m = oo,
n UEPx
in light of (4.7), (A3) and Lemma 2.4. Hence p > c~, which concludes the proof. O

Lemma 4.12 P is a natural constraint for the functional I.

Proof Ifu € P is a critical point of I|p, there exists 4 € R with I'(u) + uJ'(u) = 0.
The proof is complete as soon as we show that u = 0. Computing I’ (1) (¢) + uJ’ () (@)
for any ¢ € H*(R") yields

0= /(—A)”M—A)S% + x/mp —~ /a(x)f(u)w

+ 1 [(n —25) / (=D Pu(=A)"?¢p —n / ((a(x) + @) fuye — W)] :

so that u satisfies the equation
(I 4+ p(n =25 (=A)u 4+ 11 4+ un)u = [(1 + pn)a(x) + uVa(x) - x] f ().

The solutions of this equation satisfy a Pohozaev identity Q(u) = 0, where

o) = LK _22”)(”_2”/|(—A>S/2u|2—n/6<x,u>—/x-c?x(x,u),

where we have

G, w) = (1 + pmatx) + uVa(x) - x) Fu) — 2 S0 +2Mn) u?,

x-Ge(r,u) = ((1+ p+ pn)Va(x) - x + px - Ha(x) - x) F(u).

Therefore, Q rewrites as follows

Ou) = (I+um _225))(1’1 —25) / |(_A)v/2u)|2
- / <((1 +uma(x) + uVa(x) - x) Fu) — AMTW)uz)

- / (A +p+un)Va(x) - x + px - Ha(x) - x) F(u)
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_ (1 + pu(n —22s))(n —25) / |(—A)S/2u|2

) 2
Cn(l lm)/ ((a(x) + W) Flu) — A%)

o l)u/ <W<x) x4 M) Flw).
n+1

Recalling that u € P and substituting (3.1) in the equation above, it follows that

1 -2 2
0y = SV [y )2 = (1 4y )f|( A Pul?

2
— 4+ l)u/ (Va(x) x4 M) Fu)
n—+1
= —ps(n — 2s)/ (=AY u)?> — (n + 1)M/ (Va(x) x %) F(u).

On the other hand, since u satisfies Q(u) = 0, we end up with
CH .
—ps(n — 2s)/ [(=A)2ul?> = (n + 1)M/ (Va(x) x4 %) F(u).
n
From (AS5) we have that, if & > 0, the right-hand side of the equation is nonnegative as

Va(x).x+x~7-(a(x)-x >N (va(x).x+m>zo,
n—+1 n+1 n

while the left-hand side is negative. If © < O one gets the same contradiction. Whence
w=0. O

Proof of Theorem 1.1 concluded. ~Assume by contradiction that there exists a critical point
z € H*(R") of I atlevel p. In particular, z € P and I(z) = p. Let ¢ € (0, 1) be such that
z(+/VU) € Pso- Then, we get

N S 1

p=10)=~ / (=) 22 + — / Va(x) - xF(2)

> i/‘l(_A)V/Q.Z'Z > iﬁ”—z‘V/K_A)S/zdz
n n
=l (z(-/9)) = inf Iso(u) =m = co ,
UuePso

using (A3) and (4.7), Lemma 2.4 and Theorem 2.1. Then p > ¢, contradicting Lemma4.11.

In particular, p is not achieved, otherwise, if I(v) = p and I'|p(v) = 0 for some
v € H*(R"), in light of Lemma 4.12, we would have I'(v) = 0, contradicting the first
part of Theorem 1.1. O

5. Existence results

In this section we show the existence of a solution of problem (1.2). To this aim, we shall
assume that the hypotheses of Theorem 1.2 are satisfied. As we have seen in the previous
sections, we should look for solutions which have energy levels above co.. In order to
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find such a solution we follow some ideas of [22] based upon linking and the barycenter
function on the Nehari manifold. In our case, since the nonlinear terms of the equation are
not homogeneous, we are led to the PohoZaev manifold /P and obtain the desired solution
by a linking argument. We also make use of a barycenter function, similar to that of [22]
and used by Spradlin [23,24] as well.

LemMma 5.1 [ satisfies the geometrical properties of the Mountain Pass theorem.

Proof Concerning the local minimum condition at the origin, by (1.8) one can argue
exactly as in the proof of Lemma 2.3. Furthermore, if w € H*(R") is a least energy
solution to (2.1), by Lemma 2.2 there exists y € '« such that y(t) = w(x/tL) for
t > 0and L > 0 large enough. In turn, if v, (¢) := w((- — y)/tL), by (A2) and Lebesgue
Dominated Convergence Theorem,

I(yy(1)) = Ioo(yy (1)) + [(aw —alx +y)F(y)

= Ix(y(1)) +0y(1) <0, for|y|large,
since I (y (1)) < 0, concluding the proof. O
Let ¢ be the min-max mountain pass level for /

c=min max I(y()), I := {y e C([0, 1], H*(R")) : y(0) =0, I(y(1)) < O} .
yel tg[0,1]

5.1
We start by proving that the min-max levels of the Mountain Pass Theorem for / and I
agree.

LEMMA 52 c¢o =c.

Proof 1If y € T', then I(y(1)) < 0 and since I, < I, we have I (y (1)) < 0. Then,
I' C T'w yielding

Coo = inf max I (y(?)) < inf max I (y(¢)) < inf max I(y(t)) =c.
0 yel t€[0,1] yel t€[0,1]

y€loo 1€[0,1]

Letnow ¢ > 0 be arbitrary and let y € ' such that I, (y (7)) < cxo + ¢, forall ¢ € [0, 1].
Choose y € R" and translating 7,(y (t))(x) := y (t)(x — y) with |y| large enough, we get
Ty oy € I' (see Lemma 5.1). If ¢, € [0, 1] is such that I (7y,(y (zy))) is the maximum value
on [0, 1] of t = I(ty 0 y(2)), then

Coo + & = Ioo(y(ty)) = lo(Ty 0 Y (1y)) = max I(tyoy) = ;r;fr max, I(y(1) =c.
This gives coo > ¢ by the arbitrariness of ¢ and the assertion follows. O

LemMa 53 p=c.

Proof The assertion follows by combining Lemmas 4.11 and 5.2. O
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Now we observe the following property of P with respect to the paths in the Mountain
Pass Theorem.

LEmMa 5.4 Foreveryy €I there exists s € (0, 1) such that y (s) € P.

Proof By the proof of Lemma 3.1 (a), we learn that there exists p > 0 such that J(#) > 0
if O < |lullgs < p. Furthermore, we have

n—2s $/2. 12
T =" f|<—A>‘ ul —n/G(x,u)—/Va(x)-xF(u)

= nl(u) —s/|(—A)S/2u|2—/Va(x)-xF(u).

From (A3) it follows that J(u) < nl(u), forevery u € H*(R") \ {0}. If y € ', we have
J(y(0)) =0and J(y (1)) < nl(y(1)) < 0.Thenthereexistst € (0, 1) with ||y ()|lgs > p
and J(y (1)) = 0. O

We recall that a sequence (u;) is said to be a Cerami sequence for / at level d in R,
denoted by (Ce)q, if I (un) — dand ||I'(u;) || g—s (14 ||lu |l zs) — 0. We have the following

Lemma 5.5 If (uj) is a (Ce)q sequence with d > 0, then it has a bounded subsequence.

Proof By contradiction, let |lu | zs — 4o00. If it; 1= u./||uj||;£, then ||it ;|| zs = 1 and
ﬁj — 1, up to a subsequence. Therefore, one of the two cases occur:

Case 1: limsup sup f |12j|2 =35>0,
Jj—=oo yeR" JBi(y)

Case2: limsup sup f |12j|2 =0.
Bi(y)

j—oo yeR"

Suppose Case 2 hold. Fixing L > 2+/d D, with D as in assumption (f3), gives
2

_ L _
I(Lujlujl ) = 5~ /a(X)F(LMjIIMjIIHi).

Given ¢ > 0, by inequality (1.8) there exists C; > 0 (here 2 < p < 2n/(n — 2s)) with

2 2
1 aseel llujli3 -
a(x)F(Lujllujll ) < + C:LP||a; ||
/ H 2 llujl3 + I(=A)2u3 P
GooeL?
< (1),
= "o +0]( )

where || ]|, — 0 by a variant of Lions’ Lemma [25, Lemma I.1]. For ¢ = 1/(2a), we
have

L L?
I(Ll/leuj“Hs) = a —o;(D).
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We have L||uj||;1 € (0,1) for j large and if we consider t; € (0,1) with I(tju;) =
max;co, 11/ (fuj),

L2
I(tiu;) = T(tu;) > 1(Lu;u: |5 > — —o;(1). 5.2
(tjuj) tIeI%g‘,)%] (tuj) > (uj”u./”H,)_ 2 0j(1) (5.2)

On the other hand, using ( f3) we obtain

1 1
I(tju;) = I(tju;) — EF(t,-u,-)(tjuj) = /a(x) (Ef(tjuj)(tjuj) - F(Wﬂ)

1 1
< D/a(x) <§f(uj)u,- - F(uj)> =D uj)— 51/(uj)(uj)) = Dd +0;j(1).
(5.3)

Then, on account of the choice of L, combining (5.2) and (5.3), we get a contradiction. In
Case 1, let (y;) be a sequence such that |y;| — 400 and

/ li;|* > 8/2. (5.4)
Bi(yj)

Recalling that i (- + y;) — u in H*(R") as j — oo, we obtain fBl(O) li(x)|> > 8/2,
namely u # 0. Thus, there exists & C Bj(0), with |©2] > 0 such that

ui(x +yj)

, ae.x e, 5.5)
llua j1l 125

0#u(x)= lim #;(x +y;) = lim
j—)OO j—)OO

yielding uj(x + y;) — oo for a.e. x € Q. We claim that, actually u ;(x + y;) — +oo for
x € Q. Setting §;(x) :==itj(x + y;),forapu; — 0in H~*(R") as j — oo, we have

a(x +y;

) ley) + —4

llojll s

(—AY2g + a8 =
Nl j | s

Testing this equation by ¢ i and taking into account that

/—’f(nujnmc,-);, =0, L = - =0;(1),
lluejll s : lluej Il g lloa j 115
by arguing as around formula (1.10), we conclude that ||Cj7||HS =o0j(l)as j — oo,

hence, in particular, by the fractional Sobolev embedding ||¢ /-_IILp =oj(l)as j — o0
forany 2 < p < 2n/(n — 2s). Since ¢; = (- + y;) — i in LP(), we also have
¢ = 12;(~ +y;) — u in LP(Q). But then = = 0 on € which means # > 0 on
Q. In turn, from (5.5), we have the claim. Thus, by (f3), Fatou Lemma and (A1), with

o = infgrna,
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lim inf / a(x) <%f(uj)uj - F(“j))
J—>00

1
zliminf/a(x +v;) <§f(uj(x +FyiDuj(x+y;)— Fujx —i—y‘;))

Jj—o00

j—o0

1
znmmﬁéo<5ﬂwu+ynMﬂx+m0—FWﬂx+WO
z[gpmm(%ﬂwu+nbwﬁ+xﬂ_FW”“Hw>:+w'

qQ Jj—oo

On the other hand, [1"(u;)(u ;)| < [I"(uj) | g-sllujll s — 0,as j — oo. Then,

1 1
/a(X) <§f(’4j)uj - F(uj)) =1(uj)— 51’(uj)(uj) =d+o(),

which gives a contradiction. If, instead, (y;) in (5.4) is bounded, say |y;| < R for some R,

we obtain
c=f wPs [ P
2= Jb = Jo
Bi(yj) Bag(0)

and since &1; — i in L?(B>g(0)), it follows that

5&5/ 4]
Byr(0)

Similarly to the previous case, there exists &2 C Bar(0) of positive measure such that (5.5)
holds. The argument follows as above for the case where (y;) is unbounded and we get a
contradiction. |

The next step is to show the existence of a Cerami sequence for the functional / at
level c.

LEMMA 5.6 Let ¢ be as in (5.1), then there exists a (Ce). sequence (u,) C H*(R").

Proof We apply the Ghoussoub—Preiss theorem [26, Theorem 6] with X = H*(R"), see
also [27]. Consider zg = 0 and z; in H*(R") with I(z;) < O (cf. Lemma 5.1). Then
the PohoZaev manifold P separates zo and z;. Indeed, observe that zo = 0 ¢ P and
71 ¢ P, since J(z1) < nl(z1) < 0 (cf. proof of (a) of Lemma 5.4). Moreover, there exists
p > 0 such that, if 0 < ||u|lgs < p, then J(u) > O (cf. proof of Lemma 3.1). We have
HYR")\P ={0}U{J >0} U{J < 0}. The ball B,(z0) is in a connected component C|
of {0} U {J > 0}. On the other hand, z; is in a connected component of {J < 0}. In this
setting, we get a sequence (u;) C H*(R") such that

S(uj, Yy =0, I(uj)—c, [M@plg-+llujllus) — 0,

where 8 denotes the geodesic metric on H*(R"), defined by

. Yoy @) as 1
8(u, v) :=inf / ——————do :y e C([0,1], H*(R")), y(0)=u, y(I)=vy.
o 1L+ lly@)llas

This completes the proof. O
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We will also need the following result.

Lemma 5.7 Let (uj) € H*(R") be a bounded sequence such that
Iuj)—d=>0 and |I'(uj)llg— —0.

Replacing (u ;) by a subsequence, if necessary, there exists a solution u of (1.2), a number
k € NU {0}, k functions u', u?, ..., u* and k sequences of points yjl., yjz., e y? e RY,
satisfying:

(@ wuj—uin HS(R") or
b)) u' € HSR™) are pqsitive solutions to (2.1) radially symmetric about some point;
(© lyyl = +ooand |y, — yy'| = 400, i #m;

(d uj;— Zleui(x — yj.) — U
© 1)) > 1@+ Lol

Proof One can also mimick the proof of [28, Theorem 8.4] dealing with the local case
s = 1. That the solutions u’ € H*(R") to (2.1) are positive and radially symmetric about
some point follows from [16, Theorem 1.3], namely a Gidas—Ni—Niremberg type result in
the fractional case (u’ # 0, u’ > 0 and hence u’ > 0, see [16]).

CoroLLARY 5.8 IfI(uj) — cooand |I'(u )|l g—s(1 4 llujlgs) — O, then either (u;) is
relatively compact in H*(R™) or Lemma 5.7 holds with k = 1 and u = 0.

Let us set
¢y :=inf {¢ > coo : cis a radial critical value of /oo }.

Then we have the following

Lemma 5.9 Assume that
Co 1§ an isolated radial critical level for I, (5.6)

Then c; > coo and 1 satisfies condition (Ce) at level d € (coo, min{cy, 2¢o0}). Assume now
that
the limiting problem (2.1) admits a unique positive radial solution. 5.7

Then I satisfies condition (Ce) at level d € (¢xo, 2Co0)-

Proof Take a sequence (uj) € H®(R") such that [ (u;) — d and |[I'(u;)|lpg-(1 +
llujllgs) — 0as j — oo. By Lemma 5.5, (u;) has a bounded subsequence. Applying
Lemma 5.7, up to subsequences, we have

k k
wj— Y u'(x—yh)y— i in H'R"), Iuj) = 1) + Y Io(u),
i=1 i=1
where u’ is a solution to (2.1), |yi.| — 400 and u is a (possibly zero) solution of (1.2).
Since d < 2c¢q0, then k < 2. If k = 1, we have two cases to distinguish.
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Let us first assume that (5.6) holds. Then ¢; > coo, otherwise there exists a sequence
¢; of radially symmetric (about some point) critical values of I, such that ¢; > ¢ and
Cj = Ceo as j — oo. Consider the alternative:

e it # 0, which implies 7 (it) > p = co and hence [ () > 2cno.

e u =0, which yields I (u;) — I (u"). If Ino(u") = coo, we have a contradiction. If
Ioo(u') = & > coo, then Ing(u') > ¢z > min{cy, 2¢x0}, against d < min{cy, 2c00 ).
Thenk =0and u; — u.

Let us now assume that (5.7) holds.
Consider the alternative:

e it # 0, which implies 7 (it) > p = co and hence I (u;) > 2coo.

e ii = 0, which yields 7 (u;) — Ioo(u') = coo. The fact that Ino(u') = coo follows
by using uniqueness assumption (5.7). These conclusions go against the assumption
Coo < d < 2Cn. O

Lemma 5.10 Let I(uj) — d > Oand {uj} C P. Then {u;} is bounded in H®(R").
Proof 1f u; € P, then using (A3) and the first equality of (4.6), we get
d+1> 1)) > 5/|<—A)“/2uj|2.
n

In turn, by the fractional Sobolev inequality, the sequence [|u [|2,/(:—2s) is also bounded.
By (1.8) with ¢ < A/||a| s, We have

1 2n/(n—2s
/a(x)F(u;) < sellallooluj 13 + Cellu i )

Replacing this in the expression of /
d+1>1(u)) > %/ (=) + %(x — ellalloo) ;13 — Cellu i) im0

s0 |lu |2 is bounded as well, and the assertion follows. O
Next, we introduce the barycenter function.

Definition 5.11 Define the barycenter function of au € H*(R") \ {0} by setting

1
= — dy.
p(u)(x) 5] B](x)lu(y)l y

It follows that p(u) € L*°(R") N C(R"). Subsequently, take
1 +
u(x) = [M(u)(X) — 5 max M(u)} .
It follows that &2 € Co(R"). Now define the barycenter of u by

Bu) = —/xﬁ(x)dx e R".

il .1
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Since #1 has compact support, by definition, 8(u) is well defined. B satisfies the following
properties:

(a) B is acontinuous function in H*(R™) \ {0}.
(b) If u is radially symmetric, then S(u) = 0.
(c) Giveny € R" and setting uy(x) := u(x — y), then B(uy) = B(u) + y.

We shall also need the following

LEmMA 5.12  Assume that uj,v; C H(R") are such that |uj — vjllgs — 0 and
I'(vj) - 0as j — oc. Then, I'(u;) — Oas j — 00

Proof By assumption (1) of Theorem 1.2, we have f € Lip(R, R"). Observe first that,
for every w, ¢, ¥ € H*(R"), we have

I"(w) (g, ¥) = f (=D Pp(=A) 2y + / oY — f a@) f'(w)ey. (5.8)

Also, by the Mean Value Theorem, for any u, v € H*(R") and ¢ € H®(R"), there exists
& € (0, 1) with

') (@) = ') (@) = 1"+ & — w)(p, v — u).

Therefore, by taking into account that | f'(u; +&;(v; —u;))| < C a.e. and forevery j > 1
by assumption (f1), forall j > 1 we find §; € (0, 1) such that from formula (5.8) we obtain

I'(vj) (@) = 1'(uj) (@)
=1"(u;+& @ —u))p,v;—uj)

= /(—A)%(—A)”z(vj ) +x/<p<v,- —uj)
~ [ @t s + &0~ upo; —up
= Cllellasllv; —ujllmgs + Caoo/ lpllvj —ujl < Cllellasllvi —ujllas.
In turn, taking the supremum over the ¢ € H*(R") with ||¢||gs < 1, we getas j — 00

') = I'uplig-s < Cllvy —ujllas = oj(1),

which concludes the proof. |

Now we define
b:=inf {I(u): u € P and B(u) = 0}. 5.9)

It is clear that b > c,. Moreover, we have the following
LEmMMA 5.13 b > coo.

Proof Suppose b = c. By definition, there exists a sequence {u;} with u; € P and
B(u;) = Osuchthat/ (u;) — b.ByLemma5.10, {u;}is bounded. Since b = p by Lemmas
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5.2 and 5.3, then {u;} is also a minimizing sequence of / on P. By Ekeland Variational
Principle, there exists another sequence {i;} C P such that I(ii;) — p, I'|p(ij) — 0
and ||ii; —ujllgs — Oas j — oo. Letus now prove that /'(i;) — 0, as j — o0o. Suppose
by contradiction that this is not the case. Then, there exists o > 0 and a subsequence {i j, }
with

I1"(@j)|l > o, forallk > 1 large.

Arguing as in the proof of Lemma 5.12, there exists a positive constant C such that
'@ ) (@) = I'(0)(@)| < Cllitj — vlnsl@llps, forallk > 1andany v, ¢ € H'(R").

Taking the supremum over |¢|lgs < 1 yields [|[I'(it;,) — I'(W)|lg— < Cllij, — vlus
for all k > 1 and any v € HY(R") Therefore, if |lij, — vilgs < §/C := 28, then
we have ||I’ (u]k) — ') g-s < S.forallv e HS (]R”) and k > 1. This yields, o — 5 <
1) s —8 < III'(v) || g, forall k > 1large. Ford € (0,0),wehaver ;=0 —§8 > 0
and

Vve H'(R"):  ve Byli;) = II'W0)g-s > A

Let us now set ¢ := min{p/2, A6/8} and S := {it, }. Then, by virtue of [28, Lemma 2.3],
there is a deformation n : [0, 1] x H*(R") — H¥(R") at the level p, such that

n(L, 1Pt NSy c 1P, I(n(l,u)) < Iu), forallu e H*(R").
For k large enough, since i j, is minimizing for p, we have
maé(l(ﬁjk(-/t))zl(ﬁjk) <p+te. (5.10)
>

Observe that, for each k > 1, by (A4), we have

. Va(x) - x - ﬁ%k
wa(”jk) / a(X)-l-T) F(Mjk)_)LT
-2
n - S / |(—A)S/2ﬁjk|2 >0,

so that the arguments of Lemma 4.1 work for iz , . Since ii j, € P, the first equality in (5.10)
is justified by means of formula (4.2) of Lemma 4.1 on W/, by the uniqueness of positive
zeros of W’ and since W (%) > 0 for ¢ small and W (%) < O for ¥ large. Then, we can infer
that

v

max I'(n(1,u;,(-/t)) < p —e.
t>0

On the other hand, for k and L fixed large, y (t) :== n(1, i, (-/Lt)) is a path in I since by
4.1)

Iy ) =1T(n(, (/L)) < I (-/L))

Ln72s o _ ﬁz
=3 /|(—A)3/2ujk|2—L"/(a(Lx)F(ujk)— %)

Ln72s

=3 /|(—A)S/2ﬁjk|2—L" (/ Goo(ﬁjk)—i—oL(l)) <0, forL — oo.
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Hence, we deduce that
¢ < max I((1, i, (-/L0) = max I (n(1,iij,(-/0)) < p—& < p,
te[0,1] >0

contradicting that fact that p = c, provided by Lemma 5.3. By Lemma 5.12, being it ; —
ujllgs — 0, we get I'(uj) — 0as j — oo. Therefore, {u;} satisfies the assumptions
of Corollary 5.8 and since p = c is not attained by Theorem 1.1, then the splitting
lemma holds with k = 1, see Corollary 5.8. This yields u;(x) = ul(x — yj) +o;(1) as
Jj — oo where y; € R", |y;| — 400 and u' is a solution of the problem at infinity. By
making a translation, u; (x + y;) = u'(x) +o j(1). Applying the barycenter map yields
Bluj(x + ) = Buj) —y; = —y; and B(u'(x) + 0;(1) = Bu'(x)) + 0;(1) by
continuity. Then, we reach a contradiction, yielding b > coo. O

Let us consider a positive, radially symmetric, ground-state solution w € H*(R") to
the autonomous problem at infinity. We define the operator IT : R” — P by

o xX—Yy
ILy](x) -—w< S )

where ¥, projects w(- — y) onto P. IT is continuous as 1 is unique and ¥, (w(- — y)) isa
continuous function of w(- — y).

Lemma 5.14  B(Il[y]) = y for every y € R".

Proof Letv(x) =w((x —y)/vy), then

o=+ (5))
2V ge = _ — ),
pn)(x) = 1B ) w(%)‘ E=pnlw s, (x—y)
and further, that 0(x) = m)(x — ). Using the fact that ||9]| ;1 = ”m)”L‘ , we get
pO) =1 B /xumxx—y)dx
L!
= i [ D@
L
== / aw(-/9)@dz + —— / Y (/9,)(2)dz
vl 21 101l 1
= Bw(-/Yy) + —— B ” /ﬁ(y+z)dz=y,
L
since w is radially symmetric. O

Lemma 5.15  I(IT[y]D) \ coo, if |y| — +00.

Proof Since I[y] € P, as observed in (4.6), the functional I can be written as

2
I(T[y]) = %/ ‘(—A)S/zw (xﬁ;y) —i—%fVa(x) xF <w (x; y))
;

y
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Moreover, since w € P, by (4.7) we have I, (w) = %f |(—A)%/2w|? and we obtain

/ I(—=A)* 2w

1}}1
+2 / Va(@,x + ) - (9yx + ) F(w)

n—2s
5O

n

I(T[y]) =

n

v
=0y oo (w) + -~ / Va(@yx +y) - (@yx + Y FW) (> coo).
By Lebesgue Dominated Convergence Theorem, (1.7) and ¢, — 1if |y| — +o00, we get

lim Va(@yx +y) - (Fyx +y)F(w) =0.

[y]—o00
Therefore, I (TT[y]) \\ ¢ if |y| = 400 and the proof is complete. [l
LEMMA 5.16  Let C be a positive constant such that |F (s)| < Cs?. Assume

e 20
(A6) Jlaso — afj o < RiCE: 2oo] — Coo

= . D= sup Wy.
9" |wl3C yeRr

Then I (I1[y]) < min{cg, 2cx0} for every y € R™.

Proof The maximum of 7 > I (w(-/1)) is attained at r = 1. Since ¥, > 1, using (A6),
we obtain

I(I[y]) = Io(T[y]) + I(T[y]) — Ieo(I[y]) = loo(w) + /(aoo —a(x))F(I[y])

min{cg, 2 — —
S {f\ﬁ Cooz} Coo /sz (x y)
v wll3C Uy

(minf{cy, 2¢o0} — Co0) VY 5
= Coo + — lwll3 = min{ey, 2co0},
S lwll3

which concludes the proof. O

Remark 5.17 Replacing (A6) with ||ase—al| Lo < cooﬁ_” [lw ||2_2C_1, one gets I (I[y]) <
2Co0-

We will need a version of the Linking Theorem with Cerami condition by [29, Theorem 2.3].

Definition 5.18 Let S be a closed subset of a Banach space X and Q a sub manifold of X
with relative boundary d Q. We say that S and 0 Q link if the following facts hold

() SNag =y,
(2) forany h € CO(X, X) with h|yo = id, then h(Q) N S # 0.

Moreover, if § and Q are as above and B is a subset of C O(X , X), then S and 9 Q link with
respect to B if (1) and (2) hold for any 4 € B.
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THEOREM 5.19  Suppose that I € C'(X,R) is a functional satisfying (Ce) condition.
Consider a closed subset S C X and a submanifold Q C X with relative boundary 9 Q
such that

(a) SandadQ link;
(b) o =infyesl(u) > sup,cypl(u) = ao.
(c) supuEQI(u) < +o00.

IfB={heC'%X, X): hlyg = id}, then T = infpep sup,cp I (h(u)) = a is a critical
value of I.

Proof of Theorem 2.2 concluded. We follow the argument in [22, Theorem 7.7]. Since we
have b > ¢ from Lemma 5.13 and 7 (T1[y]) \{ ¢ if |y| = o0 from Lemma 5.15, there
exists p > 0 such that

Coo < max I (T1[y]) < b. (5.11)
[yl=p

In order to apply the linking theorem, we take
Q0 :=M(B;0), S:={uecH®R"):ueP, pu)=0},

and we show that 9 Q and § link with respect to H = {h € C(Q,P):hlypg = id}. Since
B(II[y]) = y from Lemma 5.14, we have that 0Q NS = @, as if u € S, then B(u) = 0,
andif u € 90, u = I[y] for some y € R" with |y| = p and then B(1) = y # 0. Now we
show that A/(Q) N S # @ forany h € H. Given h € H, let T : B;(0) — R”" by defined by
T(y) = BohoIl[y]. The function T is continuous, by composition. Moreover, for |y| = p,
we have that TI[y] € 00, thus & o I1[y] = Il[y], as hlyp = id, and hence T'(y) = y by
Lemma 5.14. By Brouwer Fixed Point Theorem there is y € B;(0) with 7'(y) = 0, which
implies A(IT[y]) € S. Then h(Q) N S # ¥ and S and 9 Q link. Now, from (5.11), we may
write

b=inf I > max [
N 0

Let us deﬁne
d = hln1 maXJ (h(u))

Itisd > b. Infact, if h € H, there exists w € S with w = h(v) for some v € IT1(B;(0)).
Therefore,

maé( I(h(u)) > I(h(v)) =1 (w) > infsl(u) =b,

and hence d > b, which implies d > coo. Furthermore, if 7 = id, then

inf I1(h I i ,2Co0}s
}1127_[ runeaéc (h(n)) < runeaéc (u) < min{cy, 2c00}
in light of Lemma 5.16. Then d € (coo, min{cy, 2¢o0}) and thus from Lemma 5.9 the
(Ce) condition is satisfied at level d. Then, by the linking theorem, d is a critical level
for I. |
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