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ABSTRACT. The paper deals with the existence and multiplicity of solutions of
the fractional Schrédinger—Kirchhoff equation involving an external magnetic
potential. As a consequence, the results can be applied to the special case

(a+ b2’ ) (=A)5u+ V(w)u = f(z, [ul)u  in RV,

where s € (0,1), N >2s,a € RY, be RT, ¥ € [1, N/(N —2s)), A: RV — RN
is a magnetic potential, V : RNY — R¥ is an electric potential, (—A)3 is the
fractional magnetic operator. In the super— and sub-linear cases, the existence
of least energy solutions for the above problem is obtained by the mountain
pass theorem, combined with the Nehari method, and by the direct methods
respectively. In the superlinear—sublinear case, the existence of infinitely many
solutions is investigated by the symmetric mountain pass theorem.
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1. Introduction and main result. The paper deals with the existence of solu-
tions of the fractional Schrddinger—Kirchhoff problem

M([u]? A)(=A)3u+V(z)u= f(z,|u))u inRY, (1)
where hereafter s € (0,1), N > 2s,

) = 1/2
u(z) — =9 ACT )y ()2
[u]s,a = (//Rm [z — y[V+2s dzdy ’

M : R — Ry is a Kirchhoff function, V : RY — RT is a scalar potential, the
vector function A : RY — RY is a magnetic potential, and (—A)% is the associated
fractional magnetic operator which, up to a normalization constant, is defined as

: zty
. p(x) — el A p(y) N
—-A)S =2 lim dy, e RY,
(=A)hp(z) 6_1>0+ RN\ B, (¢) |z — y|N+2s Yy, @

along functions ¢ € C§°(RY,C). Henceforward B.(x) denotes the ball of R cen-
tered at z € RV and radius € > 0. For details on fractional magnetic operators we
refer to [14] and to the references [21-24] for the physical background.

The operator (—A)% is consistent with the definition of fractional Laplacian
(—A)® when A = 0. For further details on (—A)*®, we refer the interested reader
to [16]. Nomnlocal operators can be seen as the infinitesimal generators of Lévy
stable diffusion processes [1]. Moreover, they allow us to develop a generalization
of quantum mechanics and also to describe the motion of a chain or an array of
particles that are connected by elastic springs as well as unusual diffusion processes
in turbulent fluid motions and material transports in fractured media (for more
details see for example [1,5,6] and the references therein). Indeed, the literature on
nonlocal fractional operators and on their applications is quite large, see for example
the recent monograph [33], the extensive paper [17] and the references cited there.

The paper was motivated by some works appeared in recent years concerning the
magnetic Schrodinger equation

—(V —id)u+V(z)u= f(z,|u))u in RY, (2)
which has been extensively studied (see [2,11,15,28,42]). The magnetic Schrodinger
operator is defined as

—(V —iA)%u = —Au + 2iA(z) - Vu + |A(z) [*u + iu divA(x).
As stated in [43] (see also [36,37]), up to correcting the operator by the factor
(1 — s), it follows that (—A)%u converges to —(Vu — i4)?u as s T 1. Thus, up to
normalization, the nonlocal case can be seen as an approximation of the local case

(see Section 2 for further details). As A =0 and M = 1, equation (1) becomes the
fractional Schrodinger equation

(=A)Yu+V(z)u = f(z,|u))u in RY,

introduced by Laskin [29,30]. Here the nonlinearity f satisfies general conditions.

We refer, for instance, to [18,19,41] and the references therein for recent results.
Throughout the paper, without explicit mention, we also assume that the po-

tentials A : RN — RN and V : RN — Rt are continuous functions, and that V

satisfies

(V1) there exists Vo > 0 such that infgy V > V.

The Kirchhoff function M : Rar — Rar is assumed to be continuous and to verify
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(My) for any T > 0 there exists k = k(7) > 0 such that M(t) > k for allt > T;
(My) there e:cz'sts a pammeter 9 € [1,2%/2) such that tM(t) < 9.4 (t) for allt >0,

where A (t fo

A simple typical example of M is given by M(t) = a + bt"~! for t € R}, where
a €RY,be RS and a+b > 0. When M is of this type, problem (1) is said to be
non—degenerate if a > 0, while it is called degenerate if a = 0.

Clearly, assumptions (M;) and (Ms) cover the degenerate case. It is worth
pointing out that the degenerate case is rather interesting and is treated in well—
known papers in Kirchhoff theory, see for example [13]. In the large literature on
degenerate Kirchhoff problems, the transverse oscillations of a stretched string, with
nonlocal flexural rigidity, depends continuously on the Sobolev deflection norm of
u via M(]|u|?). From a physical point of view, the fact that M(0) = 0 means
that the base tension of the string is zero, a very realistic model. The presence of
the nonlinear coefficient M is crucial to be considered when the changes in tension
during the motion cannot be neglected. In the case of linear string vibrations,
the tension is constant that is M(¢) = M(0) > 0. When the inertial effects of
longitudinal modes can be neglected, the tension is spatially uniform along the
string and can be directly computed from the elongation of the string according to
the Hooke law and arriving to the form of M proposed by Kirchhoff and derived
properly by Carrier. Again the case M(0) = 0 means that the base tension of the
string is zero, a very lifelike prototype.

After the model proposed in 1883 by Kirchhoff in [26] several physicists also
considered such equations for their researches in the theory of nonlinear vibrations
theoretically or experimentally, see [8,9,34,35]. Carrier [8,9] developed a more rig-
orous approach to model transverse vibration via the coupled governing equation
of planar vibration and recovered the nonlinear integro—partial-differential equa-
tion, without quoting Kirchhoff. Narasimha [34] also obtained the equation, called
nowadays the Kirchhoff string equation in the literature, using another approach.

For fractional degenerate Kirchhoff problems we refer to [3,7,32,40,45] and the
references therein for more details in bounded domains and in the whole space. Re-
cent existence results of solutions for fractional non—degenerate Kirchhoff problems
are given, for example, in [20,38,44,46].

Assumptions (M7) and (Maz) on the Kirchhoff function M are enough to assure
the existence of solutions of (1). However, to get the existence of ground states, we
assume also the further mild request

(M3) there exists mg > 0 such that M(t) > mot?~! for all t € [0,1],

where 9 is the number given in (Ms) when (Ms) is assumed, otherwise ¥ is any
number greater than or equal to 1.

Of course, (M3) is satisfied also in the model case, even when M (0) = 0, that is
in the degenerate case. In [40], condition (M3) was also applied to investigate the
existence of entire solutions for the stationary Kirchhoff type equations driven by
the fractional p-Laplacian operator in RY.

Superlinear nonlinearities f satisfy

(f1) f € RN x Rt — R is a Carathéodory function and there exist C > 0 and
€ (29,2%) such that

|f(x, )] < CA+|tP™2)  for all (x,t) € RN x RT;
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(f2) There exists a constant p > 29 such that

0 < puF(x,t) < f(z,)t?, F(x,t) = /0 flx, m)rdr,

whenever x € RN and t € RT;
(fs) f(z,t) =o0(1) as t — 0F, uniformly for x € RY;
(fs) inf F(x,1)> 0.

TeRN

A typical example of f, verifying (f1)—(fs1), is given by f(z,|u|) = |u[’=2, where
29 <p <25,

The fractional solution spaces 4 v (RY,C) and H ZV(RN ,C) are introduced
precisely in Section 3.

We say that u € 4 v(RY,C) (resp. u € HXV(RN,(C)) is a (weak) solution
of (1), if

() — @) ACE) L ONT L To(2) — eil@—v)-A(EEY)
éR[M(MM A m[ ) ﬂyz[ffgf “ ay

+ R Vugpdxr = ?R/ £z, |u|)upde,
RN RN

for all € v (RY,C) (resp. ¢ € Hj (RY,C)).

Now we are in a position to state the first existence result.
Theorem 1.1 (Superlinear case). Assume that V' satisfies (V1), f satisfies (f1)-
(fa) and M fulfills (M1)—(Ms). Then (1) admits a nontrivial radial mountain pass
solution ug € 4y (RN, C). Furthermore, if M satisfies (M1)—(M3), then (1) has
a ground state u € v (RN, C) with positive energy.

Sublinear nonlinearities f verify
(fs) There exist g € (1,2) and a € L%(RN) such that

|f (2, )| < a(x)t?™?  for all (z,t) € RN x RT,

(fe) There exist ¢ € (1,2), 6 > 0, ag > 0 and a nonempty open subset 0 of RN
such that

F(x,t) > agt?  for all (x,t) € Q x (0,9).

A typical example of f, verifying (f5)—(fs), is f(z, |u]) = (14 |z|?)@=2)/2|u|9~2 with
1 < g < 2. The second result reads as follows.
Theorem 1.2 (Sublinear case). Assume that V satisfies (V1), f satisfies (f5)—(fs)

and M is continuous in RS and satisfies (My) and (Msz), with 9 > 1. Then (1)
admits a nontrivial solution u € HZV(RN,(C), which is a ground sate of (1).

To get infinitely many solutions for equation (1) in the local sublinear—superlinear
case, we also assume

(V2) There exists h > 0 such that
lim 2V ({z € Bu(y) : V(z) <c}) =0

ly|—o0

for all ¢ > 0.
(f7) F(z,t) >0 for all (v,t) € RN x R, and there exist ¢ € (1,2), a nonempty
open subset Q of RN and a; > 0 such that

F(x,t) > ait?  for all (z,t) € Q x RT.
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An example of f, which satisfies assumptions (f1) and (f7), is
fla,t) = (1+|z|?)@=2/24972 4 772 for all (z,t) € RY x R{,
when 1 < ¢<2<29 <p<2;.

Theorem 1.3 (Multiplicity — local superlinear—sublinear case). Assume that V
satisfies (V1)—(Va), that f fulfills (f1) and (f7) and that M is a continuous function
in Ry, verifying (My) and (Ms), with 9 > 1. Then (1) admits a sequence (uy)y of
nontrivial solutions.

Remark 1.4. (i) Condition (V2), which is weaker than the coercivity assumption:
V(z) — o0 as |z| — oo, was first proposed by Bartsch and Wang in [4] to overcome
the lack of compactness.

(7i) To our best knowledge, Theorem 1.3 is the first result for the Schrodinger—
Kirchhoff equations involving concave—convex nonlinearities in the fractional set-
ting. We also refer to [45] for some related multiplicity results.

Remark 1.5. As it is pointed out in [22], in place of the midpoint prescription

(fcvy)HA<x;y>,

other (physically justified [22]) prescriptions are viable such as the averaged pre-
scription

(x,y)b—)/o A((1 =9z +dy) dd =: Ag(z,y).

If (=A)% and (—=A)7, are the fractional operators associated with the potentials
A((z +y)/2) and Ay(z,y) respectively it follows that (=A)3, is Gauge-covariant,
while (—A)% is not, namely

(—A)atve), = €2(=A)5,e7?,  forall g € (R).
This is usually relevant for Schrodinger type operators. The results and proofs in
this paper carry on in the same way for the operator with averaged prescription Ay.

Furthermore, the result of [43] extends to the case of Ay with the same proof, that
is

. u(x) — @V A(@w) g (y) |2 / . 2
lim(1—s dedy = K Vu —iA(x)ul“dx,
lim )/S/Q T y=ry [ | (2)ul

see the discussion in Section 2 for A((z + y)/2).

The paper is organized as follows. In Section 2 we provide a few remarks about
the singular limit as s T 1. In Section 3, we recall some necessary definitions and
properties for the functional setting. In Section 4, we obtain some preliminary
results. In Section 5, the existence of ground states of (1) is obtained by using
the mountain pass theorem together with the Nehari method, and by the direct
methods respectively. In Section 6, the existence of infinitely many solutions of (1)
is obtained by using the symmetric mountain pass theorem.

2. Remarks on the singular limit as s 1T 1. The functional framework investi-
gated in the paper admits a very nice consistency property with more familiar local
problems, in the singular limit as the fractional diffusion parameter s approaches
1. Let Q be a nonempty open subset of RY. We denote by L?(£2,C) the Lebesgue
space of complex valued functions with summable square, endowed with the norm
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ullL2(o,c)- We indicate by H%(Q) the space of functions u € L?*(£2, C) with finite
magnetic Gagliardo semi—norm, given by

N 1/2
. // z) - 0TV Qy)“(y)Idedy
uly @ = axQ |z — y[N+2s .

The space H5(€) is equipped with the norm

1/2
1wl s () = (HU||L2 oc) T [u]%r;(m) .

The space H 4(€2) is the completion of C2°(€2, C) in Hj(€2).

Indeed, in the paper [43] (see also [36,37] for recent developments) the follow-
ing theorem was proved, which is a Bourgain—Brezis—Mironescu type result in the
magnetic framework.

Proposition 2.1 (Theorems 1.1 and 1.2 of [43]). Let §2 be an open bounded subset
of RN, with Lipschitz boundary and let A be of class C? over Q. Then,

1 z—y)- A(T'H’) 2
hm 1—5) // N3 u(w) dxdy = KN/ |Vu — iA(z)ul*dz
axQ —y|NF2s Q

for every u € HY(Q), where

1

Ky = f/ |w - ePdHN "1 (w),
2 Jona

and SN~ is the unit sphere of RN and e any unit vector of RN. Furthermore,

: z4y
. |U(£ZZ) 761(I*y)-A( 3 )u(y)|2 / ) )
lim(1 — dxdy = K Vu —iA d
(1o Jf | ety = i [ V- i@l

for every u € H&,A(Q),

Problem (1) could be treated in an arbitrary smooth open bounded subset €
of R, provided that the solution space is W, which consists of all functions u in
H5(RY), with u = 0 in R \ Q. More precisely, consider the non-degenerate model
case

M(t) = a(s) + b(s)t, where a(s) ~ 1 —s and b(s) =~ (1 —5)%by as st 1.

Then the corresponding problem (1) in §2 writes as

z+y

B Ju(z) — AT u(y)? SN _
(1 ra—am | M= ey | (ATt V@ = S ul)u
where u belongs to the solution space W and

(CAVu = (1 - s)(~A)5u.

This is natural since the Gagliardo semi—norms are typically multiplied by normal-
izing constants which vanish at the rate of 1 — s. Since by Proposition 2.1

_ ile—y): A(“‘y) 9
(1—13s) //RQN _y|N+23 u(y)| dfdy%/Q|VU—iA(x)u|2dx ass 11,

—

(=A)u=(1-s)(-A)ju~ —(Vu— iA)2u, as s T1,
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the above problem converges to the local problem

- (1 + bo/ |Vu — iA(x)qua:> (Vu —iA)?u+ V(x)u = f(z,|u))u in Q,
Q
u=0 on 0},

which as A — O reduces to

- (1 + bo/ |Vu|2dx) Au+V(x)u = f(z,|u)u in Q,
Q
u=0 on OS2

This is the classical model of a Schrodinger—Kirchhoff equation. When by = 0,
the last two problems become the classical Schrodinger Dirichlet problems with or
without external magnetic potential A.

3. Functional setup. We first provide some basic functional setting that will be
used in the next sections. The critical exponent 2% is defined as 2N/(N — 2s).

Let L2(RY,V) denote the Lebesgue space of real valued functions u, with V(z)
|u|? in LY(RY), equipped with norm

1/2
lull2,v = (/ V(x)u|2dx) for all u € L*(RN, V).
RN

The fractional Sobolev space Hi,(RY) is then defined as
Hy(RY) = {ue L* RN, V) : [u]s < oo},

where [u], is the Gagliardo semi-—norm

)|2 1/2
<// |x— |N+26 o g dy) '

The space H (RY) is endowed with the norm

lulls = (ulZy + [w2)"2.

The localized norm, on a compact subset K of RY, for the space H3 (K), is denoted

by
2 1/2
folle = ([ volupa+ [ O 0)

The embedding Hi, (RY) < L¥(RY) is continuous for any v € [2,2?] by [16, Theo-
rem 6.7], namely there exists a positive constant C' such that

lull v mry < Cllulls  for all u € H (RY).
Let us set
H:y(RY) = {ue Hy(RY) : u(z) = u(|z|) for all z € RV }.

To prove the existence of radial weak solutions of (1), we shall use the following
embedding theorem due to P.L. Lions.

Theorem 3.1 (Compact embedding, I — Théoreme I1.1 of [31]). Let N > 2. For
any « € (2,2%) the embedding H,‘f’v(RN) s L*(RYN) is compact.

Furthermore, we also have
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Theorem 3.2 (Compact embedding, IT — Theorem 2.1 of [39]). Assume that con-
ditions (V1)-(Vz) hold. Then, for any v € (2,2%) the embedding H{ (RN) —v—s
LY (RMN) is compact.

Let L% (RY,C) be the Lebesgue space of functions u : RY — C, with V]u|? €
LY(RY), endowed with the (real) scalar product

(u,v)p2 vy =R V(z)uvdz for all u,v € L*(RY,C),
RN
where Z denotes complex conjugation of z € C. Consider now, according to [14],
the magnetic Gagliardo semi-—norm given by

. . 12
Ju(x) — e ACT u(y) 2
e <//R2N o — y| N2 )

Define H;Z’V(RN) as the closure of C° (R, C) with respect to the norm

1/2
ulls,a = (lull7ey + [u]Z 4) "

A scalar product on H j’V(RN ) is given by
<u7 U>S7A = <u7 U>L2,V

o — g

dxdy.
Arguing as in [14, Proposition 2.1], we see that (Hj’V(RN), (-,)s,4) is a real Hilbert
space.
Lemma 3.3. For each u € HY ,(RY,C)
jul € HY®Y) and [Jul]], < [l 4.
Proof. The assertion follows directly from the pointwise diamagnetic inequality
[[uf@)| = Ju(y)|| < |u(z) - DA u(y)

for a.e. z,y € RY, see [14, Lemma 3.1, Remark 3.2]. O

Following Lemma 3.3 and using the same discussion of [14, Lemma 3.5], we have
Lemma 3.4. The embedding

Hi y(RY,C) — LP(RY,C)

is continuous for all p € [2,2%]. Furthermore, for any compact subset K C RN and
all p € [1,2%) the embeddings

H5 v(RY,C) = H{ (K,C) == LP(K,C)
are continuous and the latter is compact, where H{ (K, C) is endowed with (3).
Define now
Hpry(RY,C) = {ue H v(RY,C) : u(z) = u(|z|), v € RN }.

By Theorems 3.1-3.2 and Lemma 3.3, we have the next result (cf. also [14, Lem-
ma 4.1]).
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Lemma 3.5. Let V satisfy (V1). Let (uy,)n be a bounded sequence in #4 v (RN, C).
Then, up to a subsequence, (|u,|), converges strongly to some function u in LP(R™)
for all p € (2,2%). Moreover, if V satisfies (V1)—(Va), then for all bounded sequence
(un)n in H5 (RN, C) the sequence (|un|)n admits a subsequence converging strongly
to some u in LP(RYN) for all p € [2,27).

4. Preliminary results. The functional Z : 5%, v (RY,C) — R, associated with
equation (1), is defined by

T(w) = 5 (alf.0) + 50l = [ Flofude.

It is easy to see that Z is of class C1(5#, v (RY,C),R) and

z+

w(z) — @A), o(z) — eil@—w-ACEEY),
<I’(u)w>:éR{M([u]§,A) //R EN( ) |x<f);|(N(+21 W) 2y

+ Vuﬁdx} - %/ f(z, |u|)vode,
RN RN

for all u,v € #4 v (RY,C). Hereafter, (-,-) denotes the duality pairing between

(#av (RN, C)) and 4 v (RN, C).

Hence, the critical points of Z are exactly the weak solutions of (1). Moreover,
A ([u]? 4) is weakly lower semi-continuous in .74 v (RY, C) by the weak lower semi-
continuity of u — [u]g 4 jointly with the monotonicity and continuity of .#. Thus,
7T is weakly lower semi—continuous in #4,y (RY,C), being [pn F(z, |u|)dz weakly
continuous in 54 v (RY, C).

Definition 4.1. We say that Z satisfies the (PS) condition in s v (RY,C), if
any (PS) sequence (uy), C 4y (RY,C), namely a sequence such that (Z(u,))y
is bounded and Z'(u,) — 0 as n — oo, admits a strongly convergent subsequence
in %A,V(RN, (C)

Lemma 4.2 (Palais—Smale condition). Let (M7)—(Mz) and (f1)—(f3) hold. Then
T satisfies the (PS) condition in 54 v (RY,C).

Proof. Let (uy), be a (PS) sequence in 4 v (RY,C). Thus there exists C > 0
such that |Z(u,)| < C and |(Z'(up), un)| < Cllunlls,a for all n. As in Lemma 4.5
of [7], see also [12], we divide the proof into two parts.

e Case infen[un]s,.a = d > 0. By (M), there exists k = k(d) > 0 with M(t) >
k> 0 for all t > d. Thus, (M3) and (f2) yield

1
€+ Ol = ) = (T (1) )
1 1 1 1
= gt () = LM a4 (5= 3 ) Bunllay

! 2
_ ;/RN(MF(% [un|) = f, [un|)|tn|?)dz
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> %///([Un]g,A) - %M([UH]E,A)[UHE,A + (; - ;) lim |72,
> (2119 — i) M([un]iA)[un]gA + (; - ;) HUnH%zv 4)

1 1 1 1
2K (219 - H) [un]? 4 + <2 - N) lunllzy-

This implies at once that (uy), is bounded in %4 v (RY,C), being u > 29. Going
if necessary to a subsequence, thanks to Lemmas 3.4 and 3.5, we have

Uy, — U in L%”A,V(RN,C), up — u a.e. in RY,
|n| — |u| in LP(RY), (5)
|un| < h ae. in RY, for some h € LP(RY).

To prove that (uy), converges strongly to u in 4 v (RY,C) as n — oo, we first
introduce a simple notation. Let ¢ € 54 v (RY,C) be fixed and denote by L(y)
the linear functional on 4 v (RY,C) defined by

) eile—y) A(ZE) 4 ez
(L(g),0) =R //]R QNM ) F—LEE 2D (o) — @D ACE ) () dzdy (6)

for all v € 4y (RN,C). Clearly, by the Holder inequality, L(¢) is continuous,
being

[(L(@), 0)| < lllls,allvlls,a-
Hence the weak convergence in (5) gives
HILH;JL(U)’ Up, —u) = 0.
Furthermore, by the boundedness of M ([u,]2 4) we have
i M (2 o) (L ()., — ) = 0. ™)
By (f1) and (f3), for any € > 0 there exists C. > 0 such that
|f (2, t)t| < elt| + CJt[P~" for all z € RY and t € RT. (8)

Using the Holder inequality, we obtain
[ = ) =)
< [ e+ u) + Clhn ™+ Jup )], — e )
RN
< e(llunllzz + lullz2) lun = ullrz + CelllunllTa" + 77 lun — ullzo

< Ce+ CC:||lun — u|| Lo
The Brézis-Lieb lemma and the fact that |u,| — |u| in LP(RY) give

lim |y, — u|Pdz = lim (|un|? = |ulP)dz = 0.
n—oo RN n—oo RN

Inserting this in (9), we get

lm [ (f (2, [un|)un = f (2, Jul)u)(un —u)de =0, (10)

n—oo RN
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since ¢ is arbitrary. Of course, (Z'(u,) —Z'(u), u, —u) — 0 as n — oo, since u, — u
in 74 v(RY,C) and Z’(u,,) — 0 in the dual space of 54 v (RY,C). Thus,
o(1) = (Z'(un) = I'(u), un — u)
= M([un]2 o) (L(un) = L(u), un = u) + |[un = ullf2
+ (M ([un]3 ) = M([ulf 4)) (L(w), un — w)

R [ Gl = o) =
this, together with (7) and (10), implies that
lim (M([un]i,AxL(un) - L(u%un - u> + Hun - UH%Q,V) =0,

n—oo

which yields u, — u in 4 v (RY,C), since M ([u,]? 4) > £ >0 for all n > 1.

e Case inf,en[un]s,a = 0. If 0 is an isolated point for ([un]s, a)n, then there is a
subsequence ([un,]s,a)x such that infren[un,]s,a = d > 0 and one can proceed as
before. If, instead, 0 is an accumulation point for ([un]s a)n, there is a subsequence,
still labeled as (up,)n, such that

[Un]sa =0, u, — 0in L% (RY) and a.e. in RY, (11)

We claim that (u,), converges strongly to 0 in %4 v (RY,C). To this aim, we need
only to show that ||un||2,v — 0 thanks to (11). Now, (4) and (11) yield that as

n — oo

1

1
C+ Cllunllay +o(1) > <2 _ M) o(1).

Hence, (u,,)n is bounded in L?(RY, V) and so in 5%, v (RY,C). Thus, by (11) and
Lemma 3.4

u, — 0 in 5 v(RY,C) and u, — 0 in LP(RY), (12)

being p € (2,2%). Clearly, by (8) and (12), for every € > 0

/ F (& Jun a2 dz
]RN

as n — 0o. Thus,

< ellunll3 + Cellunlb = £C + o(1)

lim [z, |up)uZdz =0, (13)

n—oo R

being € > 0 arbitrary. Obviously, (Z'(uy,), un) — 0 as n — oo, by (12) and the fact
that Z’(u,) — 0 in (H4,v (RY, (C))/. Hence, by the continuity of M and (11)—(13),
we have

0(1) = (' (un), un) = M([un]? A)[unl? 4 + uall3 v — /RN f (@, Jun])usdo

= [[unll3,v + o(1)

as n — oco. This shows the claim.
Therefore, Z satisfies the (PS) condition in 4 v (RY, C) also in this second case
and this completes the proof. O

Before going to the proof of Theorem 1.1, we give some useful preliminary results.
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Lemma 4.3 (Mountain Pass Geometry I). Assume that (M;)—(Mz), (f1) and
(f3) hold. Then there exist constant o, > 0 such that Z(u) > « for all u €
Iy (RN, C), with ||ul|s.a = o

Proof. Tt follows from (f3) that for any ¢ € (0,1) there exists § = §(¢) > 0 such
that |f(x,t)| < e for all z € RY and ¢ € [0,6]. On the other hand, (f1) yields that
|f(z,t)] < C(1+ 6*7P)[¢t[~2 for all z € RY and ¢ > §. In conclusion,

|f(z,t)| <e+C(1+6>P)[tP~? for all z € RN and t € RY. (14)
Whence, for some C. > 0, we get
t
Fa0)] < [ |fryrldr < 56+ Cn (15)
0

for all z € RY and ¢t > 0. Moreover, (M) gives
AM(t) > (D)7 for all t € [0,1], (16)

while (M) implies that . (1) > 0. Thus, using (15), (16) and the Holder inequality,
we obtain for all u € 7, v(RY,C), with |luls.a < 1,

1
I(u) = S (ullf a) + llullzz,v — /RN Bz, ul)dz

1 €
S Sy~ 5 [ tPde - [ jude
RN RN

N =

> LD+ (3 - 52 )l - CCplul

> win { 0 B E k2l ) - Ol

> min {0 B (4l ) - Ccplul

> 21 min {8 B (2l ) - Pl
= (2w { LSS gl ) i,

where C,, is the embedding constant of 4y (RY,C) into LP(RY,C) given by
Lemma 3.4. Here we used that [|u,||r2. v < ||un|/s,a < 1and the inequality (a+b)? <
29=1(a” +b?) for all a,b > 0. Choosing ¢ = V;/2 and taking |lu||s 4 = 0 € (0,1) so
small that

2= min {//[(1) VO} — CVO/QCII,’gpfw >0,

2 4
we have
1) V,
T(u) > o= (21—19 min {‘///2() 40} - Cvo/z(f}igp‘”) 0* >0,
for all u € %A’V(RN, C), with |lulls.4 = o 0

Lemma 4.4 (Mountain Pass Geometry II). Assume that (M1)-(Mz) and (f1)—(f1)
hold. Then there exists e € C°(RYN,C), with |le||s.a > 2, such that Z(e) < 0. In
particular, ||e||s,a > p, where p > 0 is the number introduced in Lemma 4.3
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Proof. For any x € RN set k(t) = F(z,t)t~* for all t > 1. Condition (f2) implies
that & is nondecreasing on [1,00). Therefore, k(t) > k(1) for any ¢ > 1, that is,

F(x,t) > F(x, )t* > cplt|* for all z € RNand t > 1, (17)

where cp = inf,cpy F(z,1) > 0 by assumption (f;). From (f3) there exists § €
(0,1) such that |f(z,t)t| <t for all x € RN and t € [0,9]. Furthermore, |f(z,t)| <
2C for all x € RY and all ¢, with § < ¢t < 1, thanks to (f;). Hence, the above
inequalities imply that f(z,¢)t > —(1 + 2C)t for x € RY and ¢ € [0,1]. Thus,

1+42C
2

t
F(z,t) = / flz,7)rdr > — t? for all x € RY and ¢ € [0,1]. (18)
0

Combining (17) with (18), we obtain
F(x,t) > cplt| — Cplt|* for all z € RY and ¢t > 0, (19)
where Cr = cp + (14 2C)/2. Again (M) gives
M) < A forallt >1, (20)

with .#(1) > 0 by (M;). Fix u € C®(RY,C), with [u]s; 4 = 1. By (19) and (20) as
t — 00

1 1
Tt = g (0 ) + gl = [ Flatiuldo

= @t”[miﬁ + %IItUII%z,V = crt!|[ull L vy + %t2||u||%2,v
< @tw — cpCltH|ull” , + (A‘fol + ;) 2 [ullze v

< @t” — epCht'[ul” , + <J\‘;101 + ;) 2l 72 v

= @t” — cpChth + (A‘fbl + ;) tulzz y — —oo,

since 2 < 29 < p. The assertion follows at once, taking e = Thu, with Ty > 0 large
enough. O

5. Proof of Theorems 1.1 and 1.2. The following standard Mountain Pass The-
orem will be used to get our main result.

Theorem 5.1. Let J be a functional on a real Banach space E and of class
CL(E,R). Let us assume that there exists a, p > 0 such that

(7) J(u) > « for all u € E with |jul| = p,

(#) J(0) =0 and J(e) < a for some e € E with |le| > p.

Let us define I’ = {y € C([0,1]; E) : v(0) = 0,~v(1) = e}, and

— inf J(v(1)).
¢ = Inf max (v(t))

Then there exists a sequence (uy)n in E such that J(un) — ¢ and J'(un) — 0 in
E’, the dual space of E, as n — co.
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5.1. Proof of Theorem 1.1. Taking into account Lemmas 4.3 and 4.4, by The-
orem 5.1 there exists a sequence (uy), C #4v(RY,C) such that Z(u,) — ¢ > 0
and Z'(u,) — 0 as n — oo. Then, in view of Lemma 4.2, there exists a nontrivial
critical point ug € #4 v (RN, C) of Z with Z(ug) = ¢ > 0 = Z(0).

Set A = {u € #yv(RY,C)\ {0} : Z'(u) = 0}. Then ug € A # 0. Next we
show that Z is coercive and bounded from below on .#". Indeed, by Z’(u) = 0 and
(f2), we get

[ FPlubde < [ pafublufas = 5 (VMG 00+ elfey)- @1

By using (21), (Ms) and the fact that 2 < 29 < p, for all u € A4, we have

1 1 1
5///( ?,A) + 5”“”%2,\/ - ;(M([UE,A)[UE,A + ||U||2L2,v)

_ (2179 - i) M2 )l 4 + (; - i) ull3:.y > 0.

Hence, by (M;) and (M3) for u € A

w02 (g5 5) (W i, T0Z1) @

where k = k(1) > 0 by (M;). Hence in all cases, for all u € A

) 1 1
Z(u) > min{k, mo} (219 - N) ||U||2A -1

Z(u)

Y

by the elementary inequality t¥ > ¢ — 1 for all ¢t € ]Ra' . In particular, Z is coercive
and bounded from below on ./".

Define cpin = inf{Z(u) : v € A}. Clearly, 0 < cmin < Z(ug) = ¢. Let (up)n
be a minimizing for ¢myin, namely Z(u,) — ¢min and (Z'(uy, ), u,) = 0. Then, since
A is a complete metric space, by Ekeland’s variational principle we can find a
new minimizing sequence, still denoted by (uy),, which is a (PS) sequence for
Z at the level c¢pin. Moreover, Lemma 4.2 implies that (u,), has a convergence
subsequence, which we still denote by (uy),, such that u, — u in 54 v (RY,C).
Thus ¢pin = Z(u) and (Z'(u),u) = 0.

We claim that ¢y, > 0. Otherwise, there is (un), C #4 v (RY,C) \ {0} with
Z'(u,) = 0 and Z(uy,) — 0. This via (22) implies that ||uy|s,a — 0. On the other
hand, by (14), we have for any ¢ € (0, Vp)

3
M ([un]? ) un]? atlunllzz,y = /RNf(x, [un)|un|*dz < Vollunllia,erCeCﬁIIun||'§,A

Thus, M ([un]2 4)[un]? 4 + (1 - e/Vo)HunHizy < C.C2|[up|l? ,. Now take Ny so
large that ||un||s,a <1 for all n > Nj. Hence, (M3) implies that for all n > N;
mofun]i’s + (1= &/Vo) llunl7% v < CeChllunll? 4,
that is
min {mo, (1 —&/Vo) } < C.CF|lun|? 4 Y

This is a contradiction since 29 < p and proves the claim.
In conclusion, wu is a nontrivial critical point of Z, with Z(u) = ¢pin > 0. There-
fore, u is a ground state solution of (1). O
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5.2. Proof of Theorem 1.2. By assumptions (f5), (V1) and the Holder inequality,
for all u € H? ,(RN,C) we have

1 1
Tw) = 5ot () + gl = [ a(@lul'da

>

1
A ([u)? 4) + §|Iulli2,v —llall, ,2, lull7

1 1 Vo
> St ([l a) + lluliey +

4
> Lo+ Yz, - o
=9 s,A 4 L2V 05

laf| 20al] 2\
Co= —L%(2¢g—1) [ —£=% .

lullZ> —llall, 2 [lulZ

2q aVo
As shown in (22), this, (M;) and (M3) imply at once that for all u € HSS,A(RN, C)

min{x, mo}

I(U) 2 4 ||u||§,A -1- CO,
k = k(1). Hence T is coercive and bounded below on HSS,A(RN, C). Set
1 1
Iw) = G () + gl H@ = [ Fou)ds
RN

for all w € H ZV(RN ). Then J is weakly lower semi-continuous in H¥ y(RV),

since . is continuous and monotone non—decreasing in ]Rar . Moreover, by using a
similar discussion as [40, Lemma 2.3], one can show that H is weakly continuous
on H% (RN) under condition (fs). Thus, Z(u) = J(u) — H(u) is weakly lower
semi-continuous in H¥ y,(RY). Then there exists ug € Hj y,(RY) such that

T(up) = inf{Z(u) : v € HZV(RN)}.

Next we show ug # 0. Let g € Q and let R > 0 such that Bgr(zp) C Q. Fix
Y e OSO(BR(Q:O)) with 0 < e <1, ||§0||37A < O(R) and ||@||LQ(BR(10)) 7é 0. Thena by
(fe) for all ¢t € (0,9)

0<¢<(6C Br(zo)

t2
< 0} ( sup M(§) + 1> I
0<E<(6C(R))?

Since 1 < q < 2, we get Z(t¢) < 0 by taking ¢ > 0 small enough. Hence, in
particular, Z(ug) < Z(ty) < 0, and so ug is a nontrivial critical point. In other
words, ug is a nontrivial solution of (1). O

2 2
I(ty) < — sup M) ) [elZa+ s leliay — t"/ aolep|?dx

g,A - tqaoHQOHLq(BR(wO))'

6. Proof of Theorem 1.3. We first recall the following symmetric mountain pass
theorem in [25].

Theorem 6.1. Let X be an infinite dimensional real Banach space. Suppose that
J is in CH(X,R) and satisfies the following condition:

(a) J is even, bounded from below, J(0) =0 and J satisfies the (PS) condition;
(b) For each k € N there exists Ey, C 'y, such that sup,cp, J(u) <0, where

Ty ={FE: E is closed symmetric subset of X and 0 ¢ E, v(E) > k}
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and v(E) is a genus of a closed symmetric set E. Then J admits a sequence of
critical points (ug)p such that J(ug) <0, ux # 0 and |jug| — 0 as k — oo.

Let h € CY(R{,R) be a radial decreasing function such that 0 < h(t) < 1 for
allt € RJ, h(t) =1 for 0 <t <1andh(t) =0 for t > 2. Let ¢(u) = h(|[ul? ,).
Following the idea of [20], we consider the truncation functional

1 1
Z(u) = St ([u]} 4) + 5 llullZz v — ¢(U)/ F(z, |ul)d.
2 2 v
Clearly, T € C'(H? ,(RY,C),R) and

(Z'(u), v) = M([u] A)(L(u),v) + R . V(@)uvde

—2() [ | Plofude - (Ll).o) = o0 [ ul)uide

for all u,v € Hj ,(RN,C). Here L(u) is the linear functional on Hj 1, (RY,C),
introduced in (6).

6.1. Proof of Theorem 1.3. For all u € Hj)V(RN,(C), with [Jul|s,a > 2, we get

1 1 1 .
T(u) = S ([ulf ) + llulzz,y > 5 mindr, mo}|ull3 4,

by (M) and (M3), where k = £(1), as in the proof of Theorem 1.2. Hence Z(u) — oo
as ||ulls,a — oo and Z is coercive and bounded from below on HZ,V(RN, C).

Let (un)n be a (PS) sequence, i.e. Z(uy,) is bounded and Z'(u,) — 0 as n — oo.
Then the coercivity of Z implies that (uy), is bounded in Hj 1, (RY,C). Without

loss of generality, we assume that u, — u in ijv(RN, C) and u, — u a.e. in RY.
We now claim that

lim [ (f (2, [un])un = f (2, lul)u)(un = u)dz = 0. (23)

n—oo RN

Clearly, |f(z,t)t| < C(|t| + [t[P~!) for all x € RN and t € R{ by (f1). Using the
Holder inequality, we obtain

[ NGl = £ )@=l
< [ Cllual+ ful + un P e (29
RN

< O(lunllzz + llull 2)llun — ull 2 + C(llunllza® + uly ga)llun — wll oy

< Clun = ullL2 + [lun — vl L»)-
Lemma 3.5 guarantees that |u,| — |u| in LP(RY) and |u,,| — |u| in L2(RY). Hence,
up, — uin LP(RY,C) and in L?(RY,C) by the Brézis-Lieb lemma. Inserting these
facts in (24), we get the desired claim (23).

Now, (Z'(un) =T' (u), un —u) — 0, since Z'(u,) — 0 and u,, = u in Hj (RN, C).
By (23), we have as n — oo
o(1) = (Z'(un) = I'(u), un — u)
= M([un]3 A)(L(un), un — ) = M([u]3 2)(L(w), un — u)

4R [ V@)~ )~ 0o~ 26 (wn) [ Pl e+ (L)~ )
RN RN
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- 2¢’(u)/ F(z,|u|)dx - (L(u), un, —u) — gb(un)@?/ £z, |un|)un (un, — u)dz
RN RN
ot [ (o luulin = e
RN

From (f7) and the facts that u,, — u in HZV(RN, C) and ¢’ <0 it follows that

O§M([un]iA)<L(un) — L(u),up, —uw)+R [ V(z)(up —u)(uy —u)dz < o(1). (25)
RN
We divide the proof into two parts.
Case inf,en(un]s,.4 = d > 0. By (M), there exists £ = k(d) > 0 with M (t) > k> 0
for all ¢ > d. This, together with (25), implies that

/'mm)u@)a@w“ﬁww@>uwwﬁ@+/vwmwwﬁm%0

ERFE

as n — oo. Hence u, — u in Hj ,(RY,C).

Case inf,en[up]s,a = 0. If 0 is an isolated point for ([un]s 4)n, then there is a
subsequence ([un,]s,a)r such that infren[un,]s,a = d > 0 and one can proceed as
before.

If, instead, 0 is an accumulation point for ([un]s,4)n, there is a subsequence, still
labeled as (ty, )y, such that [u,]s 4 — 0 and u, — 0in L% (RY) as n — oo and again
(25) implies at once that u, — 0 in Hj ,(RY,C), since (L(uy) — L(u), uy, —u) = 0
and M ([un]? 4) = M(0) > 0 as n — oo.

In conclusion, T satisfies the (PS) condition in HXV(RN, C). For each k € N, we
take k disjoint open sets K; such that Ule K; C Q. Foreachi=1,...,klet u; bein
(ijV(RN, C)N C§° (K, C)\{0}, with ||u;|s,a = 1, and W, = span{us, ug, ..., uk}.
Therefore, for any u € Wy, with ||u|ls 4 = p < 1 small enough, we obtain by (f7),
being ¢ € (1,2),

1 2 1 2 q
7 < 5 (o M) [ + 3l — [ arlultas

A

IN

1 2
3 (14 guas 210}l - Clanlul?

— 1 2 q q
=3 (1 +01£ta§X1M(t)> p° — Clap? <0,

where Cj, > 0 is a constant such that ||u| g« ) < Ckllulls,a for all u € Wy, since
all norms on Wy, are equivalent. Therefore, we deduce

fu € Wi ulloa = p} C {u€ Wy : T(u) < 0},
Obviously, v({u € Wi : |lulls,a = p}) = k, see [10]. Hence by the monotonicity of
the genus 7, cf. [27], we obtain
v(u € Wi : Z(u) < 0) > k.
Choosing Ey, = {u € W}, : Z(u) < 0}, we have Ey, C I'y, and sup,,cr, Z(u) < 0. Thus,

all the assumptions of Theorem 6.1 are satisfied, Hence, there exists a sequence (ug )k
such that

T(ug) <0, Z'(up) =0, and |ug|sa — 0ask— occ.

Therefore, we can take k so large that |luglls,.4 < 1, and so these infinitely many
functions wy, are solutions of (1). O
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