MULTIPLE NORMALIZED SOLUTIONS FOR p-LAPLACIAN
SCHRODINGER-POISSON SYSTEMS
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ABSTRACT. In this paper, we study the existence and multiplicity of normalized solutions for the
p-Laplacian Schrodinger-Poisson system:

—Apu+ APt — g (2|7 * JulP) uPTh = f(u), in R®,
ng |lulPdx = a?, u >0,

where a > 0 represents the prescribed LP-norm, x € R\ {0} is a parameter, and A € R appears as an
undetermined Lagrange multiplier. Our main results can be summarized as follows: (i) When « < 0,
we study the normalized ground state solution for a > 0 small by using the Pohozaev manifold, in this
case f is odd and satisfies the LP-supercritical and Sobolev subcritical conditions, proving that the
aforementioned problem has infinitely many normalized solutions, whose energy converges to infinity,
and the behavior of the normalized ground state energy is also studied. (ii)) When £ > 0 and the
Sobolev critical nonlinearity f(u) = |u|? ~2u, we make use of the truncation method combined with
minimax theory to overcome the lack of lower boundedness of the energy functional, and show the
existence of infinitely many normalized solutions with negative energy under suitable restrictions on
% and a. Our studies improve and complement some previous works on the p-Laplacian Schrédinger-
Poisson systems with prescribed mass in the existing literature [35-37] and [39].
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1. INTRODUCTION AND MAIN RESULTS

1.1. Overview. In this paper, we focus on the existence and multiplicity of normalized solutions for
the p-Laplacian Schrodinger-Poisson system:

—Apu+ P — g (|27 [uP) wP = f(u), in R?,

1.1
(11) Jgs lulPda = aP,  u >0,

where a > 0 is a prescribed mass, 1 < p < 3, the parameter k € R\ {0} and A € R serves as
a Lagrange multiplier. Here, Ayu = div (]Vu|p_2Vu) represents the p-Laplacian operator. The
convolution |z|~! * [ulP is explicitly given by
1 P
(ol ) @) = 4 [ 20y v ew,
1 Jas Jo— ]

and the precise conditions on f will be given in the sequel.
Now let us consider the equation in (1.1), i.e.,

(1.2) —Apu+ P — g (|27 [uP) uP T = f(u)  in RO
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When p = 2,k = —1 and the parameter A € R is fixed, the fixed-frequency problem described by
Eq. (1.2) has attracted considerable attention from numerous researchers. A substantial body of
literature has been devoted to investigating the existence, nonexistence, and multiplicity of solutions
to (1.2) and related equations, after the pioneer work by Benci and Fortunato [10], we refer to
[14, 31, 43, 45] and references therein, by employing variational methods [24, 44, 48, 51]. Recently,
when 1 < p < 3,k < 0, problem (1.2) has been studied by Du, Su and Wang [17-19], Du and Su [20]
by means of variational methods.

An alternative approach involves seeking solutions to (1.2) with prescribed mass constraint, namely,

(1.3) / |ulPdx = aP > 0.
R3

In this formulation, A € R becomes an additional unknown parameter. The investigation of solutions
with prescribed norm has long represented a significant research direction in both mathematical
and physical contexts. From a physical perspective, the fixed mass constraint with parameter a
carries particular importance, motivating substantial recent interest in studying solutions under such
normalization conditions. Furthermore, the p-Laplacian operator emerges naturally in nonlinear
fluid mechanics, where the parameter p characterizes both flow velocity and medium constitutive
properties. The quasi-linear Schréodinger equation (1.1), originates from quantum mechanical models
and semiconductor theory, describing charged particle interactions with electromagnetic fields. For
more discussions on p-Laplacian equations without the prescribed mass, we refer to [17-19]; to [16,
21, 38] and references therein;

We note that, in the special case p = 2, system (1.1) reduces to the classical Schrodinger-Poisson
equation, and the normalized solutions have been investigated by many authors in recent years. For
instance, Bellazzini and Siciliano [9] considered the problem:

—Au+ A+ (J2] 7« [u?)u = |u|97%u, in R3,

(1.4) 2

w?de = a?,
R3
where ¢ € (2,3), and established the existence of normalized solutions for sufficiently small a > 0.
The case g € (3, %)) was considered in [8], where the authors showed that (1.4) admits normalized
solutions provided a > 0 exceeds a certain threshold. Subsequently, Jeanjean and Luo [30] identified
a threshold value of a > 0 that determines the existence and nonexistence of normalized solutions for
(1.4). Bellazzini and Jeanjean [7] studied the existence of normalized solutions to (1.4) for ¥ < ¢ < 6.
In [7], the authors established existence of normalized solutions for (1.4) under the assumption of
sufficiently small mass a > 0 by using the Pohozaev manifold method. Recently, Jeanjean and Le [27]
investigated the following Schrodinger-Poisson-Slater equation

(1.5) —Au+ M —y(|z] 7 |ul?)u — blulP2u =0 in R,

where p € (¥,6], 7,b € R, and ||ul|3 = ¢ for prescribed ¢ > 0. Through geometric analysis of the
Pohozaev manifold, they derived existence and nonexistence results for various parameter configura-
tions: (i) v < 0,b < 0; (ii) v > 0,b > 0; and (iii) v > 0,b < 0. For more results of normalized solutions
related to problem (1.4), we refer to [2, 15, 40, 43, 49] and reference s therein.

We also recall some important advances concerning the normalized solutions to the Schrodinger
equation after the famous paper [25], where Jeanjean investigated the normalized solutions of the
mass supercritical problem

(1.6)

—Au+ pu = f(u), inRY,
u € Sy,

where
Sm = {u€ H'RN) : |ju]l3 = m},



ON p-LAPLACIAN SCHRODINGER-POISSON SYSTEMS IN R3 3

and p € R appears as a Lagrange multiplier, by employing the mountain pass lemma and a skillful
compactness argument. Recently, Jeanjean and Lu [28] revisited problem (1.6) under the assump-
tion that f is continuous and satisfies weakened mass supercritical conditions, they established the
existence of ground state solutions with the help of the Pohozaev manifold

(1.7) P = {u € Sm: P(u) = /RN |Vu|*dx — ];/RN(f(u)u — 2F(u))dzx = 0} :

where F(t) = fg f(s)ds, and constructed a bounded Palais-Smale sequence {u,} C S,, for Z under
relaxed conditions at the minimal energy level
(1.8) E,, = uiergm Z(u),
which precisely satisfies
P(u,) =0, foralln>1,

where
1

Z(u) = / |Vu\2dx—/ F(u)dz.
2 JrN RN

To overcome the compactness issues, the authors proved the positivity of the Lagrange multiplier
1 becomes essential, which can be achieved by establishing the monotonicity of the mapping m +—
FE,,. For this purpose, the authors introduced a novel approach suitable for non-homogeneous and
only continuous nonlinearities f; detailed arguments can be found in Lemmas 3.2 and 3.3 of [28].
Additionally, they derived the existence of infinitely many radial solutions employing genus theory.
Soave [46] studied the existence of normalized solutions to (1.6) with f(u) = Au|72u + |u|?> ~2u for
q € (2,2%), Sobolev critical growth, representing a counterpart to the Brezis-Nirenberg problem in the
L?-constraint framework. For further results on normalized solutions to Schrédinger-type equations,
we refer to [1, 3, 6-9, 13, 26, 30, 50] and references therein.

Now, let us come back to consider problem (1.1). To our best knowledge, there are only few papers
on the existence of normalized solutions to (1.1) in the literature. When the parameter —x = v > 0,
Liu and He [35] recently studied normalized ground state solutions of the p-Laplacian Schrodinger—
Poisson system

—Apu + yplulP~2u = Au|P~2u + plul9%u + [ulP""2u, x € R3,
(1.9) ~Ag¢ = |ul?, z € R3,
fR3 |ulPdz = aP,

where p* = ;’—pp denotes the Sobolev critical exponent, and by means of Pohozaev manifold decom-

position technique they established several existence results in the LP-subcritical, LP-critical and LP-
supercritical perturbation u|u|9~2u, respectively. Almost in the same time, in [36], Liu, He and Rad-
ulescu investigated system (1.9) under the LP-subcritical perturbation u|u|?~2u, with ¢ € (p, p), and
showed the existence of multiple normalized solutions using the truncation technique, concentration-
compactness principle, and genus theory. In the LP-supercritical regime: ¢ € (p,p*), the authors
proved two existence results for normalized solutions by the concentration-compactness principle and
mountain pass theorem, here p := p + %, is the LP-mass critical exponent.

1.2. Main results. In this paper we focus our attention on problem (1.1), with parameter x € R\ {0}
having a wider range of values. It is well-known that seeking normalized solutions of (1.1) is equivalent
to finding critical points of the functional J defined by

(1.10) J(u) = ;/Rg IVl de — %B(u) _ /RS Fu)dz,

on the LP-constraint manifold

(1.11) S(a) = {u € W'P(R3): [ul[h = aP'},
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p
B(u —/ / vl —————dxdy.
R3 JR3 ]m—y[

For a given a > 0, we define the Pohozaev manifold associated with (1.1) as

(1.12) P, = {UES / ]Vu|pda:—— (u )—3/Rg F(u)dxzo},

where

where

F(t) = f(t)t —pF(1).
By the Pohozaev identity, every solution of (1.1) necessarily lies in P,,.
We first consider the case k < 0 and impose the following conditions on the nonlinearity f:

(f1) f € C(R,R) and there exist constants ¢ € (p, p*) and C' > 0 such that
1F()] < CA+[t]971) forall t € R;

f@) F(t)
lim = and tl_)OO nE = 400, where F(t fo

F(t)

[£[P
(f1) There exists 0 € (p, p*) such that f(t)t < OF(t) for all t € R\ {0}.

One can easily check that f(t) = |t|P~%t for p € (p,p*) satisfies conditions (f1)-(f4). To state our
main results, we first provide the definition of a normalized ground state solution on P,.

(f2) li

(f3) The function t — is strictly decreasing on (—oo,0) and strictly increasing on (0, 4+00);

Definition 1.1. A solution u € WP(R3)\ {0} is called a normalized ground state solution on P, of
(1.1) if it satisfies

(1.13) Jp,(u) =0 and J(u)=inf{J(v):J|p,(v) =0, v € Py}

We remark that condition (f3) can enable the reduction of the normalized solution search to a
minimization problem on the Pohozaev manifold P,, while condition (f;) ensures the positivity of
the Lagrange multiplier A > 0, which plays a crucial role in establishing compactness properties, as
we will show in the sequel. We shall verify that P, # () constitutes a natural constraint and that
the restricted functional J|p, is both bounded below and coercive, as proved in Lemmas 2.3 and 2.4
below. To this aim, it is natural to define the normalized ground state energy as
(1.14) Cq = ulenga J(u).

Our first main result can be stated as follows.

Theorem 1.2. Assume that k < 0 and (f1)-(fa) hold. Then there exists a* > 0 small such that for
any a € (0,a*), (1.1) possesses a normalized solution (u,\) € S(a) x RT and u is a normalized ground
state solution on P,. Moreover, the function a — c, is positive, continuous, nonincreasing and

lim ¢, = +o0.
a—07t

Our next result is concerned with the multiplicity of normalized solutions for (1.1).

Theorem 1.3. Suppose that k < 0, f is odd and satisfies (f1)-(f4). Then there exists a* > 0 small
such that for any a € (0,a*), (1.1) has infinitely many radial solutions {uy}72, C S(a), with the
characteristics

J(ugs1) > J(ug) >0, VkeN,
and J(ug) — 400 as k — oo.

Remark 1.1. We note that in [37], Liu and He also proved the existence and multiplicity of (1.1)
under the following conditions:

(g0) f:R — R is a continuous odd function; that is, f(—t) = —f(¢) holds for all ¢ € R.
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(91) There exist positive constants (, 3) € R% with p < o < 8 < p* such that for all ¢ € R\ {0},
the following inequality holds:

0 < aF(t) < f(t)t < BE(t).

(92) Define the auxiliary function F(t) := f(t)t — pF(t). Assume that F' € C'(R) and satisfies the
strict inequality:
pE(t) < F'(t)t for all t # 0.

However, the main results of [37] require the higher differentiability of the function F. Our conditions
(f1) — (fa) are more weaker than (go) — (g2). To this aim, let

2
2 2 P t = 2

76 = | o+ 2+ 105 ) + S ) e e R,
3 1+t

then we have the primitive function of f(t) as:

2 2
F(t) =[tPt5 In(1 + |t|7), teR.

By a simple computation, we have that f satisfies (f1) — (f1), but does not satisfy condition (g1).
Hence, our results improve and extend the main studies in [37].

Remark 1.2. In Theorem 1.3, we work directly on the natural constraint manifold P,, and construct
the Palais-Smale sequence for the functional J on S(a) that consists entirely of elements belonging
to P,. Moreover, for proving the multiplicity of normalized solutions, we employ genus theory, which
provides an effective framework for this purpose.

We now turn to the case x > 0 and the nonlinearity f(t) = [t|P"~2t being Sobolev critical growth,
and establish multiple solutions with negative energy.

Theorem 1.4. Assume that & > 0 and f(u) = |u[P" ~2u. Then (1.1) admits an unbounded sequence
of solutions (uj, \j) € WHP(R3) x RT with Aj > 0,J(uj) <0 and J(u;) — 0~ as j — oo.

The proofs of Theorems 1.2-1.4 are constrained variational methods, and some comments are in
orders:

(i) To prove Theorem 1.2, we shall construct a Palais-Smale sequence for J|p, at the energy level
¢, that precisely satisfies P(uy,) = 0 for all n > 1, adapting techniques from [4, 5, 28], which can
prove that the constructed Palais-Smale sequence possesses a convergent subsequence, and in turn
implies the existence of a normalized ground state solution on P,. We remark that, verifying the
positivity of the Lagrange multiplier A plays a crucial role in establishing compactness of the Palais-
Smale sequence, and this verification follows directly from the Pohozaev identity in the p-Laplacian
Schrodinger equation treated in [16, 21, 39], but for the nonlocal term in our setting, we need to adapt
new methods to overcome this issue, with detailed arguments provided in Lemma 3.4.

(ii) In order to show Theorem 1.3, we make use of the radial subspace W, = {u € WI1P(R?) :
u(z) = u(|x|)} to obtain the multiplicity of normalized solutions. By using genus theory, one can
obtain an infinite sequence of minimax values f, as in (3.23). For each level {3}, we construct an
appropriate Palais-Smale sequence {uy}pq C Po N W, for the constrained functional J|g(q)aw, . A
key step is to prove the unboundedness of the sequence {5, x}, while in our situation, the presence
of the nonlocal term |z|~! * |u[P will bring more obstacles, we have to give more refined analytical
arguments.

(iii) For the case x > 0, and the nonlinearity f(u) = |u[P"~2u is Sobolev critical growth, we shall
prove the existence of infinitely many solutions with negative energy for (1.1). However, the presence
of the Sobolev critical term makes the constrained functional J|g(4) is unbounded below. To overcome
this obstacle, we implement a truncation technique introduced in [22], as defined in (4.3). We then
prove that critical points of the truncated functional corresponding to negative critical values are
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also critical points of the original functional. Furthermore, to handle the Sobolev critical exponent,
we employ the concentration-compactness principle due to Lions [33, 34], which play a key role in
recovering the loss of compactness and proving Theorem 1.4.

Remark 1.3. In [35-37], the authors only studied the existence of normalized solutions of (1.1) with
k < 0, but in Theorem 1.4 we consider the case k > 0 and complement the aforementioned studies.
In fact, in this situation, the nonlocal term —#(|z|~! * |u|?)uP~! can be moved to the right-side of
the equation (1.1) and acts as a nonlocal perturbation in the functional J, and in this sense Theorem
1.4 also generalizes the study of [39] to the p-Laplacian Schrédinger equation with Sobolev critical
exponent and a nonlocal term.

The remainder part of this paper is structured as follows. In Section 2 we give preliminary results
and investigates fundamental properties of the normalized ground state energy mapping a +— c,.
In Section 3 we prove Theorems 1.2 and 1.3. Finally, in Section 4 we apply the genus theory and
completes the proof of Theorem 1.4.

Notations. Throughout this paper, we adopt the following notations for conveniences.

e LP(R3) for p € [1,00) denotes the Lebesgue space equipped with the standard norm

1
P
uwp:(/'mﬂm).
RS

e WHP(R3) represents the Sobolev space endowed with the norm

uwz(éywm+mmmf.

We define W, := {u € W'P(R3) : u(x) = u(|z|)} as the subspace of radial functions, and
(W,)* denotes its topological dual.
e D'P(R3) denotes the homogeneous Sobolev space defined by

DY (R3?) = {u € LF" (R?) : Vu € LP(R3)}
with the optimal Sobolev constant S given by
Jrs |VulPdz

ueDLP(R3)\{0} (f]R3 |u’p*d$)pl*‘

(1.15) S =

e We define the mass-critical exponent p := p+ % and the Sobolev critical exponent p* := %’p.

e The symbols C, C, Cy, ¢ (for i = 1,2,...) denote generic positive constants whose values may
vary between different occurrences.

e The notations “—” and “—” indicate strong and weak convergence in the relevant function
spaces, respectively.

e The expression o,(1) represents a quantity that converges to zero as n — oc.

e For any z € R? and 7 > 0, we denote the open ball by B,(z) := {y € R3: |y — z| < r}.

2. PRELIMINARY RESULTS

In order to prove Theorems 1.2 and 1.3, we begin by presenting some useful preliminaries. In the
following arguments, without loss of generality, we always assume x = —1 for x < 0. In the sequel,
we assume (f1)-(f1) hold.

For any a > 0, we introduce the following set

(2.1) M, = {u € W"P(R®) : ||ull, < a}.
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Recall that . )
Ju:/ Vupdx—i-Bu—/Fudx
= | IVubde s B - | P

and
(2.2) P, = {u €8, Plu) = p/RS VulPde + %B(u) - 3/RB Flu)dz = 0} .

In the following arguments of normalized solutions, we shall use some key inequalities. First, we
recall the Gagliardo-Nirenberg inequality [41] of p-Laplacian type: for any ¢ € (p,p*) and N > 2,

1—
(2:3) lully < CON, IVl lull3 77,
where the interpolation exponent is given by v, = N <% — %)
Next, we introduce the Hardy-Littlewood-Sobolev inequality [32]: for functions f € LP(RY), g €
LYRY) with 0 < s < N,

2.0 / _Shm4<aNsn>wwmm
RN Jry |7 — Y

under the scaling condition p,q > 1, 5+ 5 +x =2

Lemma 2.1. The following conclusions hold true:
(i) For any a > 0, there exists 0 = o(a) such that

1
! |VulPdr < J(u) < C (/ |VulPdx + </ |Vupdx) )
2p R3

for all w € M, with |Vull, <o.
(ii) Let {u,} C WIP(R3) be a bounded sequence. If 1i_>m llunllp =0, then
n—oo

lim [ F(up)dz= lim [ F(u,)dz=0.

n—roo R3 n—oo R3

(iii) Let {u,} C WHP(R3) and {v,} C WIP(R3) be bounded sequences. If 1i_>m llunllp =0, then

lim f(up)vpde = 0.

n—oo R3

Proof. (i) We first check that there exists a sufficiently small o = o(a) > 0 such that for every u € M,
satisfying |Vu|, < o,

1
(2.5) |F(u)|de < / VulPdz.
R3 2p R3

In fact, it follows from (f1)—(f2) that for any e > 0, there exists C. > 0 such that for all ¢t € R,
[F(t)] < eftl + Celtf”".
Thus, for any u € M,, using the Gagliardo-Nirenberg inequality, we infer to

|F(u)|dz §5/ |u]’_’dx+05/ lulP” dx
R3 R3 R3

p*

) p*

< 6C'1aps/ |VulPdx + C.Co (/ |Vupd:z:> !
R3 R3

P =p
2
= [eCia5 +C.Cy </ |Vu|pdx> ’ / |Vu|Pdz.
R3 R3
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_1
Taking ¢ = — — and 0 = (4p6‘1502> """ then (2.5) follows.
4pCha 3
On the other hand, combining the Hardy-Littlewood-Sobolev inequality and the Gagliardo-Nirenberg

inequality we have that
)P
B(u) = / / )Pluly) ———" dxdy
R3 JR3 |z — |

26) < Gyllull
< Gyl|Vulpllul?,

here C,, Cp > 0 are constants. Using (2.5) and (2.6), we can easily verify statement (i).
(i) For any € > 0, assumptions (f1) — (f2) ensure the existence of a constant C. > 0 such that

|F(t)| < elt|?” + CL|t|P, VteR.
Then,
(2.7) [ 1Pt
R3

Since ¢ is arbitrary and |u,|; — 0, we conclude that

D+ Clfun B,

lim F(uy)dz = 0.

n—oo R3
A similar argument shows that the same conclusion applies to
lim F(up)dz =0, whenever |uyl/; — 0.
n—oo R3

(iii) We first claim that there exists a constant M > 0, independent of ¢ € [p,p*], such that
lul; < M. Indeed, it follows from (f;)—(f2) that for any e > 0, there exists a constant C. > 0 such
that for all ¢t € R,

[F()] < eftfP~t + Ceft 1.
It follows that for all n,
(2.8) |f(un)vn| < 5’Un|ﬁ71|vn‘ + CE‘Un’p*71|Un|-
Using the Holder inequality, we have

=1
/ |un|ﬁ—1|un|dxg</ yun|ﬁdx> ' (/ |vn|ﬁdx)
R3 R3 R3

Let {u,} C W1P(R3) be a bounded sequence. Firstly, by the Gagliardo-Nirenberg inequality, we get

2

_ P _
[l < €Il < €.
R

ST

Moreover, it follows that
p—1

</ \un]pda:> ’ <C.
R3
Finally, if le |lun|lp = 0, then clearly
</ |vn|ﬁdx> — 0.
R3
Hence, we have

(2.9) lim / |2 [P~ |y | = 0.

n—oo R3

D=
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Using the Holder inequality, we obtain

p —1 1
/ |un|1’*‘1|vn|da:§< / run|P*dx) ' ( / |vn|p*daz>p.
R3 R3 R3

Assume that {u,} C WHP(R?) is a bounded sequence. By the Sobolev embedding theorem, we get

/ Jup|P" dz < CMP”.
R3

Consequently, it follows that

p-1

</3WMﬁ¢Q To<omr
R3

Moreover, by combining with the Holder inequality:

/ P dz = / [onlP [0 PP < [[onllpll v
R3 R3

1
=

it follows that ([ps |vn|P"dz)?™ — 0. So,

p*—p
p*72 4) 0,

(2.10) lim / |t [P Y |n|d = 0.
R3

n—oo

Substituting (2.9) and (2.10) into the integral estimate in (2.8) yields that

Se/ |un|ﬁ_1|vn|d:v+05/ [t |P” Yoy |de.
R3 R3

Since € > 0 was arbitrary, we deduce that

0<

fup)vpde
RS

lim f(upn)vpdz = 0.

n—oo R3

Remark 2.1. Analogous to (2.5), we can show that

~ 1
/ymwmg/ywmm
R3 3 Jrs

for all w € M, satisfying ||Vull, < o, from which it follows that
1 - —1
P(u) = / \Vu|Pdr + —B(u) — 3/ F(u)dz > (— |Vu|Pdz.
R3 2p P Jrs P Jrs

Remark 2.2. Under the conditions (f1), (f2), and (f3) on f, one can define a continuous function
k:R — R in the following way.

fO)t —pF(t)
k(t) == |tptr2/3 foré#0,

0, fort=0.
Moreover, k is strictly decreasing on (—00,0) and strictly increasing on (0, 00).
Following the approach from [25], we can define an auxiliary functional associated with J via a
continuous LP-norm preserving map 1 : E — W1P(R3) as:
3s
(2.11) n(u, s)(z) ;== eru(e’r) for uwecWHP(R3), scR, xR,

1
where E := W!P(R3) x R is endowed with the norm ||(u, s)||g = (||u||” +s|P)?. A direct computation
shows that ||n(u, s)|, = ||u||p, which implies n(u, s) € S(a).
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We define the auxiliary functional associated with J by

J(u,5) = J(n(u, s))
ebs e’ 1 3s
= —||Vul|l + —B - — F dx.
CIvuly+ B - o [ e

Clearly, J belongs to C1(WHP(R3) x R,R). The following lemma describes the geometric properties
of J.

Lemma 2.2. For every u € S(a), we have
J(u,s) = 0" as s - —oo  and J(u,s) = —oco0 as s — +00.

Proof. For every u € S(a), we see that |[Vn(u,s)|[b = €P||Vul|5. Moreover, by Lemma 2.1-(i), it
follows that

1
1 - 1
eps/ |VulPde < J(u) < C (eps |Vu|Pdz + €® </ ]Vu|pd:r> p) ,
2p R3 R3 R3

which implies that J(u, s) — 01 as s — —o0.
For any p > 0, define the function
o] if £ # 0
(2.12) ha(t) = { TP THe HEFO,
1, ift=0.
By (f1) — (f2), the function h,(t) is continuous and satisfies h,(t) — 400 as t — co. Obviously,
F(t) = hy,(t)|t|P — p|t|P. Following an argument similar to Lemma 2.3 in [28] and using (f1) — (f3),
we can derive that for all ¢ # 0,

(2.13) F(O)t > pE(t) > 0.

For the convenience, we give the details to prove (2.13) by splitting the proof into several steps.
Step 1. F(t) > 0 for any ¢ # 0. In fact, if F(tp) < 0 for some ¢y # 0, by (f1) and (f3), the function
F(t)/|t|PtP*/3 reaches the global minimum at some s # 0 satisfying F(s) < 0 and

2
p+p?/3 ! _ f(S)S - (erp /B)F(S) _
(FOMPR), = e ety ="
Noting that f(t)t > pF'(t) for any ¢t # 0 by Remark 2.2, we derive a contradiction
2
0 < f(s)s — pF(s) = %F(s) <0,

and the proof of Step 1 is complete.

Step 2. There exists a positive sequence {s;}} and a negative sequence {s; } such that |s"| — +o0
and f(st)st > (p+p3/3)F(s%) for each n > 1.

We first consider the positive case. By contradiction, we assume that there exists 77 > 0 small
enough such that f(t)t < (p+ p?/3)F(t) for any t € (0,T}]. Using Step 1, we have

F(t)  F(T)
tptp?/3 = ptp?/3
1

>0 forall ¢e(0,71].

Noting that lim; o F(t)/|t[?t?*/3 = 0 by (f1), we obtain a contradiction. The negative case is similar
and so we obtain Step 2.

Step 3. There exists a positive sequence {o;"} and a negative sequence {o;, } such that |o;F| — +o0
and f(o)oE > (p+p*/3)F (o)) for each n > 1.

The two cases being similar, we only show the existence of {0, }. Assume by contradiction that
there exists T» > 0 such that f(t)t < (p + p?/3)F(t) for any t < —T,. We then have
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F@) _ F(=T3)

< —
T T§+p2/3 < +oo forall t < —To,

which contradicts (f3). Thus, the sequence {o;, } exists and this proves Step 3.

Step 4. f(t)t > (p + p?/3)F(t) for any t # 0. Let us assume by contradiction that f(to)tg <
(p + p?/3)F(to) for some ty # 0. Since the cases tp < 0 and ¢y > 0 can be treated in a similar
way, we can assume further that tg < 0. By Steps 2 and 3, there exist Tiin, Tmax € R such that
Tnin < tg < Tmax < 0, and

(2.14) ft < (p+p*/3)F(t) forany t € (Tmin, Tmax),
and
(2.15) Pt = (p+ p?/3)F(t) when ¢ = T, T

Combining (2.14), we have
F<Tma$) F(Tmm)
|Tma:1: |p+p2/3 |Tmin |p+p2/3 .
On the other hand, by (2.15) and (f4), it is clear that
F(Tmax) - 3 ﬁ(Tmaz) i ﬁ(Tm'm) - F(Tmm)
|Tmaa:‘p+p2/3 B p2 ’Tmax’p+p2/3 p2 |Tmin|p+p2/3 N ’Tmin’p+p2/3’

(2.16)

(2.17)

which yields a contradiction, and we complete Step 4.

Step 5. f(t)t > (p+p2/3)F(t) for any t # 0. By Step 4, the function F(t)/[t[PT7*/3 is nonincreasing
on (—00,0) and nondecreasing on (0, 00). Then, in view of (f4), the function f(£)/|t|P~17*/3 is strictly
increasing on (—o0,0) and (0, 00). For any t # 0, it is clear that

(0 + P2 /3)F(t) = (p+ p2/3) /0 £(s)ds

t
<+t [ s = po

and this proves Step 5. Now, by Steps 1 and 5, we complete the proof of (2.13).
By (2.13) with Fatou’s lemma, we obtain that for every u € S(a),

3 _
(2.18) SETOO . h(er*u)|uPdz = +o0.

Using the fact that

pS S _ _
J(u,s) = e—||VuH£ + iB(u) + yeps/ |ulPdx — eps/ h#(egsu)|u|pdx
(2.19) p 2p R3 RS
' 1 1 i 3 :
= eP? (HVUH% + —e(lfp)sB(u) + u/ |u|Pdz — / hu(eisu)|u|pdx) .
p 2p R3 R3

we derive from (2.18) that .J(u, s) — —o0 as 5 — 400. O

Lemma 2.3. Let u € WYP(R?) be fized, then the following limitations hold true.
(i) There exists a unique s, € R such that
P("?(U, Su)) =0.
In particular, if u € S(a), then n(u, sy) € Pq, with Po defined in (1.12).
(11) J(u,sy) > J(u,s) for all s # sy, and moreover, J(u, s,) > 0.
(i4i) The map u — s, is continuous in u € WHP(R3).
(1) Su(4z) = Su for any z € R3. If f is odd, then s_, = sy.
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Proof. (i) For fixed u € WHP(R3) \ {0}, we get

d = 1 3 = 3
£J(u, 5) = || Vullb + %esB(u) - 56733 /Rg F(ei u)dx = P(n(u, s)).
From Lemma 2.2, it follows that there exists s, € R at which .J(u, s) attains its global maximum.
Moreover, we have

C%j(u, sy) = P(n(u,sy,)) =0.

In what follows, we prove the uniqueness of s,,.
Based on the definition of the function k(t) given in Remark 2.2 ,we have F(t) = k(t)|t|? for every
t € R, and
1 4 3 3s 5
P(n(u, s)) = " (||Vu||p+ — 1P B(y) — / k(e u)u|pd:n> .
2p p Jrs
For a fixed t € R, it follows from (f3) that the function s — k(e%st) is strictly increasing. Consequently,
P(n(u,s)) is strictly decreasing in s, which implies the uniqueness of s,,.

(i) This assertion follows directly from the strict concavity of J(u,-) established in part (i).

(iii) By part (i), the mapping u + s(u) is well-defined. Let v € WHP(R3) \ {0} and consider
an arbitrary sequence {u,} C WHP(R?)\ {0} such that u, — u in WP(R3). For each n > 1, let
Sp, := $(up). We only need to show that there exists a subsequence for which s, — s(u) as n — co.

We first prove that the sequence {s,} is bounded. Recall the continuous coercive function hy
defined in (2.12), which satisfies ho(t) > 0 for all t € R. Suppose by contradiction, that along a
subsequence s, — +00. Then by Fatou’s lemma and the fact that u,, — u # 0 almost everywhere in
R3, we infer to

. 3sn =
lim ho (e P un) |un|Pdr = +00.
n—oo R3

In view of part (ii) and equation (2.19) with u = 0, it follows that

3s

~ 1 3sp -
(2.20) 0 < e P J (tn, $0) = = ||V ||? + —e1 P B(u,) / ho (6 P un> |tun|Pde — —o0
p 2p R3

1
p
This contradicts the non-negativity of the expression, thus showing that {s,} is bounded above.
Moreover, by part (ii), we have

j(un, Sp) > j(un, s(u)) for any n > 1.

In view of 7(un, s(u)) — n(u, s(u)) in WHP(R3), we conclude that

J(tn, 5()) = J(u, 8(u)) + 0a(1)
and consequently,

(2.21) lim inf J(un, s,) > J(u, s(u)) > 0.

n—oo

Since {n(un, sn)} C M, for sufficiently large a > 0, it follows from Lemma 2.1(i) and the fact that
IV (1(n, $0))llp = € |V [p,

we deduce from (2.21) that {s,} is also bounded from below. Therefore, without loss of generality,
we may assume that
Sp — Sy for some s, € R.
As up, — uin WHP(R3), it follows that n(un, sn) — 17(u, s«) in WP(R3). Moreover, by P(1(un, $,)) =
0 for all n > 1, we conclude that P(n(u,s.)) = 0.
By Item (i), we have that s, = s(u) and thus Item (iii) is proved.
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(iv) For every z € R3, a change of variables in the integrals gives that

P(n(u(-+2),s(u))) = P(n(u, s(u))) = 0
and hence s,(.4,) = sy, by part (i). If f is odd, then clearly

P(n(—u, s(u))) = P(=n(u, s(u))) = P(n(u, s(u))) = 0

and hence s_,, = s,. O

In the following, we study some key properties of the Pohozaev manifold

P, = {u € Sy : P(u) :p/ |VulPdx + }B(u) -3
R3 2 R3

F(u)dx = 0}

From Lemma 2.3 we see that P, # 0}, and have the following properties.

Lemma 2.4. From the definition of P, in (1.12), we have

(1) inf,ep, || Vul, > 0.
(2) infyep, J(u) > 0.
(3) J is coercive on Pg, i.e., for any {un} C P, satisfying ||un| — +o00, then

J(up) — +oo.

Proof. (1) Suppose by contradiction that, there exists a sequence {u,} C P, satisfying ||Vuy,||, — 0.
Then Remark 2.1 implies that for n large enough,

-1
0= P(uy) > anvunng >0,

which is a contradiction. Hence, (1) holds.
(2) From Lemma 2.3(i)-(ii), it follows that for any u € P,
J(u) = J(u,0) > J(u,s) for any s € R.

Let 5 :=In (ﬁ), where o is given in Lemma 2.1-(i). Then ||Vn(u, §)||, = 0. Using Lemma 2.1-(i),
we have . )
J(u) = J(u,3) = J(n(u, 3)) = %HVn(u, S = %0” >0,
and the proof of (2) follows.
(3) Suppose, for contradiction, that there exists a sequence {v,} C P, with ||v,| — oo such that

for some C' € (0, 400),

(2.22) sup J(v,) < C.
n>1

For each n > 1, set
sn=I([[Voalp) and  wn = n(vn, —sn)-

It is clear that s, — +o00. A direct calculation shows that ||wy||, = a and ||[Vwy||, = 1. so {wy} is
bounded in W1P(R?). Consequently, up to a subsequence, there exists w € WP (R?) such that

wy, —w in WHP(R?) and w, —w ae. in R

Define the constant

0 := limsup sup/ |wy, [Pdz | .
n—00 2€R3 J B1(z)

We next discuss the following two cases: nonvanishing and vanishing.
Case 1: Nonvanishing: i.e., § > 0. If § > 0, then we can extract a sequence {z,} C R? such that

Wy, = Wy (T + 2,) — w in WHP(R?) and @, — w a.e. in R®.



14 M. LI, X. HE, AND M. SQUASSINA

Let h,(t) be defined as in (2.12) with p = 0. Since s, — 400, it follows from (2.13) and Fatou’s
lemma that

3 _
(2.23) lim ho(e?”™ iy, ) |y, [Pdr = +o0.
n—oo R3

It follows from (2), (2.19) with p = 0, and (2.23) that
0 < e P J(vy,) = e P J(n(wn, sn))

3

1 1 _
_ (1—p)5nB Sn p
= ( + 25¢ (wp) — /Rg ho(er ™ wy, ) |wny| d:z:>

1 1 (1-p)s . ER JO
(2.24) = |-+ —e" P B(w,) — ho(er ™"y, |y |Pdx | — —o0,
p o 2p R3
which is impossible, hence Case 1 is ruled out.
Case 2: Vanishing: i.e., § = 0. If § = 0, then by Lions’ lemma, we have
wy, — 0 in LP(R?) for p € (p,p*).

Then, from (2.6) and Lemma 2.1(ii), it follows that as n — oo,

S B
(2.25) ;—B(wn) — 0 and 6_35/ F(e%‘swn)dx — 0 forany seR.
p R3
Let 5 > @, where C' is given in (2.22). By virtue of P(n(wy,s,)) = P(v,) = 0, from Lemma 2.3

()-(ii) and (2.25), we know for n € N large,
é > J(’Un) = J(U(wm Sn)) - j(w'm S'ﬂ) > j<w’n7 §)
1

= —¢ —B(w,) —e er wy)dx
p 2p " RS "

1 . .
=—eP +0,(1) > C,
p

which leads to a contradiction, showing that Case 2 does not occur. Therefore, J is coercive on P,
thus item (3) is checked. O

To analyze the behavior of the Palais-Smale sequence, we invoke the following Brezis-Lieb type
splitting result, whose proof is standard and can be carried out as Lemma 2.6 of [28].

Lemma 2.5. Let {u,} C WLYP(R3) be a bounded sequence such that u, — u a. e. in R3 for some
u € WHP(R3), then

lim (F(up) — F(uyp —u) — F(u)) dx = 0.

n—oo R3
For any a > 0, in view of Lemma 2.4, we can define the infimum of J restricted on P, by

(2.26) Cq 1= u1€n7£a J(u).

By Lemma 2.4-(2) we see that ¢, > 0. The following lemma reveals the behavior of ¢, with respect
to a, which is crucial for overcoming the lack of compactness.

Lemma 2.6. For each a > 0, the map a +— ¢4 is continuous. Moreover, the map a +— ¢, 1S
nonincreasing on (0, 400).

Proof. We first prove the continuity of a + ¢,. Let {an} C (0,+00) be a sequence such that
am — a > 0. It is sufficient to show that

(2.27) lim ¢, = cq.

m—o0
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Given u € P,, we define the sequence {u,,} by
1

Uy = <aﬂ); u€eS,,,, Vme NT.
a
Clearly, u,, — u in WHP(R?). By Lemma 2.3 (ii)-(iii), there exists s,, € R such that 1(tum, $) € Pa,,
and s, — 0 as m — oo. Consequently, as m — oo, we have
(2.28) N(tm, Sm) — n(u,0) =u in WIP(R3).

From (2.28), we obtain
limsup ¢q,, < lim SUPJ(U(Um, Sm)) = J(u)’

m—00 m—r00
which yields that
(2.29) limsup ¢,,, < ¢q.
m—0o0

On the other hand, for each m € N*, by the definition of ¢,,,, there exists v,, € P,,, such that

am

1
. < —.
(2.30) J(om) < €, + —

win

Denote by t,, := (&) , then ¢, — 1 and

O, := Uy, (+/tm) € S(a).

By Lemma 2.3(i), there exists s, € R such that (0, $3,,) € Ps. Then Lemma 2.3(ii) together with
(2.30) implies that

IN

J(1(0m, 85,.)) = I (U, 55,,)
T (Vs 83,,) + | (O, 83,.) = J (Vm, 53,

j(vm,O) + |j(?7m, Stm) — J(Um, S5, )]

Ca

IN

VAN

IN

L )
o+ — + 1T (O 55,.) = T (Vs 55,,)]-

Let C(m) := [J (B, $5,,) = J (Vms 55, = [J(0(Tm; 83,,)) = T(0(n, 53,,))|- If we can prove
(2.31) C(m) —0 asm — oo,
then the above inequality implies that

cq <liminfe,,,,
m—r0o0

combining with (2.29), we obtain

lim ¢, =c,.
m—so0 oM @

Next, we aim to prove (2.31). First we observe that n(u(-/t),s) = n(u, s)(-/t), and so
1

1
~(ty, P — 1)/ V(v 55,,)[Pd + o~ (t5, — 1)/ B(n(vm, s3,,))
p R3 2]) R3

~#h=1) [ Pl s5,0)da

C(m) =

1 5 1
< Lsr / V(s 85, )Pd + |15, — 11 B(n(m, 55.,)
p R3 2p
18 =11 [ 1053, lds
R

1, 5 1
= E\tf’n P =1[A(m) + %!tf’n = UB(0(vm, 53,,)) + [t3, = 1[D(m).
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Since t,, — 1, it suffices to show that the following quantities are uniformly bounded:

(2.32) limsup A(m) < 400, limsup B (n(vm, $3,,)) < 400, limsup D(m) < 400

m—0o0 m—0o0 m—r0o0

To check (2.32), we prove the following three claims in sequence.
Claim 1. The sequence {v,,} is bounded in WP(R?). Indeed, by (2.29) and (2.30), one has

lim sup J(vp,) < cq.

m—00

Using the fact v, € P,,, and a,, — a, by an similar proof of Lemma 2.4-(3) we can infer that {v,}
is bounded in W1P(R3).

Claim 2. The sequence {@,,} is bounded in W!1P(R3). Furthermore, there exist a sequence
{ym} C R? and v € WIP(R3) for which, along a subsequence, ¥y, (- + ¥m) — v almost everywhere
in R3. To verify this, we first observe that t,, — 1, and use Claim 1 to obtain {?,,} is bounded in

WLP(R3). Define
p = limsup sup/ |0 [Pd |
m—00  \yeR3 JB1(y)

To complete the argument, we show that p = 0 leads to a contradiction. If p = 0, then Lions’ lemma
[33] yields ¥y, — 0 in LP(R3). It follows that

/ |Um|pdx—/ O (tm)|Pdx = t,, 3/ | Oy |Pdz — 0.

Given that P(v,,) = 0, an application of Lemma 2.1-(ii) yields

1 3 ~
Von,|Pde + — B(vy, —/ F(vy,)dz — 0.
[, e+ 5B = [ o)

By Remark 2.1, we obtain
1
0=P(vm) > / |Vop|Pdx >0 for m large enough,
D Jrs
which yields a contradiction, and completes the proof of Claim 2.
Claim 3. limsup,,_,. 55,, < +00. Arguing by contradiction that, after passing to a subsequence,
(2.33) S5, — +00 as m — oo.
First, observe that by Claim 2, after passing to a subsequence, one has
(2.34) (- +Ym) = v#0 ae. inR3
By Lemma 2.3 (iv) and (2.33), we also get
(2.35) S8 (Aym) = Sty —> T00.
In addition, Lemma 2.3-(ii) gives that
(2.36) T (O (- + Ym)s S5 () = 0-
Now, combining (2.34), (2.35) and (2.36), and employing the same arguments as in the derivation of
(2.24) we get a contradiction, which proves Claim 3.
Combining Claims 1 and 3, we conclude that
lim $up [11(6m, 53, < +00.

m—o0

Hence limsup,,_,., A(m) < 400, and by (f1)-(f2), limsup,,,_,., D(m) < 400 as well. Moreover, by
the Hardy-Littlewood-Sobolev inequality we get

B(n(vm, 83,,)) < C\In(vm,sosm)ll?%’; < CIVn(vm, 55,17,
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which implies lim sup,,,_,~. B (n(vm, $s,,)) < +00. Consequently, combining with the fact that ¢, — 1,
we infer that

C(m) —0 asm — oo,

which shows that the function a — ¢, is continuous.
We now show that the mapping a — ¢, is nonincreasing on (0, +00). It suffices to prove that for
any € > 0 and a > a’ > 0, we have

Cq < Cyr F €.

By the definition of ¢4/, for any € > 0, there exists v € P, such that
(2.37) J(v) < co + g

Given ¢ > 0, we define the function v,(x) = v(z)&(ox), where £ is a radial function in C§°(R?)
defined as follows:

1, if |z| <1,
£(x):==19€(0,1), ifl<|z]<2,
0, if |z > 2.

Clearly, v, — v in WHP(R3) as ¢ — 0. Following the same argument as in (2.28), we obtain
(2.38) (Vs Su,) — n(v,0) = v in WP(R?) as o — 07.
By choosing ¢ > 0 sufficiently small, we obtain

(2:39) J(n(vg:50,)) < J(0) + 7.

Next, we choose u € C§°(R?) such that its support satisfies supp(u) C Bi14/,(0) \ By/,(0), and

define )
P _ PN »
- (2olulb)Y,
[[ullp
For any b < 0, we define wy, = v, + 1(@, b). The definition of v, implies that

supp(v,) N supp(n(a, b)) = 0.

It can be easily checked by direct computation that wy, € S(a). An application of Lemma 2.3-(i) then
implies the existence of s, € R such that n(wp, sw,) € Ps. Moreover, by an argument analogous to
showing (2.24), the family {s., } can be proved to be uniformly bounded with respect to b. Therefore,
we have

84, +b— —o0 as b — —oo.

In view of this fact, we infer to

(2.40) (@, 84, +b) — 0 in LP(R?).

By Lemma 2.1(ii) we have

(2.41) / F(n(it, s, + b))dz — 0.
R3

Moreover, we get

(2.42) V(@ sw, +0)]lp =0, and |n(u, s, + b)H%p — 0.
In light of (2.6), it follows that

(2.43) B(n(a, sw, + b)) — 0.

A combination of (2.41)-(2.43) shows that

(2.44) J(n(a, sy, +0)) — 0.
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Hence, it follows from Lemma 2.3 in conjunction with (2.39) and (2.44) that

IN
<
—_ o~
3
~ —~
<
°
)
<
i)
~—
SN—
+
<
—
3
—
=31
®
€
o
+
=)
S~—
~—

By (2.37), we deduce to
Ca < Co 6,

and thus prove the nonincreasing monotonicity of the function a + ¢,, completing the proof of this
lemma. [l

Lemma 2.7. Let ¢, be defined by (2.26), then
Co — +00 as a— 0.

Proof. Let {un} C P, satisfying [Ju,||, = 0T, i.e., a, — 07 as n — oo. It is sufficient to prove that
J(up) — 400 as n — oo.

For each n € N, set
sp =In(||Vuy|p) and  w, = n(un, —Sn).

Then u, = n(wn, $n) € Pa,, satisfying [|w,|p, = |lunllp = 0 and |[|[Vwy|, = 1. From Hélder’s

inequality we have w, — 0 in both L?(R3) and L%(R?’). By Lemma 2.1 and (2.6), we deduce that
for every s € R,

(2.45) e 38 F(egswn)dx — 0 and e*B(w,)— 0.
R3

Due to P(uy,) = P(n(wn, sp)) = 0, combining Lemma 2.3 with (2.45) we have

J(un) = J(N(wn, sn)) = J(n(wn, s))

1 1 3
— _.ps 5B _ ,—3s s d
pe + 2p6 (wp) — e /RB F(er wy,)dzx

1
e Eeps "‘ On(l)

By the arbitrariness of the parameter s > 0, we conclude that J(u,) — +o00, and thus the desired
result follows. O

The following lemma offers a better understanding for the characteristics of the Lagrange multiplier
A

Lemma 2.8. Let (u,\) € S(a) X R be a solution to the equation
—Apu A+ P4 (|27 [uP)uP T = fu), in R3
and J(u) = cq. If X\ > 0, then for any a’ > a (a’ is close enough to a),
Ca > Cqr.
If A <0, then for every a’ > a near enough to a,

Cq < Cqy.
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Proof. Notice that (u, A\) € S(a) x R satisfies the equation
—Apu+ P (|27 uP)uP Tt = f(u), in R?,

and moreover u € P,. Thus, we have
(2.46) J'(u)u = =Xullh = —AaP.

For any ¢t > 0 and s € R, we define

ut,s :=1(tu, s) € Sta,

and introduce the function

1 1 3
K(t,s) = J(us) = tpeps/ \Vul|Pdz + —t*Pe® B(u) — 638/ F(teisu)d:c.
p R3 2p R3

By a direct computation we have

8K(§i’ ) = P~ 1ePs /]R3 \VulPdz 4+t~ e’ B(u) — e - f(te%‘gu)egsud:ﬁ

(2.47) =t (g )ug s,
and the limit
(2.48) ug,s — u in WHP(R3) as (t,5) — (1,0).
Assuming A > 0, we have from (2.46) that
(2.49) J (u)u = —=AaP < 0.
By virtue of (2.47)-(2.49), we can select € > 0 sufficiently small such that

(()Ka(z’s) < 0 for any (t,s) € (1,1 + €] x [—¢, +el.

Using the mean value theorem we derive to
0K (a, s)
ot

for 1 <a <t<1+e¢€and|s| <e By Lemma 2.3-(iii) one has that sz — s, =0 ast — 1. Given
any a’ > a in a sufficiently small neighborhood of a, let

K(t,s) = K(1,s) + (t—1) < K(1,s)

CLI

t:= — € (I,14+¢€¢ and s:=s4 € [—€ €.
Since uzs € Sy, a combination of the foregoing facts leads to
caor < J(ups) = K(t,s) < K(1,s) = J(n(u,s)) < J(u) = cq,

which implies ¢, < ¢q.

In the case A < 0, an analogous argument shows the result, and we omit the details for brevity. O

As a consequence of Lemmas 2.6 and 2.8, we can obtain the following conclusion.
Corollary 2.9. Let (u,\) € S(a) x R be a solution of the equation

—Apu A+ P4 (|27 [uP)uP Tt = fu), in R3

and J(u) = ¢q. Then X\ > 0. Particularly, if A > 0, then

!/
Cq > Cq for any a’ > a.
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3. PROOF OF THEOREMS 1.2-1.3

In this section we shall prove Theorems 1.2 and 1.3. To this aim, we first construct a Palais-Smale
sequence for the constrained functional J| S(a) at the energy level ¢, lies in P, exhibiting a specific
fine property.

3.1. Proof of Theorem 1.2. For any a > 0 and u € W"P(R3), define an auxiliary functional
[ WhP(R3)\{0} — R by

5 5 DSy, Su 1 su
(3.1) T(u) o= J(u, 54) = [ Vall? + - Blu) / Ple’ u)d,
p 2p R3

635“

here, s, € R is provided by Lemma 2.3 and satisfies the condition P(n(u,s,)) = 0. The next result
can be established through a standard variational argument.

Lemma 3.1. The functional I is C-differentiable. Moreover, for any i) € C§(R3),

5 p p—2
I'(u)y = epS“/ \Vu|p_2Vu'de:L‘+eS“/ / [u(@) Pluly) P~ "uly)v (y)dxdy
R3 R3 lz —yl

f(e%S“u)e%S“wdx
R3
(3.2) = J'(n(u, s2))1(; 5y)-

For each a > 0, we denote by

(3.3) U= 1|50 : S(a) = R.
Clearly, ¥ € C1(S(a),R) and it satisfies
(34) () = I' () = T (0w, 52))1(0, 59).

for any u € S(a) and ¢ € T;,S(a), here we introduce the definition of tangent space at a point u € S(a)
by

T.S(a) := {v c WHP(R3) : lulP2uvds = O} .

R3
Our aim is to construct a Palais-Smale sequence for the constrained functional J|g(,) at the energy
level ¢,, with the additional property that each term lies in P,.

For this purpose, we introduce some preliminaries from [23] and [5].

Definition 3.2. Let Y be a metric space and £ C Y be a closed subset. Let G be a class of compact
subsets of Y. We say G is a homotopy stable family with closed boundary £ if the following conditions
are satisfied by G:
(i) any set in G contains E;
(ii) for any B € G and x € C([0,1] x Y, V) satisfying x(t,x) = x for all (t,z) € ({0} x Y) U
([0,1] x &), we have x({1} x B) € G.
Note that € =) is admissible.

The following lemma guarantees the existence of a Palais-Smale sequence with the required prop-
erties.

Lemma 3.3. Let G be a homotopy stable family of compact subsets of S(a) (with € =0) and define

= inf U
CaG: 1régmax (u).

If cag > 0, then there exists a Palais—Smale sequence {un} C Po for J|s@) at the level cog. In
particular, if G consists of all singletons contained in S(a), then ¢, = cqg and {u,} constitutes a
Palais—Smale sequence for J|S(a) at the energy level c,.
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Proof. Consider a minimizing sequence {A,} C G for ¢, g. Define the continuous mapping
€:00,1] x S(a) = S(a), &(t,u) =n(u,tsy),

where Lemma 2.3-(iii) ensures the continuity of £. Note that £(¢,u) = wu for all (t,u) € {0} x S(a).
By the homotopy stability property of G, we obtain

D, :=&(1,A,) = {(n(u,sy) |ue Ay} €G.
Clearly, D,, C P, for all n € NT. Since ¥(n(u,s,)) = ¥(u) for every u € A,, it follows that

1 = v —
max () may (u) = cag,
which implies that {D,} C G is also a minimizing sequence for ¢, g.
According to [37, Lemma 2.17], there exists a Palais-Smale sequence {v,} C WYP(R3) for ¥ on

S(a) at the level ¢, g. Consequently, as n — oo, the sequence {v,} satisfies:

(1) ¥(vn) = cag;

(2) dist(vy, Dy,) — 0;

(3) [|d¥(vp)|lon,« — 0, where || - ||, « denotes the dual norm of (T5,,S(a))*.
Now we define

Sn = Su, and Up = 77(”717 Sn) = ’I’](?}n, Svn)'

we shall verify that {u,} C P, forms a Palais-Smale sequence for .J at the level ¢, g.
We first claim that: There exists a constant C' > 0 such that e ?» < C for all n € NT. To verify
this claim, we use the fact

—PsSn _ vaan
IVunllp’

and {u,} C P,, Lemma 2.4-(i), to derive that the sequence {||Vuy||,} is bounded below by a positive
constant. To complete the proof of the claim, we need to prove

sup ||Vo,ll, < oo.
neNt

For given D,, C P,, we have

J(u) = V(u) —
max (w) max (u) = cag;
and from Lemma 2.4-(iii), {D,} is uniformly bounded in W!?(R3). Moreover, since dist(v,, D,,) — 0,
we conclude that sup,,cn+ || Vopllp, < oo.

Since {un} C Py, we have J(uy,) = V(u,) = ¥(vy,) — ¢q,g. Thus, it remains to prove that {u,} C P,
is a Palais-Smale sequence for J on S(a). From (2.11), we know that for any i € Ty, S(a), we have

3sn

/ T T / [onlP~2ume 5 (e ) da
R3 R3

3sn 3sn

—/ le vy (e 2)[P~2e P v, (e 2)y(2)dz

=/,
= [P 2@z = o
R
which implies that n(i, —sy) € Ty, S(a). By the claim, we have

In(¥, =sa)l| < max{C»,1} [y
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Furthermore, by Lemma 3.1 we infer that
ldJ (un)luns = sup |dJ (un)[¥]]

€T, 5(a)
RES!
= sup |dJ(n(vn, 5n))[0(n(h, —5n), 5n)]|
YETy, S(a)
lefl<1
= sup  [dU()[n(w, —sn)]
YeT,, S(a)
<1
< N[d¥(wp)llon  sup (e, —sn)]l
YTy, S(a)
lli<1

< max {C%, 1} [ (V3) ||y, -

From ||d¥(vy,)||v,,« — 0, we infer that ||dJ(up)]|u,« — 0.

Finally, notice that the class of all singletons included in S(a) is a homotopy stable family of
compact subsets of S(a) with & = (). If f is odd, making this particular choice for G, and by (f1),
Lemma 2.3-(iv) ensures that U is even. Therefore, we may select a minimizing sequence {4, } C G,
which in turn implies the corresponding minimizing sequence {D,,} C G. Following the same reasoning
as above, we obtain a Palais-Smale sequence {u,} C P, for J|g) at the level c,g.

We now prove that ¢, g = ¢,. Obviously, we have

Cag = mnf max¥(u) = ueig{a) J(n(u, su)).

For any u € S(a), since n(u, s,) € P, we have J(n(u, s,)) > ¢4, which implies ¢, g > ¢q. Conversely,
for any u € P,, we observe that J(u) = J(n(u,0)) > ¢,g, yielding ¢, g < ¢,. Thus, we obtain
Ca,G = Ca-

This completes the proof of the lemma. O

Lemma 3.4. There exists a* > 0 such that for any a € (0,a*), if {un} is a Palais-Smale sequence
at the level c,, then up to a subsequence, there exist u € WHP(R3) and X € R satisfying u, — u in
WLP(R3) and

Ayt X (] ) = f(w)

Proof. For each a > 0, let {u,} C P, be a Palais-Smale sequence for J|g(,) at the level c,. Then as
n — 0o,
J(up) = ¢ and J'(un)\g(a) — 0.

Since {u,} C P,, Lemma 2.4(iii) implies that {u,} is bounded in W1P(R?). By [12, Lemma 3],
there exists {\,} C R such that as n — oo,
(3.5)  —Apun(- + 20) + Mt (- + 20)P 1+ (|2 71 # [un (- 4 20) P)un (- 4+ 20)P 7 — fun(- 4+ 20)) = 0
in (WHP(R3))*, for any {z,} C R3. where
1
Ap 1= — < f (up)updz —/ |Vuy,[Pdr — B(un)> .
aP R3 R3
By (f1)-(f2), (2.6) and the Sobolev inequality, the sequence {\,} is bounded in R. Passing to a
subsequence, we may assume A\, — A for some A € R. Then it follows from (3.5) that

(3.6) —Apu, + )\uffl + (!x|’1 * |un|p)u§’f1 — f(up) >0 in (Wl’p(R3))*.
Define
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= lim sup sup/ |un [Pda | .
n—o00 2€R3 J Byi(2)

We claim § > 0. Suppose by contradiction that 6 = 0. Then by Lions’ lemma, u,, — 0 in L4(R3) for
q € (p,p*). From Lemma 2.1 and (2.6), we obtain

F(up)dz — 0 and B(u,) — 0.
R3
Since P(uy) = 0, we have

1 3 ~
Vunpdx:—Bun—i-/ F(uy)dxr — 0.
[, e = =B + 2 [P

From (f1)-(f3), we get [ps F'(un)dz — 0. Consequently,
J(un) — 0,

which contradicts J(u,) — ¢, > 0. This establishes our claim. Up to a subsequence, there exists
{21} C R? and u! € WHP(R3)\{0} such that u,(-+2z}) — u! in WHP(R3), u,(-+2L) — ul in L{ (R3)

loc
for ¢ € [p,p*), and u,(- + z}) — u! a.e. in R3. Set v, = u,(- + z}). Using standard arguments, for
any ¢ € C5°(R3), we have

/R fpds = [ fagda,

R B
R3 JR3 \fﬂ—y\ R3 JR3 |$—y|

It follows from (3.6) that
(3.7) =Aput + AP+ (2T et ) (P = ful).

That is, u! is a nontrivial solution of (3.7). In what follows, we will show u,, — u! in WP(R?). Note
that wu satisfies the Pohozaev-type identity

and

3— ) 3)\

(3.8) ==L vu 5+ 5 B( b - 3/ F(u')dz = === |u'[}.
p R3 p
By (3.7), we have
(3.9) IVul(h + B(u / fluhyutde = =A[ju' |5
From (3.8) and (3.9), one can derive
1 3 ~

3.10 vul||P Bl—/Fld:o,
(3.10) I u||p+2p (u”) o Jos (u”)d

that is, P(u') = 0. For every n € N*, set w} := u, —u'(x — 2}). Then w,(z + z}) — 0 in W1P(R3)
and

1 1 1 yp _ 1.1 . 1
(3.11) o = tim [wh(-+23) +ulf = a5 + tim w2
In view of Lemma 2.5, we have

(3.12) lim F(un(-—l—z,ll))dx:/RB Faydz+ tim [ Fwk(-+ 21))da.

n—oo R3 n—oo R3

By [45], we obtain
(3.13) lim B(un(- + 21)) = B(u') + lim B(wl(- + 2})).

n—oo n—oo
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It follows from (3.11)—(3.13) that

_ . _ . . 1
Ca = nlggo J(up) = nlgn;o J(un(-+ 2,))

(3.14) = J (') + lim J(wyun(- + 2,))
= J(u') + lim J(w}).
n—oo
We claim that lim,, s J(w.) > 0. To this claim, we assume by contradiction that, lim,, . J(w}) < 0.

Therefore, {w}} is non-vanishing and, then up to a subsequence, there exists a sequence {22} C R3
such that

lim lwl |Pdz > 0.
Consequently |22 — z}| — oo in view of w)(- + 2z}) — 0 in L} (R3) and, up to a subsequence,
wl (-4 22) — u? in WHP(R3) for some u? € WHP(R3). Notice that,

un(-+zp) =wp(-+ 22) +ul (42 — ) = u® in WH(R?),

n

by (3.5) and arguing as above, we deduce that P(u?) = 0 and (2.13) that,

1 1
J?) = / VaRPds + L B?) — [ Fu2)da

D Jrs 2p R3
_p—l 2 3 =02 2
=50 B(u)—{—ﬁ R3F(u)dx— R3F(u)dx
_p—1 ) 3 2y 2 P(3+Dp) 2
=5 B(u )4—102/1&3 [f(u Ju —TF(U) dx
>0

Set w2 = wl —u?(- — 22) = u, —ul(- — z}) —u?(- — 22). Tt is clear that
2
. 210p 1 ;
Ji IV = Jiny [Vl = 3 190,
=
and
0> lim J(wl) = J@W?) + lim J(w?) > lim J(w?).

n—o0 n—oo n—oo

Proceeding this way successively, we obtain an infinite sequence {u*} € S,,,\{0} such that P(u¥) =0
and

k
D IVai|h < lim [ Vu,|[h < +o0
— p n—00 p
1=
for any k € N. However this is impossible since Lemma 2.4-(2) implies that there exists a § > 0 such

that ||Vul|h > 6 for any u € P, satisfying P(u) = 0. Therefore, the claim that lim, . [|[Vwl|h >0
is proved. Thus, from (3.14) we have

(3.15) ca = J(ub).
Let m := |[ull|, € (0,a]. Since P(u!) =0, we have u' € P,,. Then by Lemma 2.6 and (3.14), we get
Cq > J(ul) > Cm > Cq.

Thus ¢, = J(u') = ¢, and lim,, 00 J(w}) = 0. From Corollary 2.9, we obtain A > 0.
We now prove A > 0. From (f1)-(f2), for a given 6 > 0, there exists C5 > 0 such that

|F(t)| < S[t]P + Cs|t|? for t € R,
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where ¢ € (p,p*) is given in (f1). In view of (3.10), together with the Gagliardo-Nirenberg inequality,
there exist constants C(p) > 0 and C(g) > 0 such that

2 3¢—3p pa—3q+3p

p_
IVul(l — C@)SIVu [Pllu'll* — Cla)CslVulllp * llu'll, 7

3 [ - |

Choosing § > 0 sufficiently small, we obtain

3q—3p pPg—3q+3p

CslVullly = Co)CsllVu'lly * Jlulll, * <0,

which implies
Pq—3q9+3p p2—3q+3p

Collu'll, * = [Vallp, *

namely
1 pPg—3q9+3p 1 —p%+39—3p 1
(3.16) [u'llp * Vel * ==,
Cs

for some constant C5 > 0 Since ¢ € (p, p*), (3.16) shows that if ||u! || is sufficiently small, then | Vul!||,
must be large.
On the other hand, in view of (f;), multiplying (3.8) by g and subtracting (3.9), we obtain
30 — pb — 3p 50 — 6p
3p 6p
(3.17) + / (f(uw)u — OF (u))dx
R3
<30—p6—3p 50 — 6p
B 3p 6p
Recall that 6 € (p,p*). It follows from (3.17), (2.6) and Young’s inequality that
30 —pf — 3p
3(0 —p)
3(30 — ph — 3p)
— 200-p)
Choose a* > 0 sufficiently small. Then for any a € (0,a*), we know |[ulll, = m < a is also small
and (3.16) ensures ||Vul|, must be large. Since 6 < p*, the right-hand side of (3.18) is negative,
which implies A > 0. Therefore, our claim holds.

Now we prove m = a. If m < a, using the fact that A > 0, Lemma 2.8 implies ¢, < ¢, which
contradicts ¢, = ¢,,. Therefore, m = a and u,, — u! in LP(R?). By Hélder’s inequality, we have

_0-»p

Allullf = [Vl + B(u)

[VullD + B(u).

~Allut[lp < Va5 + Coll v [l 7~

(3.18)

IVt |7+ Gl 17

u, — u' in LY(R?) for ¢ € (p,p*).
By Lemma 2.2 [37] we have

(3.19) B(uy,) — B(ul),
and then using (2.6) and (f1)-(f2), we can infer to
(3.20) /R:a(f(un) — fuh))utdz — 0.

By Lemma 2.1-(iii), we get

(3.21) f(un) (uy —ub)dz — 0.
RS
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(3.20) and (3.21) yield

(3.22) f(up)upde — fuhutde.
R3 R3

Then by (3.6), (3.7), (3.19) and (3.22), one deduces
lunllp = lutll, and ||V, = [[Vu' ],
which imply u, — u! in W1P(R3) by Brezis-Lieb Lemma, and so complete the proof. O

Proof of Theorem 1.2. Combining Lemmas 2.6, 2.7, 3.3 and 3.4, we can infer to the proof of
Theorem 1.2.

3.2. Proof of Theorem 1.3. We now pay our attention to establishing the existence of infinitely
many radial normalized solutions for (1.1) with function f being an odd function. First, we introduce
some relevant notations and concepts.

Define the transformation o : Wy ?(R3) — WP (R3) by

o(u) = —u.

Let W < WP(R3) be a subspace. A set A C W satisfying o(A) = A is said to be o-invariant.
A homotopy ¢ : [0,1] x A — A is called o-equivariant if it satisfies ¢(t,0(u)) = o(é(t,u)) for all
(t,u) € [0,1] x A. According to Definition 7.1 in [23], we have

Definition 3.5. Let Y be a metric space and £ C'Y be a closed o-invariant subset. Let G be a class
of compact subsets of Y. We say that G is a o-homotopy stable family with closed boundary & if the
following conditions are satisfied:
(1) Every set in G is o-invariant;
(2) Every set in G contains E;
(3) For every A € G and every o-equivariant homotopy x € C([0,1] x V,Y) satisfying for all
s € [07 1]7 X(sau) = X(S’U(u));
X(s,2) =z forall (s,z) € ({0} x Y)U([0,1] x &),
we have x({1} x A) € G.

Since f is an odd function and by Lemma 2.3-(iv), the functional ¥ = f|5(a) : S(a) = R (see (3.3))
is even with respect to u € S(a). Consequently, ¥ is o-invariant on S(a). Following an approach
analogous to Lemma 3.3, we establish the following result.

Lemma 3.6. Assume that F is a o-homotopy stable family of compact subsets of S(a) N W, (with
E =10). Define the minimaz value

Cq,F = inf max ¥(u).
DeF ueD

If ca,7 > 0, then there exists a Palais—Smale sequence {un} C Py N W, for J|g)nw, at the energy
level cq,F.

Lemma 3.6 guarantees the existence of Palais—Smale sequences with the desired property, consisting
of elements in P, for the constrained functional J|g(q)mmw, . In what follows, we construct a sequence of
o-homotopy stable families of compact subsets of S(a) W, (with & = (). Let {e],}5°; be a Schauder
basis of WHP(R3) (‘e.g. [? ]). Set

e = / ¢! (9(2))djig,
O(N)

where O(N) denotes the orthogonal group on R? and dpg is the Haar measure on O(N). Then going

if necessary to select one in identical elements, we see that {e, }2° | is a Schauder basis of W, ?(R3).
Without loss of generality, we assume that ||e,|| = 1 for any n € N, and denote

Ly :=span{ei,--- ,en}, and Li :=span{ei:i >k +1}.
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Clearly WP (R3) = L @ Li for any k£ € N. We will employ genus theory to establish the existence
of infinitely many solutions. The definition of genus is provided below.

Definition 3.7 ([44]). For any nonempty closed o-invariant set A C W'P(R3), the genus of A is
defined by

0,if A=10,
Y(A) = ¢ inf{n € N* : there exists an odd continuous map ¢ : A — R™\ {0}},
+00, if it does not exist odd, continuous h: A — R™\{0}.

Define the collection
Yo :={AC S(a) NW, : A is compact and o-invariant}.

For each k € NT, let
Yar ={A e, :v(A) >k}
We observe that X, # 0. Indeed, for any k € N, we have S, ; = S(a) N L C X, and by Theorem
10.5 in [? ], we get
’Y(Sa,k) = k.
Since k < k+1, we directly obtain v(S, %) =k < k+1 = v(Sq k+1), which means the genus is strictly
increasing.
Define the minimax values by

(3.23) Bak = Aérii,k max U(u).

Since X4 541 C Xax for each k € Nt we obtain

(324) Ba,k < Ba,k+1'

For any u € A C Y., Lemma 2.3 implies the existence of s, € R such that n(u,s,) € P,.
Consequently,

U(u) = I(u) = J W) > inf J 0,
max ¥(u) = max I(u) = max J(n(u, su)) 2 inf J(v) >

which implies 8, > 0. The following lemma describes the asymptotic behavior of the sequence 3, j.
Lemma 3.8. For each a > 0, let B, be defined by (3.23). Then Bok < Bak+1-
Proof. Suppose by contradiction that 3, = B4 r+1. Then there exists A € A, ;41 such that

max J (1)(u, 5u)) = Bak-

However, by the monotonicity of genus, v(A) > k+1 > k = 7(Sq), while Sp € Ay and
maxyes, ,, J (7(U, su)) = Bak- This contradicts the fact that the minimax energy of a set with higher
genus should be greater than that of a set with lower genus. Therefore, 3,1 < B4,%+1, which implies
that the energy is strictly increasing. O

Lemma 3.9. For each a > 0, if there exist solutions u; and u; such that u; = uj, then J(w;) # J(u;).

Proof. For any ¢ < j, from the fact that the energy is strictly increasing, we have 8,; < B4,;. If there
exist solutions u; and w; such that u; = u;, then J(u;) = J(u;), that is, 8,; = B4, which contradicts
Bai < Ba,j- As aresult, all solutions wuy, are distinct. O

Lemma 3.10. There exists a, > 0 such that for any a € (0,a4), if {un} C PoNW, is a Palais-Smale
sequence for J|g)nw, at level c > 0, then up to a subsequence, there existu € W, and X\ > 0 satisfying
U, — u in W, and

—Apu+ 2P (|2 uP)uP T = f(w).
Moreover, J(u) = c.
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Proof. For each a > 0, let {u,} C P, N W, be a Palais-Smale sequence for J|g(,)nw, at level ¢ > 0.
Following an argument similar to Lemma 3.4, we can establish that {u,} is bounded in W1?(R3). By
the compact embedding W, — L4(R3) for q € (p,p*), passing to a subsequence, there exists u € W,
such that u, — u in W,, u, — u in LY(R3) for ¢ € (p,p*), and u,, — v a.e. in R3. By the Lagrange
multiplier principle, there exists {\,} C R satisfying

(3.25) —Apuy + /\nuﬁ_1 + (]a:\_l * |un|p)u{’f1 — f(up) =0 in (W,)",

which implies

1
An = — < f(un)updx / |V, [Pdr — B(U")> :
aP R3 R3

Since {u,} € WHP(R?) is bounded, the sequence {)\,} is bounded in R. Passing to a subsequence,
there exists A € R such that A\, — \. Following a similar argument as in (3.7), we obtain

(3.26) —Apu+ 2P (|27 uP)uP T = f(u).

Repeating the methodology employed in Lemma 3.4, we can prove that u # 0 and there exists
ax > 0 such that for any a € (0,a;), we have A > 0.

We now establish that for any a € (0,ax), v, — v in W, and ||ul|, = |lus|lp = a. In Lemma 3.4,
this result was proved using the nonincreasing property of the mapping a — ¢,. However, this crucial
property does not necessarily hold for 3, j, which partly explains our restriction to the radial space
W,. By the convergence u, — u in LY(R3) for ¢ € (p,p*), we have proved in [35] that,

(3.27) B(u,) — B(u),
and
(3.28) /R (F o) — F ) = 0.

By Lemma 2.1-(iii), we obtain

(3.29) f(up)(up, —u)dx — 0.
R3

In view of (3.28) and (3.29), it follows that

(3.30) f(up)upde — f(uw)udz.
R3 R3

From (3.25), (3.27), and (3.30), we deduce

lim (/ |Vun|pda:—|—)\/ |un|pdaz)
n—0o0 R?’ R3

= lim ( - flup)upde — B(un)>

n—oo

_ /R Fu)udz ~ B(u)

:/ |Vu\pdx+)\/ |u|Pdz.
R3 R3

Since A > 0, we conclude
[Vunlly = [[Vullp and luall, = [lull, = a,

which imply u, — w in W, by the Brezis-Lieb’s lemma [51]. Moreover, we can infer that J(u,) —
J(u) =c. O
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Proof of Theorem 1.3 For any fixed k € NT, we know that A, # 0 and 8, < +oo. For any a > 0
and each k € N*, Lemma 3.6 implies the existence of a Palais-Smale sequence {uf}2, ¢ P, "W, for
J|s(a)nw, at level B, > 0. Then by Lemma 3.10, there exists ay > 0 such that for any a € (0, ax),
there exist uyp € W, and A\; > 0 satisfying

(3.31) —Apuy, + M (27 g Pl = fug),

and J(up) = Bq. Furthermore, by Lemma 3.8 ,we obtain that the minimax energy [, is strictly
increasing. And by Lemma 3.9 ,we conclude that different k£ correspond to different solutions. By
Palais’ principle of symmetric criticality [42], the critical points of J in W, are indeed critical points
in the entire space W1P(R3). Therefore, uy € W, is a solution to (1.1) for and A; > 0 at level By,
and(1.1) admits infinitely many radially symmetric solutions, whose energy converges to infinity.
Hence, Theorem 1.3 is proved. O

4. PROOF OF THEOREM 1.4

In this section, we consider the case x > 0 and address the Sobolev critical case, i.e., f(t) = [t[P"~%t.
To prove Theorem 1.4, due to the presence of the critical Sobolev term, J is not bounded from below
on S(a). Inspired by [22], we employ a truncation technique to mitigate the effect of the critical term
which enables us to construct a truncated functional that is bounded from below.

Recall that for any u € S(a), the constrained functional of (1.1) on S(a) is defined by

)|P 1
(4.1) J(u) = / \VulPdz — / / [u@) PP g, / u
R3 2p Jgs Jrs |z =yl Cp* s

By (2.6) and (1.15), we obtain

1 o1 v 1 =
J(u) > / |VulPdz — Cpraf |VulPdr | — 5 / |VulPdx
(4.2) P Jr3 R3 p*S3-p R3
= g([IVullp),

where

tP tr"
g(t) == — — Cpra* ™t — —.
p p*S3-»

Note that the function
=t gl
h(t) .= — — —5
D p*537p
attains a unique positive maximum at ¢y > 0 with h(ty) > 0. Moreover, if KCpa?’~! < h(tg) := ¢,
then the function g achieves its positive local maximum at ty; and there exist 0 < Ry < Rs such that
g(t) <0for 0 <t < Ry, g(t) >0 fort € (R, Ry), and g(t) < 0 for t € (Rg,+00).
For the above Ry, Ry > 0, define the cut-off function £ € C*°(R™, [0, 1]) as

1, if0<t¢<Ry,
£(t) = { '

0, ift> Ro.

We introduce the truncated functional as

p *
43)  JT(u) = / VulPdz — / / [u@) Pl g,y (W“”p)/ P da,
R3 2p Jps Jos  lx =yl p* R3

and note that J7 € CY(W1P(R3),R). By (4.3), we have
T (u) = g7 (| Vullp),

where
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()<0for0<t<R1

From the definition of ¢ and if kCpa?~! < ¢, we observe that for g7 (t)
=L — kCpa?’~'t > 0. In the

and g7 (t) > 0 for t € (Ry,+00), and when ¢ € (R, +0oc), one has g7 (¢)
sequel we always assume that

@\”‘ Il

(4.4) 0 < ka1 : ¢

Without loss of generality, in the following discussion we can take that Ry > 0 is small enough such
that

*

tP tP
(4.5) — = S
D p*SS—p

>0 fortel0,R;] and R1<S%.

Remark 4.1. From the above arguments, we see that, if u, € S(a), and |Vu,|l, = 00 as n — oo,

we have
JT (uy) = /|Vun|pdaz— // [un () Pl () dxdy
2p Jgrs Jrs |z — ]

1
1 13
> / \Vup|Pde — Cpra® ™! (/ ]Vun!pd:c>
P Jr3 R3

— +00,

which implies that JT is coercive on S(a). Furthermore, if J¥(u) < 0, then ||Vul, < Ri and
J(u) = JT(u).

Lemma 4.1. Under the condition ka?’~! < «, then the truncated functional JTIST(G) satisfies the
(PS)q condition for any d < 0.

Proof. Let {u,} C Sy(a) :== S(a) N W, be a (PS)y sequence for JI with d < 0. To establish the
lemma, it suffices to prove that {u,} possesses a convergent subsequence in S(a) N W,. By Remark
4.1, JT is coercive on S(a), hence {u,} is bounded in W,. Moreover, for sufficiently large n € N,
we must have ||Vu,||, < Ri. By the definition of JT, {u,} is also a bounded (PS)4 sequence for .J
restricted to Sy(a), that is,

(4.6) J(up) — d and |]J’|5T(a)(un)|| — 0.
Passing to a subsequence, there exists u € W, such that

Uy = u in Wy,
Up — u  a.e. in R3,
un, —u in LY(R3), for q € (p,p*).

Similar to (3.5), we have

(4.7) —Aptn + AP — (2|7 un Pl — Jun P 0, — 0 in (W)Y,

1 *
oL ( [t [ vufpar + mB(um) -
ap R3 R3

Since {u,} is bounded in W, it follows that {\,} is bounded in R. Passing to a subsequence, A, — A
for some A € R. We claim u # 0. Indeed, if u = 0, then Lions’ lemma implies

and

lim |up|%dx =0 for any q € (p,p*).

n—-+oo R3



ON p-LAPLACIAN SCHRODINGER-POISSON SYSTEMS IN R3 31

Therefore, by (2.6), (1.15), we have

3

1 1 3—
J(up) = JT(un) > / |Vu, [Pdr — Cp“”“ﬂ”%ﬁ - 3 (/ |Vun|pdx> ’
P Jrs 5 p*S3-» R3

> —Cprillun]lgy, — 0,
5

which contradicts J(u,) — d < 0. Hence u # 0. By the weak convergence of u,, — u in W, similar
0 (3.7), can we infer that u € W, solves the equation

(4.8) —Apu+ 2P — g2 uP)uP T = JulP e, oz € RS

By [45], u satisfies the Pohozaev-type identity

(4.9) / |Vu|pda:+/ |u|pdm——B( ) — 3/ uf?" dz = 0.
R3

p
Multiplying (4.8) by u and integrating, we obtain

(4.10) /]Vu\pdw—i—)\/ |ulPdx — kB(u /\u
R3

Combining (4.9) and (4.10), we have

2p—1
A/ lulPdz = MB(U),
R3 2p

Since u # 0 and k > 0, we conclude A > 0.
We now prove u, — u in W,.. By the concentration-compactness principle [33, 34], we have

b
|Vup|P — p > \Vu]p—i—z,u,z e |unl? = v = |ul” —|—Zyz 20 ZV < +o0,
ieJ ieJ ieJ

where 1, v, j1;, v; are positive measures, J is an at most countable index set, {z;} C R? are the support
of the singular part of p,v, and d,, is the Dirac mass at x;. Moreover, we have

P
p

(4.11) SvP <, VieJ.

We claim that J is either empty or a finite set. The proof proceeds as follows:

Since W, embeds continuously into LP"(R?) by the Sobolev embedding theorem, and {u,} is
bounded in W,, it follows that {u,} is also bounded in LP"(R?). That is, there exists M > 0
such that for all n € N,

/ |un |P" da < M.
R3

The measure v is the weak limit of |u,[P". For any measurable set E C R3, by the definition of weak
convergence, we have

/dyzlim/ up |P" da < limsup/ Jun|P" dz < M,
E " JE n E

and this shows that v is a bounded measure. In particular, there can be at most finitely many
singularities since v is bounded, so J is either empty or a finite set. N B
If 7 is nonempty but finite, by choosmg a truncated function ¢ (x) = ¥.(z — x;), where ). = 1 in
B(0),¢. = 0 in BS_(0), | V| < 2 < and Y. € C(R3,[0,1]). Next, we complete the proof into three
steps.
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Step 1. p; < y; for any i € J. It is easy to check that the sequence {u,1:} is bounded in W, then
from (4.7), we have

/ |Vun|p_2Vunvw€und:r—/ ( An|tn P — |Vun|p+|un|p*)1/)5dx
R3
)P p
e [ [ DD 4, ),
Rr3 JR3

|z — |

(4.12)

Using the Holder inequality, we can derive the following limit estimation:

lim sup
n—oo

|Vt P2V, Vipeunda
R3

p—1

1
p p
< lim sup / |Vipeun, |Pdz / |Vuy, |Pdx
n—00 Boc(x;) Boc(x;)
1
P
(4.13) <C ( / IV%UV’dﬂC)
Boac(z;)
1
pp* pp* . p*
<ol [ vl [ s
BQg(xi) BZs(xi)
=y
=y / ulP" dx -0
Bo.(x;)

as € = 0. From the Hardy-Littlewood-Sobolev inequality (2.4), we have

P » Y 5
[ [ O gy <y ([t ae) ([ bt
R3 JR3 |z =y R3 R3

p e o
(4.14) < Csllunllg,5 (/R3 |up |5 qudx)

5
6p 6
< 04 ’Un’ 5 %dﬂ? .
Bac(z4)
Taking the limit in the above inequality we get

p P
lim lim/ / [un ()P un W) )W) 5 g0
e=0n—o0 [p3 g3 \a:—y]

6
< C5lim lim (/ ]un|65p¢gda:>
(415) e—0n—o0 BQE(Ii)
¢
= lim / \u| S heda
e—0 Boe (%)
=0.

Moreover, since 1. has compact support, there holds

(4.16) lim / Vun Pooda > / IVl eds + (3 b 12),

n—00
ieJ
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(4.17) lim/ [t [P wsdm—/ |u]p Yedx + Zl/z 2y Ve).

Nn—00
1€

Then, we have from (4.12)-(4.17) that

lim sup |Vun|p_2Vunvw5undx

n—,oo
(4.18) / |Vul|Py-dr — Z,Mz xla@Ds
eJ
/ [l peda + (O vida,, te) —/ AulPepeda.
ieJ R

Passing the limit as ¢ — 0 in the last inequality, and combining (4.13) and (4.18) we have

0 < lim <—<Z/~Li5xi7wa>+<ZVi(5Im¢€>>

—0t
€ ieJ i€

= lim <—/ uiweémidx—i—/ Viwaézidx>
e—07t R3 R3

= Jim, <_MJ€(0) /R 6( ) + v (0) /R R mi)da:>

=—li + v
that is pu; < v;. By (4.11), we infer to

3
vi > Sr foranyi € J.

Step 2. p; = 0 for any ¢ € J and so J = (. Suppose by contradiction that, there exists some
3
i € J. Then using (4.14) again, we have p; > S». Thus we arrive at

RY > limsup ||V, | > thllp/ |Vup|Pipedr

n—-+o0o

/ |Vulp¢sd9€ + Z ,Uk(szka ¢s>

keg
> [ it
R3
3
= M > Spa
which contradicts (4.5). Hence J = () and
(4.19) o —u in LI (R%).

Step 3.: There holds that u, — u in W,. Indeed, since {u,} C W, is bounded, we have from [47]
that

2 2
[un ()| < Cllun|||z|"? < Cilz| 7, ae. inR3 VneN.

Consequently, one has, Vn € N

C
|un ()P < 26 ., ae. in R3,
|z[*=>
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Noticing that

CQG € LY(R®*\ Br(0)), and u,(z) = u(z) a. e. in R\ Bgr(0),

]3>

we have from Lebesgue’s dominated convergence theorem that

(4.20) U, — u in LP" (R \ Bg(0)).

Thus, together with (4.19), we derive by

(4.21) Uy, — u in LP" (R3).

It follows from (4.7) and (4.8) that

(4.22) Nalltnl2 4+ [Vunls = 5B (un) + funllZ + 0a(1)
and

(4.23) Al + | Vullt = B (u) + [l

By Lemma 2.2 [37] we know
(4.24) B(uy) = B(u) + o,(1).
From (4.22)-(4.24), we obtain
T (A [[un [+ [VunllF) = Allull} + | Vull.
Using A\, =& A > 0, we have
1 [funl, = [lull, and  lim [ Vuy ], = [Vul,,
which imply
Uy — u in W, as n — oo,

this completes the proof. O

In the sequel we aim to obtain the multiplicity of normalized solution by the genus theory. First,
for any € > 0, define the set

(4.25) C.:={ueW,nS(a): J ' (u) < —c} CW,.

which is a closed symmetric subset of S,(a), because JT is even and continuous. For any c € R, set
Je={ue S(a)NW,: JE(u) <c}.

Lemma 4.2. For each n € N, there exist €, > 0 and k > 0 such that

(Ce) = n
for all € € (0,&,].
Proof. For a given n € N, we can choose n radial functions {u1,ug, - ,u,} C C§°(R3) with the
property: suppu; Nsuppu; = () for i # j, and ||u|l, = a, [|Vui|l, =7 < Ry for i = 1,2,--- ,n. We
consider an n-dimensional subspace W,, = span{uy,ug,...,u,} C W,.

Define
Gn(s) == {rin(u1, s) + ran(ug, s) + - + run(un, s) : P +|rofP + -+ |rp P = 1}
and
Y(S) = {(y1>y2, sy Yn) ER™: ‘yl‘P + ‘y2’p S ‘yn’p — 1PePs 4 a/p}.

Then there exists an odd homeomorphism between GG, and Y and by the properties of genus, we have

1(Ga) = 7(Y) =n.
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Let w = rin(u1, s) + ran(uz, s) + - - - + rpn(up, s) € Gp(s) with s < 0, there holds ||Vull, = e*T < R;.
At this point, we observe that

DS s p p p*s « *

JT(u) = J(u) = eTp_’%T2p/ / jw(z)/T|Plw(y) /7] drdy — eTTp / /7" da,
p 2p R3 JR3 lz -yl P R3

where w = ryuy + rous + - - - + rpu,. We define

ay, = inf {Hvugi v € W, |V, = 1} >0

and
Bn =inf {B(v) : v € Wy, ||[Vv|, =1} > 0.

Consequently, we have
ebs KkeST2P eP* s p”
JT(u) < —7P T B — : Q.
P 2p p
Thus we can choose &, > 0 and s,, < 0 such that for € € (0,&,] and any fixed k > 0, there holds that

JE(u) < —e, forall wue Gu(sy,),
which implies that G, (s,,) C C.. Then using the properties of genus again, we obtain
Y(Ce) = 7(Gn(sn)) = n,

which completes the proof. O
For j € N, define the minimax level

(4.26) d; = Alng;J ilelg JE (),

where

Yj={AcCW,NnS(a): Ais closed, A = —A and v(4) > j}.
Since J7 is bounded from below on S, (a), we have d; > —oo. Let K4 denote the set of critical points
of JT at the level d:
Kg={uecW,nS(a): (J") (u) =0,J"(u) = d}.

Lemma 4.3. Assume that d := dy = djy; = -+ = dg1r <0 for some k,r € N, then v(Kg) >r+ 1.

Proof. From Lemma 4.2, we have for any k € N, there exists €, > 0 such that
’7(05) 2 ka

for all € € (0, ).

Notice that J7 is continuous and even, Ce, € Xj then, d, < —¢;, < 0,Vk € N. But JT is bounded
from below; hence, di, > —oo,Vk € N.

Let us assume that d := dj, = --- = dj4,. Since d < 0, by Lermma 4.1 we know that J7 satisfies
the Palais-Smale condition in K4, and it is easy to see that K  is a compact set.

If v(K4) < r, there exists a closed and symmetric set U, K; C U, such that v(U) < r. In particular,
we can choose U C JT since d < 0. By the classical deformation lemma [11], we have an odd
homeomorphism 1 € C([0, 1] x S(a), S(a)) such that

,'7(17 JT,CH'& \ U) C JT,d—(S’

for some § > 0. At this point, we may choose 0 < § < —d, since J' satisfies the Palais-Smale
condition on J79, and we need J7:4+% c JT'0. By definition,

d=dyy, = inf supJ7T(u).
A€Tktr ucA

Then, there exists A € ¥y, such that sup,c 4 J7 (u) < d + §; i.e., A C JT4F9 and
(4.27) n(1, A\ U) c n(1,J04\ ) c jhd=2,
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W(ANT ) V(A) =(U) = k, and y(n(1, A\U)) = v(A\U) > 7(4) —y(U) = k, Then,

( ,A\U) € Xi. But this contradicts (4.27); in fact, from n(1, A\ U) € Xk, we infer to
sup  JL(u) > dy, =d.
uen(1,A\U)
O
Proof of Theorem 1.4 For any k € N, from Lemma 4.2, there exist €}, such that v(C¢,) > k, which
implies C;, € ¥} and so X, # (). Then a sequence of minimax values —co < d; < dg < --- < ---, can

be defined as

dg, ::Alélzf:kilelgj (u), keN

and by Theorem 2.1 [29], we have the following conclusions:

(i) dj is a critical value of JT|S7,(a) provided that dj < 0.

(ii) f d :== dp = dgy1 = -+ = dgyr—1 < 0 for some k,r > 1, then y(Ky) > r, where K, denotes
the set of critical points of J7| S,(a) at the level d. In particular, JT| S,(a) admits infinitely
many critical points at the level d if r > 2.

(iii) If dp < 0 for all k£ > 1, then dy, — 0~ as k — oo.

Recall that J7 is bounded from below and, it follows from Lemma 4.1 that J7 satisfies the (PS)4
condition for each d < 0. Thus, dj, is a critical value of JT at the level dj, and d, — 0~ as k — co. By
Remark 4.1, we have that J? (u) = J(u) in a small neighborhood of u provided that J7 (u) < 0, and
so, these critical points of J7| S,(a) are indeed critical points of J|g, (4), and the proof is complete. [J
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