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1 Introduction and main result

Forl < p <o00,s € (0,1),and N > sp, the fractional p-Laplacian (—A)j7 is the nonlinear
nonlocal operator defined on smooth functions by

s (@) = u@)IP @) — u(y)) N
(—A)p ux) =2 ll\%/&(x)c X — N dy, x eRY.

This definition is consistent, up to a normalization constant depending on N and s, with
the usual definition of the linear fractional Laplacian operator (—A)® when p = 2. There
is, currently, a rapidly growing literature on problems involving these nonlocal operators. In
particular, fractional p-eigenvalue problems have been studied in Brasco et al. [7], Brasco
and Parini [6], Franzina and Palatucci [21], [annizzotto and Squassina [30], and Lindgren
and Lindqvist [35]. Regularity of solutions was obtained in Brasco and Lindgren [5], Di
Castro et al. [16,17], Iannizzotto et al. [29], Kuusi et al. [32], and Lindgren [34]. Existence
via Morse theory was investigated in lannizzotto et al. [28]. This operator appears in some
recent works, see [2,31] as well as [9] for the motivations, that led to its introduction.

Let © be a bounded domain in RY with Lipschitz boundary. We consider the problem

(1.1)

(=AY u=2ulPu+ul”2u  inQ
u=0 in RM\Q,

where A > 0 and pf = Np/(N — sp) is the fractional critical Sobolev exponent. Let us
recall the weak formulation of problem (1.1). Let

_ lu(x) — u(y)|” e
[M]s,p = (/RZN W dxdy)

be the Gagliardo seminorm of a measurable function 1 : RN — R, and let
wer@®Y) = fu e LP®Y) : [ul,,, < o}
be the fractional Sobolev space endowed with the norm
lulls,p = (lully + 11?2 )7
where ||, is the norm in LP(RN). We work in the closed linear subspace
WP (Q) = [u e WP@®V):u=0ae.in ]RN\Q} ,
equivalently renormed by setting ||-|| = [-]s, p, which is a uniformly convex Banach space. The

imbedding Wg’p(Q) — L"(R) is continuous for r € [1, p¥] and compact for r € [1, p¥).
A function u € Wos‘p (R2) is a weak solution of problem (1.1) if

/‘ [u(x) — u()1P72 (wx) — u(y) @) —v(y)) dx
R2N

dy = A ulP2uvdx
x — y [V Y Aﬂ'

+/ s 2 uvdx, Yve Wyl (Q).
Q

See [28] and the references therein for further details for this framework. In the semilinear
case p = 2 problem (1.1) reduces to the critical fractional Laplacian problem
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[(—A)Su =+ u*2u  inQ 12

u=0 in RV\Q,

where A > 0 and 2§ = 2N /(N — 2s). This nonlocal problem generalizes the well-known
Brezis—Nirenberg problem, which has been extensively studied beginning with the seminal
paper [8] (see, e.g., [1,10-13,18,22,24-27,45-47,49] and references therein). Consequently,
many results known in the local case s = 1 have been extended to problem (1.2). In particular,
Servadei [41,42] and Servadei and Valdinoci [43,44] have shown that problem (1.2) has a
nontrivial weak solution in the following cases:

(1) 25 < N < 4s and A is sufficiently large;
(i) N =4s and X is not an eigenvalue of (—A)* in Q;
(iii)) N > 4s.

This extends to the fractional setting some well-known results of Brezis and Nirenberg [8],
Capozzi et al. [10], Zhang [49], and Gazzola and Ruf [24] for critical Laplacian problems.
In the present paper we consider the quasilinear case p # 2 of problem (1.1). This presents
us with two serious new difficulties. Let

WP RNy = {u e L7 (RN) [uls,p < OO}

endowed with the norm || - || = [-], and let

fJull”

S= =
ueWsr®N\(0) U]

(1.3)

which is positive by the fractional Sobolev inequality. Our first major difficulty is the lack of
an explicit formula for a minimizer for S. It has been conjectured that all minimizers are of
the form ¢ U (|x — xg|/€), where

1

N
(1+|x|p/)(N_5p)/p, xeR ’

Ux) =

p' = p/(p — 1) is the Holder conjugate of p, ¢ # 0, xo € RY, and & > 0. This has been
proved in Lieb [33] for p = 2, but for p # 2 it is not even known if these functions are
minimizers. We will get around this difficulty by working with certain asymptotic estimates
for minimizers recently obtained in Brasco et al. [4].

Our second main difficulty, which is common to nonlinear eigenvalue problems, is that the
linking arguments based on eigenspaces of (—A)* used in the case p = 2 do not work when
p # 2 since the nonlinear operator (—A)‘;7 does not have linear eigenspaces. We will use a
more general construction based on sublevel sets as in Perera and Szulkin [39] (see also Perera
et al. [37, Proposition 3.23]). A similar construction based on the notion of cohomological
linking was used in Degiovanni and Lancelotti [15]. Moreover, the standard sequence of
variational eigenvalues of (—A)j, based on the genus does not give enough information
about the structure of the sublevel sets to carry out this linking construction. Therefore we
will use a different sequence of eigenvalues introduced in Iannizzotto et al. [28] that is based
on the Z,-cohomological index of Fadell and Rabinowitz [20].

Let us recall the definition of the cohomological index. Let W be a Banach space and let
A denote the class of symmetric subsets of W\{0}. For A € A, let A = A/Z, be the quotient
space of A with each u and —u identified, let f : A — RP™ be the classifying map of A,
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and let f* : H*(RP*®) — H*(A) be the induced homomorphism of the Alexander-Spanier
cohomology rings. The cohomological index of A is defined by

i(A):[SuP{mzlzf*(wm_l);ﬁO}, %fA;é(?)
0’ lfAZQ,

where w € H'(RP*) is the generator of the polynomial ring H*(RP*®) = Z[w].

Example 1.1 The classifying map of the unit sphere $”~! in R”, m > 1 is the inclusion
RP"~! ¢ RP*, which induces isomorphisms on the cohomology groups H? forq < m — 1,
s0i (8™ =m.

The following proposition summarizes the basic properties of this index.

Proposition 1.2 (Fadell-Rabinowitz [20]) The indexi : A — NU {0, oo} has the following
properties:

(i1) Definiteness: i(A) = 0 if and only if A = ;

(i2) Monotonicity: Ifthere is an odd continuous map from A to B (in particular, if A C B),
then i (A) < i(B). Thus, equality holds when the map is an odd homeomorphism;

(i3) Dimension: i(A) < dim W;

(i4) Continuity: If A is closed, then there is a closed neighborhood N € A of A such
that i(N) = i(A). When A is compact, N may be chosen to be a §-neighborhood
Ns(A) ={u € W : dist (u, A) <6},

(is) Subadditivity: If A and B are closed, then i(AU B) < i(A) +i(B);

(i¢) Stability: If SA is the suspension of A # (), obtained as the quotient space of
A x [—1,1] with A x {1} and A x {—1} collapsed to different points, then i(SA) =
i(A)+1;

(i7) Piercing property: If A, Ag and Ay are closed, and ¢ : A x [0, 1] - AgU A isa
continuous map such that o(—u, t) = —@(u, t) forall (u,t) € Ax[0, 1], p(A %[0, 1]) is
closed, p(A x {0}) C Agand (A x {1}) C Ay, theni(p(Ax[0,1])NAgNAL) > i(A),
(ig) Neighborhood of zero: If U is a bounded closed symmetric neighborhood of 0, then
i(QU) =dim W.

The Dirichlet spectrum of (—A)f;7 in Q2 consists of those A € R for which the problem

(1.4)

(=AY u=rulPu  inQ
u=0 in RM\Q

has a nontrivial weak solution. Although a complete description of the spectrum is not known
when p # 2, we can define an increasing and unbounded sequence of variational eigenvalues
via a suitable minimax scheme. The standard scheme based on the genus does not give the
index information necessary for our purposes here, so we will use the following scheme
based on the cohomological index as in Iannizzotto et al. [28] (see also Perera [36]). Let

W) = ueM={uewyP@: ul =1}.

—,
|ue]p

Then eigenvalues of problem (1.4) coincide with critical values of W. We use the standard
notation

V¢={ueM:Vu)<a}), YVo={ueM:¥u)>a}, ack
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for the sublevel sets and superlevel sets, respectively. Let F denote the class of symmetric
subsets of M, and set

A = inf sup W(u), keN.
MeF,i(M)>k ,epm

Then 0 < A1 < A2 < X3 <-.- — +00 is a sequence of eigenvalues of problem (1.4), and
Mo< g1 = (M) = i(M\Wy,,,) =k (1.5)

(see lannizzotto et al. [28, Proposition 2.4]). The asymptotic behavior of these eigenvalues
was recently studied in Iannizzotto and Squassina [30]. Making essential use of the index
information in (1.5), we will prove the following theorem.

Theorem 1.3 (Nonlocal Brezis—Nirenberg problem) Let 1 < p < 0o, s € (0, 1), N > sp,
and ) > 0. Then problem (1.1) has a nontrivial weak solution in the following cases:

i) N = sp2 and A < Ay,

(ii) N > sp? and X is not one of the eigenvalues ry;
(iii) N2/(N +s) > sp*;
(iv) (N3 —|—s3p3)/N (N +5) > sp2 and 9Q € Ch1,

This theorem extends to the fractional setting some well-known results of Garcia Azorero
and Peral Alonso [23], Egnell [19], Guedda and Véron [27], Arioli and Gazzola [3], and
Degiovanni and Lancelotti [15] for critical p-Laplacian problems.

Weak solutions of problem (1.1) coincide with critical points of the C'-functional

1 s - }
L) =~ lull® == Julh — —Jul?s, uewy?(Q). (1.6)
p po " pr 0

s

Proof of Theorem 1.3 will be based on the following abstract critical point theorem proved
in Yang and Perera (cf. [48, Theorem 2.2]).

Theorem 1.4 Let W be a Banach space, let S = {u € W : ||u|| = 1} be the unit sphere in
W, and let 1 : W\{0} — S, u — u/|\ul||l be the radial projection onto S. Let I be a
C!-functional on W and let Ag and Bg be disjoint nonempty closed symmetric subsets of S
such that

i(Ap) =i(S\Bp) < o0.
Assume that there exist R > r > 0 and v € S\ Ao such that
sup I (A) <inf I(B), supl(X) < oo,

where

A={tu:ueAy, 0<t<R}U{Rna((1—t)u+tv):uec Ay 0=<1t=<1},

B ={ru:u e By},

X={tu:ueA, |u| =R, 0<t<1}.
LetT" = {y e C(X,W):y(X)isclosedand y|, = idA}, and set

c:=inf sup [I(u).
Vel uey (x)

Then
inf I(B) <c <supl(X), (1.7)

@ Springer



105 Page 6 of 25 S. Mosconi et al.

in particular, c is finite. If, in addition, I satisfies the (PS). condition, then c is a critical
value of 1.

Theorem 1.4 generalizes the linking theorem of Rabinowitz [40]. The linking construction
in its proof was also used in Perera and Szulkin [39] to obtain nontrivial solutions of p-
Laplacian problems with nonlinearities that interact with the spectrum. A similar construction
based on the notion of cohomological linking was given in Degiovanni and Lancelotti [14].
See also Perera et al. [37, Proposition 3.23].

The following compactness result, proved in Perera et al. [38, Proposition 3.1], will be
crucial for applying Theorem 1.4 to our functional [j.

Proposition 1.5 Let 1 < p < 00,5 € (0, 1), N > sp, and let S be as in (1.3). Then for any
A € R, I, satisfies the (PS). condition for all ¢ < % SN/sp,

Notations We use the following notations throughout the paper. For a € R and g > 0, we
write a4 = |a|9™V a. For 1 < ¢ < oo, |-|4 denotes the norm in L7(£2) and

00, if g=1
q = q/(q—1), if 1l<g<oo
L, if g =00

is the Holder conjugate of g.

2 Preliminaries
2.1 Minimizers for the Sobolev inequality

We have the following proposition from Brasco et al. [4] regarding the minimization problem
(1.3).

Proposition 2.1 Let1 < p < oo, s € (0,1), N > sp, and let S be as in (1.3). Then

(i) There exists a minimizer for S;
(ii) For every minimizer U, there exist xo € RN and a constant sign monotone function
u : R — Rsuch that U(x) = u(|]x — xol);
(iii) For every minimizer U, there exists Ay > 0 such that

_ -1 _
[ U 0w —ve) [0 s o,
R2N |x — y|N+sp RN

In the following, we shall fix a radially symmetric nonnegative decreasing minimizer
U = U(r) for S. Multiplying U by a positive constant if necessary, we may assume that

(A U=Urh, 2.1
Testing this equation with U and using (1.3) shows that
NP = U = sV, 2.2)
For any ¢ > 0, the function
1 |x|
Ue(x) = ROEDIT U(7) (2.3)
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is also a minimizer for § satisfying (2.1) and (2.2), so after a rescaling we may assume that
U (0) = 1. Henceforth, U will denote such a normalized (with respect to constant multiples
and rescaling) minimizer and U, will denote the associated family of minimizers given by
(2.3). In the absence of an explicit formula for U, we will use the following asymptotic
estimates.

Lemma 2.2 There exist constants cy, ¢y > 0 and 0 > 1 such that for all r > 1,

C1l 2
W =V = me (2.4)
and u® 1
on 1 (2.5)
U(r) 2
Proof The inequalities in (2.4) were proved in Brasco et al. [4]. They imply
U@r) _ 1
U(r) — ¢ 6W=sp)/(p=1"
and (2.5) follows for sufficiently large 6. O

2.2 Regularity estimates

Weak solutions of the equation (—A)}, u = f(x) enjoy the natural L7-estimates given in the
following lemma.

Lemma23 Let f € L1(RQ), 1 < g < ocoandletu € WS’P(Q) be a weak solution of
(—A)j7 u= finQ. Then

1/(p—1
lul, < C £l """, 2.6)
where
N((p—-1Dgq . N
—, ifl<q<—
;= N — spq N Sp
00, if —<q<o0
Sp

and C = C(N, R, p,s,q) > 0. In particular, if f € L*(R2), then
1/(p—1
luloo < C1FILPT.

Proof For k > 0,t € R, and @ > 0, set ty = max {—k, min {z, k}} and consider the
nondecreasing function g(¢) = #;’. Using Brasco and Parini [6, Lemma A.2] and testing the
equation (—A), u = f with g(u) € W'’ (Q) gives

1Gw)|? < / @) —u()P~" (gux)—g ()
- ]R2N

|x —y|NHsp

dxdy= /Q £ gu(x)) dx,
where

t 1/p
G() =/ g@"rde = e r t,iaﬂ’_l)/p.
0 a+p—1
Using the Sobolev inequality on the left and the Holder inequality on the right we get

PV < CUflg fug] - @7

p
Ps
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If1 <gq < N/sp, take

_(p-Dpf Np-D@-1
o = = >

0,
rq’ — pi N —spq
so that
—1
etpr-1 pi=aq =r
p

Thenr = N (p —1)q/(N — spq) and (2.7) gives
a7 < C1fl el
SO
gl < C1F1 7.

Letting k — 400 gives (2.6) for this case. If N/sp < g < oo, then (2.6) follows from
Brasco and Parini [6, Theorem 3.1]. ]

We also have the following Caccioppoli-type inequality.

Lemma24 Let f € L9(Q), 1 < g < oo and letu € WS’F(SZ) be a weak solution of
(=AW u=finQ Ifulpl? € WyP(Q), then

/ |u(x) —u()I” [e(x)|”
R2N

e dxdy <2 [ f@u( ool ds

+C/ )P lp(x) —o()|?
]RZN

|x — y[NFsp

dxdy, (2.8)

where C = C(p) > 0.

Proof Testing the equation (—A)j, u = f with u [¢|” gives

/Q FEOu) lp(o? dx
B / () = u()P @@ lp)I” = u@) leMI?)
- R2N Xdy

|x _ y|N+sp

:/ |u(x) —u(y)|” lp(x)|?
R2N

|x — y|Ntsp

dxdy

— -1 -
+ / o (@) = u) @I = leI) (2.9)
R

|x — y|N+sp
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By the elementary inequality ||a|” — |b|?| < p la—b| (la|?~'+|b|P~!) valid foralla, b € R
and the Young’s inequality,

_/ ) —u)?~ " u) le)” = lp(IP)
R2N

e = YV ey

dy

- u@) —uWIP W () — oW1 Ae@)IP~" + [P~
P dx
RN =y

1 lu(x) —u)I? (p)IP + lo(IP)
<= dxdy

4 Jpon |x — y|NFsp

P _ P
n C/ lu(WI? lpx) — o (y)] dxdy
R2V |x — y|N+sp

1 _ p P p _ P
_ 7/ lu(x) —u()I?” lpx)] dxdy + C/ luNI? lpx) — ()] dxdy.

2 Jrov |x — y|N+sp R2N |x — y|NFsp

Combining this with (2.9) gives (2.8). ]

As a consequence of Lemmas 2.3 and 2.4, we have the following lemma.
Lemma 2.5 Ler f € L9(2), N/sp < g <ocoandletu € Wé’p(Q) be a weak solution of
(—A)j7 u = f(x)in Q. Then
—1 ’ ;,
lugl” < 15" (100, + llel”) Yo e LM @n W@, (@10
where C = C(N, 2, p,s,q) > 0.

Proof Setting t; = max {—k, min {¢, k}} fork > Oandt € R, noting thatu | |? € Wg’p(Q),

and applying Lemma 2.4 gives

/ |lu(x) — u(y)I” lop ()P
R2N

|X _ y|N+sp

dxdy = 2/ ) ux) ler ()| dx
Q

+C/ [P ok (x) — e (WP
R2N |x — y|N+sp

dxdy. (2.11)
Since N/sp < q < oo,
uloe < CIF1E Y (2.12)
by Lemma 2.3. By (2.11), (2.12), and the Holder inequality,
/ u(x) —uI” loe ()17
R2N

[x — y|N+sp

—1
dxdy = C 171577V (Igxlhy + lgll”)

-1
=i (lelh, +ligl”),

and letting k — 400 gives

[u(x) —u(I? lp(x)|? p/(p—1) P »
L, M vy < 1 (ol 4 le). @)
Since
lu(x) p(x) —u(y) p(n)|” / lu(x) — u()I” |px)|?
/Rzzv |x — y|N+sp dxdy = C R2N |x — y|N+sp dxdy

. / luMI? o) — o()|?
RZN

oy )
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(2.10) readily follows from (2.13) and (2.12). O

Now let 0 be as in Lemma 2.2, let n € C®(RY, [0, 1]) be such that

oo =2
X) =
7 1 if x| > 30,

and let ns(x) = n(%) for § > 0.

Lemma 2.6 Assume that 0 € Q2. Then there exists a constant C = C(N, 2, p,s) > 0 such
that for any v € Wy'" () such that (—A)}, v € L™(Q) and § > 0 such that Bsp5(0) C

‘p/(p—l) sN=sp

lonsl” < ol + € |(=ay, v
o0
Proof We have

ot = [ VO gy gy y [ OB O
Ay Ay

|x _ y|N+sp Ix — yIN“”
v(x x) —v(y)|P
+ 2/ |v( ?xna(y)wﬂp(y)' dxdy =11 + I + 213, (2.14)
A3 -

where
At = B3gs(0) x B3gs(0)°, Az = Bags(0) x Bags(0), Az = B3ps(0) x Bags(0)°.

Clearly, I < ||v||?. To estimate I, let ¢ € C;°(Bsg(0), [0, 1]) with ¢ = 1 in B4 (0) and let
@s(x) = ¢(x/3). Then

b =/ [v(x) s (x) — v(y) ps(¥)|?
An

[x — y|N+sp

p/(p—1)
s II”

dxdy < logs|l” < C|(=a)} vl

o0

by Lemma 2.5 applied to @5 with ¢ = oo, and |lgs||? = 8V *P |l@||”. Since |x — y| >
[yl =368 > |y|/4 on A3,
dxdy

1350|v|1’/ B < clan
o0 A |y|N+3p P

by Lemma 2.3. O

p/(p=1)

ee}

SNfsp

2.3 Auxiliary estimates

We now construct some auxiliary functions and estimate their norms. In what follows 0 is the
universal constant in Lemma 2.2 that depends only on N, p, and s. We may assume without
loss of generality that 0 € Q. For ¢, 6 > 0, let

Ue (8)

Me§ = T 77 o?
Ue(8) — Ue(09)
let
0, if 0 <t <Ug@#9)
8es(t) = mfya (t — Ue(09)), if Ug(86) <t <Uc(d)

LU (mly = 1), if 1> Us(9),
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and let
t 0, if 0<1< U098
Ges(1) =/ gs@VPdr = Ymes (1 —U.(09)), if Uo(65) <1 < U.(8) (2.15)
0 1, if 1> U.(5).

The functions gg s and G, s are nondecreasing and absolutely continuous. Consider the
radially symmetric nonincreasing function

e s(r) = Ges(Ue(r)),

which satisfies

Ug(r), if r<$§
- 2.16
s (r) [0, if r > 05. (2.16)

We have the following estimates for u, s.

Lemma 2.7 There exists a constant C = C(N, p, s) > 0 such that for any ¢ < §/2,

) g\ (N=sp)/(p—1)
Jues|” < s¥P + € (3) , 2.17)
1 8
— &*7 log (7), if N = sp?
uesl? = 1§ £ 2.18)
! — &%P, if N > spz,
C
N N/(p=1)
e |72 > SNPP — C (g) . (2.19)

Proof Using Brasco and Parini [6, Lemma A.2] and testing the equation (— A)Sp U, = gp ol

with g 5(Us) € Wy " () gives

_ —1 .
1Ges o) < / (We) = U e Ue) — e @e D)
R2N |x — y|Ntst

dy
- / Ue (07~ g 3(Us (1)) dix
RN
=10+ [ (s U — U U0
$ R
We have [U;|”; = S/ by (2.2),

p—1 1 b 65 s\~ V
8e,s(t) —1 < U () my =WU - 1-U - U -

g(N=sp)/p(p—1)

.
=2 m

vt >0
by (2.4) and (2.5),
/ Ue(x)Ps ' dx :s“’—”’)/l’/ Ux)PLdx,
RN RV

and the last integral is finite by (2.4) again, so (2.17) follows. Using (2.16),

/ ug s(x)? dx > / ug s(x)P dx =/ U:(x)P dx = 8”’/ U(x)? dx,
RN Bs(0) B5(0) Bs/e (0)
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and the last integral is greater than or equal to
§/e 8/e 3
/ Ur)y? r'N="ldar > c‘f/ pmWN=spO/(p=D=1 gy
1 1

by (2.4). A direct evaluation of the integral on the right gives (2.18) since §/¢ > 2. Using
(2.16) again,

[Lueseraxz [ usriax= [ vl s
RN Bs(0) B3(0)
= §N/sp —/ U(x)Ps dx
Bs/e (0)¢

by (2.2). By (2.4), the last integral is less than or equal to

. oo — 1) e\N/(p-D)
cgs/ P N1 g P =D ) ’
§/e

N )
so (2.18) follows. ]
We note that Lemma 2.7 gives the following estimate for
Jucs|” = luesl,
Ses(0) = —F
Jue.s P

there exists a constant C = C(N, p, s) > 0 such that for any ¢ < §/2,

sp

A )
S——e”’log(f)—l—c g , if N=sp?
e
Se.s(A) < o\ N=sp)/(p=1) (2.20)
S—ESSP+C(3) . if N> sp?.

3 Proof of the main result

In this section we prove Theorem 1.3. For 0 < A < A1, mountain pass theorem and (2.20)
will give us a positive critical level of I, below the threshold level for compactness given in
Proposition 1.5. For A > A, we will use the abstract linking theorem, Theorem 1.4.

3.1 Case1l: N > sp2 and 0 <A < Aq

We have

1 A 1 *
L) = — (1 - *) lall? = ———75 Ml
p Al prSPi/p

so the origin is a strict local minimizer of /. Fix § > 0 so small that Bys(0) CC €2, so that
supp ug s C €2 by (2.16). Noting that

R?P RPS *
L.(Rug5) = s (||Ms,a”p — A }Me,5|£) - Ue,s i%

— —o0 as R — +4o0,
P

fix Rp > 0 so large that I (Rou, s) < 0. Then let
I'={y eC(0,1], Wy" () : y(0) =0, y(1) = Roue,s}
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and set
c:= inf max I,(y(t)) > 0.
yel 1€[0,1] r®)
Since t — tRougsisapathin T,
p p\N/sp
o (el =2 s N
c=< rr;gﬁ} L,(tRoug,s) = — = — S sV 3.1
t€l0,

Jue.s 5

By (2.20),

A
S+ C—Ellogel) &P, if N=sp?
Sa,é()t) < A
s (22— CS(N—spz)/(P—l)) &P if N > spz,
C

s0 Sg 5(A) < Sif ¢ > 01is sufficiently small. So

¢ <~ §NIsp
N

by (3.1), and hence I, satisfies the (PS). condition by Proposition 1.5. Then c is a critical

level of I, by the mountain pass theorem.

3.2 Case2: N > s p2 and A > 1 is not one of the eigenvalues A

We have Ax < A < Ak for some k € N, and then i (W) = i (M\Wy,,,) = k by (1.5). In

what follows

) = ”Z—” Tp) = ——, ue WP (Q)\ {0}

lul
are the radial projections onto

M={ueWy?(Q :lul =1}, Mp={ueWy(Q):ul, =1},

respectively.

Proposition 3.1 If Ay < Agy1, then W** has a compact symmetric subset E with i (E) = k

such that
()0 _=c wek
where C = C(N, 2, p, s, k) > 0. In particular,
[Vloo < C Vv eE.

Proof Forw € L9(2) with g > max {1, (p—1) (p;k)’}, the equation (—A); u=|wl 2w

has a unique weak solution u = B(w) € Wé’p(Q). By Lemma 2.3,

where
N(p—1gq e 4 N
N(p—D-spqg  p—1 _sp
y(q) = P q
00, if — < — <o
sp p—1

(3.2)
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105 Page 14 of 25 S. Mosconi et al.

For w € M, let J(w) = mp(u) € M, where u = B(w). Testing (—A)‘; u=wP 2w
with #, w and using the Holder inequality gives

2 -1
lull? = [ (P~ wudx < [wlp™ |ul, = lul,,
p p
Q

b ((x) —u())?~" (wx) — w(y))
I =wlp= ,

|x — y|N+sp

dxdy < ul”~" |wll,

respectively, so

1
1 = el

(3.3)

<lwll, 1B, = lul, = llull” =

= T = l[w]|?/(P=D"

ul, =
Let

A=m,(WH) ={we M, : |wl? < i}
Then i(A) = i(¥*) = k by the monotonicity of the index and (1.5), and A is strongly
compact in L?(2). By (3.3), J(A) C A and

1
k

Forw € A,if p/(p — 1) > N/sp, then y(p) = oo and hence

_ IBw)lsw 1/(p—1) 1/(p—1)
(W)l = 55— Bw)l, = < C(p) X, lwl, = C(p)

by (3.2) and (3.4). Otherwise, take max {1, (p—1) (p;k)/} < go < p and define the sequence
(gi) recursively by setting ¢; = y(gi—1) if gi—1/(p — 1) < N/sp, in which case

2
spq;_ s
gi —qi-1 = = z £ > 0.
N(p—-1)—spgi-1 ~ N(p—1)—sp

Hence go may be chosen so that g,—1/(p — 1) < N/sp < qn/(p — 1) for some n > 1.
Iterating (3.2) and (3.4), and using the Holder inequality at the last step then gives
|BU" N w))|

= m < Clgn) 2/ "7V |0 '), (3.5)

|J" (w)|

<=0 Clao) i g, < ca VD,

Let A = J"t1(A) C A.Foreach¥ € A, there exists @ € J"(A) C Asuchthatd = J (@) =
u/ |ul,, where u = B(w). Then

Cayg TN 10D
- -1 = ~ —1
g lul} \B(@)!}
SO |
~ p—
](—A); 5‘ - e g =t (3.6)
o |B(W)[}

by (3.4) and (3.5). Since the 1mbedd1ng WyP(Q) < LP(RQ) is compact and J is an odd
continuous map from L” ($2) to W0 P, A is a compact set and i (A) = i(A) = k.
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Let E :NH(X) and note that E is compact with i (E) = i(;f) = k. For each v € E, there
exists v € A C A such that v = v/ ||v]|. Then

o)
V) = =5 =M
|v|p
so E C W Since 1 = [v], < C |7,
(=A%, 7]
—A) ‘ =‘ 0 - )\'n+2
o], = g = oA
by (3.6). o

For v € E, let vs = vns, where ns is the cut-off function in Lemma 2.6, and let
Es ={n(vs) :veE}.

Proposition 3.2 There exists a constant C = C(N, 2, p, s, k) > 0 such that for all suffi-
ciently small § > 0,

EflwquC Yw e Es, 1<q =<o0, (3.7)
sup W(w) < Ax + C8N 5P, (3.8)
weEs

EsNW,,. ., =0, i(Es) =k, and suppw C Boys(0)° for all w € Ejs. In particular, the
supports of w and 7w (ug 5) are disjoint and hence 7w(uz s) ¢ Es.

Proof Letv € E and let w = m(vs). We have

/lvlqu:/ |v5|"dx+/ |v|‘7dx§/ lvs|? dx + C |v|L, 8V,
Q 2\ B3p5(0) B35 (0) Q

/Ivalquz/ lv|? dx — CsN (3.9)
Q Q

SO

by Proposition 3.1. In particular, |vs|; > |v|; — €Y. On the other hand,
1= [o)? =/ v (=2, vdx < [(=a) o] / vl dx < C ol
o p P oo Jo

by Proposition 3.1 again, so |vs|; = 1/C — C8". Since

lsl? < 14 CsN=sP (3.10)

by Lemma 2.6 and Proposition 3.1, then

! N
_ lush E_CS _ i+0(5(Nﬂ'p)/p)
sl T 1+ CsWN=s/ T C 7

lwly
which together with the Holder inequality gives the first half of (3.7). By (3.9) with ¢ = p,

1
lvslh > vlh — 8™ > k——caN 3.11)
k
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105 Page 16 of 25 S. Mosconi et al.

since E C W*. So |vs|p, and hence also [lvsl|, is bounded away from zero. Since |v]y
is bounded by Proposition 3.1 and 0 < ns < 1, |vs|s is bounded, so this shows that
[W]oo = |Usloo / Vsl is bounded, which gives the second half of (3.7).

Combining (3.10) and (3.11) gives

llosll? 1+ C8N=sP
|U8|p — _CS§N
Ak
Fix 8 > 0 so small that Ay + C8N ™ < )4 41. Then E5 C M\VY;,,, by (3.8), and hence
i(Es) < i(M\W,,,,) = k by the monotonicity of the index and (1.5). On the other hand,
E — Es, v+ m(vs)is an odd continuous map and hence i (Es) > i(E) = k.Soi(Es) = k.
Finally, supp 7w (vs) = supp vs C supp ns C Bags(0)¢ for all v € E, and

W (w) = M\ + 0N,

supp 7 (g, 5) = supp ue,s C Bys(0),
by virtue of (2.16). O

We are now ready to apply Theorem 1.4 to obtain a nontrivial critical point of 7, in the
case where A > A1 is not one of the eigenvalues A;. Fix A" such that Ay < 1 < A < Agy1,and
let 5 > 0 be so small that the conclusions of Proposition 3.2 hold with A; + C SN=sP < )/,
in particular,

W(w) <A Yw e Es. (3.12)

Then take Ag = E5 and By = W, ,, and note that Ag and By are disjoint nonempty closed
symmetric subsets of M such that

i(Ag) = i(M\Bo) =k

by Proposition 3.2 and (1.5). Nowlet0 < ¢ < §/2,1etR > r > 0,letvy = 7w (ues) € M\Ejs,
and let A, B and X be as in Theorem 1.4.

Foru € \IJ)\HI,
1 A 1 "
D(ru) > — (1 - —) PP P
P\ A pr SPilp

Since A < Ag41, it follows that inf I, (B) > 0 if r is sufficiently small.
Next we show that I, < 0 on A if R is sufficiently large. For w € Es and t > 0,

I(tw)<ﬁ(l—L)<0
R Y(w)) =

by (3.12). Now let w € Esand 0 < ¢t < 1, and set u = 7w ((1 — t) w + tvp). Clearly,
II(1 — ) w+ tvg|| < 1, and since the supports of w and vg are disjoint by Proposition 3.2,

Py p¥ Py pE Py
(1 =y w -+ tvglpt = (1= )% w7 + 17 Juol .

In view of (3.7) and since

Py
’ |p;f 3 |u£,5 o 1 + O(eWN—sp/(p=1)) (3.13)
0l i = SN/(N=sp) |

o]
by Lemma 2.7, it follows that
(1= 0w+ rvol

NEEY R IE

Al —

Py
|l4|p;f

v
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if ¢ is sufficiently small, where C = C(N, 2, p, s, k) > 0. Then

RP RPS  ,~ RP RF
LRu) < — — —ulp = — - ——= =0
P s s p  pC

if R is sufficiently large. In view of (1.7) and Proposition 1.5, it only remains to show that
s
sup I, (X) < — SN/,
p [L(X) < N
if ¢ is sufficiently small. Noting that
X={pan((l—-t)w+tv) :wekEs, 0<t<1,0<p <R},
letwe Esand0 <t < 1,andsetu = 7 ((1 —t) w + tvg). Then
* +N/sp
p? pP | s | (L= Alulh
sup I(pu) <sup | — (1 —2lulh) — - Iulﬁ* = — #
0<p<R p=0 | P s s N lue] e

N
s [ = 0w+ ruol? =211 = yw +rogl) "] e
N | =) w + v, ' '

Since w = 0 in Bygs(0) by Proposition 3.2 and vp = 0 in Bys(0)€ by (2.16),

(1 —1) w+ tvoll”
<1 - t)P/ lwx) —w(y)|? dxdy +tp/ [vo(x) —vo(W)I? dxdy
Ay

[x — y|N+sp Ay x—y|NEsp
1 -0 wk)—tv 4
+2/ I« |l (y)|N+spO(y)| dxdy =: (1 —0)P I} + 1P I + 213, (3.15)
Az -

where
A1 = Bps(0)° x Bps(0), Az = Bgs(0) x Bags(0), Az = Bags(0)° x Bys(0).

We estimate /3 using the following elementary inequality: givenk > land p — 1 < g < p,
there exists a constant C = C(k, g) > 0 such that

la + b <«lal’ +|b|” + Clal’~9|b|? Va,becR.

Taking ¥ = A/A/ and, thanks to N > sp?, choosing ¢ € |N(p — 1)/(N — sp), p[, we get

he kg [ BOZUON 4y [ 00,
Az

|x — y|N+sp Ay |x —yNtsp
w(x)|P~1 v q A
+C/A %a’xdy = S (=" ly+17 15+ Cly. (3.16)
3

Clearly, I1 + 214 < ||w||? = 1l and I, + 215 < |vo||” = 1. By (3.7) and since
|[x —y| > |x| — 08§ > |x|/2, on A3,

we have

C ues(y)9 C /
J, < / " dxdy < — ues(y)4d
q Hus,SHq A |x|N+sp y 857 Jgn g8y y
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105 Page 18 of 25 S. Mosconi et al.

since (2.18) implies that |u5,3 e and hence also H Ues | » is bounded away from zero if ¢ is
sufficiently small. Recalling (2.15), it holds G, 5(¢) < ¢ for all # > 0, and thus

/ Ues(»)? dy < / Ue(y)? dy = eV V= a/p / UGy dy,
RN RN RN

and the last integral is finite by (2.4) since ¢ > N(p — 1)/(N — sp). So combining (3.15)
and (3.16) gives

A
(1 =) w+ rvoll? < - (A —0)P 4P+ CeN-N=spalp, (3.17)
On the other hand, since the supports of w and vg are disjoint,
[ =0w+rtvolh =0 =07 [wlh + 17 |voly,
(1= yw +tvolps = (1= Jwlh + 17 Juolhy . (3.18)

By (3.12), leﬁ =1/¥(w) > 1/1. By (3.7), lep;f is bounded away from zero, and (3.13)
implies that so is |vg| pr if e is sufficiently small, so the last expression in (3.18) is bounded
away from zero. It follows from (3.17) and (3.18) that

(1 =) w+tvoll? — A [(1 — 1) w + tvol}y - 1— X volp

4+ CeN-N=spa/p,
|(1_t)w+“}0|z;ﬂ a |UO|ZT

Since vg = ug 5/ || ug s |, the right-hand side is less than or equal to

S 5(0) + CeN-(N=smalp < g _ (% € eN=D(0=1) _ 8(Nfsp><lfq/p)) &P

by (2.20). Since N > sp* and ¢ < p, it follows from this that the last expression in (3.14)
is strictly less than % SN/sp if ¢ is sufficiently small.

3.3 Case3: N2/(N +s) > sp*and A = A,

Let A = XA < Ak41, let § > 0 be so small that the conclusions of Proposition 3.2 hold
with Ay + C8Y =P < Apy1, in particular, W(w) < Axyq for all w € Es, and take Ag = Ej
and By = W,,,, as in the last subsection. Then let 0 < & < §/2,let R > r > 0, let
vo = m(ue5) € M\Es, and let A, B and X be as in Theorem 1.4. As before, inf I (B) > 0
if r is sufficiently small and

L(Rr((1—t)w+tvy) <0 Ywe Es, 0<tr<l1
if R is sufficiently large. On the other hand,

Ak
C W(w)

tP
L(tw) < — (1 ) <CRPSN™P VweEs, 0<t<R
P

by (3.8), where C denotes a generic positive constant independent of ¢ and §. It follows that
sup I,(A) < CRP8N=P < inf I, (B)
if § is sufficiently small. As in the last proof, it only remains to show that (see (3.14))

(1= 1) w + 1ol = Ay |(1 = 1) w + 1wgl},

. <s (3.19)
(w.)€Esx[0,1] I(1 = 1) w+tvol
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if € and § are suitably small. We estimate the integral /3 in (3.15) using the elementary
inequality

la + b7 < |al” + |bIP + C (la|”~" |b| + |a| |bI”™') Va,b eR (3.20)
to get
lw(x) — w(y)|? / vo(x) — vo(y)|”
L <(—-0nH? ————dxd tP ————dxd
3= ( ) /A3 |x_y|N+5p xdy + Ay |x_y|N+sp xay
L lw@P () [w(x)| vo(y)P~!
Cl—tf’l/—dd C(l—t ——— dxd
+C (-1 e =y xdy+C( )A3 T
== I+tP s+ CA-0P ' +CA -1, 1. (3.21)

As before, I1 + 214, I +2Is < landforqg =1, p — 1,

P—9q q q C
3 ::/ [w(x)] NUJ(:Q) dxdy < C/ us,i,(Jyr) dxdy < T/ U.(y)? dy
A3 |)C - )’| P A3 |x| P 3P Bys (0)
C eN-(N=sp)q/p

< U(y)!dy.
sp /Bea/g(o)

We take § = ¢“ with « € (0, 1) and use (2.4) to estimate the last integral to get

Jy < C eWN=sP)lp (p—g=Da+ql/p(p=1)

So combining (3.15) and (3.21) gives

10 =D w+twl? < (1 =07 +17 + Ty + Ty, (3.22)
where

jq =CU—-nPJ,<CU—-1)Pr e(N=sp)lp (p—q=Da+ql/p (p=1)

Young’s inequality then gives
Jg=3 (=P 4 ety (3.23)
for any « > 0, where

[N? —sp> (N +9)1(p — D(p—q) — Np (N —sp)(p — q—l)(ao—a)

Pa(@) = (N —sp)q +5p21(p — 1)
and
oo N (N -
N—sp’ "1 — (N =sp)(p —q)
Then

2 . [ P@  hpi@
||(1—t)w+tvo||”s(l—t)p—f-tp—l——lc(1 —1)Ps +C8”’( — + —— (3.24)
3 KN KkTVp-l

by (3.22) and (3.23). Using N2/(N +s) > sp?, we fix @ < g so close to &g that S, () > 0
forg =0, 1, p — 1, p. By (3.8) and Young’s inequality,

M (1=0)P [w|h > (1—1)? (1_C8(N*sp)a)

> (1-1)f — % (1 — )P+ — C eSPHho@) =10 (3.25)
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By (3.24), (3.18), and (3.25), the quotient Q(w, ¢) in (3.19) satisfies

(1= 2k lvolp) 17 +k (1 — )P + C PHP@ =y

Qw, 1) = ]p/Pé‘

s (3.26)
Py * s
[(1 —1)Ps |w|p;~ + tPs |U0|p§

where
. N
ple = min {fo(@). i (@), fp-1@)} > 0.y =max {yo. pi.yp-r} = 25— 1.

As before, the denominator is bounded away from zero if ¢ is sufficiently small, so it
follows that

sup O(w,t) < C(té7 + i 4 POy o g

(w,t)eEa x[0,t9)

for some 79 > 0 if ¥ and ¢ are sufficiently small. For ¢ > 1, rewriting the right-hand side of
(3.26) as

1=k lvoly  x(1— 1Ps 4 C &SP HP@—y

P PP
|U0|p: t |U0|p}*

-

|w|p;; p/p;

7”17 (I—0)P +1

tPs |vo| L
p.\'

gives Q(w, 1) < g((1 — 1)P5), where

Se e (Ar) +C (I(‘L' + gsp+/3(a),(—y)

g(r) = 1+ c-1 .L.)p/p;*

, C=C(N,p,s, ).

Since 0 < (1 — )5 < 1, then
Q(w, 1) < Sepe i) + C(ic + PP 7),

If S, e (Ak) < S/2 for some sequence &; — 0, then the right-hand side is less than S for
sufficiently small ¥ and & = ¢; with sufficiently large j, so we may assume that Sg co (Ag) >
S/2 for all sufficiently small e. Then it is easily seen that if « < (p/p¥) S/2 (C + 1), then
g'(t) < 0forall T € [0, 1] and hence the maximum of g((1 — )P on [fy, 1] occurs at
t = 1. So, we reach

! A
Q(w, 1) < Sppo (i) + C PPV < g (Ek —CcePr@® ¢ eﬂ(“)x_y) e’
by (2.20), and the desired conclusion follows for sufficiently small « and €.
3.4 Cased: (N3 +s3p3)/N (N +5) > sp?, 3R e V1 and A = A

By Iannizzotto et al. [29, Theorem 4.4], there exists a constant C = C(N, 2, p, s) > 0 such
that for any v € Wy'* () with (=A)3, v € L®(Q),

1/(p—

ee}

@I = C |(=a), | Va0 Va eRY, (3.27)
where d(x) = dist (x, RN\ Q).
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Lemma 3.3 Assume that 99 € CYl. Given a, B > 1, there exists a constant C =
C(N, 2, p,s,a,B) > 0 such that if Bg-(0) C {x € Q:d(x) < ar}, then for any v €
Wy P () with (—A)}, v € L™(Q),

V(=D
) = v = C| a0 T =yl Vr e B0) v 2By 0.

[e.¢]
Proof By (3.27),
1/(p—

o0

@) — ol = lary o @ + o),
Sinced(x) <arand|x —y|> (B —1Dr,
a0 < g =0l
and since d(y) < d(x) + |x — y| by the triangle inequality and s < 1,
d*(y) =d’(x) +[x —yI".
So the desired inequality holds with the constant C 2a* /(8 — 1)* + 1). O

Let n;s be the cut-off function in Lemma 2.6.

Lemma 3.4 Assume that 9Q € CU1. Then there exists a constant C = C(N, 2, p.S)
> 0 such that for any v € Wg’p(Q) such that (—A)‘;7 v € L®(Q) and § > 0 such that
Beps(0) C {x € Q:d(x) < 1266},

/(p—1)
lonsll” < oll? + € |=ay, o] " 8N, (3.28)
o0
Proof Set [ = (—A); vand K = |f|,, < oo. Then
lv(x)| < CKYP=D §5 vx € Bgys(0) (3.29)

by (3.27), and for k = 3, 5,
() —v(y)| < CKYP™D|x —yI° V¥x € Brgs(0), y € Q\Busnyes(0)  (3.30)

by Lemma 3.3. We proceed splitting ||vn;||? as in the proof of Lemma 2.6, and estimate the
integral

I :/ [v(x) —v(y) + vx) (ns(x) — P dxdy
A3

br = y IV
in (2.14) using the elementary inequality
la + b7 < lal” +C (jal”~" |b] + [bI”) Va,beR

to get

— _ —1
135/ dedy+c/ e = v )L
A3

|x — y|N+sp As |x — y|NFsp
+C/ dedy:'l +CIls+ ClI
Ay lx — y[NFsp e ’ o
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We have 11 + 214 < ||[v]|”. By (3.29) and (3.30), and since |x — y| > |y|/4 on A3,

Is < CKP/=D) 53/ dxdy _ gep/(p=1) gN |
- Ay |yINFs

Io < CkP0Dgw [ DY opepripn N
- Az |)’|N+Sp .

To estimate I, let g5 be as in the proof of Lemma 2.6. Since ¢5 = ns in Az,

b C(/ W) s (x) — @s(¥)I? dxdy+/ [v(x) —vWI? ps(¥)P dxdy)
As Az

IA

|x — y|N+sp |x — y|N+sp
=: C(I7 + Iy).

By (3.29) and ||gs]|” = V7P ||p||” by scaling, we get
I; < CKPIP=D g7 |lgs|| P = CKP/ (P~ gV (3.31)

By Lemma 2.4,

()7 s (x) — ps(WIP
lx — y|NFsp

Is < 2/ Fx)v(x) gs(x)P dx + C/ dxdy =: 219 + Cly.
Q R2N

Since ¢ = 0 outside Bsg5(0),
Iy = / |f ()] |v(x)| dx < CKP/P=D gN+s
Bsys(0)

by (3.29) again. Changing variables gives

‘ 517 |9(x) — 9()]P
o = SN—Ap/ [v(8x)|7 [p(x) — p(y)I dxdy.
R2V |x — y|N+sp

We have |v(8x)| < CK'Y@=D g5(5x) by (3.27), and d(8x) < d(0) + & |x| < C$§ since
d(0) < 666 and Q2 is bounded, so the last integral is less than or equal to CKP/P=D 5P ||p||P.
Hence I;g < CKP/(P=D §N, ]

Since Q2 € CU1, for all sufficiently small § > 0, the ball Bggs(0) is contained in
{x € @ :d(x) < 1206} after a translation. Then by Lemma 3.4 and Proposition 3.1,

lvsll? <1+ C8Y Vv eE,

and using this inequality in place of (3.10) in the proof of Proposition 3.2 shows that (3.8)
can now be strengthened to
sup W(w) < Ax +C8V. (3.32)

wekEs

Proceeding as in the last subsection, we have to verify (3.19) for suitably small ¢ and §. Since
the argument is similar, we only point out where it differs. Let v € E and let

w = m(vs) = vs/ s .

As noted in the proof of Proposition 3.2, [|vs]| is bounded away from zero, so

P—q q
Jy EC/ [vs (x)] zs,s(y) dxdy.
Az |x - yl sp
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where A3z = B2ps(0)¢ x Bps(0). By Lemma 3.3, (3.27), and Proposition 3.1, and since

|x —yl > |x]/2 =68, on A3,

we get

SO

s (OIP < )P < C (Jux) —vMIP™ + [u()IP7)
<C(lx— y[s P 4 55(17—!1)) <Clx —y['®»=?,

o3 (v c /
J sc/ Ued ) gy < = Ue ()7 dy
4 A |x|NFsa 8 Jps0)

< C glPllp=g=D Ntsqla+(N=sp)q}/p (p—1)

Then (3.23) holds with

:Bq(a):

[N3+53p3 —sp? N (N+5)1(p—1)(p—q)—Np (N—sp)[N (p—g—1)+sq](ctg—cx)
(N=sp)[(N—sp) g+sp*1(p—1)

)

and so does (3.25) by (3.32). Using

(N3 +$3p®)/N (N +5) > sp,

we fix o < ag so close to ag that B, () > 0forg =0, 1, p — 1, p and proceed as before.
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