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1. Introduction and main results

We consider existence of positive solutions for the following class of equations
(~A)Y2u+u=K(z)g(u) inR. (1.1)

Here (—A)'Y/? stands for the 1/2-Laplacian, K : R — R is a positive func-
tion and ¢ is a continuous function with exponential subcritical or critical
growth in the sense of the Trudinger-Moser embedding due to Ozawa [17].
Recently, a great attention has been focused on the study of nonlocal op-
erators. These arise in thin obstacle problems, optimization, finance, phase
transitions, stratified materials, anomalous diffusion, crystal dislocation, soft
thin films, semipermeable membranes, flame propagation, conservation laws,
water waves, etc. [16]. The fractional laplacian (—A)® for s € (0,1) of a func-
tion u : R — R is defined by F((—A)%*u)(€) = [£]**F(u)(€), where F is the
Fourier transform. Since the problem is set on the whole space one has to
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tackle compactness issues, which can be overcome by considering suitable as-
sumptions of the vanishing behaviour of K at infinity. Recently the problem
in RY with N > 2s,s € (0,1),2F = 2N/(N — 2s),

(=AY u+V(z)u = K(2)g(u) + Aju/*2u  in RV,

where g has subcritical growth has been investigated in [9] inspired by some
arguments of [4]. The aim of this paper is to extend the achievements of [9]
to cover the case where the nonlinearity is allowed to grow at an exponential
rate. As is pointed out in [14], nonlocal problems with linear fractional diffu-
sion involving exponential growth should be set in R. In that manuscript the
authors prove existence results for problems involving critical and subcritical
exponential growth nonlinearities and 1/2-Laplacian in a bounded domain.
The main ingredient is the Trudinger-Moser type inequality [17] (see Propo-
sition 2.3). For related problems involving Moser-Trudinger embeddings we
would like to mention the celebrated works [15,18] as well as [1-3,8,10-12]
and the references therein. As known, Caffarelli and Silvestre [7] developed
a local interpretation of the fractional Laplacian by considering a Neumann
type operator in RY Tt = {(z,#) € RV*! : ¢ > 0} (see also [6] for bounded
domains of RV, with N > 1). For the case N = 1 the main reference is the
work by Frank and Lenzmann [13]. The space H'/2(R) is the completion of
C§°(R) under

= ( | |s|fu|2ds)l/2 -(/ |<—A>1/4u|2dx)l/?

while H'/2(R) is the Hilbert space of u € L?(R) such that [u]gi2 < oo,
endowed with the norm

a2 = (2 + (w3,

The space X'(R?%) is defined as the completion of C§° (ﬁ) under the semi-

norm
1/2
lwl]| x: := / |Vw|? dzdy .
RZ

For a function u € H'/?(R), the solution w € XY(R%) to

—div(Vw) =0 in R%
w=1u on R x {0}

1/2

(1.2)

is called harmonic extension w = FEj/5(u) of u and it is proved in [5,7] for
N > 1 and in [13] for N = 1, that, up to some constant,

lim 52 (a.g) = ~(-8)ufa),
Also, up to a constant, [u];/2 = ||w|[x1, see [5]. Our problem (1.1) will be
studied in the half-space,
—div(Vw) =0 in R?
ow (13)
—52 = —u+ K(z)g(u) onR x {0},
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where %—Z’ = lim,_,o+ %—Z’(x,y). We look for positive solutions in the Hilbert

space E defined by

E = {w € X'(RY): /Rw(x,O)de < oo},

endowed with the norm

1/2
|lw|| == / |Vw|2dxdy+/w(:c70)2dx .
R% R

We mention that E is precisely the space introduced in [13, formula (3.13)].
Consider now the energy functional J : E — R associated to (1.3) given by

J(w) = %Hw”2 - /RK(z)G(w(:c,O) dz, G(s):= /OS g(t)dt, (1.4)

which, under suitable assumptions, is C! (see Proposition 2.9) and, for all
w,v € F,

J'(w)(v) = Vw - Vodady + /}Rw(x,O)v(x, 0)dz

RQ
_ /]R K(2)g(w(z, 0))v(z, 0) da. (1.5)

We now formulate assumptions for K and g in order to be able to solve (1.1).
o Assumption on K. We assume K € L*°(R)NC(R) with K > 0. Furthermore,
if {A,} is a sequence of measurable sets of R with |A,| < R for some R > 0,

lim K(x)dz =0, uniformly with respect to n € N. (1.6)
"= JA,,nB:(0)
e Assumptions on g-subcritical case

(g1) (behaviour at zero). g : R — R™T is continuous with ¢ =0 on R~ and

9(s)

limsup = = 0.
s—0+ §

(g2) (subcritical growth). it holds

lim sup ﬂ =0, foralla>0.
s— 400 exs” — 1
(g3) (super-quadraticity). @ is non-decreasing in R* and
G
lim sup (25) = +400.
s——+o00 S

Under assumption (1.6) on K, we have the following

Theorem 1.1. Assume (gl)—(g3). Then (1.1) admits a positive solution u €
HY?(R).

e Assumptions on g-critical case
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(g2)’ (critical growth). there exists w € (0, 7] and ag € (0,w] (cf. Proposi-
tion 2.3)

lim sup % =0, forall a> ay,
sotoo €¥5° —1

9(s)

lim sup v 400, for all o < ayp.

s——+00

g(s)

—— is non-decreasing in R* and there exists

(g3)" (super-quadraticity).
q > 2 such that

G(s) > Cys?, forall s € RT,

where Cy > 0 is sufficiently large.
(AR) (Ambrosetti-Rabinowitz). there exists ¥ > 2 such that

¥G(s) < sg(s), forall s € RT. (AR)
Under assumption (1.6) on K, we also have the following

Theorem 1.2. Assume (g1)—(g2)'—(g3)" and (AR). Then (1.1) has a positive
solution u € HY/2(R) provided that the constant C, in condition (g3)" satisfies

o ( 20 q—Q)%Q%
1 9 —2 2q qL’
with

¥l .
S, ="~ L= inf K>0,
T 19, 0) || e supt (1))

where ¥ is a fized smooth and compactly supported function on R.

The above results extend the existence results obtained in [14] in the case where
the problem is set on the whole R and compactness issues have to be tackled.
Also, they constitute an extension to the results of [9] to the case where the
nonlinearity is allowed for an exponential growth, critical or subcritical with
respect to the Trudinger-Moser inequality (2.8). As potentials K satisfying
(1.6), one can consider Ks with K(z) — 0 as |z|] — oo. As examples of
nonlinearities satisfying the above assumptions, define g : R — R™ by setting
g(t) =0 for all t <0 and

td if0<t<l,
g(t)_{tqe“—l 1> 1, 1<r<2, ¢g>1,

This function satisfies (g1)—(g3). Define g : R — R by setting g(¢) = 0 for all
t <0 and

o ifo<t<t,
9“*“%{ﬁww2ﬂ ite>1, 2

where oy € (0,w] and C; > 0 is sufficiently large. This map satisfies (gl)-
(g2)'—(g3)" and (AR).
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2. Preliminary results

In this section we provide some preliminary stuff. Consider the weighted Ba-
nach space

Lt (R) = {u : R — R measurable: /RK(x)|u\p dz < oo} , pE(1,00),

endowed with the norm

ol = ([ K<x>|u|pdx)l/p.

Remark 2.1. Let @ C R be a bounded domain. Then the space H'/2(R)
is compactly embedded into L4(2) for any g > 2. Firstly, [16, Theorem 7.1]
provides the compactness in L?(€). Then the assertion follows by interpolation,
since H'/2(R) is continuously embedded into L™(R) for any m > 2, by [16,
Theorem 6.9]. Finally, in view of [13, Proposition 3.6], also E is compactly
embedded into L?(Q2) for any g > 2.

The first result, is a compact injection for the space F.
Proposition 2.2. E is compactly embedded into L (R) for all ¢ € (2, 00).

Proof. Let ¢ > 2,7 > ¢q and € > 0. Then, there exist 0 < sg(e) < s1(¢), a
positive constant C'(¢) and Cy depending only on K, such that

K(x)]s? < eCo(|s]” + Is]") + C(e) K () X[so(e),a e (IsDIs]%, .5 € R, (2.1)
Therefore we obtain, for every w € E and r > 0,

K(z)|w(z,0)]?de < eQ(w) + C(s)sl(s)q/ K(x)dz, (2.2)

Be2(0) A.NBE(0)

where we have set

Q(w) = Collw(-,0)|72 + Collw(-, 0)|[7r, Ae:={z €R:s0(e) < |w(z,0)| < s1(e)} -
(2.3)

If (w,) C E is such that w, — w weakly in E for some w € FE, there exists

M > 0 such that

/ |an|2dar:dy—|—/|wn(a:,0)|2da:§M7
R2 R

(2.4)
/ |wp(z,0)]" de < M, for all r > 2.
R

The second inequality is due to the continuous injection of H'/ 2(R) in an
arbitrary L"(R) space with r > 2, see [16, Theorem 6.9]. Hence Q(w,,) is
bounded. On the other hand, if

Al = {z € R:s(e) < Jwy(x,0)] < s1(e) },
we get

sole)7]A2| < /

|wn(x,0)|qd:c§/ |wy, (z,0)|?dx < M, for all n € N.
An RN
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which implies that sup,,cy |[AZ| < +00.
Then, in light of (1.6), there exists r(g) > 0 such that

€
K(r)de < ————, forallneN. 2.5
/AgmBﬁ(E)m) )47 < e ten (25)

Whence, in light of (2.2), we conclude

/ K(x)|wy(z,0)|?dx < (2CoM + 1)e. (2.6)
B, (0)
On account of Remark 2.1, we have
lim/ K(x)|wy(z,0)|?dx = / K(x)|w(z,0)|?dx. (2.7)
" Br(s)(o) BT(E)(O)

Combining (2.6)—(2.7), yields

lim/ K(x)|wp(z,0)|!dx = / K(x)|w(z,0)|?dx.

" JR R

This concludes the proof. O
Let us now recall the Trudinger Moser type inequality of [17].

Proposition 2.3. There exists 0 < w < 7 such that, for all « € (0,w), there
exists H, > 0 with

/(eau"’ ~1)dz < Hy|Jul]2s, (2.8)
R
for allw € HY2(R) with ||(—A)Y*ul2, < 1.

Next, we state a useful Trudinger-Moser type bound for bounded sequences of
E.

Lemma 2.4. Let (w,) C E be a bounded sequence and set sup,, ey ||wn| = M.
Then

sup/(ea“’”(””’o)z —1)dz < oo, forevery0<a< %;

neNJR M

In particular, if M € (0,1), there exists apr > w such that

sup/(eo‘Mw"(””’O)2 —1)dz < 0.
neN JR

Proof. Let 0 < aM? < w. Then, setting u,(x) = w,(x,0), by virtue of Propo-
sition 2.3, we have

au2 041\42(u7'”’)2 HU’TLH%2
(e*n—1)dz< [ (e Twnl) —1) do < Hapre o~ < Hunp2,  (2.9)
R R [[wn|
since [|(—A)" w772 = 1(=A) w72/ wa|* = w3 /lwall* < 1.
Concerning the last assertion, there exists ap; > w with apM? < w and the
conclusion follows. O
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Lemma 2.5. Let o > 0 and let (w,) C E be such that w, — w strongly in E.
Then

lim/ (eo‘w”(x’o)2 — 1) dz = / (eo‘“’(I’O)2 — 1) dz.
nJR R

Proof. By applying Lagrange’s theorem to the function s — 6“52, we get
|(€awn(z,0)2 —1) - (eaw(w,0)2 _ 1)’ < 20(|wy (x,0) — w(z,0)| + |w(z,0)])

« 62a|wn(a:,0)—w(x,0)|2eQa\w(x,O)\z‘wn($70) o w(m,0)|.

The right-hand side splits into several terms. We shall handle one of them,
namely

(|lwn(@,0) — w(z,0)| + [w(x, 0)[)(e2wn (=0 —w= 0 _ 1)
x (21 @OF 1), (2,0) — w(x,0)],

since the other terms can be handled in a similar fashion. Then one applies
Holder inequality with four terms with exponents r1,74 > 2 and 7"2,7"3 > 1
such that 1/r; + 1/ra + 1/r3 + 1/ry = 1. Recall that (e* —1)" < (e"™* — 1)
holds for > 1 and = > 0. For the first term, ||w, — w||p~ + ||wHLr1 < C by
the continuous Sobolev embedding in any L" space with r > 2. For the second
term, since ||w,, — w|| — 0, one can apply Lemma 2.4 (this is the key point of
the proof) and deduce

/ (62r2(x\wn,(ac,0)—w(ac,0)|2 _ 1) dx < C.
R

For the third term we have

/ (627"30471)(1’0)‘2 — 1) dx < oco.
R

Here we used that ¢*” —1 € LY(R) for u € H'/2(R), see the argument in [14,
Proposition 2.5]. Finally the last term is estimated with ||w, — w|/Lr, which
goes to zero and conclude the proof. 0

The next is a straightforward application of the generalized Dominated Con-
vergence Theorem.

Lemma 2.6. Let f,,Gn,hn : R — RT sequences of nonnegative measurable
functions. Assume that f, converges pointwisely to 0 and that g, h, converge
pointwisely to g, h : R — R*. Assume also that, for every e > 0, there exists
C(g) > 0 such that

fn <egn+C(e)hyn, neEN, sup/ gn dx < 00, lim/ hp,dz = / hdz.
neNJR nJR R

Then f, — 0 in L*(R).

We can now state the following compactness result for the subcritical growth

case.
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Proposition 2.7 (Compactness I-subcritical case). Assume (gl)—(g3). Let
(w,) C E be a bounded sequence and w, — w in E. Then, up to a subse-
quence, the following facts hold:

hm/K (wn(z,0)) dx*/K G(w(z,0)) dz; (2.10)
hm/K Ywn (x,0)g(wy(z,0)) d:c—/K w(z,0)g(w(z,0)) dz; (2.11)
hm/ K(z)g(wy(z,0))v(z,0) dz /K (w(z,0)v(z,0))dz, forallv e E.

(2.12)

Proof. Let us prove (2.10) and (2.11). Let sup,,c ||wn|| =: M. Let us also fix
€>0,¢>2and 0 < a <w/M? according to Lemma 2.4. In light of (g2), we
learn that

G(S)

lim sup g(s)s = lim sup ———— =0, limsup M = lim sup —= G(s)

s§——+00 -1 §—+400 -1 s—0T 52 s—0t 52

=0.

Then there exist 0 < so(¢) < s1(¢),C(e) > 0 and Cy depending only upon K,
such that

|K (2)G(s)| < eCo(s® + e 1) + C(e) K(x)X[so(e),s1 (e (Is])]s]?,  for all s € R,

(2.13)
K (@)g(s)s] < £Cols” + €™ = 1) + CE)K (@)X pop(c)en(ey (IsDIsl’,  for all s € R,
(2.14)
By virtue of Lemma 2.4 we find E > 0 such that
sup/(em”"(g"o)2 —1)dz < E, / lwy, (z,0)|? dz < E. (2.15)
neNJR R
Notice again that, by means of (1.6), there exists r(¢) > 0 such that
5
K(z)de < ————, forallneN. (2.16)
/Amﬁ(s)( ) CEm e
Now, combining the above inequality with (2.13)—(2.14), we have
/ K(2)G(wp(x,0))dz < (2CoE 4+ 1)e, for alln € N, (2.17)
(5)(0)

/ K(x)g(wn(x,0)w,(x,0)dr < (2CoE + 1), for alln € N. (2.18)
()

Notice that we have
|K (2)(G(wn(2,0)) — G(w(x,0))] < e(wn(x,0)* + eown(@0)® _q 4 w(z,0)?
+ eow(@0)? _ 1)
+ C(e)(Jwn(z, 0)[* + |w(z, 0)|9).
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A similar estimation holds for K (x)g(s)s. Hence, by (2.15) and since w, (z, 0)
— w(x,0) in LY(B,(c))) on account of Remark 2.1, Lemma 2.6, allows to
conclude that
lim/ K(m)G(wn(z,O))dx = / K(z)G(w(z,0)) dz,
" B0 B..(£)(0)
hm/ g(wn(z,0))wy,(z,0)de = / K(x)g(w(z,0)w(x,0)dx.
Bi(&)(0 B,.()(0)
Comblmng these with (2.17)—(2.18) we conclude the proof.
Let us now prove (2.12). The sequence (\/K(2)g(wn(z,0))X{jw, (z,0)<1}) 18
bounded in L?(R) as by (g1)

IVE (2)g(wn (@, 0)X{ju, @0 <1}* < Clwn(@,0).
This, by pointwise convergence, yields for every ¢ € L*(R)

fim [ VR0 (2.0, w010 (0) d
— [ VE@gtwte0)xquonen ola) .

Given v € E, it follows /K (z)v(x,0) € L*(R), yielding

hm/ K wn xr O))X{‘wn(m 0)|<1}v(x 0>d

/K w(x,0))X{|w(z,0)<13v(z,0) dz.

Moreover, by (92), (K (z)g(wn(x,0))X{jw, (z,0)>1}) is bounded in L™(R) by
Lemma 2.4 as

2
| K (2)g(wn (2, 0))X {uy (2,013 ]™ < C(e™*n =07 — 1) for ma < w/M?.

Here m > 1 is taken close to 1. Then, for all v € E C L™ (R) (notice that
m' > 2), we get

hm/ K(z)g(wn(2,0))X{|w, (,0)>130(x,0) dz

/K .’L‘ ()))X{m(:C 0)‘>1}U(CL' O)d
This concludes the proof of (2.12). O

From now on, in assumption (g2)’, we can assume that g = w, without loss
of generality. We can state the following for the critical growth case.

Proposition 2.8 (Compactness Il-critical case). Assume (gl)—(g2)'—(g3)’. Let
(wyn) C E a bounded sequence and w, — w in E such that

sup [l | € (0,1).
neN
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Then, up to a subsequence, the following facts hold:

hm/K G(wp(z,0)) dxf/K G(w(z,0)) dx; (2.19)
hm/K Ywp(z,0)g(wy,(x,0)) dx—/K w(z,0)g(w(zx,0)) dz; (2.20)
hm/K g(wp(2,0))v(x,0) dz /K (w(z,0)v(z,0))dz, forallveE.

(2.21)

Proof. Let us prove (2.19) and (2.20). Let sup, oy |lwn| =1 M € (0,1). By
virtue of Lemma 2.4 there are ap; > w and E > 0 with

sup/(eo”‘“”"(z’o)2 —1)dx < E, / |wy (z,0)*dz < E (2.22)
neNJR R

Let us fix € > 0 and ¢ > 2. By virtue of (gl) and (g2)" we know that

G
lim sup & = limsup # =0,
s—+4oo €M — 1 s—+oo €¥MST — 1
G
lim sup @ = lim sup @ =0.
s—0+ S s—01 S

Then there exist 0 < so(¢) < s1(€),C(g) > 0 and Cy depending only upon K,
with

K (@)G(s)| < eCo(|s|* + ¥ — 1) + C(e) K (&) X(oo(e).or (e (Is])]s]%,  for all s € R,
(2.23)

2
|K (2)g(s)s| < eCo(|s|” + e — 1) + C(e) K (%) X[so(e),51 )1 (I])|8]%, for all s € R.
(2.24)

Notice again that, by means of (1.6), there exists r(¢) > 0 such that

€
K(z)dt < ———, forallneN.
/Amg(g)@ WS e

Now, combining the above inequality with (2.22) and (2.23)—(2.24), we have

/ K(z)G(wp(z,0))dz < (2CoE + 1)e, for alln € N,

o) (0)

/ K(z)g(wy(x,0))w,(x,0)de < (2CoE + 1)e, for all n € N.
B: ., (0)

The rest of the proof for (2.19) and (2.20) follows an in Proposition 2.7, with
a replaced by ajps. Concerning (2.21), since apM? < w there exists m > 1
very close to 1 such that mapy M? < w. Then (K (2)g(wn(2,0))X{jw, (2,0)>1})
is bounded in L™(R) by Lemma 2.4 since

2
K (2)g(wn (2,0)X {wn (2.0 13| < C(emM0n @07 — 1),
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Then, for all v € E C L™ (R) (as m’ > 2), we get
hm/ K(2)g(wn(2,0))X{|w, (z,0)>1}0(z,0) do
/K w(z,0))X{|w(z,0)>13v(z,0) dx.
This concludes the proof of (2.21). O

Proposition 2.9. J € C'(E,R).

Proof. Let (w,) C E with w, — w strongly in E. There exist C > 0 and
o > 0 such that

lg(s)]? < C(]s]* + e’ — 1), forallseR.
This choice fits both the subcritical and critical case. Hence

l9(wn (@, 0)) = g(w(@, 0))* < C(lwa(x,0)2 + e*»@O" — 1) + C(|w(x,0)[?
+eaw(:1:,0)2 o 1)

Taking into account Lemma 2.5, we have

1im/(|wn(x,0)|2 + eown (@0 _ 1) dgy = /(|w(x,0)|2 +e2w(@0* _ 1) dg,
noJRr R

Then, by the Generalized Dominated Convergence Theorem, ||g(w,) — g(w)
|2 — 0. In turn,

|il|\l£)1 /K g(wp(z,0)) — g(w(x,0)))vda

< Cllg(wn) — g(w)]|z2 sup, [0l L2 () < Con(1),

lloll<

which concludes the proof. ]

Next, we show that J satisfies the Mountain Pass geometry.

Lemma 2.10. The functional J satisfies

(1) There exists B,p > 0 such that J(w) > [ if w € E and ||w|| = p;
(2) There exists e € E\{0} with ||| > p such that J(e) <0

Proof. Assertion (2) is straightforward due to the superquadraticity assump-
tions. For (1), let us consider w € E with ||w| =p <1 and w < a < w/p?. By
the growth conditions on g (both critical and subcritical), there exist r > 1 so
close to 1 that ra < w/p? ¢ > 2 and C > 0 with

1
G(s) < 1° 24 COfe ros® _ Y757 for all s € RT.
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Then, taking into account inequality (2.9), we have

rojw(x 1/r
Ty 5wl = o0l =€ [ (@O 1) (e, 0 da

, , /7’
1||w\|2 e (/ (erolw@Ol 1) dm) </ lw(z,0)|" qu)
4 R R

1 1
zll’w\l2 Cllw]|* = P —Cp'=p>0,

Y

for every p > 0 sufficiently small. O

Therefore, there exists a sequence (w,) C E, so called Cerami sequence such
that

J(wn) = ¢, (14 [lwnl)[|J" (wn)[| — 0, (2.25)

where c¢ is given by

= inf
= inf mm J0(0)

with
I={yeC(0,1],E):v(0) =0 and J(y(1)) <0}.
We have the following result

Lemma 2.11. The Cerami sequence (w,) C E is bounded and ||w, || — 0 as
n — oo.

Proof. If g has critical growth, the assertion is obvious since the Ambrosetti-
Rabinowitz condition (AR) is assumed. On the contrary, in the subcritical case,
the proof follows by mimicking the argument in the first part of the proof of
[9, Lemma 2.3], which is based upon monotonicity of H(s) = sg(s) — 2G(s),

g()

holding since is non-decreasing in R™, and the application of (2.10). O

To handle the case where g is at critical growth, we shall need the following
result.

Lemma 2.12. Let (w,) C E be a bounded Palais-Smale sequence for the func-
tional J at the Mountain Pass energy level c. Then

sup [lwn| € (0,1),
neN

provided that the constant Cyq > 0 which appears in (g3)" is sufficiently large.

Proof. Let ¢ > 2 and C,; > 0 as in assumption (g3)’, to be chosen later
sufficiently large. Let us fix a cut-off function ¢ € C2°(R,RT)\ {0} and let us
denote

L:= inf K >0, Sq = ||7/)||
supt (1) [ 0)][
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Also, let wg > 0 be such that J(wq) < 0. This is possible, since
Heot) = S0P - [ K@) ,0) da

< 7||¢||2 — wIC LY (x,0)||7, dz <0,

for every w > 0 sufficiently large, say w = w,. Then, v € C([0, 1], E) defined
by v(t) := twyyp € T for t € [0,1] belongs to the class of continuous paths T
Hence, we get
= inf t)) < t < t
¢ = Inf max J(v(1)) Jnax, J(twgyp) < max J(ty)
t>0

2
— (tw chtqnwc,mn%q)

t>0

S —2  S¢°
= max itz — Cthq = Lqiz
2 % (4CyL)7

On the other hand, since (w,,) is a Palais-Smale sequence, we get

S
= max (;tzhp(,O)H%q - CthqH’(/}(a O)I%q)

1 9 —
c = lim sup ('](wn) - EJ/(wn)(wn)) > lim sup HwnH2
In turn, by combining the above inequalities, we get

2 ¢—2 Si°
V=2 20 (qCL)7

hmbup l|lwn||* <

provided that Cj satisfies the condition in the statement of Theorem 1.2. [

3. Proof of the main results

3.1. Proof of Theorem 1.1 completed

In light of Lemma 2.10, there exists a Cerami sequence {w, } C F for J at the
Mountain Pass level ¢ > 0. From Lemma 2.11 it follows that {w, } is bounded,
w, — 0in E, and thus it admits a nonnegative weak limit w € E. By (2.12)
of Proposition 2.7, it follows that

/Ri Vw-Vov dxdy—l—/Rw(x, 0)v(z,0)dx =/R K(z)g(w(x,0))v(z,0)dx, Yv € E.

(3.1)
Then, we have a weak solution u € H'/2(R) to (1.1). We have u > 0 if u # 0,
arguing as in [9]. We prove that w = E; 5(u) # 0. In fact, (w,) converges to
w strongly in E, as n — oo. Indeed, since J'(wy,)(wy,) = o,(1), we have, by
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(2.11) of Proposition 2.7,

hmenH *hm/K g(wy (z,0))w,(z,0) dx

- [ K@atw(e.0)u(,0)ds = ],
that is, w, — w in E. Hence J(w) = ¢ > 0 by continuity, yielding w £ 0. O

3.2. Proof of Theorem 1.2 completed

In light of Lemma 2.10, there exists a Cerami sequence {w, } C F for J at the
Mountain Pass level ¢ > 0. From Lemma 2.11 it follows that {w,} is bounded,
w,” — 0 in F, and thus it admits a nonnegative weak limit w € E. By taking
C, sufficiently large in assumption (g3)’, in light of Lemma 2.12, it follows
that sup, ey ||wn| € (0,1). Then, we are allowed to apply the assertions of
Proposition 2.8. By (2.21) of Proposition 2.8, it follows that (3.1) is satisfied.
Then, we have a weak solution u € HY?(R) to (1.1). We have u > 0 if
u # 0, arguing as in [9]. Indeed u # 0. In fact w = E4 /5(u) # 0. Suppose by
contradiction that w = 0. Then, since w,, — 0, we have by (2.19) and (2.20)
of Proposition 2.8

hm/ K(2)G(wy(z,0)dz = hm/ K(z)g(wy (z,0)w,(x,0)dz = 0.
Then, from

f||wn||2 /K (wp(x,0))dz = ¢+ o0, (1),

l|lwn|? — /K g(wp(z,0))w,(x,0) de = 0,(1)

we get a contradiction, since ¢ > 0. The proof is complete. 0
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