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1. Introduction and main results

For p € (1,00), s € (0,1), and N > sp, the fractional p-Laplacian is the nonlinear nonlocal operator
defined on smooth functions by

(- u@) =2l | '““)‘“%”p;';ﬂf)‘“(y”dy, s eRY. 1)
RN\ B.(z)

This definition is consistent, up to a normalization constant depending on NV and s, with the usual definition
of the linear fractional Laplacian (—A)® when p = 2. Some motivations that have led to the study of these
kind of operators can be found in Caffarelli [7].
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The operator (—A)3 leads naturally to the quasilinear problem

(=A)yu= f(r,u) inQ
{u:O inRN\Q,

where €2 is a domain in RY. There is currently a rapidly growing literature on this problem when € is
bounded with Lipschitz boundary. In particular, fractional p-eigenvalue problems have been studied in [15,
19,23,28], regularity theory in [6,12,18], existence theory in the subcritical case in [17], and the critical case
in [27].

The corresponding problem in the whole space was recently considered in Lehrer et al. [22] and Torres
[36]. In [36], the equation

(=A),u+V(x) |ulP~?u = f(z,u), xcRY (1.2)
was studied when the potential V' € C(RY) satisfies

inf V(z)>0, p({zeRY:V(2)<M})<+o0 VM >0,

z€RN

where 11 denotes the Lebesgue measure in R, and a nontrivial solution was obtained when the nonlinearity
f is p-superlinear and subcritical.
Equation (1.2) reduces to the well-known fractional Schrédinger equation

(=AY’ u+V(z)u= f(z,u) (1.3)

when p = 2. This equation, introduced by Laskin [20,21], is an important model in fractional quantum
mechanics and comes from an expansion of the Feynman path integral from Brownian-like to Lévy-like
quantum mechanical paths. When s = 1, the Lévy dynamics becomes the Brownian dynamics and equation
(1.3) reduces to the classical Schréodinger equation. The fractional Schréodinger equation has been widely
investigated during the last decade and positive solutions have been obtained under various assumptions on
V and f (see, e.g., [9,10,14,31-33,35,38] and the references therein).

In the present paper we investigate existence of nontrivial solutions of the equation

(A3 u+ V(@) Juf 2w = K (@) [ulP? u+ pL(x) |ul" 20+ ufP2u, xRV, (1.4)

where pi = Np/(N — sp) is the fractional critical Sobolev exponent, ¢ € (p,p%), V, K, L are positive
continuous functions, and A € R, p > 0 are parameters. The semi-linear local case p = 2, s = 1 of this
problem has been extensively studied in the literature, where the main feature is to impose conditions on V,
K and L to gain some compactness (see, e.g., [1-5,16,24]). In the quasilinear case p # 2, in addition to the
usual difficulty of the lack of compactness, this problem is further complicated by the absence of a direct
sum decomposition suitable for applying the classical linking theorem of Rabinowitz [30]. We will overcome
this difficulty by using a generalized linking theorem based on the Zy-cohomological index.
We shall assume that V, K and L are positive continuous functions on RY satisfying:

(Hy) K and L are bounded;
(Hs) we have:

I
S

_ . L(2) -
=0, |:v1\1£>noo V (x)INp—(N=sp)al/sp? =0
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Notice that these conditions allow possibly different behavior of the potentials at infinity. If the potential
V' is bounded, then K and L need to be vanishing at infinity, while if V' is unbounded, then K and L may
converge to a constant. Denoting by

1/p

the Gagliardo seminorm of a measurable function v : R — R and setting

1/p

o = (m/ V) lurds |

|u

we work in the reflexive Banach space
X = {u € P (RY) : [u]s,p < 00, [ulpy < oo}
with the norm given by
lull® = [ul? , + lulp,y-

Let also
LPRY) =S u: /K(:r) [ulP dz < oo o, LIRY) = u: /L(:r) |ul? dz < oo
RN RN

be the weighted Lebesgue spaces, normed by

1/p 1/q

|u|p,K=(H/ K@ luPde| . |ulgs= / L)t dz |
N

N

respectively. We have the following compactness result.
Proposition 1.1. If (H1) and (Hs) hold, then X is compactly embedded in L% (RN) N L (RY).

A weak solution of equation (1.4) is a function u € X satisfying

Ju(e) — u)P (u(a) — uly)) (0(z) ~ v(y)) —
oy dady 14 V@) it d
_ / (M @) P2 w4 e ) ] [

RN

p:72u) vdx Yve X.

Weak solutions coincide with critical points of the C'-functional

1 A I 1
d(u) == up—/(—Kx ulP + = L(z) |u|? + = |u
(u) p\||| p()|| q()|| p*|

RN *

pj) dr, uelX.
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Recall that ® satisfies the Palais-Smale compactness condition at the level ¢ € R, or (PS). for short, if
every sequence (u;) C X such that ®(u;) — ¢ and ®'(u;) — 0, called a (PS). sequence, has a convergent
subsequence. Let

p
Sy = inf ”“L', >0, (1.5)
weX\{0} |ulp.

where ||+ is the standard norm in LP: (RN). Our existence results will be based on the following proposition.

Proposition 1.2. Assume that
> g/ 0
c< NV ¢ £ 0.
Then any (PS). sequence has a subsequence converging weakly to a nontrivial solution of (1.4).

Let

ulP
Ssp = inf [ ];’p
weLPs (RN\{0}, [u]s,p<oco |U|p;

be the best constant in the fractional Sobolev inequality. Since V is positive, Sy > S ,. Equality holds
if Ve LN/P(RN). To see this, let ¢ be a minimizer for Sy, and let y; € RY with |y;] — co. Then
uj := (- —y;) € X by the Holder inequality and |u;|, v — 0 as easily seen by approximating V" and ¢ by
functions with compact supports. Since [-|5, and |-

p are translation invariant, then

lJusll” [@l? , + ;s o S
b lolp P
2

U4 *
|,

Ps

Moreover, in this case, the infimum in (1.5) is not attained. For if ug is a minimizer for Sy, then Sy =
luo||” /|uo e > [uol? ,/|uolp: > Ssp, a contradiction. It is expected that the minimizers ¢ of S, decay at
infinity as ¢(x) ~ |x\_(N_8p§/(p_1) (this occurs for s = 1, see [34]) so that, for

1 if N > sp?
Qo = N : 2
TN =) if sp < N < sp?,

the conclusion Sy = S, , is expected to hold by assuming that V € L (RY) for some a > ay.
Since X is compactly embedded in L% (RY) by Proposition 1.1,

p
A= inf ”up” >0 (1.6)
uex\{0} |uly

is the first eigenvalue of the eigenvalue problem
(=A),u+ V() |ulP~2u = AK () [ulP2u, ueX. (1.7)
First we obtain a positive solution of equation (1.4) when A < Ap.

Theorem 1.3. Assume (Hi) and (Ha). If A < A1, then there exists u*(X) > 0 such that equation (1.4) has a
positive solution for all p > p*(\).
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Let u®(z) = max {Zu(z),0} be the positive and negative parts of u, respectively, and set

*lup— éxupﬁavlL’ziu”:zu
®*(0) = ] [(pK(M*)+qM)(+)+*(*)>d, e X.

S

If u is a critical point of ®*, then recalling the elementary inequality

la= —b" P <la—bP"2(a—b)(b~ —a”), Va,beR,

we obtain
_ ot oy [ u@) —u@) PP (u(@) - uy) (v (y) —u (@)
0=0" (u)(—u") = = g dxdy
R2N
+ [Vl pde = u P
RN
and hence 4~ = 0, so u = u™ > 0 is a critical point of ® and therefore a nonnegative solution of equation

(1.4). Moreover, if it was u(zg) = 0 for some x¢ € RV, then (1.4) and (1.1) give

. u(y)’ !

1 _ =

0 / |lwo — y|NHep =0
RN\ B. (o)

so u = 0. Thus, nontrivial critical points of ®* are positive solutions of (1.4). The proof of Theorem 1.3 will
be based on constructing a minimax level of mountain pass type for ® below the threshold level given in
Proposition 1.2.

Next we obtain a (possibly nodal) nontrivial solution of equation (1.4) when A > A;.

Theorem 1.4. Assume (Hy) and (Hsz). If A > A1, then there exists p.(A) > 0 such that equation (1.4) has a
nontrivial solution for all u > p.(N).

This extension of Theorem 1.3 is nontrivial. Indeed, the functional ® does not have the mountain pass
geometry when A > \; since the origin is no longer a local minimizer, and a linking type argument is needed.
However, the classical linking theorem cannot be used since the nonlinear eigenvalue problem (1.7) does not
have linear eigenspaces.

2. Tools from critical point theory

We will use a general construction based on sublevel sets as in Perera and Szulkin [29] (see also Perera et
al. [26, Proposition 3.23]). Moreover, the standard sequence of eigenvalues of (1.7) based on the genus does
not give enough information about the structure of the sublevel sets to carry out this linking construction.
Therefore we will use a different sequence of eigenvalues as in Perera [25] that is based on a cohomological
index.

The Zs-cohomological index of Fadell and Rabinowitz [13] is defined as follows. Let W be a Banach
space and let A denote the class of symmetric subsets of W \ {0}. For A € A, let A = A/Zy be the
quotient space of A with each v and —u identified, let f : A — RP> be the classifying map of A, and let
f*: H*(RP>) — H*(A) be the induced homomorphism of the Alexander—Spanier cohomology rings. The
cohomological index of A is defined by
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i(A) = {sup{mz L:fr(wm ) #£0}, A#0
Oa AZ@?

where w € H!(RP) is the generator of the polynomial ring H*(RP>) = Zs[w]. For example, the classifying
map of the unit sphere S™! in R™, m > 1 is the inclusion RP™~! ¢ RP>°, which induces isomorphisms
on H? for ¢ < m — 1, so i(S™~!) = m. The following proposition summarizes the basic properties of this
index.

Proposition 2.1. (See Fadell and Rabinowitz [13].) The index i : A — NU{0, 00} has the following properties:

(i1) Definiteness: i(A) =0 if and only if A =0;

(i2) Monotonicity: If there is an odd continuous map from A to B (in particular, if A C B), then i(4) <
i(B). Thus, equality holds when the map is an odd homeomorphism;

(i3) Dimension: i(A) < dim W;

(i4) Continuity: If A is closed, then there is a closed neighborhood N € A of A such that i(N) = i(A).
When A is compact, N may be chosen to be a d-neighborhood Ns(A) = {u € W : dist(u, A) < 6};

(i5) Subadditivity: If A and B are closed, then i(AU B) < i(A) +i(B);

(i¢) Stability: If SA is the suspension of A # (), obtained as the quotient space of A x [—1,1] with A x {1}
and A x {—1} collapsed to different points, then i(SA) =i(A) + 1;

(i7) Piercing property: If A, Ao and Ay are closed, and ¢ : A x [0,1] — Ag U Ay is a continuous map
such that o(—u,t) = —p(u,t) for all (u,t) € A x [0,1], p(A x [0,1]) is closed, p(A x {0}) C Ag and
w(A x {1}) C Ay, then i(p(A x [0,1]) N Ag N A1) > i(A);

(ig) Neighborhood of zero: If U is a bounded closed symmetric neighborhood of 0, then i(0U) = dim W.

Eigenvalues of problem (1.7) coincide with critical values of the functional

U(u) = (IE/ K(z) |ulP dx

on the unit sphere S = {u € X : |Jul]| =1}, and we can define an increasing and unbounded sequence of
eigenvalues via a suitable minimax scheme. The standard scheme based on the genus does not give the index
information necessary to prove Theorem 1.4, so we will use a different scheme based on a cohomological
index as in Perera [25]. First we note that the general theory developed in Perera et al. [26] applies to this
problem. Indeed, the odd (p —1)-homogeneous operator 4, € C(X, X*), where X* is the dual of X, defined
by

u(z) —uy) P2 (u(z) —u v(x) —v
= [ MU ) Zul) 00l o,
R2N
+ [ V(@) [uf?uwdr, u,veX (2.1)
/

that is associated with the left-hand side of equation (1.7) is the Fréchet derivative of the C!-functional
X — R, uws ||lul|”/p and satisfies for all u,v € X,

Ap(u)u = [lul/” (2.2)

and
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Aol < [ OO R =0 oy - [ v i ol da

R2N RN

— -1 -1
< [ulfy! e + lulpy ol <l ol (2.3)

by the Holder inequalities for integrals and sums. Moreover, since X is uniformly convex, it follows from
(2.2) and (2.3) that A, is of type (S), i.e., every sequence (u;) C X such that

uj —~u, Ap(yj)(u; —u)—0

has a subsequence that converges strongly to w (cf. [26, Proposition 1.3]). Hence the operator A, satisfies
the structural assumptions of [26, Chapter 1]. On the other hand, the odd (p — 1)-homogeneous operator
B, € C(X,X*) defined by

By(u)v = /K(az) lulP? uvde, u,ve X
]RN

that appears in the right-hand side of (1.7) is the Fréchet derivative of the C'-functional X — R, u
luly, x/p and satisfies B, (u) u = |ul} ; for all u € X. Moreover, since X is compactly embedded in Lj (RN)
by Proposition 1.1, B, is compact. Hence B, satisfies the assumptions of [26, Chapter 4]. Let F denote the
class of symmetric subsets of S and set

A 1= inf sup ¥(u), keN.
MeF, i(M)>k ueM

By [26, Theorem 4.6], A\, 400 is a sequence of eigenvalues of problem (1.7) and
Mo < App1 = i(UM) =4(S\ Uy,,,) =k, (2.4)

where UM = {u € S: ¥(u) < A} and Uy, ={ueS: ¥(u) > A\ep1}
The proof of Theorem 1.4 will make essential use of (2.4) and will be based on the following abstract
critical point theorem.

Theorem 2.2. Let X be a Banach space and let S = {u € X : ||u|| = 1} be the unit sphere in X. Let ® be a
C'-functional on X and let Ay, By be disjoint nonempty closed symmetric subsets of S such that

i(Ag) =i(S\ By) < 0. (2.5)
Assume that there exist R>r >0 and v € S\ Ay such that
sup ®(A) < inf ®(B), sup ®(D) < o0,
where

A={tu:u € Ay, 0 <t < R}U{R7((1—t)u+tv):ue€ Ay, 0 <t <1},
B={ru:ue€ By},
D={tu:ue€A, |u| =R, 0<t<1},

and m: X\ {0} = S, ur— u/||u| is the radial projection onto S. Let

I'={yeC(D,X):~(D) is closed and |, = ida}
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and set

c:=inf sup P(u).
V€L uey(D)

Then inf ®(B) < ¢ < sup ®(D) and ® has a (PS). sequence.

Theorem 2.2, which does not require a direct sum decomposition, generalizes the linking theorem of
Rabinowitz [30] and is proved in Candito et al. [8] (see also Yang and Perera [37]). The linking construction in
its proof was also used in Perera and Szulkin [29] to obtain nontrivial solutions of p-Laplacian problems with
nonlinearities that interact with the spectrum. A similar construction based on the notion of cohomological
linking was given in Degiovanni and Lancelotti [11]. See also Perera et al. [26, Proposition 3.23].

3. Preliminaries

In this preliminary section we prove Propositions 1.1 and 1.2.

Proof of Proposition 1.1. Let (u;) be a bounded sequence in X. Then, a renamed subsequence converges
weakly and a.e. to some u € X. By virtue of assumption (Hz), given € > 0, there exists r. > 0 such that
K(z)<eV(z), L(z)<eV(x)Ne-W=s)d/sp® o all 2 € B,_(0)°.

The first inequality gives

/ K(z)|u;|Pdx < e / V(z) Ju;|P de = € O(1),

B,.(0) RN
/ K(x) [ul do SE/V(:C) luf? da. (3.1)
B (0)¢ RN

Combining the second inequality with the Young’s inequality gives

L(z) |t < e(V(x) [t +[t|P*),  forallz € B, (0)° and t € R,

so that

La) st de <& [ (V) ul? + sl ) do = £O(0)

B (0)¢ RN
/ L(z) Ju|?dx < 5/ (V(gc) [ul? + |u|p:) dx. (3.2)
B (0)e RN

Since X is compactly embedded in LP(B,_(0)) N L9(B,. (0)) and K and L are bounded, u; — u in
L% (B,.(0)) N LY (B,.(0)) for a further subsequence. Then it follows from (3.1) and (3.2) that u; — u
in LE(RY) N L9 (RY), since they are uniformly convex spaces. 0O

Proof of Proposition 1.2. Let (u;) be a (PS). sequence. First we show that (u;) is bounded in X. We have

p) drx =c+o0o(1) (3.3)

S

1 A I 1
o) = 3 sl = [ (2 K@l + 2 2 gl + 1y
RN
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and

Vo= [ 2= O 00 ) 0 = ) o,

|z —y|NHep

+ [V upugvde— [ (K@) g s 4+ L) gl 0y +
RN RN
=o(|lv]]) WveX, (3.4)

2 uj) vdx

in particular,

®u)us = sl = [ (A agl? + L) s+ s
RN

") dw = of u; ). (3.5)

By (3.3) and (3.5),

(1) Jrras (- 2) [

RN RN

P da = o(|Jugl|) + O(1),

which gives

P dx < of[lus ) + O(1) (3.6)

/ L) s dr < o(Jus]]) + O(1), / Ju;

RN RN

since p > 0 and p < ¢ < p%. By (Ha), there exists r > 0 such that AK (z) < V(x)/2 for all z € B,.(0)¢ and
hence

1 1
[ M@l < 5 [ Vie) g de < 5l (3.7)
B,.(0)¢ RN
and by the Holder inequality,

p/p;

i dx : (3.8)

/ N (2) [y P dir < |A]| €] oo vl (B, (0))7/ / Ju;
B.(0) N

where || is the norm in L>(RY). Since p > 1, it follows from (3.5)—(3.8) that (u;) is bounded. So a renamed
subsequence of (u;) converges to some u weakly in X, strongly in L% (RN) N L% (RY) by Proposition 1.1,
and a.e. in RY. The sequence |uj(x) — u;(y)[P~2 (uj(x) — uj(y))/|x — y|NV+sp)/P" i bounded in LP'(R2N)
and it converges to |u(z) — u(y)[P~2 (u(z) — u(y))/|z — y|NV+sP)/P" almost everywhere in R2N. Moreover,
(v(z) —v(y))/|x — y|NFTsP)/P ¢ LP(R?N), so the first integral in formula (3.4) converges to

u(z) — u(y)[P~> (u(z) — u(y)) (v(z) —v(y))
R2N |z — y|N+3p derdy

for a subsequence. Similarly,
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/V(x) luj[P~% u;vde — /V(x) |ulP~? uv de,

RN RN
/K(x) luj [P~ ujvde — /K(x) |ulP~? uo dz,
RN RN

/L(m) luj |97 ujvde — /L(x) |u|1? o da,
RN RN
/|uj|pz_2ujvdx—>/|u|p:_2uvdx

RN RN

for a further subsequence. So passing to the limit in (3.4) shows that u is a weak solution of equation (1.4).
Suppose now that u = 0. Since (u;) is bounded in X and it converges to 0 in L} (RY) N L% (RY), (3.5) and

(1.5) give
: [
o) = gl = [ fusP”* do > s (“W ~
RN v

If |lu,|| — 0, then ®(u;) — 0, contradicting ¢ # 0, so this implies

P > Sp/*" +o(1)

for a further subsequence. Then (3.3) and (3.5) give
1 1 p S oN/sp
c=|-——)|lu|l" +0(1) > =S +0(1),
(5= 5 ) Tl +0(1) = 5 827 +o1)

contradicting ¢ < % S‘],V/ *P_ This concludes the proof. O

4. Proofs

In this section we prove Theorems 1.3 and 1.4.

Proof of Theorem 1.3. Fix uy > 0 in X such that |ug|,- = 1. Since p < ¢ < p},

AtP tPs

+ v P p pt? q
O (tug) = o [[uoll” — e luoly, i — e luolg,r, —

— —00
*
S

as t — +oo. Take ty > 0 so large that % (toug) < 0, let
I'={y € C([0,1], X) : 7(0) = 0, (1) = touo}
be the class of paths joining 0 and tyug, and set

c:=inf max @t (u).
vel’ uey([0,1])

By Proposition 1.1, we learn that

Jul”

T =
wex\{o} |ul}

(4.1)
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By formulas (1.6), (4.1), and (1.5), we obtain

Pi oWy e X,

1 )\Jr J 1 _p*
¥ 2 (15 Il = T s
p 1 q P

S

where AT = max {),0}. Since AT < A\ and p¥ > g > p, it follows from this that 0 is a strict local minimizer
of @, so ¢ > 0. Thus, ®* has a (PS). sequence (u;) by the Mountain Pass Theorem. Since y(s) = stoug is
a path in T,

tP utd

c < max & (stouo) < max &* (fuo) < max [5 (HUOIIP = Alug i,K) e “0|q,L}
q/(a—p)

) S SN/SP

C W(WW—M%K

<
P q p/(q—p) N v
(N|UO|3,L)

if p > 0 is sufficiently large. An argument similar to that in the proof of Proposition 1.2 now shows that a
subsequence of (u;) converges weakly to a positive solution of equation (1.4). O

Turning to the proof of Theorem 1.4, since A > A\j, Ax < A < Agy; for some k > 1. By (2.4), i(U**) =
i(S\ ¥x,,,) = k. First, we construct a compact symmetric subset 4y of U** with the same index. As we
have already noted, the operator A, defined in (2.1) satisfies the structural assumptions of [26, Chapter 1].

Lemma 4.1. The operator A, is strictly monotone, i.e.,
(Ap(u) = Ap(v)) (u—v) >0
for allu #v in X.

Proof. It is easily seen from (2.3) that A, (u)v < |[u]|’”"|jv| for all u,v € X and the equality holds if and
only if au = v a.e. in RN for some «, 3 > 0, not both zero, so the conclusion follows from [26, Lemma
6.3. O

Lemma 4.2. For each w € L5 (RYN), the equation
(=A)yu+V(x) lulP~?u = K(z) [wP 2w, zecRY (4.2)
admits a unique weak solution w € X. Furthermore, the mapping J : LZ;{(RN) — X, w > u is continuous.

Proof. The existence follows from a standard minimization argument since X is continuously embedded in
Ly (RY) by Proposition 1.1, and the uniqueness is immediate from the strict monotonicity of the operator
Ap. Let wj — w in LE(RY) and let u; = J(w;), so

Ap(uj)v = /K(:E) lw; [P 2wjvdr Vv € X. (4.3)
RN
Testing with v = u; gives

_ —1
|WW=/K@WN2%WW§WﬁKWMK

RN
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by the Hélder inequality, which together with the continuity of the embedding X < L. (R™) shows that
(uj) is bounded in X. So a renamed subsequence of (u;) converges to some u weakly in X, strongly in
LE(RYN), and a.e. in RY. As in the proof of Proposition 1.2,

Ap(uj)v — Ap(u) v, /K(x) lw;i [P~ wjvdr — /K(x) lw[P~2 wo dz,
RN RN

along a subsequence. So passing to the limit in (4.3) shows that u is a weak solution of equation (4.2) and
hence u = J(w). Testing (4.3) with u; — u gives

_ —1
() (a5 =) = [ K@)y w5 a5 = ) d < s = e >0,
RN
so u; — u for a further subsequence since A, is of type (S). O
Proposition 4.3. If A\ < A\p11, then U ¢ has a compact symmetric subset Ag with i(Ag) = k.

Proof. Let

—, ue X\{0},

Wp,K(U) = |U| K
p,

be the radial projection onto S, x = {u € X : |ul, x = 1}, and let
A=mp(I™) ={w e Sk : wl” < M}

Then i(A) = i(¥**) = k by (iz) of Proposition 2.1 and (2.4). For w € A, let u = J(w), where J is the map
defined in Lemma 4.2, so
Ap(u)v = / K(z) lwP?wvde, YveX.
RN

Testing with v = u, w and using the Holder inequality gives

-1
pis =A@ w < Jul" ],

—1
lull” < |wlp x [ulp,x = |u

SO

]
e < ol

and hence 7, r(u) € A. Let J = 7, i o.J and let A = J(A) C A. Since the embedding X < LE(RVN) is
compact by Proposition 1.1 and J is an odd continuous map from L%(RN ) to X, then A is a compact set

and i(A) = i(A) = k. Let

[7p,5c ()| =

m(u) = ﬁ we X\ {0} (4.4)

be the radial projection onto S and let Ag = 7(A). Therefore Ag C WU** is compact and i(Ag) = i(4) =k. O

We are now ready to prove Theorem 1.4.
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Proof of Theorem 1.4. We apply Theorem 2.2. Since A > A, Ay < A < A\pyq for some k > 1. Then U has
a compact symmetric subset Ay with

i(Ag) =k
by Proposition 4.3. We take By = ¥, ,, so that
i(S\ By) =k
by (2.4). So (2.5) holds. For v € S and t > 0,

s
s

tp A [t 1!
d(tu) = — (1 — R e, -
(tu) p ( W(U)) q il Pt

Pick any v € S\ Ap. Since Ay is compact, so is the set

P: (4.5)

Py

|u

Xo={m((1—t)u+tv) :ue dy 0<t<1},

where 7 is as in (4.4), and hence

A
a = su 1-— < 00 = inf |ul?, > 0.
ue)lé)o ( > ) ﬁ wEXo | |q,L

For u € Ay, (4.5) gives
D
B(tu) < — = (i _ 1) <0 (4.6)

since A > . For u € X, (4.5) gives

(1 1)t o

O(ty) < — -7 __
(tu) < p q p q) (upB)p/la=p

where at = max {«,0}. Fix p > 0 so large that the last expression is less than (s/N)Sg/Sp, take positive
R> (qgat /ppB)Y/(@=P) and let A and D be as in Theorem 2.2. Then it follows from (4.6) and (4.7) that

sup ®(A) <0, sup ®(D) < % Sg/Sp.

Finally for u € By, (4.5) gives

P a L8 .
D(tu) > ? <1 _ A ) _ Kt T—a/P _ ¢ S;ps/p’
p Ak+1 q pk

where T is as in (4.1). Since A\ < Ag41 and p¥ > g > p, it follows from this that if 0 < r < R is sufficiently
small and B is as in Theorem 2.2, then

inf ®(B) > 0.

Thus, 0 < c < (s/N)Sg/Sp and ® has a (PS). sequence by Theorem 2.2, a subsequence of which converges
weakly to a nontrivial solution of equation (1.4) by Proposition 1.2. 0O
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