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1. Introduction and main results

Let 2 be a smooth bounded domain of RV, N > ps, s € (0,1) and p > 1. For any sufficiently small ¢ > 0,
we consider the nonlocal nonlinear problem

(=Ap)%u = |uP" 2%y, in £,
1.1
u=0 in RV \ 0, (L.1)

where p* = Np/(N — sp) is the critical exponent for the immersion of

— p
W)= fue @ [ MEMOF 4 e o mr 0]
R2N ‘l‘—y| +ps

into the space LI(2). By a weak solution to problem (1.1) we mean a critical point for the C'* functional
I. : W5P(2) — R defined by

1 —u(y)|P 1 .
I(u) = 7/ [u(z) — uy)l” da dy — 7/ |ufP” ¢ dz.
p Jrew |z —y|[NFep p*—¢eJp
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The nonlinear operator (—A4,)% : Wy*(£2) — W~5?(£2) is defined (up to a multiplicative constant which we
will ignore in the following) as the differential of the first term in I, and it can be represented, on smooth
functions, by

. |u(x) - u(y)|p 2 (u(:z:) - u(y)) N
—A))? u(z) = 2 lim d x e RY.
(=4) u(@) 61\0 RN\ Be () |z —y|Ntsp .

Solutions of (1.1) inherit some mild smoothness when seen as general non-homogeneous non-local equations.
The regularity theory for p # 2 is far from complete, however the basic continuity instances of it are covered
at the interior in [9,8] for the homogeneous case and in [18,5] for nonhomogeneous equations, while in [16]
regularity up to the boundary is established for boundedly nonhomogeneous equations.

In this paper, we are interested in the asymptotic behavior of a sequence of solutions {u.}~o to (1.1) as
e \\ 0, as determined by the limit energy ¢ = lim._,o I (u.).

The interest in such “nearly critical” problems arises from the fact that for € > 0 compactness is recovered
and the problem is more easily solved, hopefully providing in the limit a solution to the non-compact problem
at € = 0. In many cases, however, the validity of a Pohozaev identity rules out existence of nontrivial solutions
for e = 0, and the asymptotic behavior of the approximating solutions describes the phenomenon of lack of
solutions in the limit.

In the seminal paper [1], the asymptotic behavior of the (unique and radial) solution u.

_ 2" —¢ :
{ Aue =u; ™%, ue>0 in B, where B is a ball in R? (1.2)

us =0 on OB

is considered, showing, among other things, that u. concentrates at a single point, the center of B, at
a rate maxu. = u-(0) ~ /. This kind of results were extended and refined in [7]. For general smooth
domains, where uniqueness of solutions (and nonexistence of the latter for € = 0) to (1.2) is lost, the same
kind of behavior is proved in [14,26] for the ground states of (1.2), namely, nontrivial solutions minimizing
the associated energy functional. Indeed, regardless of the existence of positive solutions of the limiting
equation, ground states always concentrate all their mass at some point, which is therefore called the point
of concentration. Through a rather fine analysis, the concentration point is shown in [25] to be a minimum
point of the Robin function of {2. For smooth domains, this implies that the concentration points cannot
belong to 0f2, while for nonsmooth domain the boundary concentration phenomenon can happen, as shown
e.g. in [11].

For more general, nonlinear equations, the situation is less clear. In [13] the concentration of ground
states is proved for the p-Laplacian via critical points methods, while in [22] via I'-convergence ones (see the
latter for more references on this approach). In [21] more general and non regular operators are considered.
However, the location of concentration points for ground states is not clear, (even trying to prove that they
do not belong to 92 in smooth domains), and precise asymptotic behavior of the maxima are even less so.
It is worth noting, however, that for a different but related problem involving the p-Laplacian, the location
of concentration points has been determined with the technique of p-harmonic transplantation, see [10].

Regarding the nonlocal problem (1.1), the semi-linear case p = 2 is considered in [24] with a I'-convergence
approach and in [23] via profile decomposition. The latter approach relies on the Hilbert structure to take
advantage of abstract profile decomposition theory, but, as shown in [17], no such precise decomposition
can hold for general bounded sequences when p # 2. A more suitable profile decomposition when
p # 2 has recently been obtained for Palais—Smale sequences in [6], which in principle may lead to
the same kind of results we will discuss in a short while. However, a direct approach through non local
Concentration-Compactness seems more convenient for ground state solutions, and is flexible enough to
provide informations at higher critical levels as well.
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In order to state our main results, let us set
u(z) — u(y)[

S P — N
|D*ulP () .—/RN P E dy, for a.e. x € R™.

For general p > 1,s € ]0,1[ and N > ps we define

S := inf {/ |D*ul? d / |ulP” da = 1} .
RN RN

Theorem 1.1 (Ground States). Let 2 be a bounded domain and {u,} be a sequence of ground state solutions

We will prove the following.

to (1.1) for e, | 0. For each subsequence (not relabeled) such that |u,|P" weakly converges in the sense of
measure, it holds

(1) u, — 0 in LYRYN) for any q € [1,p*); N N
(2) there exists T € 2 such that |D*u,|P — S#8; and |u, [P — S¥: 6z weakly in the sense of measures.

Theorem 1.2 (Higher States). Let 2, uy,, e, be as above and suppose that
L, (un) = c € | 87,2287 |, (1.3)
and let, up to subsequences, u, — w in WP (§2). Then one of the following alternatives holds:

(1) uy, — w strongly in WP (£2) with u being a positive or negative solution of the limit equation (1.1) for
e=0.
(2) w=0 and there ezists T € 2 such that |D*u, [P — c&6; weakly in the sense of measures.

In the case p = 2 and {2 smooth we can exclude that the concentration points lie on the boundary, and
in some cases precisely locate them.

Theorem 1.3 (Inner Concentration). Let N > 2s and 2 be a bounded C*' domain. For any {ec,} with
en 10, let u, be a ground state solution of

n

(—A)Yu, = uX T T w0 £, (1.4)
Uy =0 in 2°. '

* N . —
Then, up to subsequence, |u,|?> — S2 0z weakly in the sense of measures, for some T € 2.

Theorem 1.4 (Location for Annuli). Let ro > r; > 0, = B,, \ B,, and N > 2s. Then the ground state
solutions of (1.4) concentrate at points T with |Z| the harmonic mean of ro and 1.

Let us point out the main features of the previous theorems. In order to prove Theorem 1.1, we will derive a
Concentration-Compactness alternative for nonlocal problems. In order to do so we proceed directly, control-
ling through a domain decomposition and Lemma 2.6 below all the nonlocal interactions which, in principle,
could contribute to the limiting measures. In a similar way we prove a bound from below on the singular
part arising from concentration. One fundamental difficulty in the case p # 2 is that entire ground state
solutions of the limiting problem are unknown explicitly. Thus, we will have to use an auxiliary function
recently constructed in [20] to prove that the energy of the ground states converges to the minimal one.
To prove Theorem 1.2 we will bound from below the absolutely continuous part of the limiting measures,
again through the crucial Lemma 2.6.

For Theorems 1.3 and 1.4 we will employ the Moving Plane method which has recently been proved in [2]
in the nonlocal case, together with suitable fractional Kelvin transforms. Our main lemma here is a Harnack
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inequality on segments for positive solutions u of a large class of semilinear equations. The inequality is of
the form

supu < Cu(b)

[a,b]
where [a,b] C {2 is a segment of suitable fixed length, normal to 92 at the point a, with C being a
geometric constant depending only on the domain. For a precise statement see Theorem 4.1. This forces
the concentration to happen at least a distance |b — a| away from the boundary. The construction can be
performed explicitly for annular domains, yielding Theorem 1.4.
Structure of the paper. In Section 2.1 we fix some notations. In Section 2.2, after recalling some well known
facts on the space W"*(2) and the ground states solutions of (1.1), we will prove some general results on the
weak solutions of (1.1) for fixed € > 0. Section 2.3 is dedicated to the nonlocal Concentration-Compactness

lemma Theorem 2.5. Then, in Section 3, we will prove Theorems 1.1 and 1.2, and in Section 4 Theorems 1.3
and 1.4.

2. Preliminaries

2.1. Notation

For s € (0,1),p > 1 and N > ps, we let p* = Np/(N — ps). We denote by wy the measure of the
N-dimensional ball having unit radius. For E C RY measurable we denote by | E| its N-dimensional Lebesgue
measure, by E¢ = RY \ E its complement and by x g its characteristic function. If u : E — R is measurable
we set

|u(z) —u(y)|”
mmw@ﬁi@w|%ﬂWmsm@’h%W:MWMM%

1/q
Ul = (/ |u|qu) C Julg = ulgagen).
E

Finally, for £ € R and p > 1, we will use the notation

and for any ¢ > 1

Pl = [t P2t.

For any u € W;'?(£2) and any Lebesgue point x for u, we set

Do) = [ = gy

Notice that the following approximate Leibniz formula holds true
W0 > 0 3C, with /LWWWMSO+Q/UNMWM+%/IWWMWL (2.1)
RN RN RN

which follows from the elementary inequality |a + b|P < (1 + 0)|a|? + Cy|bJ?.

2.2. Functional analytic framework
We let, for any 2 C RV,
Wy (2) = {u eLP (RY):u=01in 2° [u],, < Jroo},

which is a Banach space with respect to the norm [-], ,. This space is often denoted by Dy?(£2) in the
current literature and it is consistent with the one defined in the introduction as soon as {2 is bounded. For
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N > sp, the Sobolev inequality reads as

S := inf { bilsp ) WEP(2)\ {0}} :

|-

We recall the following

Proposition 2.1 (Hardy’s Inequality). Let N > sp. Then there exists C = C(N,p, s) > 0 such that

P
/ ful dx < Clul? for every u € WP (RY).
R

N |$|5p s:p?
We will also let, for 1 < g < p*,

[u]gp

|ulg

Sq(£2) = inf{ cu € Wyt (02)\ {0}} , (2.2)

sothat S = S, (£2). It is a classical fact that Sy« (2) = S,« (RY) for every domain 2 and that the minimization
problem (2.2) for ¢ = p* admits no solution, unless 2 = RY. For 1 < ¢ < p* and £ bounded, Hélder’s
inequality ensures that S,({2) > 0; moreover, any minimizer u for the minimization problem (2.2) (which,
actually, exists due to the compactness of W3 (£2) < L%(£2)) is, up to a multiplicative constant, a weak
solution of the problem

(=A% u = |u|??u in 2,
. 2.3
{u =0 in £2°. (2:3)
Clearly any such solution is also a critical point for the functional
1 1
Jq(u) = E[U]Zs),p - 5|U|Z
where J, € CYWSP(2)). If
Nog(82) = {u € W5 (2) \ {0} : {dJy(u), u) = 0}
is the corresponding Nehari manifold for J,, one readily checks that
1 1 a
cg =inf{Jy(u) 1 u € Ny(2)} = (p_q) Sq(2)a=7, (2.4)

and minimizers for the latter problem are (up to multiplicative constants) minimizers for (2.2). Any minimizer
for (2.4) is called a ground state solution for (2.3), being a critical point of minimal energy. Following
[27, Theorem 4.2] we have also the following Mountain Pass characterization of the values ¢, valid for every

q>p

— inf I (¢ — inf J ¢
Ca uevxlfrosl’l’(:z) I?zaé( (I( u) ,;Ielp tren[gﬁ] q('Y( ))7
u#0

where
I'={yeC%0,1], Wg'(£2)) : v(0) = 0, J4(v(1)) < 0}.
Any ground state solution must be of constant sign, since it also solves problem (2.2), and
[ulls,p < [uls,p if g, u_ #0.

A more precise statement is given in the following lemma (see also [6, Lemma 2.13]).

Lemma 2.2 (Energy Doubling). Let q¢ > p and u € WP (R2) be a sign-changing weak solution to

(=A% u = |ul"?u in 2
u=20 in RN\ 02,
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where 2 is an arbitrary open subset of RN. Then

Jo(u) > 2 (1 - 1) S,(2)75.

p g

Proof. If uy = max{+u,0} € W5*(2)\ {0}, then
E(u(z) — u(y)P (us (@) —us(y)) = Jus (@) —us(y)l?,

for a.e. x,y € RV. Indeed, for the inequality involving the positive part, we have

(u(@) = w()P ™ (ur (@) = up (y) = fur (@) = up )P X fule)0.u(y) >0y
+ (g (2) + um ()P g ()X fu(a)>0.u() <0y + (U= (@) + g (1))P ™ g (U)X fu(e) <0u(y)>0)
2 Juy (z) — us (y)|P.
A similar justification holds for the inequality involving the negative part. This also shows that the above
inequalities are strict as long as ux # 0. Then, testing problem (2.5) by +uy yields

. () — )" @) ) [
[Ui]s,pS/RQN (o — [Nt d dy—/Q 4 dx,

with strict inequality if u4 # 0. Now, letting

1
Ay = ([Ui]’;p> “r
|ux]g ’

it holds Apus € Ny(£2) and A < 1. On the other hand

1 1 1 1 1 1
Jq(u) = (p - q) |ulg = (p - q) /Q(Ui +ul)dr = EJq()\+U+) + EJq()\—U—)
1 1 q
S22 - 2) s, ()5,
(p q) ()

which completes the proof. [

We will choose in the following the nonnegative ground states, which actually turn out to be strictly
positive in {2 by the following result.

Lemma 2.3 (Strong Mazimum Principle). Let u € WP (82) satisfy

_ Sq, > ;
{( Ap)’u >0 weakly in 12, (2.6)

u>0 mn 2°.

Then u has a lower semi-continuous representative in {2, which is either identically 0 or positive.

Proof. By the comparison principle of [16, Proposition 2.10], we get u > 0 a.e. in RY. Proceeding as in
[15, Theorem 2.4] we find that u admits a l.s.c. representative, which to ease the notation we will identify
with w. Then, the set {x € £ : u(x) = 0} is closed in 2. By the weak Harnack inequality [16, Theorem 5.2],
(see also [8, Lemma 4.1]), it holds

p—1
inf u>o ][ wP~ldx , VBRrC
Br/a Br\Bg/2

which implies that {z € £ : u(z) = 0} is open in 2. Suppose u # 0, and let 2 = U;c s 2; where {2; are the
connected components of §2. It follows from the previous discussion that for each j € J, either w is strictly
positive everywhere in (2; or it vanishes identically. Since u # 0, there is a connected component, say, {21
such that u > 0 in (1. Suppose now by contradiction that there exists another connected component, say,
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{25, such that u =0 in (%, and let ¢ € C° (%), > 0,¢ # 0. Testing (2.6) with ¢ we get
— p—1 _ p—1
R2N 25 £,

|z —y|Ntes x — y[Nrps

c
2

sincew > 0in 2, C 5. O

Remark 2.4. A similar statement is provided in [3, Theorem A.1] with a different proof. Notice that, contrary
to the local case s = 1, connectedness of {2 is not required. This is a typical feature of nonlocal problems,
which was first outlined in [5].

2.8. Concentration-compactness

We now prove a concentration-compactness lemma which was first stated without proof by P.L. Lions
in [19, Remark 1.6]. We say that a sequence of functions {f, },, € L*(RY) converges tightly to a Borel regular
measure dp if

Vo € Cy(RY), /‘pfndx_)/ pdpu,
RN RN

where Cp(RY) is the Banach space of bounded continuous functions on RY. Notice that this convergence
is stronger than the usual weak convergence of measures as linear functionals on the separable space
Co(RY): indeed boundedness of {|f,|1} does not suffice to the sequential compactness with respect to
tight convergence. Nevertheless, we will still denote by with the symbol = the notion of tight convergence.
Prokhorov theorem ensures that bounded sequences { f,, },, are relatively sequentially compact if and only if
the sequence is tight in the sense that

Ve >03ACRY: sup/ | frnlde < e.

n

Theorem 2.5. Let {u,} be a bounded sequence in Wy*(2). Then, up to a subsequence, there exists
u e WyP(12), two Borel regular measures p and v, A denumerable, x; € 2, v; > 0,pu; >0 with v; +p; >0
j € A, such that

up, — u  weakly in W3'P(£2) and strongly in LP(2),

|D3un [P 2 dp, |un P = dv (2.7)
dp > | Dl + > pibe,, = p({a;}), (2.8)
jeA
dv = |ulP” + Z Vibe,, v i=v({z;}), (2.9)
jeA
pj > Svp” (2.10)

We will need the following lemma.

Lemma 2.6. Let N > ps. For any u € LP"(RN) it holds

lim &6V I S—
510 Be ‘x|N+ps

Proof. If u € L>=(RY), the assertion immediately follows, since a direct computation yields

o [ e < g
g Jefe 7 = T
5
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In the general case, let {u,} C C®(RN) be such that up — u in LP (RY) as k — oco. By using Holder
inequality, for any § > 0 and k € N, we obtain
P — P p
B B

N+ N+ N+
¢ |w|NHees e |w|NVHPe w|NEps

c c
5 5

u p
§C|uru\§*+c(sN/ i
Bl,

. ‘x|N+ps
S5

Since any uy is bounded, letting § — 0 yields

ulP
limsupéN/ | dr < Clug — ulb..
50 Be |w|NTPs P

Finally, letting £ — oo concludes the proof. [J

Now we proceed proving Theorem 2.5

Proof. Since 2 is bounded and u,, = 0 in 02¢, the sequence {|u,|P" } is tight, ensuring the existence of v (and
clearly supp(v) C £2). To prove the tightness of {|D%u,|P}, let U be open and bounded such that U O (2.
If dist(U*®, 2) =: 6 > 0, then for any x € U¢ and y € 2 it holds |« — y| > Cp|z|, and thus

@ ol

(6]
QW — |x‘N+ps’ for a.e. z € U°.

|D*un " (z) =

The latter inequality readily implies tightness of {|D®u,|} and thus (2.7) is proved. We come to the proof
of (2.8)—(2.10). We shall follow the proof of [19, Lemma I.1], by supposing first that « = 0. From Sobolev’s
inequality and (2.1), we have, for any ¢ € C°(RY),

P
Slunplft < lwnplly < (1+0) [ DuPlePdo+Co [ D% ePlu, P da. (2.11)

Letting n — +o0o and using that u,, — 0 in LP(RY) and |D%¢|P € L>°(RY), we obtain

s( [ lera)” <avo) [ feran
RN RN

Letting 6 | 0 proves (2.8) and (2.9), due to [19, Lemma 1.2]. Finally, the previous inequality easily implies,
for any j € 4

£

S(v(Bs(x4))) 7" < (14 0)u(Bas(x;)), (2.12)

which provides (2.10) taking the limit for # | 0 and then 6 | 0. To prove the case u # 0, one can proceed as
in [19] to obtain (2.9). Concerning (2.8), we first claim that du > |D*u|P. Indeed, for any ¢ € C°(RY), o > 0,
the functional

v |D*v|Po dx
RN
is convex and continuous, therefore u,, — u in W (£2) implies

/ pdu = lim | D%uy, [P dx > / |D*u|Podx, for any ¢ € C°(RY), ¢ > 0.
RN RN

n—oo JpN

On the other hand (2.12) implies p({z;}) > 0 whenever v({z;}) > 0. Then (2.8) follows. We come to (2.10).
We take the limit for n — 400 in (2.11) to obtain

s(/ |sa|ﬁ*du) <0+0) [ lePdn+cy [ peliup .
RN RN RN
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Now we fix z;, and for any ¢ > 0, let p5 € C°(Bas(x;)) satisfy
0<@s, wles =1, |psla <1, Vsl < C/6. (2.13)

We claim the following:
Yu e LP (RY), lim [ulP| D*ps|P da = 0. (2.14)
5l0 R2N

Without loss of generality, suppose z; = 0. Let A = (Bas X Bas) U (Bs x BSs) U (BSs x Bs) and notice that
on R?N \ A it holds |ps(x) — ps(y)| = 0. Then on each of the three pieces forming A we proceed as follows.
Since |ps(z) — ps(y)| < C3~ta — y|, on Bas x Bas we have

p — p pafp p
[ Pl e g [ O gy
Bas X Bas Bas X Bys |Z| ps
P

|z — y|NFps
C * pL* 1— 2 * p*
< ([ Wl ay) Bl F =0 dy)
Bas B

26

IN

which vanishes as § | 0. On BS; x Bs, the triangle inequality implies that | —y| > |z|/2 and thus, as ¢ | 0,

P — p 1
/ |u(y)| \906(56)N+ fé(y” drdy < C (W) s drdy
BSsxBs |l‘ - yl b B3sxBs |$| P

<ot dy) B = o)
Bs o
Finally on Bs x BS; it holds |z — y| > |y|/2 and thus

/ u(y)Ples (@) — es(y) I
BsxBg

|z —y|NHes

uly)[”
Nt
o Jy[Ntes

dzdy < C6N /
B
which vanishes as § | 0 by the previous lemma, and this proves (2.14). Now if 5 = 1 in Bs we obtain

S(v(Bs))?™ < (1+ 0)u(Bas) + Coo(1)
which gives (2.10) taking 6 | 0 and then 6 | 0. O

3. Limiting behavior for € — 0

The next result provides lower bounds for the masses ;1; and v; given by the Concentration-Compactness
theorem.

Lemma 3.1. Let u. solve (1.1), and v;, ; be as in (2.8)~(2.9). Then, for any j € 4,
p; >S%,  v;>Sw. (3.1)

Proof. Suppose again that z; = 0 and choose @5 € C°(Bas) as in formula (2.13). Testing the equation with
Psle, We get

/ (ue(2) — ue(y))P " (ps(x)uc () — 05(y)ue(y))
]RQN

dx dy — uP "Fps da
|z — y|NFps Y /RN =

€

. 1= <
> [ 0tuposde = ([ el esde) 7 Busta)
RN RN

(ue () — uc(y))P e (y) (w5 (x) — 9s5(y))
* /um j — y|[NFps e o
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Moreover, by Holder’s inequality, we get

/ (e () — ue ()P~ ue(y) (s (@) — 95(y))
R2N

|z —y|NHes

1
oy <ty ([ 100t )
RN

Notice that |D*ps|P € L= (RY), since

/ lps(@) = ps(W)I” <§/ min{l,je —y?} O
gy |z —y|NFPs TP Jpy o —y| N v

Up to subsequences we can suppose that u. — u € LP({2) as ¢ — 0 and, thus,

/Rm (ue(z) — uE(y)|Z__lzazsry+)1)(f5(x) —5(y)) e dy’ < C(/RN D% 5|l dy)

T

lim
e—0

Taking the limit for ¢ — 0 in (3.2) we therefore obtained

1
/ osdu < / o v+ C / (D% lul? dy)” (3.3)
RN RN RN
or, by (2.14),

/@MMS/ @5 dv + o(1),
RN RN

with o(1) — 0 as 6 | 0. This implies v; > p;, which, coupled together with (2.10), gives (3.1). O
Remark 3.2. From Lemma 3.1, the concentration points for v coincide with those for p and, being v of finite

mass, the concentration set is finite, say € := {x1,..., 2z}, for some M € N.

Let now V be an optimizer for the Sobolev constant S which solves (1.1) with € = 0. For § > 0, we define
the functions

_ 1 ||
Vs(®) = sv=ers V((s)’

and consider

Vs(1) 0, 0<t<Vs(0),
mg = m’ Gs(t) = ;’lé (t—Vs(0)), Z/;(G‘)/éisﬁ Vs(1),

where 6 > 1 is a suitable constant introduced in [20] and the radially symmetric function

vs(r) = Gs(Vs(r)) = {XSM, : ; ;7

We have the following estimates.

Lemma 3.3. There exists a constant C = C(N,p,s) > 0 such that

N—ps
-1

[v5]2, < S7 4+ C67
R R O e
RN RN
for any 6 <1/2 and e < N/(N — sp).

Proof. The first inequality was proved in [20]. Concerning the second inequality, we have

/ vg*fsde/ Vg(x)p**edx:/ Vg(x)p**gdxf/ Vs ()P ~=du.
RN B RN B

c
1
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By virtue of [4, Theorem 1.1], we have

/ Vs(2) ~“do = 6N;Sp5/ V() ~“dw
Bf 175

N— 1 (N—sp)(p*—¢)
pspE/ ——dy < C§  #G-D ,
B

Iyl Hosp (pr—e)

<Cd
176

which concludes the proof. [

Theorem 3.4. Let {un}, be a sequence of ground state solutions to (1.1) for some e, | 0. Then

lim I, (uy) = %SN/W.

Proof. By testing the equation by w, and using Holder and Sobolev inequality we get

[unz, > 8757 |0 T

Therefore, we have

1 1 1 1 p*—en _ enp
Isn (un) = < — > [un}gp > ( - > Sp*=p—en |Q| B =p—en)p* |

P DPf—én P pPF—é€n

yielding
S N
lim I, (un) > —Sws.
im I, (un) 2

To prove the opposite inequality, suppose without loss of generality that By C £2. Since limy_, oo I. (tvs) =

n

—00, by the definition of the mountain pass level it holds

)

1 1 , P
I, (un) <supl., (tvs) = (2; — ) ( [v5]s.p ) .

t>0 p* —é€n |715|p*fsn

Using the previous lemma we thus obtain

(S%+{m%%ﬁﬁ%%5

lim I, (u,) < 2 Tim

o = g Y Nops P
! (|V:5 Z*iz - 05([) &) 5G-D ) p¥—p—cn
Now by dominated convergence, we get
« . ~
3 P —€n __ Pt _ Q%
1171Ln \Vslb.—cr = |Vslb. = S»

and therefore

s (SP 4 o) 7

TN (5% o5t

lim I, (u,)

< %s% 1+ 057
for some universal constant C' = C(N, p, s). Letting 6 — 0 proves the claim. O

Proof of Theorem 1.1. The proof follows from (3.1) and Theorem 3.4 exactly as in [13], providing us with
Z € {2 satisfying both conditions. O

As a direct application we have the following multiplicity result on annular domains.

Theorem 3.5. Let 2 = Bgr \ B, for some R > r > 0. Then for q < p* sufficiently near p* there is a
continuum of positive solutions to

(A u=u? in 0,
u=20 in 2°
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Proof. Suppose not. Then there is a sequence g, | 0 such that there is only a denumerable set of positive
solutions to (1.1) for any n. Let ¢ = p* — &, and {u,}, be a nonnegative ground state for (1.1), which by
the Strong Maximum Principle is strictly positive in {2. Then, by virtue of Theorem 1.1, there exists a point
Z € 12 such that, up to a subsequence, |un|p* X §es 0z. For sufficiently large n it thus holds

. 3 * 3
/ un|? da < SS¥s / lun|P” dz > SSoe.
]RN 2 Br(:f) 4
For any such ,, — 0, the solution wu,, eventually cannot be radial since otherwise also the integral on B,.(—Z)
(disjoint from B,.(Z) as |Z| > r) would be greater than 3S™/P* /4, thus yielding

3 . . . 3
gt >/ P d:cz/ i d:c—i—/ lunl?” dz > S5,
2 RN B,.(2) B, (—7) 2

for sufficiently large n = ng € N. The map
Re SOy — W5P(2) 2 up, o R

is therefore a continuous, non-constant map, all of whose image is made of positive solutions to (1.1). This
gives the contradiction. [

Lemma 3.6. Let {2 be a bounded domain and {u,}, be a sequence of ground state solutions to (1.1) for e, | 0
such that I., (uy,) is bounded and Theorem 2.5 holds, with u being its weak limit. Then if u # 0,

/ |D*ul? dx > S#s, / lulP” da > S?s. (3.4)
RN RN

Proof. Let € = {x1,...,2p} be the concentration set, and let ¢s be the cut-off functions as introduced in
(2.13). Define, for any ¢ > 0 small enough, the function

M
Ys(x) = Z(p(;(x —x;).
i=1
Proceeding as in Lemma 3.1, testing (1.1) with (1 — vs5)u,, and letting n — oo, we obtain
0> / (1 —)s)du — / (1 —1s)dv —o(1), with o(1) = 0asd | 0. (3.5)
RN RN
Since s =1 on Ui‘il Bs(z;) and 15 = 0 on ﬂf\il BSs(x;), we get
lim [ (1—s)dv=vRY\%), lim [ (1—1s)du=pnRY\%),
510 RN 510 RN

yielding in turn, by formulas (3.5) and (2.8),

/ [ulP” dz = v(RN \ €) > (RN \ %) 2/ | D*ulP dz.
RN RN

Using also Sobolev’s inequality we deduce (3.4) as long as u #0. [0

Proof of Theorem 1.2. By Lemma 2.2 we can suppose that u,, > 0, for sufficiently small ,, > 0. Let u, v be
given in Theorem 2.5 and let € = {z1,..., 2z} be their concentration set. If u # 0, by the previous lemma
and (3.1), we have

S (M + 1Sk, (3.6)

M
11 s i .
—lim [ £ — Po= " u(RY) > = “ul? N =
¢= lig (p p*_s) [un]?p NN(]R )_N RN D% dx+NzZ:;MJ_

=|
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Therefore M = 0 by assumption (1.3). To prove that u weakly solves

{(—Ap)su =u” 7! in 0,

u=0 in 0° (3.7)

it suffices to show that, up to subsequences, f, = uﬁ’:_l_an weakly converges to f = u? ~! in LP*I(RN).
By compactness in LP(§2) we can assume that u, — u pointwise a.e. in RY so that f,, — f pointwise a.e.

* *_ p*
/ |l 75T /UZ T da
RN 2
En

. =52 en
([t as) "2
(7

so that f, — fin LP" (RN) as n — ooc. It follows that u € WP (£2) weakly solves (3.7) in £2. We finally
prove that u,, — u strongly in W;*(£2). By Holder’s inequality it holds

in RY. Moreover

IA

*

D
p* p*—e pioen —
ub dx > ub e dx |27 ==n,
RN RN

and thus, up to subsequences

- _p" .
W]t = |ul?. o 75 = Tmfu, 05 = Fmju,]?
n n

p*
p

=v(RY) = @ |un‘£* 2 @Wﬂ *—en

-
Being WP (£2) uniformly convex, the claim follows. Suppose on the other hand that u = 0. From formula

(2.9) we get dv = Zj\il vjd,, and we know that du > Zjle tj6z;. On the other hand formula (3.3), which
holds for arbitrary ¢ € C2°(RY) with ¢ > 0, implies dv > du. Therefore supp(u) C supp(v) = ¢, which

yields duy = Zj\il pjdz,. Thus (3.6) forces M =1 and ¢ = {1, where py > 0. O

4. The case p = 2
Given 2 C R¥, we let in this section §(x) = dist(z, £2¢). We will prove the following

Theorem 4.1. Let 2 be a bounded C*' domain. There exists a constant d = d(2) > 0 such that any weak
solution of

(tare=soo 2.

with f € Lip;,o(R) such that

. N72st
0< f(t) <C(A+[t)P ), re— f(rNi-kzs) is non-increasing for any t > 0 (4.2)
r

satisfies for any xo € 012, with exterior normal v

&1 <& <2d=ulxg—&v) < |1+ 2d\N725u(1’0 — &) (4.3)

Remark 4.2. Notice that © > 0 a.e. in {2, and by the strong maximum principle, v > 0 in {2 or u = 0.
Regarding the hypothesis (4.2), consider the homogeneous case f(t) = t9=%, N > 2s. Then the monotonicity
property required in (4.2) is satisfied if and only if ¢ < 2*. Finally, it is worth noting that the proof actually
only requires that 042 satisfy a uniform exterior sphere condition, so that (4.3) actually holds, e.g., in convex
domains.
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The main point of the theorem is that the constant d is geometric and independent on the nonlinearity, as
long as (4.2) holds. Let us now show how (4.3) implies that the ground states u. cannot concentrate on 942.
To the best of our knowledge this argument is new.

Proof of Theorem 1.3. Let d > 0 be given in the previous theorem, so small that
II(z) = Argmin{|z —y| : y € 002}, =z € Ny,

is well defined and C1!, where N; := {z € 2 : §(z) < t} for any 0 < ¢ < 2d. Then, denoting by v, the
exterior normal to 92 at z, the map

(2,8) € 02 x [0,2d] — &(2,&) ==z — v, € Nog,
is a bi-Lipschitz homeomorphism, with
|det D®|o, + |det DO ™|, < L = L(£2). (4.4)

Suppose by contradiction that & € 02, where Z is the concentration point given by Theorem 1.1. Then for
any small 8 > 0 to be defined later, there exists a sufficiently large n € N such that

/ lun |* dz > S%/Q, / un|? da < 6.
Ng N24\Nq

Using the change of variables given by @, the bound (4.4) and (4.3), we have

/ un|*” dz < L/ Jun|* (2 — &v2) dz d
Ny 902 x[0,d)

< |1+2d\2NL/ lun|? (z — €v,) dz d¢
802 x[d,2d)

<1 —|—2d\2NL2/ un|? dz.
N23\Ng

So that, choosing |1 + 2d|2N L? < S2x /2, we get a contradiction. [

Proof of Theorem 4.1. The proof relies on the moving plane method, performed after suitable Kelvin
transforms through externally tangent balls. First of all, being 2 a C'! bounded domain, there exists
r > 0 such that at any point zg € 02 there exists an open ball B, of radius r with

B, C0°  9B,NAR = {xo}.

We can scale problem (4.1) in r~ and suppose that = 1. Henceforth, we will denote by B(z) a ball of
radius 1 and center z. Given a function u € WJ"”(§2) and a ball B(z) C ¢ such that dB(z) N 92 = {x¢},
the Kelvin transform of u through B(z) is given by

1 r—z
- |x—z|N*25u(z+ |z — z|2)
The map Z.(x) = z + (z — 2)/|v — 2|? brings 2 to 2, = IZ.,(2) C B(z). Furthermore, the function
u* € WyP(12,) satisfies

u* ()

1

(—A)*u*(z) = m(—A)su(Iz(x))~

Given an externally tangent ball B(z), the Kelvin transform thus brings any solution w of (4.1) to a solution
v:i=u"in 2, C B(z) of

(—A)v=g(z,v) in 2,
v=20 in £27,
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where z ¢ (2, and the nonlinearity

f(|517 _ Z|N—25t)
9(@,t) = glle =2l 0) = = =

satisfies the following properties:

(1) g is Caratheodory, locally Lipschitz in the second variable and C! in the first;
(2) g(r,t) is non-increasing in the first variable.

From any z¢ € 912, we will now construct the exterior tangent ball B(z),z = z(x¢) as above, and apply the
moving plane method to {2,. Without loss of generality we now suppose z = 0, calling ) = (2. Let v,, be
the interior normal to B(z) at xy = 042 N 0B and observe that

infe- vy, =z -v=-1,
2

due to our normalization. For any A > —1 we let
QL =0n{z-v<A} 2y = R{(z) =2 +2(A —z-v)y,

the latter being the reflection of x through the hyperplane {z - v = A}. By the regularity of 8?), there is
€ > 0 such that for all A €] — 1, -1 +¢], RK(?);\’) C 2 (cf. [12, Theorem 5.7]). Moreover, by compactness,
this € > 0 can be chosen independently of the particular zy from which the construction started. Moreover,
if e < 1, it holds

2¥| <|z| forany A€l —1,-1+¢], ze QY.
Therefore, being r — g(r, t) non-increasing for any ¢ > 0,
g(z,t) < g(a¥,t), forany Ae]—1,—1+¢], zeX, t>0.
The moving plane method as per [2, Proposition 4.4] can be applied, giving that
s — v(zo + sv) is increasing for s € [0, ¢].

Recalling the definition of v and v = z — zy, we obtain

1 s
5+ mu(xo - VE) is increasing for s € [0, ¢],

or, for £ = s/(1 — s),

€ 14+ €N "2u(zg — €v) s increasing for £ € {0, 7 c J .

Since 2 is C11, there is d €]0,1[ such that IT(x) = Argmin{|z — y| : y € 02} is well defined and C*!'. We
define d with 2d < min{d, e} < £/(1 — €) so that the previous monotonicity gives

1 N-—2s
& <d< € <2d= u(zg — &) < 11+ &

< e — &) < 1+ 20N Futeo - &),

concluding the proof. O

Proof of Theorem 1.4. Rescaling the problem if necessary we can reduce to 2 = B,, ., \ B1. Let R =ry/r;
and let, for € > 0 sufficiently small,

- 2s
e =77 2 ue(rix)
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: |
vV

Fig. 1. The optimal cap after inversion through the inner sphere.
be the nonnegative solution to

ue =0 in 02°.

{(A)Sas R )

Using the minimizing property (2.4) and scaling, it is readily checked that u. is a ground state solution of
the previous problem, for any ¢ > 0. We proceed by contradiction and suppose that |ﬂ€|2* N 0y, for
some 1 < |zg| < 2/(1+ R™1), letting M = 2/(1 + R~!). We omit for the time being the dependence on &
and call 4. = u. The ball B; is externally tangent to 2 and we can perform the Kelvin transform through
Bi, obtaining a solution to
P2 —1-¢
(—A)v = FEaE] in 70,
v=20 in Z0°.

Notice that 72 = By \ By/g = Q. Elementary geometric considerations (see Fig. 1) show that given any

unit vector v, a(v) = —1 and

1 - -
I +2(1—|A\) <1= R3(%)C .
The previous condition actually gives the so called “optimal cap” (which in this case coincides with the
maximal one), i.e.

R{()CRe-1<A< _1+27R—1 =-M,
and the moving planes method ensures that
s> v((s —1)v) is increasing for 0 < s <1— ML
In terms of u we therefore have, for any z such that |xg| = 1 and for v = —xg,t = 1/(1 — s),

t s tN725y(txg) s increasing for 1 <t < M.

Now if |Z| < M — 260 with 6 > 0, the previous monotonicity ensures that

N-—-2s
Ue(tzo) < ;Vﬁﬁg(rmo) < MYV "®a.(rag), VI<t<M-0<r<M,
and thus
S# = lim a2 dr < CyMN+% lim w2 dx =0,

€l0 JBy_6\B1 €10 J By \Bar—o
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Fig. 2. The optimal cap after inversion through the outer sphere.

giving a contradiction. Similarly one can proceed if |Z| > M + 26: using this time Kelvin transform through
an exterior unit ball of radius one (see Fig. 2), we obtain for any unit vector x

ts (t+1)V"2%u((R — t)z) is increasing for 0 <t < M,

and integrating ﬁg* over Br \ Barto and By \ B gives the desired contradiction. [
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