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Abstract. We obtain asymptotic estimates for the eigenvalues of the p(x)-Laplacian de-
fined consistently with a homogeneous notion of first eigenvalue recently introduced in the
literature.

1. Introduction

Let © be a bounded domain in R”, n > 1 and let p € C(L, (1, o0)). The purpose
of this paper is to study the asymptotic behavior of the eigenvalues of the problem

N TRZE i 7 W u |7 WO @
~ M\ xw Kw )= kw k' Mo
(1.1)
where
/ Vu(x) p(x)
K (u)
K@) =Vullpey, k) = llullpey, Sw)= 7 () [P
o | k()

The equation in (1.1) was derived by Franzina and Lindqvist in [5] as the Euler—
Lagrange equation arising from minimizing the Rayleigh quotient K () /k(u) over
Wé P (x)(Q)\ {0}. It was shown there that the first eigenvalue A; > 0 and has an
associated eigenfunction ¢; > 0.
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We recall that the variable exponent Lebesgue space LP®) () consists of all
measurable functions u# on €2 with the Luxemburg norm

u(x)

Vv

p(x) dx
<1l <o0.
p(x)

lull pxy :==1inf Jv >0 :/
Q

The Sobolev space W 7™ (Q) consists of functions u € LP™) () with a distribu-
tional gradient Vu € LP™) (), and the norm in this space is [|u[| () + | Vie ]l ry-

The space WO1 P (£2) is the completion of Cgo (€2) with respect to the norm above,
and has the equivalent norm || Vu/| (). We refer the reader to Diening et al. [2] for
details on these spaces.

It was shown in [5] that

/ Vu(x)
Q

K (u)
J

u()
k(u)
u(x)

J
A

so the eigenvalues and eigenfunctions of (1.1) on the manifold

M= {ue Wy Q) : kw) = 1)

p(x)—2 Vu(x)

Kw)
Vu(x) p(x)
K (u)

-Vu(x)dx

(K'(u), v) = ,u,ve Wyt (@)

and

p(x)—2 u(x)
M v(x)dx

p(x)

(K'(u), v) = uve WP (@),

coincide with the critical values and critical points of K=K | M- In the next section
we will show that K satisfies the (PS) condition, so we can define an increasing
and unbounded sequence of eigenvalues of (1.1) by a minimax scheme. Although
the standard scheme uses Krasnoselskii’s genus, we prefer to use a cohomological
index as shown in [12] by the first author since this gives additional Morse theoretic
information that is often useful in applications.

Let us recall the definition of the Zj;-cohomological index of Fadell and Ra-
binowitz [3]. Let F denote the class of symmetric subsets of M. For M € F,
let M = M/Z, be the quotient space of M with each u and —u identified, let
f : M — RP™ be the classifying map of M, and let f* : H*(RP®) — H*(M)
be the induced homomorphism of the Alexander-Spanier cohomology rings. Then
the cohomological index of M is defined by

ook, m—1
i(M)z[;up{mzl.f(w )#0}’%7;3

where w € H'(RP™) is the generator of the polynomial ring H* (RP*®) = Z,[w].
For example, the classifying map of the unit sphere $”~! in R™, m > 1 is the
inclusion RP"~! c RP*, which induces isomorphisms on H? forqg <m — 1, so
i(s" 1 =m.
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Set

Aji= inf  sup K@), j=>1. (1.2)
MeF yeMm

Then (A j) is a sequence of eigenvalues of (1.1) and A; ' co. Moreover,

hjo<h <k = i(Kh) =],
where K* = {ueM: K(u) < A}, so

iKY =#{j:r; <2} VreR (1.3)
(see Propositions 3.52 and 3.53 of Perera et al.[13]). Our main result is the following.

Theorem 1.1 If1 < p~ < p(x) < p™ < ocoforall x € Q and

(1 1) | (1 1)|Q| |
oc=n|l——-——1]<1, ti=—-— <1,
p-  pt p-  pt

then there are constants Cy, Co > 0 depending only on n and p* such that
C1 12 O/ )T <#lj iy <A} < C1QL e I for i > 0 large,

where |Q| is the Lebesgue measure of Q and k = (1 +1t)/P” /(1 — r)l/p+.

This result is a contribution towards understanding the spectrum of the p(x)-
Laplacian, which many researchers have recently found to be somewhat puzzling.
For example, it is currently unknown if the first eigenvalue is simple, or if a given
positive eigenfunction is automatically a first eigenfunction. Affirmative answers
were given to both of these questions for the usual eigenvalue problem for the
p-Laplacian,

— div (|vu|1’—2 w) =P u, e Wyt(Q), (1.4)

where p > 1 is a constant, in Lindqvist [8,9] (see also [10]). It should be noted
that, in the case when p is constant, (1.1) reduces, not to the problem (1.4), which
is homogeneous of degree p — 1, but rather to the nonlocal problem

VulP~2v p—2
—div(| ul ”):x'”' R TARA ()

p—1 p—1’
Vel lleellp

that has been normalized to be homogeneous of degree 0. The estimate
C1|Q|A"§#{j:kj <A}§C2|Q|A" for A > 0 large

that Theorem 1.1 gives for the eigenvalues of this problem should be compared
with the estimate

Cr1QIAP <#{j:x; <A} < C2IQIAYP  for A > 0 large
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obtained by Friedlander in [6] for (1.4) (see also Garcia Azorero and Peral Alonso
[7]). Caliari and Squassina [1] have recently developed a numerical method to
compute the first eigenpair of the problem (1.1) and investigate the symmetry
breaking phenomena with respect to the constant case.

In the course of proving Theorem 1.1, we will also establish the same asymptotic
estimates for the eigenvalues of the problem

— div(’Lv(Z) e LV(Z)) =puT(u) ’% e iy € WP (),
(1.5)
where
/ Vu(x) [P
L) = Wallpey . 160 =l T =22 20

u(x)
[(u)

J

(which coincide with K, k, and S, respectively, on WO1 P (x)(SZ)). The eigenvalues
and eigenfunctions of this problem on

N ={uew Q) :iu) =1}

coincide with the critical values and critical points of L:=1L| A - Let G denote the
class of symmetric subsets of A/ and set

wi:= inf su Z(u), i > 1.
! NeG uelr\)f /
i(N)=)

Then (1) is a sequence of eigenvalues of (1.5), it; /' oo, and
i(LMy =#{j u; <pn) VueR,

where L* = {u € N : L(u) < p}. Since WH?@(Q) > Wé’p(x)(Q) and
l|W(;,,,(x>(Q) =k, we have N' D M, and L|pq = K, so uj < Aj forall j. We
will see that, under the hypotheses of Theorem 1.1,

CrIQI (/)" <#{j i pj < u} < C21Q1 e 1= for pu > 0 large.

Finally, for the sake of completeness, let us also mention that a different notion
of first eigenvalue for the p(x)-Laplacian, that does not make use of the Luxemburg
norm, has been considered in the past literature, namely,

/ [Vu|P® dx
A= inf AVEEE—

ueW, " @)\(0) /|u|p(x) dx
Q
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In this framework, A € R and u € W(}’p (x)(Q)\ {0} are an eigenvalue and an
eigenfunction of the p(x)-Laplacian, respectively, if

£ Q

(this should be compared with (1.1)). Let A denote the set of all eigenvalues of
this problem. If the function p(x) is a constant p > 1, then it is well-known that
this problem admits an increasing sequence of eigenvalues, sup A = +o0, and
inf A = Ay, > 0, the first eigenvalue of the p-Laplacian (see Lindqvist [8-10]).
For general p(x), A is a nonempty infinite set, sup A = 400, and inf A = A} (see
Fan et al. [4]). In contrast to the situation when minimizing the Rayleigh quotient
with respect to the Luxemburg norm, one often has A7 = 0, and A > 0 only under
special conditions. In [4], the authors provide sufficient conditions for A} to be zero
or positive. In particular, if p(x) has a strict local minimum (or maximum) in €2,
then )Gf = 0.If n > 1 and there is a vector £ % 0 in R" such that for every x € €,
the map ¢ — p(x + t£) is monotone on {7 : x + 1£ € Q}, then A} > 0. Finally, if
n =1, then A7 > 0 if and only if the function p(x) is monotone.

2. Compactness

In this section we will show that K satisfies the (PS) condition. Here and in the
next section we will make use of the well-known Young’s inequality

1 1
ab < (1 - —)al’/<f’—” FSbP Va,b>0, p>1. .1)
p p
Lemma 2.1 Foru # 0 in LP®(Q) and all v € LPX(Q),
|(K' (), v) | < 0]y - (2.2)
Proof. Equality holds in (2.2) if v = 0, so suppose v # 0. We have
px)—1
/ % [v(x)|dx
’ Q u
|(K' (), v)| < YRTIES (2.3)
/Q k(u)

Taking a = |u(x)/k@)|P®~, b = |v(x)/k(v)|, p = p(x) in (2.1) and integrat-
ing over 2 gives

/ u(x) PO u(x) / u(x) [P / u(x) P9 dx
—\|dx < dx —
k(u) k(v) k(u) k(u) p(x)
Q Q Q
v(x) [PY) dx
+ [ | —.
Q/ k(v) p(x)

The last two integrals are both equal to 1, so this shows that the right-hand side of
(2.3) is less than or equal to k(v) = ||U||p(x). O
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Lemma 2.2 K’ is a mapping of type (S4), i.e., ifuj — u in Wol'p(x)(Q) and

lim (K'(uj),uj —u) <0,

]*)
th X . L, p(x)
enuj — uin W, (2).
Proof. Since

(K'(uj),uj) = K@y = [ Vus|

and
(K'(uj),u) = (K'(Vuj), Vu) < [Vullpe
by Lemma 2.1,

lim || Vu;| o) = hrn (K'(uj),uj—u) + IVl pry

]—)

= ”Vu”p(x) = h—m ”VM]H]J(X) ’
J—>00

so that || Vu; Hp(x) — | Vull p(x)- The conclusion follows since Wol’p(x)(Q) is uni-
formly convex. O

Lemma 2.3 For all c € R, K satisfies the (PS). condition, i.e., every sequence
( ) C M such that K(u]) — cand K'(uj) — 0 has a convergent subsequence.

Proof. We have
K(uj) — c, K'(uj)—cjk'(uj) — 0 2.4)

for some sequence (cj) C R. Since (K'(u;),u;) = K(u;) and (K'(uj),u;) =
k(uj) =1,c; — c. Since (u,) is bounded in W1 ‘"(x)(Q) for a renamed subse-

quence and some u € Wl pm(Q) uj — uin Wl p(X)(Q) andu; — uin LPO)(Q).
By Lemma 2.1,

(K)o —u)| < Juj —uf ., — 0.

so the second limit in (2.4) now gives (K’(uj), uj — u) — 0 as j — oo. Then we

conclude that u; — u strongly in W(}’p @) (£2), in light of Lemma 2.2. O
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3. Proof of Theorem 1.1

Let o, 7, and « be as in Theorem 1.1.

Lemma 3.1 We have

lul - lul -
—r < < P
A+l ~ ||”||p(x) = -L-)l/lfr

Yu e L7 (Q), (3.1)
and hence
LIVul,- _ IVallpw _ [Vully

< < Yu e WhrT )\ {0}
il - lull peey llull -

Proof. Equality holds throughout (3.1) if u = 0, so suppose u# # 0. Taking a =
Lb=1lux)/lullpe |P~, p = p(x)/p~ in(2.1),dividing by p~, and integrating

over €2 gives
Q

1 - d 1 1 PO g
- /|u<x>|f’ —fs/(—_——)dw .
llu)|? P p~  pk)
The first integral is equal to IIullﬁ _ and the last integral is equal to 1, so this gives

u(x)

el ey

0
Px) Q Q P

the first inequality in (3.1). Now taking a = 1, b = [u(x)/ |[ull y¢r) 1”™, p =
pT/p(x) in (2.1), dividing by p(x), and integrating over Q gives

u(x) |7 dx /( 1 1 ) 1 / + dx

— - — )dx+ —— el

/ ro — ) vt ) |2 eIt s
Q P Q

[[uell
p(x) 5
The first integral is equal to 1 and the last integral is equal to ||u||Z :, so this gives
the second inequality in (3.1). O

Recall that the genus and the cogenus of M € F are defined by
y(M) = inf {m >1:3 an odd continuous map g : M — Sm_l}
and
Y (M) = sup {m > 1: 3 an odd continuous map g : g1 _, M},
respectively. If there are odd continuous maps §”~! — M — §"~! then m <
i(M) < m by the monotonicity of the index, so y(M) < i(M) < y(M). Since
K* C L*, this gives
V(KM <i(KY) =it <y@*) VreR. (3.2)
Set
K = Vul,, weM:={ueWe” (@ :lul, =1}
and
L) = Vull,-, uwelN :={uew" "7 (@ :ul, =1},

-~

andletl?*:{ue/\/l:l?(u)<k}andzﬂ={u eJ\A/':Z(u)<M}.
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Lemma 3.2 We have
KM < (K", y(I*) <y@**) VreR.

Proof. Lemma 3.1 gives the odd continuous maps

u u

I'NWLP Q) = T*, us

KMe s K* urs , ,
el pxy el )+

and the inclusion L* N Wl’l’+(§2) cLtisa homotopy equivalence by Palais [11,
Theorem 17] since whr* () is a dense linear subspace of W17™¥)(Q), so the
conclusion follows. o

Lemma 3.3 Ler 0 < § < 1, consider the homothety @ — §Q2, x — §x =: y,
and write u(x) = v(y). Then

VVllpr 6o IIVM||p+, IVVllp= oy 1VHll - Vue W' (@) (0]
vl p- lluell - vl p+ lleell +
Proof. Straightforward. O

Lemma 3.4 If Q| and Q2 are disjoint subdomains of 2 such that QU =Q,
then

VKS) +7(KS) < 7(KE).,  vLy) <y@y)+yLy,) Vi<,
where the subscripts indicate the corresponding domains.
Proof. Since K} contains Il{\é‘zl and I/{\?zz’ if )7(1’(\%21) or ?(k\gz)is infinite, then so
is )7(KS)-‘2) and hence the first inequality holds. So let m; := )7(K§‘2i) < 00 and let
gismitl I?éz, be an odd continuous map for i = 1, 2. Write y € gty =1
asy = (y1,y2) € R @ R™2 | get |y2| = ¢, and let

g1(y1), t=0
A —=0g1(n/V1—12)+122(2/1) |
gy = — >~ O<t<
H(l —-0g1n/v1—t )+tgz(yz/t)Hp7
22(), t=1.
Clearly, g(y) € f{\f\z fort=0,1.For0 <7 <1,
1/pt
P (1 —0)P" 47"
Kao(g(y) < A [ | <X

[(1—np 7 ]V7

since p > [(1—1)? +1P]Y/? on (1, 0o) is nonincreasing. S0 g : sty =1 _y I?éz
is an odd continuous map and hence )7(K§‘2) > my + mo.

Since the second inequality holds if y(f’}; ) or y(ZgQ) is infinite, let m; :=
y(Lgi) <ooandletg; : Léz,- — §™i~! be an odd continuous map fori = 1, 2. For
ue Ly letu; = ulg,, pi = luill,+, and @ = u;/p; if p; # 0. Fix " € (h, 1)
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such that ()L/)L”)”Jr > 1/2, take smooth cutoff functions 5, ¢ : [0, c0) — [0, 1]
such that n = 0 near zero, n = 1 on [[1 — ()L/)L”)”+]l/p+, 00), ¢ = 1on[0,1"]
and { = 0 on [1/, 00), and let

(n(p1) ¢ (Lo, @) g1 @), 1(p2) ¢ (La, (i2)) 82(it2))
10?2 ¢ @a, @))% + 102 ¢ Loy @)

gu) = , (3.3)

with the understanding that n(p;) {(Zgi (u;)) gi(u;) = 0if p; = 0. We claim that

the denominator is greater than or equal to 1. The claim is clearly true if u; = 0 or
+ + +

uy = 0, so suppose u; # 0 and up # 0. Since pf) + ,05 = ||u||§Jr = 1, either

p1 = 1/2Y7" or py = 1/21/7" and since 1/21/7" > [1 — (1/2")?"1/7", then

either n(p1) = 1 or n(pz) = 1. Moreover, if Lo, (u;) > A fori =1, 2, then

A Vil IVallP- VP
L=p{ +p <pl' +p) < ”M,_ r = Xp_” <1,

a contradiction, so either {(ZQI (u1)) =1lor {(ZQZ (#3)) = 1. Consequently, we
are done if n(p;) = 1 and n(p2) = 1, so assume that one of them, say n(p2), is
less than 1. Then n(p;) = 1. Moreover, p; < [1 — (A/A/’)p+]1/1’+ and hence
IVuill - - IVl ,-
G - p”+)1/1v+

)\'//

Lo, (i) =

so ¢ (LQ (1)) = 1. Thus, the genommator in (3.3) is greater than or equal to
n(p1) ;(Lgl(ul)) =1.Sog: L)‘ — §™mtm2=l s an odd continuous map and
hence y(LQ) <mi + mj. |

We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. Continuously extend p to the whole space, with the same
bounds p~ and p™, using the Tietze extension theorem. Let Q be the unit cube in
R”", fix A9 > max { inf Ko, inf LQ}, and set

r=7(Kg). s=y@LY.

Then for 2’ > X > A and any two cubes Q,, and Ob,, of sides ay = ()»0/)»)1/(“"’)
and by = (Ao/A))/1=9) respectively, Lemma 3.3 gives the odd homeomorphisms

~1, = v 0 ~y v

K > K}y , ur» ———, LY =LY | ur—> ——,
0 Qay Il - 0 Y Il -

SO

;7(1(*”) =, y(L)‘QbA/) =s.

Now it follows from Lemma 3.4 that if Q,, is a cube of side a > 0, then

el <vky) van =s([2]+1)
a;, — 0.7 Q4 — b)h, ’
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where [-] denotes the integer part. Thus, there are constants C1, C> > 0,independent
of a, A, and A/, such that

Cra"w" ) < F(Kh ), y(Lhy) < Cra"()17, <) large. (3.4)

Let ¢ > 0 and let 2, Q2° be unions of cubes with pairwise disjoint interiors such
that Q. C Q C Q°f and |Q°\Q2,| < &. Then

Cr 12| A 1F) < F(KE) < (KM, y(@T") <y (L) < 195 ()1~

by (3.4) and Lemma 3.4. Letting ¢ \( 0, A’ \( A, and combining with (1.3), (3.2),
and Lemma 3.2 yields the conclusion. O
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