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We prove a bifurcation and multiplicity result for a critical fractional p-Laplacian problem that is the analog
of the Brézis-Nirenberg problem for the nonlocal quasilinear case. This extends a result in the literature for
the semilinear case p =2 to all p € (1, 00), in particular, it gives a new existence result. When p # 2, the
nonlinear operator (—A)?, s € (0, 1), has no linear eigenspaces, so our extension is nontrivial and requires a
new abstract critical point theorem that is not based on linear subspaces. We prove a new abstract result based
on a pseudo-index related to the Z,-cohomological index that is applicable here.

© 2015 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

1 Introduction and main results

For p € (1,00), s € (0, 1), and N > sp, the fractional p-Laplacian (—A)), is the nonlinear nonlocal operator
defined on smooth functions by

(~a); u(x) = 21im lur) = w1 wlx) = u(y))

- dy, xeRV.
r eNO JrM\ B, (x) |x — y|Ntsp

This definition is consistent, up to a normalization constant depending on N and s, with the usual definition of
the linear fractional Laplacian operator (—A)* when p = 2. There is currently a rapidly growing literature on
problems involving these nonlocal operators. In particular, fractional p-eigenvalue problems have been studied in
Brasco and Parini [7], Brasco, Parini and Squassina [6], Franzina and Palatucci [19], lannizzotto and Squassina
[26] and in Lindgren and Lindqvist [29]. Regularity of solutions was obtained in Di Castro, Kuusi and Palatucci
[14], [15], Iannizzotto, Mosconi and Squassina [25], Kuusi, Mingione and Sire [27] and Lindgren [28]. Existence
via Morse theory was investigated in Iannizzotto et al. [24]. We refer to Caffarelli [10] for the motivations that
have led to their study. Let 2 be a bounded domain in R" with Lipschitz boundary. We consider the problem

P

(=AY u=xlul"u+u”?u in Q,
(1.1)

u=0 in RV\ ,

where p* = Np/(N — sp) is the fractional critical Sobolev exponent. Let us recall the weak formulation of
problem (1.1). Let

hr = (/R W dx dy) "
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be the Gagliardo seminorm of the measurable function u : RN — R, and let
WP (RN) = {u eL? (]RN) Culsp < oo}
be the fractional Sobolev space endowed with the norm
el = (lel; + u]?,) "7,
where ||, is the norm in L7 (RY) (see Di Nezza et al. [30] for details). We work in the closed linear subspace

X5(Q)={uew”RY):u=0acinR"\ Q},

equivalently renormed by setting ||-|| = [-],,,» which is a uniformly convex Banach space. By [30, Theorems 6.5
& 7.1], the imbedding X, (2) < L"(€2) is continuous for r € [1, p;] and compact for r € [1, p). We let

. ull?
S,= f
ueXs (Q)\{0} |”|p:‘

(1.2)

denote the best imbedding constant when r = p{. A function u € X} (2) is a weak solution of problem (1.1) if

/ lu(x) —u(@)I"? (u(x) —u(y)) (v(x) — v(y))

|X _ y|N+.vp

dxdy
= x/ lu|P > uv dx +f | Puvdx Vv e X5(Q). (1.3)
Q Q
In the semilinear case p = 2, problem (1.1) reduces to the critical fractional Laplacian problem

(=AY u=ru+u>*u in Q,
1.4

u=0 in RV \ Q,

where 2* = 2N /(N — 2s). This nonlocal problem generalizes the well-known Brézis-Nirenberg problem, which
has been extensively studied beginning with the seminal paper [9] (see, e.g., [1], [2], [11]-[13], [16], [20]-[23],
[39], [40], [42] and references therein). Consequently, many results known in the local case s = 1 have been
extended to problem (1.4) (see, e.g., [3], [35]-[38], [41]). In particular, Fiscella et al. [18] have recently obtained
the following bifurcation and multiplicity result, extending a well-known result of Cerami et al. [12] in the local
case. Let 0 < A; < A, < A3 < --- — 400 be the eigenvalues of the problem

(=AY u=iu in Q,
u=0 in RV\ Q,
repeated according to multiplicity, and let |-| denote the Lebesgue measure in RV . If A, < A < A44; and

SS,Z
A > Ajyy — |Q|T/N’
and m denotes the multiplicity of A, then problem (1.4) has m distinct pairs of nontrivial solutions £ u?, j=
1, ..., m, such that u’} — 0as A / Agq (see [18, Theorem 1]).

In the present paper we extend the above bifurcation and multiplicity result to the quasilinear nonlocal problem
(1.1). This extension is quite nontrivial. Indeed, the linking argument based on eigenspaces of (—A)* in [18] does
not work when p # 2 since the nonlinear operator (—A)‘;, does not have linear eigenspaces. We will use a more
general construction based on sublevel sets as in Perera and Szulkin [34] (see also Perera et al. [32, Proposition
3.23]). Moreover, the standard sequence of variational eigenvalues of (—A)j, based on the genus does not give
enough information about the structure of the sublevel sets to carry out this linking construction. Therefore we will
use a different sequence of eigenvalues introduced in Iannizzotto et al. [24] that is based on the Z,-cohomological
index of Fadell and Rabinowitz [17], which is defined as follows. Let W be a Banach space and let A denote
the class of symmetric subsets of W \ {0}. For A € A, let A = A/Z, be the quotient space of A with each u and
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334 K. Perera, M. Squassina, and Y. Yang: Bifurcation and multiplicity results for critical fractional p-Laplacian problems

—u identified, let f : A — RP™ be the classifying map of A, and let f* : H*(RP™) — H*(A) be the induced
homomorphism of the Alexander-Spanier cohomology rings. The cohomological index of A is defined by

R

where w € H'(RP™) is the generator of the polynomial ring H*(RP™) = Z,[w]. For example, the classifying
map of the unit sphere §”~! in R™, m > 1, is the inclusion RP"~! ¢ RP®, which induces isomorphisms on H?
forq <m —1,so0 i(S””l) =m.

The Dirichlet spectrum of (—A)), in €2 consists of those A € R for which the problem

P

(=AY u=xu’?u in Q,
(1.5)

u=0 in RV \ Q

has a nontrivial solution. Although a complete description of the spectrum is not known when p # 2, we can
define an increasing and unbounded sequence of variational eigenvalues via a suitable minimax scheme. The
standard scheme based on the genus does not give the index information necessary for our purposes here, so we
will use the following scheme based on the cohomological index as in Iannizzotto et al. [24] (see also Perera [31]).
Let

1
w(u)zw, ueM={ueX)(Q):ul =1}.

Then eigenvalues of problem (1.5) coincide with critical values of W. We use the standard notation
W”:{ue/\/l:\ll(u)fa}, \IJa={ue./\/l:\IJ(u)za}, a eR,
for the sublevel sets and superlevel sets, respectively. Let F denote the class of symmetric subsets of M, and set

YYRES inf sup W(u), keN.
MeF, i(M)zk yem

Then 0 < A} < Xy < X3 <--- — 400 is a sequence of eigenvalues of problem (1.5), and
o< hipr =0 (W) =i M\ W) =k (1.6)

(see Iannizzotto et al. [24, Proposition 2.4]). The asymptotic behavior of these eigenvalues was recently studied in
Tannizzotto and Squassina [26]. Making essential use of the index information in (1.6), we will prove the following
theorem.

Theorem 1.1
@ 1
s, p
1 — W <A< )\.1,

then problem (1.1) has a pair of nontrivial solutions £ u* such that w* — 0as A /' Ay.

) Ifag <A< A1 =+ = Aam < Miwmat for some k,m € N and
S&p
A > Apg1 — W’ (L.7)
then problem (1.1) has m distinct pairs of nontrivial solutions £+ u)J\ j=1,...,m, such that u} — 0 as
A Kt

In particular, we have the following existence result.

Corollary 1.2 Problem (1.1) has a nontrivial solution for all }. € | ;- , (Ak — Ss.p/ QPN Ak).

© 2015 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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We note that Ay > S, ,/ |QI*P/N . Indeed, if ¢, is an eigenfunction associated with A,

P Spleilh S,
= ||‘P1||p > S,P . p¥ > SY’T/N
ol = el il

A

by the Holder inequality.

Remark 1.3 Analogous results for the corresponding local problem driven by the p-Laplacian operator were
recently obtained in Perera et al. [33]. In this work new difficulties need to be handled due to the non-locality of
the problem, in particular the detection of a (lower) range of validity of the Palais-Smale condition, consistent
with the one known in the local case s = 1, see Proposition 3.1.

2 An abstract critical point theorem

The abstract result of Bartolo et al. [4] used in Cerami et al. [12] and Fiscella et al. [18] is based on linear subspaces
and therefore cannot be used to prove our Theorem 1.1. In this section we prove a more general critical point
theorem based on a pseudo-index related to the cohomological index that is applicable here (see also Perera et al.
[32, Proposition 3.44]).

Let W be a Banach space and let .4 denote the class of symmetric subsets of W \ {0}. The following proposition
summarizes the basic properties of the cohomological index.

Proposition 2.1 (Fadell-Rabinowitz [17, Theorem 5.1]) The index i : A — N U {0, oo} has the following
properties:

(i1) Definiteness: i(A) = 0ifand only if A = §;

(i) Monotonicity: If there is an odd continuous map from A to B (in particular, if A C B), theni(A) < i(B).
Thus, equality holds when the map is an odd homeomorphism;

(i3) Dimension: i(A) < dim W;

(is) Continuity: If A is closed, then there is a closed neighborhood N € A of A such thati(N) = i(A). When
A is compact, N may be chosen to be a §-neighborhood Ns(A) = {u e W :dist(u, A) < 8};

(is) Subadditivity: If A and B are closed, then i(A U B) < i(A) +i(B);

(i) Stability: If SA is the suspension of A # W, obtained as the quotient space of A x [—1, 1] with A x {1}
and A x {—1} collapsed to different points, then i (SA) = i(A) + 1;

(i7) Piercing property: If A, Ay and A, are closed, and ¢ : A x [0,1] = Ao U A is a continuous map
such that ¢(—u,t) = —@(u, t) forall (u,t) € A x [0, 1], ¢(A x [0, 1]) is closed, ¢(A x {0}) C Ay and
©(A x {1}) C Ay, theni(p(A x [0,1]) N AgNA) = i(A);

(is) Neighborhood of zero: If U is a bounded closed symmetric neighborhood of 0, then i(3U) = dim W.

Let @ be an even C'!-functional defined on W, and recall that ® satisfies the Palais-Smale compactness condition
atthe level ¢ € R, or (PS). for short, if every sequence (u;) C W suchthat ®(u;) — c and ®'(u;) — O0hasacon-
vergent subsequence. Let A* denote the class of symmetric subsets of W, letr > 0,let S, = {u € W : |Ju] =r},
let0 < b < +00, and let T denote the group of odd homeomorphisms of W that are the identity outside ®~'(0, b).
The pseudo-index of M € A* related to S, and I is defined by

(M) = min i(y (M) NS;)

(see Benci [5]). The following critical point theorem generalizes Bartolo et al. [4, Theorem 2.4].
Theorem 2.2 Let Ay, By be symmetric subsets of Sy such that A is compact, By is closed, and
i(Ag) = k+m, i(S1\ By) <k
for some integers k > 0 and m > 1. Assume that there exists R > r such that

sup®(A) <0 < inf (B), sup®(X) < b,
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where A={Ru :u € Ag}, B={ru:u e Bol,and X ={tu:u e A,0<t <1} Forj=k+1,...,k+m,let
A= {M € A* : M is compact and i*(M) > j}
and set

c%:= inf max ®(u).
/ MeA: ueM

Then
1nfCI>(B) < C;;L] <---=< CZ+m < SUPCD(X)’

in particular, 0 < ¢ < b. If, in addition, ® satisfies the (PS). condition for all ¢ € (0, b), then each '} is a critical
value of ® and there are m distinct pairs of associated critical points.

Proof. IfM e A;,,,

i(S;\B)=i(S$1\By) <k<k+1=<i*(M)<i(MNS,)
since idw € I'. Hence M intersects B by (i) of Proposition 2.1. It follows that ¢, , > inf ®(B). If y €T,
consider the continuous map

p: Ax[0,1] — W, o(u,t) =y(tu).
We have ¢(A x [0, 1]) = y(X), which is compact. Since y is odd, ¢(—u, t) = —¢(u, t) forall (u,t) € A x [0, 1]
and (A x {0}) = {y(O)} = {0}. Since ® <0on A, y|, = id, and hence p(A x {1}) = A. Applying (i7) with
Ag={ueW:|ul| <rland A} ={u € W : ||lu|]| > r} gives

i(y(X)NS,) =i(p(Ax[0,1])NANA)>i(A)=i(A)>k+m.
It follows that i*(X) > k +m. So X € A}, and hence ¢, < sup ®(X). The rest now follows from standard

arguments in critical point theory (see, e.g., Perera et al. [32, Proposition 3.42]). O

Remark 2.3 Constructions similar to the one in the proof of Theorem 2.2 have been used in Fadell and
Rabinowitz [17] to prove bifurcation results for Hamiltonian systems, and in Perera and Szulkin [34] to obtain
nontrivial solutions of p-Laplacian problems with nonlinearities that interact with the spectrum. See also Perera
et al. [32, Proposition 3.44].

3 Proof of Theorem 1.1

Weak solutions of problem (1.1) coincide with critical points of the C'-functional

1 A 1 :
L(u) = = llull? — = [ul) — > ulyy . ue X(Q).
)

We have the following compactness result, which is well-known in the local case s = 1.

Proposition 3.1 For any A € R, I, satisfies the (PS),. condition for all ¢ < + sy ;Sp .
First we prove a lemma.

Lemma 3.2 If (u;) is bounded in X',(2) and uj — u a.e. in Q, then
Jui " = luj = ul” + lul” + o(1) as j — oo.
Proof. Definingw; : R? — R, by
luj () — w7 () —ux) = (uj(y) —u@)I” — |ulx) —u(@)l”

wj('x’y) = |x_y|N+sp |x_y|N+sp |x_y|N+sp ’
we will show that
lim wj(x,y)dxdy =0. 3.1

j—o0o R2N

© 2015 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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Given ¢ > 0, there exists C, > 0 such that
lla+b|” —lal’| < elal” + C.|bl” Va,beR,
and taking a = (u;(x) —u;(y)) — (u(x) —u(y)) and b = u(x) — u(y) gives

() (x) = u; (y)) = (u(x) = u(¥)I” |u(x) — u(y)I”
T

wi(x,y) <e

Consequently, defining o5 : R*Y — R, by
|(uj(x) —uj(y)) — (ulx) — M(Y))I”>+

|x — y|NFep

o (r3) = (o) =

we have

Ju(x) —u(y)l”

t
Q)j(x, y) <C. |X — y|N+xp

e L' (R).

Since u; — u a.e.in RV, a)j — 0a.e.in R?Y, so the dominated convergence theorem now implies

lim wi(x,y)dxdy = 0.

j—o00 Jman

Then
. — Y- — — p
lim sup / w;(x, y)dx dy < & limsup / [(uj(x) —u;(y)) I\Eu(x) u)I” . dy.
j—00 R2N j—o00 R2N |x - y| +sp
and (3.1) follows since & > 0 is arbitrary and u; is bounded in X’ (€2). O
Proof of Proposition 3.1. Letc < 3 SSA,’,/,‘W and let (u) be a sequence in X3 (2) such that
LG = 2 g7 = 2 P = 2 )7 = e+ o(1) (32)
ALY p J p J P p: J p¥ 9 .

L(uj)v =/RZN i (x) — ()72 (uj(x) —u;(y)) (v(x) —v(y))

e = Y1V ey

3.3)
—A/ |uj|”_2ujvdx—/|uj|P,f—2ujvdx=0(||v||) VveX;(Q),
Q Q

as j — oo. Then

. 1
pESAUNES > L (u)uj = o([u;[) + 0(1),

which together with (3.2) and the Holder inequality shows that (u;) is bounded in X7 (2). So a renamed
subsequence of (u;) converges to some u weakly in X’ (€2), strongly in L" () for all r € [1, p;), and a.e. in
Q (see Di Nezza et al. [30, Corollary 7.2]). Denoting by p’ = p/(p — 1) the Holder conjugate of p, |u;(x) —
w0772 (uj(x) —u;j(y))/|x — y|N+P)/P" is bounded in L” (R*") and converges to [u(x) — u(y)[P~2 (u(x) —
u(y))/Ix — y|N T/ ae in RV, and (v(x) — v(y))/lx — y| (NP7 € LP(R?Y), so the first integral in (3.3)
converges to

/ lu(x) — u()I"2 (u(x) — u(y)) (v(x) — v(y))
R2N

|x _ y|N+sp

N
N }“j

dxdy

for a further subsequence. Moreover,

/|uj|”_2ujvdx—>/|u|p_2uvdx,
Q Q

www.mn-journal.com © 2015 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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and

/|uj|p?’2ujvdx—>f|u|p?’2uvdx
Q Q

since |u; |72 u; — |ul” % u in L(7)'(Q). So passing to the limit in (3.3) shows that u € X;(Q) is a weak
solution of (1.1), i.e., (1.3) holds.
Setting i; = u; — u, we will show that #; — 0in X7, (€2). We have

7" =l 1" = hull” + (1) (3.4)
by Lemma 3.2, and
(00 = [us |7 — el + (1) (3.5)

by the Brézis-Lieb lemma [8, Theorem 1]. Taking v = u; in (3.3) gives

s 17 = 2aall + [ |2+ o(1) (3.6)

since (u;) is bounded in X’ () and converges to u in L”(£2), and testing (1.3) with v = u gives
lall? = & fulh + ful}: . (3.7)
It follows from (3.4)—(3.7) and (1.2) that

o = 10

s,p

;)" = |=; +o(1),

SO X
a1 (757~ |,

On the other hand,

1’,\**17) < 0(1) (38)

1 A T
e =2 luyll” = Zwip = sl +o(1) by 32)

= 2 (Jus)” = 21ulz) +o(1) by (3.6)

=]

7+ 1l =2 jelf) +0(1) by (34)

= (I + 1) + o) by 37

v

S 1~
v |%;]” +o(1),
SO

timsup 77 < 5 < 5%, (39)

J—>00
It follows from (3.8) and (3.9) that |i; | — 0. O

If Ak < Agamat, then i(\IV\k*'") =k + m by (1.6). In order to apply Theorem 2.2 to the functional I, to
prove Theorem 1.1, we will construct a compact symmetric subset Ay of W™+ with the same index. As noted in
Tannizzotto et al. [24], the operator A’, € C(X‘;(Q), Xf,(Q)*), where X7, (£2)* is the dual of X, (2), defined by

Aty = [0 W) () —u(y) (o) vl

p |x_y|N+sp

u,v e X, (Q),

satisfies the structural assumptions of [32, Chapter 1]. In particular, A is of type (S), i.e., every sequence
() C X},(£2) such that
uj—u,  A,(uj) (W —u)—0

has a subsequence that converges strongly to u.

© 2015 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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Lemma 3.3 The operator A; is strictly monotone, i.e.,

(A;)(u) - A;,(v))(u —v)>0
for all u # v in X', (Q2).
Proof. By Pereraetal. [32, Lemma 6.3], it suffices to show that
A () v < ul” vl Vu,v e X3(R)

and the equality holds if and only if «u = Bv for some «, § > 0, not both zero. We have

- P (x) —v
R2N |x — y|¥Hsp
by the Holder inequality. Clearly, equality holds throughout if «u = Bv for some «, § > 0, not both zero.
Conversely, if A}, (u)v = [lull” ~!lv|l, equality holds in both inequalities. The equality in the second inequality

gives
alu(x) —u(y)| = Blv(x) —v(y)| ae.inR>?
for some «, B > 0, not both zero, and then the equality in the first inequality gives
a(u(x) —u(y)) = B (v(x) —v(y)) ae inR™.
Since u and v vanish a.e. in RV \ €, it follows that ou = fv a.e. in Q. O
Lemma 3.4 For each w € L? (), the problem

(=AY u=w?w inQ,
(3.10)

u=0 in RV \ Q
has a unique weak solution u € X, (). Moreover, the map J : L (Q) — X} (), w > u is continuous.

Proof. The existence follows from a standard minimization argument, and the uniqueness is immediate
from the strict monotonicity of the operator A',. Let w; — w in L”(£2) and letu; = J(w;), so

A‘I",(uj)v=/9|wj|”_2wjvdx VveX;(Q). 3.11)

Testing with v = u; gives

17 = [ gy e < g}
las” = [ 1172y < g ) ]

by the Holder inequality, which together with the continuity of the imbedding X, (Q2) <> L”(£2) shows that (u;)
is bounded in X}, (£2). So a renamed subsequence of (u;) converges to some u weakly in X} (£2), strongly in
L?(2), and a.e. in Q. An argument similar to that in the proof of Proposition 3.1 shows that u is a weak solution
of (3.10), so u = J(w). Testing (3.11) with u; — u gives

A3 ) g =) = [ 7w, (=) —> 0,
so u; — u for a further subsequence as A}, is of type (S). 0
Proposition 3.5 If A, < Ay, then V" has a compact symmetric subset Ag with i(Ag) = L.

Proof. Let

S e X (R)\ 10},

mp(u) = jul,,

be the radial projection onto M, = {u € X,(82) : |ul, = 1}, and let

A= JTI,(\IJA’) = {w eM,:|wlf < )»1}.
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Theni(A) = i(¥*) = I by (i) of Proposition 2.1 and (1.6). Forw € A, letu = J(w), where J is the map defined
in Lemma 3.4, so

A;(u)vzfgmv’*zwvdx Vv € X3(Q).

Testing with v = u, w and using the Holder inequality gives
-1 s -1
lull” < fwlp™" lul, = lul, L= A (u)w < lul” wll,

SO

%Awn=%%suw

(A) C A. Since the imbedding X;(Si) < LP (L) is compact

and hence 77, (u) € A.LetJ = 7, o J andlet A = L?
to X, (2), then A is a compact set and i (A) = i (A) = I by (i) of

and 7 is an odd continuous map from L7 ()
Proposition 2.1. Let

w(u) = Tl

be the radial projection onto M and let Ag = 7 (X) Then Ag C W is compact and i (Ag) = 1(2) =1 O

ue X (2)\ (0},

We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. We only give the proof of (ii). Proof of (i) is similar and simpler. By

Proposition 3.1, I; satisfies the (PS). condition for all ¢ < sy ,/,S” , so we apply Theorem 2.2 with b = < sy ,é“"’ .
By Proposition 3.5, W*+» has a compact symmetric subset Ay with

i(Aog) =k +m.
We take By = W, ,,, so that

i(S1\ By) =k

by (1.6). Let R > r > O and let A, B and X be as in Theorem 2.2. For u € B,,

r? A rPs
L(ru)>—|(1- — 77
p Akt DSy

by (1.2). Since A < Ax4; and pf > p, it follows that inf 7, (B) > 0 if r is sufficiently small. For u € Ay C W1,

R? A RPS
L(Ru) = —(1— - <IN 4 PE/P
P Y PPN A

by the Holder inequality, so there exists R > r such that I, <Oon A. Foru € X,

A — A 1 pi/p
L(u) < el 7 % lu|? dx — ——— lu|? dx
P Q pr1Ql /N g
B NPT
T 20 p prlQrN

S
1] (Aggr — A)NP,
N 1] (My1 —2)

So
K s
sup I(X) < — Q] (higr — A)V/P < — §N/sp
p)\()_N||(k+1 ) N TSP
by (1.7). Theorem 2.2 now gives m distinct pairs of (nontrivial) critical points £+ uﬁ, j=1,...,m, of I, such
that
K ,
0< 1)) < 5 1] (Ay1 — 2M)VP — 0as A 7 Ayt (3.12)

© 2015 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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Then

. N . 1 N
Z == |:I~A (uj‘) - I (uj‘) u?i| == L (u;) —0

A
|“j

and hence u? — 0in L?(2) also by the Holder inequality, so

P50,

p; O

W17 = p 1)+ i+ L2
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