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Abstract. We are concerned with the existence and concentrating behav-
ior of positive ground state solutions for a quasilinear Kirchhoff equation
involving critical Sobolev exponent with competing potentials

(52a +eb /}R3 gz(u)|Vu\2dx> [fdiv(gQ(u)Vu) + g(u)g'(u)|Vu|2] + V(z)u
= Q(x)h(u) + K(2)|G(u)["G(u)g(u), = € R?,

where a,b > 0 are constants, € > 0 is a small parameter, and g is
an even differential function related to the quasilinear term, such that

fo s)ds. Under some suitable assumptions on V,Q, K and h,
we conclude that this equation admits a positive ground state solution
for all sufficiently small ¢ > 0 using variational methods, where the
decay rate of the obtained solution as |z| — 400 and its concentration
on the set of minimal points of V' and the sets of maximal points of @
and K as € — 0T are also considered. In particular, we also investigate
the nonexistence of ground state solutions.

Mathematics Subject Classification. 35J20, 35Q55.
Keywords. Ground state solution, generalized quasilinear Kirchhoff equa-

tion, critical Sobolev exponent, concentration, exponential decay, varia-
tional method.

Contents

Introduction and main results
Variational setting and preliminaries
Existence of positive ground state
Concentration of ground states
Nonexistence of ground states

Appendlx A. Some technical lemmas
References

Y Birkhauser

Published online: 03 July 2025


http://crossmark.crossref.org/dialog/?doi=10.1007/s11784-025-01215-1&domain=pdf

62 Page 2 of 39 L. Shen and M. Squassina

1. Introduction and main results

The aim of this article is to consider the existence and concentrating behavior
of positive ground state solutions to a quasilinear Kirchhoff equation with
critical growth

(eza + Eb/; gz(u)|Vu|2dx> [—div(g®(w) V) + g(u)g' (w)|Vul*] + V(z)u
R3

= Q(2)h(u) + K (2)|G(u)['G(u)g(u), = € R,
(1.1)
where a,b > 0 are constants and € > 0 is a small parameter. The function g
is supposed to satisfy
(9) g € C*(R,R) is an even positive function with g(0) = 1 and ¢'(t) > 0
for allt > 0.
For the potentials V,@Q, K and the nonlinearity h, we make the following
assumptions:

(V) V eC™R3R) and 0 < Vo £ inf,eps V() < liminf|, o V(2) £ Vi <

+00.

Q) Q€ C3O(R3,R), im0 Q(7) = Qoo € (0,00) and Q(z) > Qu for all
x € R,

(K) K € C;)O(]RB,]R), lim|y| oo K(7) = Koo € (0,00) and K(x) > K for all
z € R°.

(K1) There exist some constants Co > 0, dg > 0 and 3 € [1,3), such that
|K (z) — K (20)| < Colz — x0|® whenever |z — x| < do,

where o € R? satisfies K (7)) = max,cps K(7) = Ko < +00;
(K3) ©N 61N 060,y # (), where
02 {zcR:V(z) =V},

0,2 {reR®: K(z)=Ky 2 m%{xK( x)},
z€R3

022 (v € B 1 Qx) = Qo 2 max Q(a)}.

Since we are interested in positive solutions, without loss of generality,
we assume that h € C°(R,R) vanishes in (—oo,0) and satisfies the following
conditions:

(Hy) h(t) € CO(R,RT) and h(t) = o(t) as t — 0F;

(Hz) h(t) = o(t) as t — oo;

(H3) The map t — o })ng( 9 is strictly increasing on (0, +00);

(Hy) There exist two constants C; > 0 and p € (3,5), such that h(t) >

CLGP(t)g(t).

When ¢ =1 and b =0 in Eq. (1.1), solutions of this type are related to
the existence of standing wave solutions for quasilinear Schrodinger equations
of the form

i€z = —E Az + W (z)z — k(z, 2) — we? Al(|2))(|2)*)z, z € RN, (1.2)
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where w is a real constant, z : R x RV — C, W : RY — R is an external
potential, [ : R — R and k& : RY x R — R are suitable functions. If we
set z(t,x) = exp(—iEt)u(z) with E € R and € = 1 in (1.2), one obtains a
corresponding quasilinear Schrodinger equation

— Au+ a(z)u — Al (v?)u = k(z,u), z € RV, (1.3)

Recently, authors in [11,35] studied the following generalized quasilinear
Schrédinger equation:

— div(g?(u)Vu) + g(u)g' (v)|Vul? + a(z)u = k(x,u), z € RV, (1.4)

The reason we call Eq. (1.4) a generalized one is that if one takes g2(u) =

1+ W, then it reduces to Eq. (1.3). There are many interesting and
meaningful results on Egs. (1.2), (1.3) and (1.4), we refer the reader to [1,6,
7,10,11,20,24,26,30,32] and their references therein.

If w=01in (1.2), it is closely related to the singularly perturbed semi-
linear problem

— EAu+V(z)u = k(z,u), z € RY. (1.5)

Since solutions of Eq. (1.5) are known as semiclassical states which can be
used to describe the transition from quantum to classical mechanics for every
€ > 0 small, a lot of mathematicians pay considerable attentions to this prob-
lem. The authors in [28,29] depended on the Lyapunov—Schmidt reduction to
get single and multiple spike solutions. Whereas, the essential feature of the
Lyapunov—Schmidt reduction method is the uniqueness or non-degeneracy of
ground state solutions of the corresponding limiting equation. To deal with
it, Rabinowitz [31] first proposed the assumption

(‘7) lim inf‘z|*,+oo V(.’E) > il’lfweRN V(l‘) >0

to obtain the existence of solutions of (1.5) for € > 0 small. In [36], Wang
studied the concentrating phenomenon of solutions. In [8], del Pino—Felmer
showed a localized version of the results in [31,36] by introducing the penal-
ization approach. Regarding the other interesting results on the singularly
perturbed problems, see [2,3,5,9,15,18,33,34] for example.

Therefore, Eq. (1.1) can be regarded as a Kirchhoff type of the gener-
alized quasilinear Schréodinger equation (1.4) because of the appearance of
the nonlocal term [, ¢*(u)|Vul*dz. Indeed, if we choose € = 1 and g(t) = 1
for all t € R and Q(z)h(u) + K (2)|G(uw)|*G(u)g(u) = k(x,u), then Eq. (1.1)
transforms to the following classical Kirchhoff type equation:

- (a + b/ Vu|2dx) Au+V(z)u = k(z,u), © € R?, (1.6)
R3

which is called degenerate if a = 0 and non-degenerate otherwise. Equation
(1.6) arises in an interesting physical context. Let V = 0 and replace R?
with a bounded domain ©Q C R? in (1.3), then we get the following Dirichlet
problem of Kirchhoff type:

- (a + b/ |Vu|2dx> Au = k(z,u)
Q
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which is related to the stationary analog of the equation
0%y Py E [F 2 0%u
de | = =0 1.7
( o) 5 (17)

oz~ \'n ~ 2L,

proposed in [19] as an extension of the classical D’Alembert’s wave equation
for free vibrations of elastic strings, where p, Py, h, Fy and L are constants.
The Kirchhoff model takes the changes in length of the string produced by
transverse vibrations into account. Due to a pioneer work [21] developing
the abstract functional analysis framework to (1.7), this problem has been
widely contemplated in extensive literatures; see, e.g., [14,16,17,25,27,38,39)].
In view of this, it is also reasonable to consider the generalized quasilinear
Schrédinger equation of Kirchhoff type. In particular, it seems that the exis-
tence and concentrating behavior of ground state solutions for Eq. (1.1) have
not been obtained yet. In this article, we shall introduce sone interesting
analyses to fill this blank.

It follows from the standard procedure of studying the existence and
concentrating behavior of solutions for Eq. (1.1), namely by performing ez =
x, one has that:

Ju
Ox

(a + b/R3 gz(u)Vu|2dx) [—div(g®(w)Vu) + g(u)g' (u)|Vul*] + V(ex)u

= Q(ex)h(u) + K(ex)|G(u)|*G(u)g(u), = € R>.
(1.8)
Denoting H(u) = [, h(t)dt, it is clear to observe that the corresponding
variational functional

I(u) = %/R [ag?(u) | Vul? + V(ex)u?] dz + Z (/R g2<u)|w2dx>2

— €T U l'—l €T UGZL'
[ Qi [ Ke)G

associated with Eq. (1.8) might be not well defined in H!(R3). To overcome
this difficulty, motivated by [35], we are able to make a change of variable

As a consequence, it allows us to rewrite J.(v) £ I.(G~*(v)) as follows:

Je(v) = %/R [a|Vv]* + V(ex)|G (v)[?] dz + % (/R |Vv|2da:>2

1
- Q(ex)H(G (w))dx — ~ [ K(ex)[v|®da. (1.9)
R3 6 Jgrs3
Since g is a nondecreasing positive function, we obtain |G~1(v)| < |v|/¢(0).

Moreover, one further shows that J, is well defined in H*(R?) and J, € C! if
@ and h satisfy the assumptions (@) and (Hz), respectively.
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If w is a nontrivial solution of Eq. (1.8), then it satisfies

<a + b/ 2(u)Vu|2d3:) /}R3 (9% (w)VuVe + g(u)g' (w)|Vul*¢] dz

9
R (1.10)

+ [ V()= Qenh(u) - Ke)]Gu)*Glulg(w)] ode =0

for any ¢ € C5°(R3). Let » = 1/g(u), one finds that (1.10) is equivalent to

J (v) () = <a+b/RS VU|2dw) /Rs VoVida

¢l BGT) T
/. {V“""”)g(G—l(v)) Q) GGy ~ Klemlolo]vd
=0, Vi € C°(R?). (1.11)

Therefore, to find the nontrivial solutions of (1.1) which is equivalent to

G1(v) ME W)
9@ () g () T ’('1 '12)’

then we consider (1.8) and it suffices to study the existence of the nontrivial
solutions of the following equation:

- (e% + b /RS |W|2d:c> Av+V (z) =Q(x)

G (v) ) 4
G +K (ex)|v|*v.
(1.13)
The reader is invited to observe that the nontrivial critical points of J,
are the nontrivial solutions of Eq. (1.13). Motivated by all the works described
above, particularly, by the results in [16,17,25,39], we intend to obtain the
existence and concentrating behavior of positive ground state solutions of
problem (1.13).

The main result in the present paper can be stated as follows:

- (a + b/ |Vv|2dx> Av+V (ex)
R3

Theorem 1.1. Suppose (g), (V), (Q), (K), (K1) — (K2), and (Hy) — (Ha),
then there is a constant € > 0, such that Eq. (1.1) possesses a positive
ground state solution u. € H'(R3) for all € € (0,€*). Furthermore, we obtain
the following conclusions:

(1) If L. denotes the set of ground state solutions to Eq. (1.1), then L. is
compact in H'(R3);
(2) G(ue) possesses a maximum point v. € R?, such that
Eligh V(’YE) =W, EEI(I)L Q('ye) = QOv elg(% K(’YG) = KO;
and v — ¥ €ONO;NOy as e — 0F;

(3) If we set U (x) = uc(ex + v.), going to a subsequence if necessary, we
have @ — @ in H*(R?) as € — 07, and @ is a ground state solution of
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the equation below
(a + b/ gz(u)|Vu|2dx) [fdiv(gQ(u)Vu) + g(u)g'(u)|Vu|2] + Viz")u
]Rl?v

— Qa")h(w) + K(2")|G(u)*Clu)g(w), = € B,
(1.14)
(4) There are two positive constants ¢ and ¢ independent of € € (0,€*), such
that
ue(x) < cexp (—é'xe’m) , Vo € R
Remark 1.2. Since © N O N Oy # O, without loss of generality, we are sup-
posing that 0 € © N O; N O, ie., V(0) = Vg, K(0) = Ky and Q(0) = Qo,
where V(0) = V; will be used in Lemma 3.2. Obviously, V, @, and K are
bounded below and above by some positive constants, we shall adopt these
properties directly without mentioning them anymore.

Remark 1.5. In contrast to [17,25,39], the novelties of Theorem 1.1 are three-
fold: the restriction on h € C! can be relaxed to h € C°; a unified approach to
contemplate the singularly perturbed Kirchhoff equation with critical Sobolev
exponent is presented and the extension from classic Kirchhoff equation to
generalized quasilinear Kirchhoff equation is obtained.

In view of Theorem 1.1, it seems natural to wonder whether Eq. (1.1)
always has a ground state solution or not. To this end, we investigate the
following nonexistence result.

Theorem 1.4. Suppose (g) and (Hy) — (Hy). If in addition

(H) the continuous functions V, K, and Q satisfy V(x) > Ve = Vo, K(z) <
Ky and Q(z) < Quo, respectively, where one of the strictly inequalities
holds on a positive measure subset.

Then, for any € > 0, Eq. (1.1) has no ground state solution.

Remark 1.5. As far as we are concerned, it seems that those results in The-
orems 1.1 and 1.4 are the first attempts regarding the existence and concen-
trating behavior of positive ground state solutions and nonexistence results
of ground state solutions for Eq. (1.1) when g is no longer a constant.

The proofs of Theorems 1.1 and 1.4 are relied on variational methods.
Compared with the previous works, there are two main difficulties in conclud-
ing the proof of Theorem 1.1:

(1) Because of the appearance of the quasilinear terms in the nonlocal term
of Kirchhoff type

_ ( /R 3 92(u)vu|2dx) div(g®(u) V),

there exist some interesting calculations introduced in this article to
address the issues, see Lemma 4.2 below for example.

(2) Due to the unboundedness of the domain R3 and the nonlinearity in-
volving the critical growth as well as the the nonlocal term, we are
confronted with the lack of compactness of J..
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To conclude this section, we sketch the main ideas to prove Theorems 1.1 and
1.4.

In the proof of Theorem 1.1, in the spirit of [35], the quasilinear prob-
lem (1.1) can be transformed into a semilinear problem (1.12). It is worth
pointing out here that the nonlinearity in our problem is not only more gen-
eral, but also seems more complicated (see Lemma 2.2). Then, a standard
method to the semilinear problems is adopted to study the properties of the
corresponding variational functional. At last, we make full use of the cele-
brated concentration—compactness principle developed by Lions [22,23] to
show that the (PS) condition holds at the mountain-pass energy level after
pulling the energy level down below some critical level by the well-known
Brézis—Nirenberg argument [4]. Therefore, with aid of some delicate calcula-
tions, we are able to reach the proof of Theorem 1.1. In the proof of Theorem
1.4, we mainly obtain Lemma 5.1 to finish the proof by a contradiction argu-
ment.

The outline of this paper is as follows. At first, some preliminary re-
sults are presented for Theorem 1.1 in Sect. 2 and the existence of positive
ground state solution is obtained in Sect. 3. Then, we deduce the concentra-
tion of the ground state solutions in Sect. 4. Finally, Sect. 5 is devoted to the
nonexistence of ground state solution.

Notations. From now on in this paper, otherwise mentioned, we utilize
the following notations:

o (,C1,Cs,... denote any positive constant, whose value is not relevant
and RT £ (0, +00).

e Let (Z,] - ||z) be a Banach space with dual space (Z~1, || - ||z-1), and
¥ be functional on Z.

e The (PS) sequence at a level ¢ € R ((PS), sequence in short) correspond-
ing to ® means that ®(x,,) — cand ®'(z,,) — 0in Z~! asn — oo, where
(xn) C Z.

o If for any (PS)_ sequence (z,) in Z, there exists a subsequence (z,, ),
such that z,, — zo in Z for some xg € Z, then we say that the func-
tional W satisfies the so-called (PS), condition.

e LP(R?) (1 < p < +o0) is the usual Lebesgue space with the standard
norm |u|, and |u|zs(q) means |ul, restricts to a subset Q in R3;

e DV2(R3) £ {u € L5(R?) : |Vu| € L%(R3)} and the best Sobolev con-
stant

S 2 {|Vul3 : u € D¥*(R?) and |ulg = 1} (1.15)

e “—” and “—” denote the strong and weak convergence in the related
function space, respectively;
e For any p >0 and any z € R?, B,(z) £ {y e R? : |y — 2| < p}.

2. Variational setting and preliminaries

In this section, we introduce some preliminary results. Throughout the whole
paper, for all fixed a > 0, we consider the Hilbert space H*(R3) endowed with
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the inner product and the norm
(u,v) = / [aVuVv + V(x)uv] dz and |ju|| = v/ (u,u), Yu,v € H(R?).
R3

For any € > 0, let

E. 2 {u € H'(R?): / V(ex)uldr < +oo}
R3

be the Sobolev space equipped with the inner product and norm
(u,v)e = / [aVuVv + V(ex)uv] dz and ||ulle = v/ (u, w)..
R3

Clearly, by (V), one knows that || -|| and ||- || are uniformly equivalent norms
on E, for each ¢ > 0. Moreover, E, is continuously imbedded into L™(R?)
and compactly imbedded into L™ (R?) for all 2 < m < 6. Therefore, there

loc

exist constants d,,, > 0 independent of € > 0, such that
[ter, < dpm||u]le for any 2 < m < 6 and u € E.. (2.1)

Lemma 2.1. Suppose (g), then the following conclusions hold true:
(1) Both G and G~! are odd, and for all s > 0, t > 0, there hold
G(t) < g(t)t, s/9(G™1(s)) G 7'(s) < s.

(2) For all s >0, G!(s)/s is non-increasing and

G~ Y(s) 1 G~ Y(s) —~if g is bounded

i = im ——22 = { g(o0)’ ’
ll—{% s g(0) =1 and slggo s {07 if g is unbounded.
(3) For all s >0, G~ (s)/( ( !(s))) is non-increasing.

(4) For all s >0, (G~ 1(5)) ~1(s)s/g(G1(s)) is increasing.

Proof. Points (1)—(3) are trivial, see [11,35] for example. By Point-(1), for all
s > 0, we have

2

(7))~ 6 )s/9(07 ()]

S

G L(s)[9(G1(5))]” — 59(G~(s)) + 5G~(5)g (G~ X(s))

= 3 > 0.
(9(G=1(5)))
Hence, Point-(4) concludes. The proof is completed. O
Let us denote
o MG G

and
F(z,s) = Qa)H(G™(s)) + V( )s? —%V( NG )P (23)
Lemma 2.2. Suppose (g), (V), (Q), (K), and (Hy) — (H4), then

(1) f(x,s) >0 for all z € R3 and s > 0;
(2) f(z,8) = o(s) and F(x,5) = o(s?) as s — 0" uniformly in x € R3;
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(3) f(x,s) =o(s°) and F(aj s) = 0(s%) as s — +oo uniformly in x € R3;
(4) Lf(z,s)s — F(z,s) + 1V (z)s? is increasing on s > 0 for all z € R?;
(5) [f(z,8) —V(x)s] /s> 1s increasing on s > 0 for all z € R3.

Proof. Points (1)—(3) are obvious; see [11,35] for example.
Since h(t)/(g(t)G3(t)) is increasing on (0, 00), for all 0 < t; < ta < +00,
we have

R C)) h(t2)GA(t2) — h(t1)G*(t1)
H(ts)—Ht) = | —27  4(6)G3(0)do < _ ,
=10 = | eGP e = SR = T
which implies that h(t)G(t)/(4g(t)) — H(t) is increasing on (0, c0). Therefore,
by Lemma 2.1-(4), we can conclude that

1f(:):7 s)s — F(z,s) + %V(gc)s2

4
_ hG~(s))s -1 1 —1/.y(2
=Q(x) [49(0—1(5)) —H(G™(s))| + ZV(x)|G (s)]
1 G 1(s)s
—&—V:U[G_ISQ—} 2.4
is increasing on s > 0 for all x € R3, and then, Point-(4) is obtained. Point-(5)
is a direct consequence of Lemma 2.1-(3). The proof is completed. O

By (2.2) and (2.3), we rewrite Eq. (1.13) and its corresponding varia-
tional functional (1.9) as

- <a + b/}RS VU|2d:17> Av 4 V(ex)v = f(ex,v) + K (ex)|v|*v (2.5)

and

1 b 2 1
Je(v) = 5”’0”? + 1 </R3 |V02dx) - /RS F(ex,v)dz — 5 /R3 K (ex)|v|®dz,

(2.6)
respectively. In the sequel, one calls v a ground state solution of (1.13) if it
is a critical point of J. and verifies

Je(v) = inf Je(w),

where N, £ {w € E\{0} : J/(w = 0}

Lemma 2.3. Suppose (g), (V), (Q), (K), and (Hy) — (Hy), then
(i) Given a v € E\{0}, there is a unique t, > 0, such that t,v € N, and
Je(tyv) = rgigc Je(tv).

(ii) For any v E_M, there exists a C' > 0 and € independent of v, such that
lvlle > C > 0.
(iii) Let (vy) satisfy J.(vn)(vn) — 0 and ||vp|le — ao > 0, then, going to a
subsequence if necessary, there exists a constant t, > 0, such that
JL(tnvn)(trvn) =0 and t, — 1 as n — oo.

(iv) Let (vn) be a (PS), sequence of Je, then, going to a subsequence if nec-
essary, there exists a v € Ee, such that v, — v and J.(v) = 0.
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Proof. (i) Taking Lemma 2.2-(5) into account, then the proof is standard
and we omit it here.
(ii) With aid of Lemma 2.2-(2) and (3), for all € > 0, there is a constant
C. > 0, such that

If(z,t)| < elt| + Ce|tP~t, V(z,t) € R® x R, (2.7)
for some 2 < p < 6. Analogously, one has that
|F(x,t)| < elt|® + C|tP, V(z,t) € R® x R. (2.8)

Due to the definition of NV, we choose ¢ = ﬁ > 0 to find that
2

1
Il < Sl0llE + Callvl2 + Callvlle.

Since p > 2, we can obtain the desired result immediately.

(iii) First of all, we claim that there exists a constant o € (0, ag), such that
|Vu,|3 — ao > 0. In fact, suppose it by contradiction that |Vuv,|3 — 0,
then we are derived from (1.15) that

f(ex,v,)vde — 0 and K(ex)|v,|%dz — 0
RS RS

which together with J!(v,)(v,) — 0 gives that |lv,|lc — 0, a contra-
diction. Therefore, the claim is true. By Point-(i) above, there exists a
constant t,, > 0, such that t,v, € N, that is,

2
22| |2 + btL (/ |an|2das>

flex, tho,)t,vpde —tﬁ/ K (ex)|v,|%dz = 0.
R3

We claim that (¢,) is uniformly bounded. Otherwise, we could assume
t, — 4oo. It follows from J.(v,)(vy) — 0 and J.(t,v,)(Envyn) = 0 as
well as Lemma 2.2-(5) that:

on(l) = ( > / |V, |?dz + (12 / K (ex)|v,|%da

+/ [f(ez,tnvn) —V(ex)t v, 3 flex,vy,) — V(ex)v,
RS

(tnvn)? vy

1
>(1-—= a/ [v,|2dx = adg + o, (1),
2 RS

a contradiction. Next, we verify that (¢,) is bounded below by some
positive constant. Actually, we adopt (2.7) to see that

4
vy, de

tallonl? < gtillvnll2 + Cth||vnll? + Caty oal.

Recalling point-(ii) above, there is a Ty > 0 is independent on € and n
such that ¢, > Ty. In summary, there is a ¢ > 0, such that ¢, — tg
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along a subsequence. Finally, we shall conclude that ¢ty = 1. On the one
hand, if 0 < tg < 1, using Lemma 2.2-(5) again

0> / |:f(€$,t01)n) — V(ex)touv, 3 flex,v,) — V(ex)vn]
R3

(tovn)? v

vide
1 2 2 6

= tfg—l a |on[“da + (1 —t5) K (ex)|v,|°dz + 0, (1)
0 R3 R3

1 1
>z -1 a/ [un|?dz 4+ 0,(1) = ( — — 1) ado + 0,(1),
2 - 2

a contradiction. Similarly, we can derive a contradiction when ty > 1.
Therefore, we obtain that tg = 1.
(iv). In view of (2.4), since (v,) is a (PS), sequence of Je, it holds that

1
c+ ||lvnlle + on (1) > 2/ |V, |?dz + 7/ V(ex)|G™ (v,)|?dz. (2.9)

In light of the function g is increasing, then we depend on Lemma 2.1-(1)
to derive

/ V(ex)vidx:/ V(ex)vidl‘—i—/ V(ex)v2dx
RS |G (va)|[>1 [G=(vy) <1

2
SC/ vgdx+92 1)/ V(Gw)vindm
RS ( G- (v,)|<1 g*(G~1(vn))

< C/RS vpdz + g% (1) /R V(ex)|G (vn)|2da. (2.10)

Combining (1.15) and (2.9)—(2.10), one sees that (v,) is uniformly
bounded in E.. Up to a subsequence if necessary, there is a v € F,
such that v,, — v in E.. Moreover, the Fatou’s lemma gives us that

|Vo|3 < liminf |Vu,|3 £ A%
n—oo
We claim that |Vv|3 = A2, If not, we would suppose that |[Vov|3 < A2
Then, for all ¢ € C§°(R?)
0 = liminf J.(v,)(®)

= / [aVoV 4V (ex)vyp] dx + bA? [ VoVipda
R3 R3

- /]RN [f(ex,v) + K (ex)|v[*v] ¢dz. (2.11)

As a consequence, we conclude that J!(v)(v) < 0 by taking ¢ = v in the
above formula. According to (2.7), we will easily show that J/(tv)(tv) >
0 for some sufficiently small ¢ > 0. Therefore, there is a # € (0, 1), such
that J/(fv)(fv) = 0 which is fv € N;. Therefore, Lemma 2.2-(4) indicates
that

c < J.(tv) = J(tv) — i]é(fv)(fv)

1 A N 1 A
= 9{2/ |Vo|?da + / {f(ex, tv)tv — F(ex,tv) + =V (ex)(tv)? | dz
4 R3 R3 4 4
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+ = K(ex)|v|6d1:

/ |Vv|2dx+/ [i (ex,v)v — F(ex,v) + iV(cx)vz dz

il K 6
+ B (ex)|v|°dz

n—oo n—oo

< liminf {Je(vn) - iJé(vn)(vn)} = lim J.(vp) =,

which is an absurd. Hence, |Vv|3 = A? holds true. Inserting to into
(2.11), we have that J/(v)(¢) = 0 which yields that J/(v) = 0, since ¢
is arbitrary. The proof is completed.

O

Lemma 2.4. Suppose (g), (V), (Q), (K), and (Hy) — (Hy), then the varia-
tional functional J. satisfies the mountain-pass geometry around 0 € E.,

(i) there are constants p, o > 0 independent of €, such that J.(v) > p > 0
when ||v|le = 0> 0;
(i) there exists e € E. independent of € with ||| > p, such that J.(e) < 0.

Proof. (i). It is essentially similar to the proof of Lemma 2.3-(ii), we omit it
here.
(ii). In view of (Hy), for any v € E., one easily finds that

Je(tv)

1 b F( 63: tv
L Y LTS Iy e

t2
- —/ K (ex)|v|®dz — —o0
6 Jus

ast — 400 uniformly in € > 0. Therefore, we choose e = tyv with a sufficiently
large tg > 0. The proof is completed. (]

With Lemma 2.4 in hands, we are able to apply [37, Theorem 2.10] to
look for a (PS) sequence of J. at the level

. 2 inf 2.12
¢ 1r€1Ftren[g>§]J(())>0, (2.12)

where the set of paths is defined as
£ {ne (0,1, E) : (0) =0, J(n(1)) < 0}.
It is similar to the idea used in [37, Lemma 4.1] that

.= inf J.(v)= inf Je(tv). 2.13
R A T (215)

The following concentration—compactness principle due to Lions [22,23]
shall play a crucial role in verifying the (PS) condition associated with J. in
this paper.

Lemma 2.5. (see [22,23]) Let (pn) be a sequence of nonnegative functions
satisfying |pnl1 = A and A > 0 is fived, then there exists a subsequence, still
denoted by (pn), satisfying one of the following three possibilities:
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(i) (Vanishing) for any fixzed R > 0, there holds

lim sup / pn(x)dz = 0;
Br(y)

n—oo yERN
(ii) (Compactness) there exists (y,) C RY, such that for any e > 0, there
exists R > 0 satisfying

n—oo

lim inf/ pn(z)de > X —¢g;
BR(yn)

(i4i) (Dichotomy) there exist a € (0,\) and (y,) C RN, such that for any
e >0, there exists R > 0, for all vy > R and ro > R, it holds
) <

lim sup a—/ pn(x)dz| +
n—oo Br(yn)

To study Eq. (1.13) well, we need to introduce the following “limit
problem?”:

(A—a)— /B ol

- (a—l—b |V’U|2d.13>A’U+VOQ’U = f(o0,v) + Koo|v[*v, x € R3, (2.14)
R3

where
s MG G
Fo08) = Qo i)+ V= Ve giaitoy

As described above, to find a weak solution to Eq. (2.14), it suffices to seek
for a critical point of the variational functional J, : E. — R given by

1 b ?
Joo (V) = 3 /R3 (a|Vol* + Voov?) dz + 1 </]R3 |Vv2dx>
K
—/ F(oo,v)de — —= |v|8da,
R3 6 R3

where and in the sequel F(oo,t) = fo 00, s)ds. Let us define

Moo = énf Joo (V), (2.15)
where
£ {ve H'(R*)\{0}: J,( =0}.

In what follows7 we are going to show that the variational functional J,
satisfies the (PS) condition at some particular level.

Lemma 2.6. Suppose (g), (V), (Q), (K) and (Hy) — (Hy), then J. satisfies
the (PS),, condition with cc < min{ms,c*}, where

abS® (1S +4KeaS)*? b3 S0

1K, 24K HbYvel

£ B

C

Ky >0 and S > 0 are given by (K2) and (1.15), respectively.
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Proof. Let (vy,) be a (PS) sequence of J, at the level c., that is
Je(vn) — ce and J.(v,) — 0. (2.16)

In view of the proof of Lemma 2.3-(iv), we know that {v,} is bounded in E..
Setting

1 1 1
on(z ) 7|an|2 [4 (ex, vy )vy, — F(ex,vy) + ZV(@)UZ + EK(em)\vnP.

Clearly, (p,) is bounded in L!'(R3) and we can assume, choosing a subse-
quence if necessary,

D(vy,) = /R% pn(z)dx — 1 as n — oo.

Obviously, we have [ = ¢, > 0 and (py,) satisfies the assumptions in Lemma
2.5. Next, if Vanishing or Dichotomy does not occur, we can get the compact-
ness of (py,).

Vanishing does not occur.
Indeed, if (p,) vanishes, then there exists R > 0, such that

lim sup/ vide = 0.
N7 yeR? J Br(y)

By means of [37, Lemma 1.21], one concludes v,, — 0 in L™(R3) for 2 < m <
6. It follows from (2.7) and (2.8) that:

/ F(ex,v,)dz — 0 and f(ex,v,)vde — 0,
R3 R3

which together with (2.16) indicate that

1 b 2
Je(vn) = S llonll2 + 5 / Vo |*da ) — 7/ K (ex)|vy|°da = c. + 0n(1)
2 4 R3 6 R3

and

T (0)(v) = ||vnll? + b </R3 |an|2dac)2 - /Ra K (ex)|v,|%dz = 0, (1).

Without loss of generality, we could assume that

2
lim |v,||? = 1! and lim b </ |an|2dz> =102
n—o00 n—o0o R3

form where one has that

1 1
=1+ —1?and lim K (ex)|v,|®dz =1} +12.
3 12 5 Jas

It follows from (1.15) that:

K (ex)|v,|%dx <K0/ vy, |®dx < K¢S~ (/ [Vup,| da:)

< Koa™>S 72 |lug ¢

R3
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and

2732
K(ex)|v,|%da < Kob 2573 lb (/ |an|2da:> ]
R3 R3

which imply that
1> Ky Pas (I8 +12) and 12 > Ky b8 (1L +12)5
Consequently, we have that that

bS? + /b2 5% + 4KyaS

(1 +12)s >

2K3
Therefore we derive
Ce le —z2 >
3 € 2 € — C

a contradiction. Therefore, Vanishing does not occur.
Dichotomy does not occur.

Arguing it indirectly, we could suppose that there exist o € (0,1) and (y,) C
R3, such that for every &, — 0T, one can choose (R,) C RT with R,, — +oc0
to satisfy

limsup | |o — / pn(z)de| + |(l — ) — / pn(x)dx
n—0o0 Brg, (yn) Ban (yn)

Let &(s) : Rt — [0,1] be a cut-off function satisfying £(s) = 1 for
£(s) =0 for s > 2 and [¢/(s)| < 2 for any s € RT. Setting

vl(z) 2 e ('””;ny“) un(z) and 12 (z) 2 {1 _¢ ('x];ny”'ﬂ (@),

then by (2.17) and the definitions of v} and v2, we can see that

liminf ®(v}) > o and liminf ®(v?) > 1 — a. (2.18)

n—oo n—oo

Denoting Q, = Bag, (yn)\Br, (yn), then by (2.17), one has

/ pndz = / pndz — / prdz — / pndz — 0,
Qn R3 Br,, (yn) B§RT, (yn)

which implies that

/ |V, |?dz = 0,(1) and / [v,|%dx = 0,(1). (2.19)
Q

n n
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By the definition of &, it is simple to verify that

/ |V, |*dz = / |Vol |?da +/ |VoZ 2 da + 0,(1),
R3 R3 R3

/ V(ex)|v,|*da :/ V(e:v)‘vﬂzd:v—&—/ V(ex)‘vﬂzdx—i—on(l),
R3 R3 R3

/ F(ex,v,)dx :/ F(ex,v )da:+/ F(ex,v?)dx + 0,(1),
R3 R3 RS

flex,vy)vde = flex,v})vide + [ flex,v?)vida + 0, (1),
R3 R3 R3

/K(ex)|vn|6dm:/ K(ex)’vi‘ﬁdx—l—/ K(ex)’vi‘ﬁdx—kon(l),
RS RS RS
(2.20)

and
(/ an|2dx)22 (/ |w;2dg:) (/ Vo2 |2dx> +o,(1). (2.21)

Hence, we are derived from (2.20) and (2.21) that ®(v,,) > ®(v}) + ®(v2) +
on (1) which together with (2.18) implies that

[ = lim <I>(Un)>hm1nf‘1>( )—|—hm1nf(I>( HA>a+l—a=1

n—oo

Furthermore, we have that
lim ®(v)) =aand lim ®(v2) =1- o (2.22)
It follows from (2.16) and (2.20)—(2.21) that:
0 = J{(vn)(vn) + 0n(1) = Ji(vy)(vy) + T (v7)(07) + 0n (1) (2.23)

Now, we distinguish the following two cases.
Case 1. Up to a subsequence if necessary, we assume that either J!(v})
(vl) < 0 or J/(v2)(v2) < 0. Without loss of generality, we suppose that

n n

JL(v3)(vh) <0, that is,

i l2 + b (/ |Vv,11|2da:> / flex,vlyvlder — | K(ex)vl|®dz < 0.
R3 R3

By Lemma 2.3-(i), there exists ¢, € (0,1], such that t,vl € A, and so,
Lemma 2.2-(6) reveals that

ce < J(tpvl) = J(tyol) — fJ’(t o)) (tv))
/ Vol dx—|—/ [i (ex,v})vr — F(ex,v )+4V(ex)\v |2]

+ — K(ex)|v Cdx

12
=d(v n)%a<c€,

nl

a contradiction, where we have used Lemma 2.2-(4).
Case 2. Going to a subsequence if necessary, we assume that both J!(v})
(vr) > 0 and J!(v2)(v2) > 0. Thereby, taking (2.23) into account, we derive
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J(w)(vr) — 0 and J!(v2)(v2) — 0 which together with (2.20)-(2.21) give
us that

Je(vn) > Je(vh) + Jc(v2) + on(1). (2.24)

If (y,) is bounded, there exists R’ > 0, such that |y,| < R’. By the

assumptions (V), (@) and (K), for any o > 0, there exists Ry > 0, such that

V(ex) = Voo > —0, |K(ex) — K| < 0, |Q(ex) — Q| < o whenever |z| > @.

€
Since R, — +o0, we can find that Bgr,,.(0) C Br,-r/(0) C Bg,(yn) for
sufficiently large n, that is, By (yn) C B, _/(0) C By /. (0) for sufficiently
large n, and so, the definition of v2 indicates that

/ V(ex) — Vel |G (02)[* do = / V(ex) — Vool |G (02)
R3

B, (yn)

}2dx

> —0 ’Gil(vi)|2dx.
R3

Since o > 0 is arbitrary and (v2) is bounded in L?(R?), then one has
/RS V(ex) — Vi) |G (@22 de > 0a(1).
Similarly, we have
[, [Ken) = Ko P = 0,1
and
[, @) = @ul (G (03))dr = 0,(1) and

h(G™H(v3))v;

/Rs [Q(ex) — Q] o(G1(02) ndx = 0,(1).

Thus, we are able to deduce that

Je(v) = Joo(v) + 0n(1) and on(1) = Ji(v7)(v7) = Joo(v7) (V) + 0n(1).
(2.25)
On the one hand, if J/_(v2)(v2) < 0, then Lemma 2.3-(1) permits us to look
for a t2° € (0, 1], such that t2°v2 € N. In this scenario, taking J!(v})(v}) —

0 and J/(v2)(v2) — 0 into account, we adopt (2.24) and (2.25) to reach
Je(vn) = Je(vy) + Je(vp) + 0n(1)
> Je(vp) + on(1)

= J(02) ~ L02)W3) + 0a(1)

v

Tocl02) = T (02)(02) + 0 (1)

oo 1
(tn ’Ui) - 1

(tfbovi) +0n(1) > meo + 0n(1)

> Th (trvp) (7 v7) + on(1)

Jo
Jo



62 Page 18 of 39 L. Shen and M. Squassina

which contradicts with ¢ < moo. On the one hand, if J._ (v2)(v2) > 0, then
we have J._(v2)(v2) = 0,(1) by (2.25). Owing to (2.22), we can suppose

that [|v2]] — a1 > 0 and ||v}|e — a2 > 0. With aid of J/(v})(v}) = 0,(1),

n

due to Lemma 2.3-(iii), there exist two sequences (t,) C RT and (s,) C R
satisfying ¢, — 1 and s, — 1 as n — oo, respectively, such that ¢,v2 € N
and s,v. € N.. Hence, by using (2.25) again,

Je(V3) 2 Joo(vp) 4 0n(1) = Joo (tav7h) + 04(1) = Mo + 0n(1)
and
J(vh) = J(s,08) + 00 (1) > ¢ + 0, (1).

By (2.24) and the above two formulas, we have that ¢ > Mmoo + ¢c > Moo, a
contradiction.

If (y,) C R? is unbounded, without loss of generality, we can choose R,,
to satisfy |y,| > 3R, for sufficiently large n and so Bar, (yn) C Bf (0) C
B, /c(0). Some similar calculations above provide us that '

/Rg [V(ex) — Vao] |G (v))|*dz > 0,(1) and

/ K (ex) — Koo] [0} P = on(1)
R3
and

/R [@(er) — Qo] H(G™ (v1))dz = 0,(1) and

MGl
oGy oo

Repeating some very similar calculations in (2.25) for (v}), there would be
also a contradiction. In a word, Dichotomy can never occur.

JRCIEETS

Hence, the sequence (p,,) is compact, that is, there exists (y,) C R3,
such that for any € > 0, there is R > 0 satisfying

/ pn(z)dz < e. (2.26)
B (yn)

We claim that (yy,,) is bounded. Otherwise, we could follow the idea of showing
(2.25) to get:

Je(vn) = Joo(vn) + 0(1) and 0, (1) = Ji(vy)(vn) = Jo (Vi) (vn) + 0n(1).

Either J._(vy,)(vn) < 0or Jo (vy)(vy,) > 0, we would arrive at a contradiction.
Thus, (y,) is bounded. Since (v, ) is bounded in E., passing to a subsequence
if necessary, there exists v € E, such that v, — v in E,, v,, — v in L{;)C(R?’)

for 1 <r < 6 and v, — v a.e. in R3. Recalling (2.26) and (y,,) is bounded,
we have that v, — v in L"(R?) for 2 < r < 6.
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With v, — v in L"(R3) for 2 < 7 < 6 in hands, we define v,, = v,, — v,
then

lonll? = 17allZ + 017 + 0n (1)

/}R3 F(ex,v,)dz = / F(ex,v)dz + 0,(1),

R3
flex,vp)v,dx = flex,v)vdz + 0, (1),
R3 R3
/ K (ez)|vn|fdz = / K (e2) |5 |Sda + / K (ez)|o]*d + on (1),
R3 R3 RS
(2.27)
In view of Lemma 2.3-(iv), we have

Jl(v) =0 and J.(v) > 0. (2.28)

By means of (2.27), we can deduce that

2
(/ |V5n|2dz> +2/ |V5n|2dx/ |V’U2dﬂj‘|
R3 R3 R3

1
—f/ K(ez)|5n|6dx,
6 Jus

and by o0, (1) = J.(vy)(vn) — (JL(v)(v) together with (2.28),

2
</ |V'17n|2dm> +2/ \Vﬂn\zdx/ w?m]
R3 R3 R3

- }/ K(ex)[0,]%dz = 0,(1).
6 Jus

Up to a subsequence if necessary, we may assume that

1. b
ce—Ji(0) = 3|l +

[T ]I + 0

lim [|T,]2 = I} and

n—oo

2
lim b K/ |V5n|2dz> +2/ |V5n\2dx/ |Vv|2dx‘| =12
n—oo RB RS RS

If l:l > 0, we can get a contradiction ¢, > ¢. — J.(v) > ¢* as the proof of
“Vanishing does not occur”. Hence, Il = 0. The proof is completed. O
To apply Lemma 2.6, according to the Brézis—Nirenberg argument in
[4], we shall pull the mountain-pass energy c. down the particular level. For
this purpose, we introduce a well-known fact that the minimization problem
(1.15) has a solution given by
(36) 1
(6 + | — wo/3])2

ws(x) = ,

and
3
[Vws|s = |wslg = 52,

where § > 0 can be arbitrarily chosen and zg € R? is given by (Hj).
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Let ¢ € C§°(R3,[0,1]) be a radial cut-off function, such that p(z) = 1
for |z| < ps and @(x) = 0 for || > 2ps, where ps = 67 with 7 € (1/4,1/2).
Set

Ys(z) = p(x)ws(z), (2.29)

then we get the following estimations:

Lemma 2.7. (See e.g. [4]) As 0 — 0, ¥s(z) verifies the following estimations:
/]RS [VipsPda = S3 —|—O(6%)’ /}R3 5]0dz = g3 +O(6%),
and
/R3 [Val*de = 0(5%), /RS |s]9de = O(5°5") with g € (3,6).

Lemma 2.8. Suppose (g), (V), (Q), (K), and (H1)—(Hy), then the mountain-
pass value c. < c* for all € > 0, where c¢* is given by Lemma 2.6.

Proof. We claim first that for § > 0 small enough, there exists a constant
ts > 0, such that

Je(tsths) = max Je(ts)

and
0 <ty <ts <ty < oo for all § > 0 sufficiently small, (2.30)

where tg and ¢; are constants independent of ¢ and e. In fact, since J.(0) =0
and . li? Je(ts) = —oo, there exists t5 > 0, such that
—T 00

dJ.(t
Je(tsvs) = max Je(ts) and #

t=ts

Thus, we have

2
Bllostvors ([ [90sPas) = [ slentsvatsusdorss [ wealvslas
R3 R3 R

(2.31)
which together with Lemma 2.2-(1) and Lemma 2.7 as well as (K) gives that

2
a/ (Vs |2da + O(67) + bt2 </ |V¢52dx) szt§/ |4s|®da.
R3 R3 R3

Therefore, we can conclude that

1/2
e \/ Vsl (12175l + 40Kl Vs BluslE)
- 2
< t1 < +oo if § is sufficiently small.

Taking Lemma 2.2-(2) and (3) into account, for any o > 0, there exists C' > 0,
such that

6,6 2,12
f(ﬁx,;a%gta%dm S/ Uta%;"‘i%% dr —
R3 t6|¢5‘6 R3 t6|¢5‘6

—oti+C(ST+0(5%))  |ysl3

s 3
s 8

oty +C
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<ot +CST20(57) = otd + 05(1) as § — 0,
which together with (2.31) implies that
1 < ot +o05(1) + Kot as § — 0.

Thus )
ts > (2(0 + Ko)) % 2t > 0 if § is sufficiently small.
Let us define

b S ¢
)2 9752/ Vs 2da 4+ 2t / Vs ) — Jﬁ/ |6z, Vi >0,
2 R3 4 R3 6 R3
then by Lemma 2.7 and some elementary computations, we derive

abS® b SS (b2 S + 4aK(S)?2
max{(t) = 5 5
120 1K, ' 24K2 24K
On the other hand, using (H1), we have that

+0(62).

/ [K (20) — K (ex)] [9hs]%da < C67, if § is sufficiently small.
R3

Finally, we can take an estimate for J¢(t515) below

a b 2 K
Je(tm)zitg/ IR (/ w5|2dx> —?0/ s |
R3 R3 R3

2
+ %/RS V (ex)|bs)?de — /RB F(ex,tss)da
1
+5 [ K G0) - K(ea)) sl

<t 0(5%) + O/ s[> der 7/ H (G (tss)) da
R3 R3
< 4 CO(6%) — c/ [Pt da < ¢t + CO(S3) — COGBT) < ¢
R3

for sufficiently small § > 0 since p > 3. In view of (2.13), we have ¢, < c*.
The proof is completed. O

3. Existence of positive ground state

Although we have showed that ¢, < ¢* in Lemma 2.8, it seems unavailable
to exploit Lemma 2.6 to find a ground state solution to Eq. (1.1). Simply
speaking, we have to investigate the relation c. < Mmqo.

First of all, we have the following lemma whose proof can be found
below.

Lemma 3.1. Suppose (g) and (Hy) — (Hy), then the following equation

(a + b/ g2(u)|Vu|2dx> [— div(g?(u)Vu) + g(u)g'(u)|Vu|2] + Au

R3

= Bh(u) + D|G(u)|[*G(u)g(u), = € R



62 Page 22 of 39 L. Shen and M. Squassina

which is equivalent to

(4 ol2da v G~(v) _ h(G~t(v)) oo,z 3
( T [ Vel )A Ay T Pga i) TPk wER

admits at least a positive ground state solution, where A, B, D > 0 are con-
stants.

Proof. Let us define the variational functional Ja g p : H'(R3) — R by
1 b ?
Ja,Bpw) = 7/ [a|Vv|2 +A ‘G_l(v)ﬂ de + — / |Vo|2d
T 2 R3 4 R3

D

- B (G (v))dx — = lv|®dz.
R3 6 Ra

Clearly, it is of class C!. First of all, by Lemma 2.4, there exists a (PS)

sequence (wy,) of Ja,p p at the level

A .
c = inf max t)) >0,
app = nfmax Ja.B.0(1(t))

with Ts g.p = {n € C([0,1], H'(R?)) : n(0) = 0,T4,5,0(n(1)) < 0}. More-
over, it simply has that

capp= _inf Jappv) = inf max Ja,g,p(tv),
vENA, B, D veH(R2)\{0} t>0

where Na g p = {v € H'(R*)\{0} : J} 5 p(v)(v) = 0}. The similar calcula-
tions in Lemma 2.8 reveal
abs® | (*S* + 1a8)*" b
4 24 24
Thus, Lemma 2.6 shows that there exists a w, such that w, — w in H!(R?)

along a subsequence, and so, w is a nontrivial solution. As to its positivity,
we postpone it later. The proof is completed. O

Lemma 3.2. Suppose (g), (V), (@), (K), and (Hy) — (Hy), then there exists
a constant €* > 0, such that ce < meso for any e € (0,€*).

CA,B,D <

Proof. Let w € R be a fixed constant satisfying Vj < w < V according to
(V) and set the functional J,, : H'(R?) — R as follows:

2
Ju(v) = %/Rs [a|Vv|2 +w |G_1(v)|2} dz + Z (/]R3 |Vv2dx)

Ko
— Qo | H(G'(v)dz — —= |v|®da.
R3 6 Jgs

Moreover, we define m,, = irjl\f/ Jo(v) with N, = {v € H*(R*)\{0} : J,(v)(v)
vENY

= 0}. We claim that m,, < me. Actually, by means of Lemma 3.1, there ex-
ists v € H'(R?)\{0}, such that v € Ny and Jo(v) = Meo. In view of
Lemma 2.3-(i), we shall conclude that me = Joo(v) = max;>o Joo(tv) and
there exists a t,, > 0, such that t,v € N, and J, (t,v) = max;>g J, (L) =
max;>o Jy, (tv). Thus, it holds that

(Voo

Moo > Joo(twt) = Ju(t,v) + 7_0}) ’G*l(twv)’2 dz
Rl‘}

2
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> Jw(twv) > my,,

so the claim concludes.

Due to Lemma 3.1, there exists a v, € H!(R*)\{0}, such that v, € N,
and J,(v,) = mg. Let p(x) : R3 — [0,1] be a cut-off function to satisfy
¢o(z) = 1 when |z| < 1, ¢(z) = 0 when |z| > 2 and |¢’(z)| < 2 on R3. For
every R > 0, we define v, r(z) £ ¢ (%) vo(2). Then, the definition of ¢, r
and the Lebesgue theorem show that

VR — U, in HY(R?) as R — oo.

Since v, g € H'(R?)\{0}, then there exists an ¢, g > 0, such that ¢, rv, r €
N, by Lemma 2.3-(i). We claim that there exists an Ry > 0, such that
Jw(tw, RoVw,Ry) < Moo. Otherwise, we could suppose that J,, (t, rVw,R) > Moo
for all R > 0. By gathering these facts that t, rvw r € Ny, v, € N, and
Vo.r — U, in H'(R3) as R — +o0, we can proceed as Lemma 2.3-(iii) to
deduce that ¢, g — 1 as R — +o0. and so

Moo < Uminf J, (ty rVw.R) = Ju(Vw) = My < Moo,
R—+o00

a contradiction. Thus, the claim is true. Due to the definition of v, g,, one
has suppv, r, C B2g,(0), where suppuv,, r, denotes the support of v, g,.
Thereby, for all © € Bag,(0), there exists a constant €* > 0, such that w >
V(ex) for all € € (0,€¢*) using the fact that w > V. As a consequence, we
apply tr,vRr, € Ny to reach

— > > 1 =
Moo > Ju(tr,VR,) max Ju(tvr,) > max Je(tvr,) > vlenEfE max Je(tv) = ¢

for any € € (0,€*). The proof is completed. O

Proposition 3.3. Suppose (g), (V), (Q), (K), and (H1)—(Ha), then Eq. (1.13)
admits a positive ground state solution for any e € (0,€*), where €* > 0 is
determined by Lemma 3.2.

Proof. According to Lemma 2.4, there is a (PS) sequence (v,,) for the func-
tional J. at the level c.. In view of Lemmas 2.6, 2.8, and 3.2, one sees that
Je admits a strongly convergent subsequence for all € € (0,€*). Going to a
subsequence if necessary, there is a v € F., such that v,, — v € E,, and so,
J!(v) =0 and J.(v) = ¢.. Combining (2.12) and (2.13), we know that v is a
nontrivial ground state solution to Eq. (1.13). We postpone the positivity of
v below. The proof is completed. O

Due to Proposition 3.3, for any € € (0, €*), there is a positive solution to
Eq. (1.13) whose energy is c.. Now, if we regard the energy c, as a sequence,
what happens about lim ¢.? To deal with it, we introduce the following

e—0

problem:

<a + b/R3 gz(u)|Vu|2dx> [—div(g2(u)Vu) + g(u)g’(u)|Vu|2] + Vou
= Qoh(u) + Ko|G(u)[*G(u)g(u), = € R3,
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which is equivalent to
G (v) G (v))
— a—|—b/ Vdex>Av—|—V =Q +Kolv|*v, z € R®.
(ke [ 1w ") - Paieiw) TN

The corresponding variational functional Jy : H'(R?) — R is given by

1 b 2
Jo(v) = 5 /R3 (alVv]? + Vov®) da + 1 (/R3 |Vv|2da:>

K,
f/ F(0,v)dz — =2 [ |v]dz,
R3 6 R3

where
F(0,5) 2 QuH(G™(5)) + 5Vos” — 5oIC ()"
We also set
Ny = {v e H'(R*\{0} : Jj(v)(v) = 0} and mg = vg}\ffo Jo(v).

Lemma 3.4. Suppose (g), (V), (@), (K) and (Hy) — (Hy), then lim, o+ ¢ =
mo along a subsequence.

Proof. To prove liminf._ g+ ¢ > myg, it suffices to show that

ce > my, Ve € (0,€%). (3.1)

Otherwise, we could suppose that there exists some ¢ € (0,€*), such that
Cep < mo. It follows from Proposition 3.3 that there exists a positive ground
state ve,, such that:

1?33( Jeo (tvﬁo) = Je (UEO) = Cey < My,

where the variational functional J,, : H'(R?) — R is given by

b 2
Jey(0) = 3 /RS [a|Vu|* + V(o )v?] da + 4(/]1&3 |Vv|2d:1:>

1
— | Fl(egz,v)dx — f/ K (eox)|v|®dz.

R3 6 Jps
Arguing as Lemma 2.3-(i), there exists t., > 0, such that t.,ve, € Ny and
Jo(teyVe,) = maxy>o Jo(tve,) which together with the definition of my indi-
cates that mg < max;>o Jo(tve, ). Since V(egz) > Vy, K(egx) < Ky and
Q(eor) < Qo, then it holds that

mo < max Jo(tve,) < max Je, (tve,) = cey < mo,

a contradiction. Hence, we see that (3.1) holds true.

In view of Lemma 3.1, there exists vy € Ny, such that Jy(vg) = mg. Let
o(z) : R — [0,1] be a cut-off function satisfying ¢(z) = 1 when |z| < 1,
o(z) = 0 when |z| > 2 and |¢'(z)] < 2 on R3. For any R > 0, we set
vr(z) £ p(x/R)vo(x). By the definition of ¢(x) and the Lebesgue theorem,

L
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one has vg — vg in H(R3) as R — oo. For all ¢, R > 0, arguing as Lemma
2.3-(i), there exists t. g > 0, such that t, gur € N. and

Je(te,rVR) = I?Zagc Je(tte RUR) = I?Zagc Je(tvg). (3.2)

Thus, by suppvr C Bag(0), it follows from ¢ gvg € N, and Lemma (2.2)-(1)
that:

1
i Vv 2+( max Vr)vQ]dx
t?,R B>r(0) |:| R| z€B2r(0) ( ) R

1
> E |V1}R|2 + V(ex)vhda

/ K (ex)|vg|®dz +

/ Koo |vg|fda,

which indicates that there exists a Tr < 400 independent of ¢, such that
ter < Tr < 400. Proceeding as Lemma 2.3-(ii), one shall search for Tllz >
0 independent of €, such that t.p > TI'{ > 0. Consequently, passing to a
subsequence if necessary, we have lim. g+ t. g = tg € (0, +00) which implies
that

< | flex,tc rURr)te RURdY
te r JRrs

2
te,R

Je(ts,RvR) = 9

2
[l Vorl? + V(ex)}] do+ 2t < / VvRIde>
Bar(0) 4 Bar(0)

to ;
— / F(ex,tegvg)de — =8 / K(ex)|vg|®da
Bar(0) 6 JB,ur0)

2
2
— %?'/ [a|Vor|*dz + VouR] dz + Zt; </ |VUR2d37>
Bar(0) Bar(0)

6
*/ F(O,tRUR)dl'f tj K0|UR‘5dx
B3R (0) 6 JByr(0)

:Jo(tRUR) as € — O+. (33)

Adopting t. rvr € N, it is similar to (3.3) that

2
t%/ CL|VUR|2+‘/O’U12%CZ1‘+()15%</ VUR|2dJ:>
R3 R3
= /R3 f(OJR’UR)tRURdl'-i-t% /Rs K0|vR|5dx,

which implies that tgrvr € Ny, and hence, Jo(trvr) = maxy>o Jo(ttrvr) =
max>o Jo(tvr). We gather vy € No, trvr € Ny and vp — vy in H(R?) as
R — oo to conclude that tg — 1 as R — oo along a subsequence, where the
arguments in Lemma 2.3-(iii) are used. Then, it holds that

ltror = voll < [tr = 1] - lvrll + [[or = voll = 0 as R — oo. (3-4)
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It follows from the definition of ¢, and (3.2) that:

e = f Je(tv) < Je(t Je(te .
¢ Ueén\{o}rg%( (tv) max (tvr) = Je(te,rVR)

which together with (3.3) indicates that

limsup ¢, < Jo(trvR). (3.5)

e—0t
By (3.4) and (3.5), letting R — oo, then limsup,_, o+ ¢e < Jo(vg) = mg. The
proof is completed. U

4. Concentration of ground states

In this section, we dispose of the concentrating behavior of ground state
solutions to Eq. (1.1). As a consequence of Proposition 3.3, there exists a ¢* >
0, such that for each € € (0, €*), Eq. (1.13) possesses a positive ground state
solution ¥.(x) = v.(ex) € H*(R?) satisfying J.(v.) = ¢ > 0 and J!(v.) =
0, where v, is a ground state solution to Eq. (1.12). Before we study the
concentrating behavior of v, it is simple to find that any minimizing sequence
of mg = inf,en; Jo(v) is bounded in H'(R3) and we have the following key
lemma.

Lemma 4.1. Suppose (g) and (H1)—(Hy). If (v,) C Ny satisfies Jo(vn) — mo
and v, — vy # 0 in HY(R3) as n — oo, then v, — wvg in HY(R3). In
particular, Jj(vo) = 0 in HY(R3) and Jo(vg) = mo.

Proof. Owing to the Ekeland’s variational principle [13], there is a sequence
(wn) C Ny, such that

Jo(wn) = o, ((Jo)ap) (wn) — 0, |[wy, — v, — 0 as n — oc.

We claim that J§(w,) — 0 in (H'(R?))~! as n — co. Otherwise, there exist
a constant ¢ > 0 and a subsequence still denoted by itself, such that

17 (wn)|| > o, Vn € N. (4.1)

Given a ¢ € H'(R?), one sees |[Jg(wn) — Jo(w)] ()| < Collwn — w]gll-
Taking the supremum over |¢|| < 1, then it yields that ||J§j(wy,) — Ji(w)| <
Col|w, —w|| for any w € H'(R?). Therefore, for any §; > 0, we have || J{ (w,)—
JH(w)]| < 61 if |w, — w|| < min{1,8,/Co} = 36. Therefore, by (4.1),

[ T6(w)]| > [[Jg(wa) || — 01 > o — 61 if [|wy, — w|| < 36.

Choosing 61 = 0/2, we derive ||J{(w)| > o/2 for each w € Bss(wy,). Let
€ = min{%2, ‘1’3} > 0 and S = Bjs(wy), then [37, Lemma 2.3] enjoys a
deformation n € C([0,1] x H*(R?), H'(R?)), such that

(i) n(t,u) =wif t =0, or u ¢ Jy *([mo — 2¢,mo + 2¢]) N Sas;

(ii) n(1,Jg"rn Bg(wn)) CJyTs
(iii) Jo(n(1,u)) < Jo(u), Yu € HY(R3);
(iv) n(1,u) is a homeomorphism of H*(R?).
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For a sufficiently large L > 0, we set v(¢) = n(1,¢Lw,) and then by (iii),
Jo(v(1)) = Jo(n(1, Lwy,) < Jo(Lw,) — —oco as L — +o0,

which indicates that v(t) € Ty £ {y € C([0,1], H*(R?)) : Jo(0) = 0, Jo(y(1))

< 0}. Thereby, we take advantage of (ii) to deduce that

£ < = —¢.
co wléllfo tren[gﬁ] Jo(y(t)) < tren[éaﬁ Jo(n(1, Ltwy,) max Jo(n(1,twy,)) < mo—e
(4.2)

However, arguing as (2.13), we have ¢y = my, it contradicts with (4.2). There-
fore, we have showed that Jj(w,) — 0 in (H'(R?))~! and then J{(n,) — 0
in (H'(R?))~!. Now, we are capable of using Lemma 2.3-(iv) to have that
J(vg) = 0 in H(R?). Since vy # 0, one sees

n—oo

mo < Jo(vo) — iJ{)(vo)(vo) <liminf | Jo(vy) — iJ{)(vn)(vn»

= lim Jy(v,) = mo,

n—oo

which yields that v,, — vg in H}(R3) and then Jo(vg) = mg. The proof is
completed. O

Recalling the definition of v, that is, J.(v¢) = ¢ and J.(v.) = 0, one
deduces that (v.) is a special (PS), sequence of the variational functional Je.
With aid of Lemma 2.8, we proceed as the same ideas of “Vanishing does not
occur” in Lemma 2.6 to conclude that for all € € (0, €*), there exist a family
(y.) C R3 and 7, 0 > 0, such that

/ |oc|2dz > 0 > 0. (4.3)
Br(ye)

Lemma 4.2. Suppose (g), (V), (Q), (K), and (Hy)— (Hy), then (eyc) in (4.3)
is uniformly bounded in R3. Furthermore if we take x* as the limit of the
sequence of (€nye, ), then one has z* € © N Oy N Og, where (epy.,) is a
subsequence of (eye).

Proof. Arguing it by contradiction, we suppose that €, — 0 and |eyye, | —
+o00 as n — oo. We take y, = y., and 9, = 0., for simplicity and set
wn() £ @n(' + yn) > 0, then

_ (a +b / |an|2dx> Awn + V(en + €nyn)n
R3

(4.4)
= f(€n$ + EnYn, wn) + K(Enx + 6nyn)|U)n|4'wn in Rsa
and we are derived (4.3) that
/ w2dr > o> 0. (4.5)
Br(0)
Obviously, |w,| = ||va||, then (w,) is bounded in H'(R3) and w,, — wp in

H'(R3) in the sense of a subsequence. Moreover, wy > 0 and we see wg # 0
from (4.5).
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For every n € N, there exists ¢, > 0, such that t,w, € Ny which
together with w,, # 0 implies that Jo(t,w,) > mo, and then, liminf, o
Jo(tpwy) > mg. On the other hand, using Lemma 3.4

2

t b ?
Jo(thwy) < l/ [alwn|? + V(ena + €nyp)wp ]| da + / |Vw,|?dz
2 R3 4 R3

1
— F(enx + €nyn, wy)de — = K(epz + enyn)|wn|6dx
R3 6 Jr3

= Jeﬂ, (tn@n) < 1?33( Jen (t@n) = Jeﬂ, (ﬁn) = Ce,, = Mo + On(l)v

which implies that limsup,,_, . Jo(t,wy,) < mg and then lim,, o Jo(tnwy,) =
myg. Simply, one can conclude that (¢,,) is bounded, passing to a subsequence
if necessary, we are able to assume that lim, .. t, = tg > 0. If t7 = 0,
since {wy} is bounded, then |t,w,| = t,||w,|| — 0 which is t,w, — 0 in
HY(R?) and so 0 = lim, e Jo(tnws) = mo > 0, a contradiction. There-
fore, lim, o0 t, = tg > 0. By the uniqueness of the weak limit, we derive
tpw, — towg # 0in H'(R?). In summary, we have concluded that t,w, € N,
lim,, 00 Jo(tnwy) = mo and t,w, — towo # 0, and then, by Lemma 4.1, one
sees tpw, — towo # 0 in H'(R3), which implies that towg € Np. Using
Fatou’s lemma and Lemma 3.4, it holds that

1,
mo < Jo(towo) < Joo(towo) = Jo (towo) — 7J0(t0w0)(t0wo)

= g |V towo | dm—l—/ V;.o _ — |G towo | dz
4 Jgs3 3 2
Qo h(G towo))towo 1
o — Q. H t d
o[ | QMG Ll g (G o)) as
K
+/ 70 ) |t0w0| dl}
rs \ 4

2

@h(Gil(tnwn))tnwni ot Lt wen -
s [ [ L MO LDt e+ ) (G ()]

4
+/ (ﬁ B K(enx-‘rEnyn))ltnwn'edx}
ps \ 4 6

= liminf [ ., (f17,) - ijé(tnwn)(tnwn)] — liminf J., (ta5n)

n—oo

= lim inf {a |V (tnwn)| dx—l—/ (M — —) |G nwn)|2dx
R3

< lim inf m>axJ (tvn) = liminf Je,, (0,) = liminf c.,, = mo, (4.6)

n—oo

a contradiction. Therefore, (ey.) is bounded in R3. Passing to a subsequence
if necessary, we shall suppose that €,y., — =* in R® as n — oo. We define
the variational functional J,« : H'(R?) — R as follows:

1 b ?
T (0) = 3 /R3 [a|Vo|* + V(z*)v?] dz + 1 </Rs |Vv|2da:>

f/ F(m*,v)dxf@/ |v|8dz.
R3 6 R3
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If z* ¢ ©NO;NO, without loss of generality, we can assume z* ¢ ©. By the
definitions of © and Vj, we conclude V(z*) > Vj. Replacing J, with J,« in
(4.6) and proceeding the similar arguments as above, one has a contradiction.
Therefore, x* € ©. Similarly, we can obtain z* € ©; and z* € ©,. Hence,
r* € © N O; NOs. The proof is completed. O

Lemma 4.3. Suppose (g), (V), (@), (K), and (Hy) — (Hy). Let € € (0,€*) be
fized, decreasing €* if necessary, then v. possesses a mazximum z. satisfying
62151+ Viez.) = V(z"), 61_1)1%{r K(eze) = K (%), el_lféi Qez.) = Q(z*). (4.7)

Moreover, there exist positive constants ¢ and ¢ independent of €, such that
V() < Cexp (—élx — 2]), (4.8)
for all e € (0,€*) and x € R3.

Proof. First, we analyze some properties of w.. Since wc(-) = (- + ye),
according to the proof of Lemma 4.2, we have showed that t.w. — towg # 0
in H'(R3) and t. — to with g > 0. Thus, it has that

tO”we_wOH = Htowe_tewe'i_tewe_tow[)H S |t6_t0|'||we‘|+||tewe_t0w0H - 07

which indicates that w. — wp in H'(R3) as e — 0. Combining (4.4) and
ey. — x*, we shall observe that wy is a ground state solution of the equation
below

— (a + b/ |V1}|2dx> Av+V(z*)v = f(a*,v) + K(z)|v[*v in R®. (4.9)
R3

We postpone the detailed proofs in Lemma A.2 in the Appendix to give that
|Wo| oo, |We| oo < C for some C' > 0 independent of ¢ € (0,€*), we € CuX(R?)
for some x € (0,1) as well as as well as
|we|oo > T and | ‘lin+1 we(x) = 0 uniformly in € € (0,€").
T|—
where 7 > 0 is independent of € € (0, €*).

Second, we verify that there exist &,¢ > 0 independent of €, such that
we(z) < & exp(—¢|x|) for all € € (0,€¢*) and = € R3, see Lemma A.3 in the
Appendix in detail.

Finally, let k. be a maximum of w,, we have that |we(ke)|oo > 7. Since

lim w,(z) = 0 uniformly in €, there exists an R > 0 independent of €, such

|z|— o0

that |ke| < R. Recalling w,(-) = 0c(- + yc), then y. + k. acts as a maximum of
of . Define z. = y.+ke, according to Lemma 4.2 and |k.| < R, we are derived
that eze — z* as e — 07 and hence (4.7) holds true by the continuities of V,
Q and K. Moreover, since w,(z) < ¢exp(—é|z|) for all x € R? and |k.| < R,
there holds

Ve(x) = we(z — ye) < & exp(—&|x — yc|)
= exp(—¢|z — 2z + k|) < cexp(—é|lz — z]|)
for all € € (0,¢*) and x € R3. The proof is completed. O

At this stage, we are in a position to exhibit the proof of Theorem 1.1
in detail.
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Proof of Theorem 1.1. It follows from Proposition 3.3 that there exists some
positive constant €¢*, such that Eq. (1.13) admits at least a positive ground
state solution v¢(x) = v.(ex) for every € € (0,€*), and hence, v, is positive
ground state solution to Eq. (1.12) for any e € (0,€*), where the positivity
can be found in Lemma A.1 in the Appendix. Next, we shall show the proof
one by one:

(1) For any bounded sequence (u,) C L, denoting v, = G(uy), then
Je(vn) = ce and J.(v,)(vy,) = 0. Going to a subsequence if necessary, there
exists v € E., such that v,, = v in E, and J/(v) = 0 by Lemma 2.3-(iv).
Similar to (4.3), it holds that

/ v2dr > 0> 0.
Br(yn)

Arguing as the same arguments in Lemma 2.6, one can verify that (y,,) is
bounded in Z”. Hence, we have v # 0 and so v € N, which together with
the Fatou’s lemma implies that

e < Jov) = J(v) - iJe'(v)(v) < liminf | J,(vy) — iJe’(vn)(vn)

n—oo

= lim Jc(v,) = ce.

n—oo
Thus, we deduce that v,, — v in E,, and so, v, — v in H}(R3). In view of
Lemma 2.1-(1), one sees that u,, — u in H*(R3), so L. is compact.
(2) In view of Lemma 4.3 and w,(z) = 0c(z + y.), we have deduced that
V. possesses a maximum point z. = y. + k.. The reader is invited to recall

that v.(-) = o, (;), then ve(-) = G(u(-)) admits a global maximum point
€

Ye = €z.. Due to (4.7), the proof of this case is done.
(3) By the above facts, we know that

De() = ve(ex +ve) = ve(ex +€ze) = V(T + 2e) = Ve (T +Ye + ke) = we(z+ ke).

In view of the proof of Lemma 4.3, we have that w, — wg in H*(R3) as € — 0F
and wy is a positive ground state solution of Eq. (4.9). Since |k.| < R, then
O — 0 in H'(R3) as € — 07 with § = wy. By Lemma 2.1-(1), G~(%) —
G~1(9) in H'(R3) as ¢ — 0" which is %, — @ in H'(R3) as ¢ — 0F. Clearly,
4 is a positive ground state solution of Eq. (1.14).

(4) Using (4.8) with . = €z, we have

_ Z _ @
ve(x) = Ue (7) < cexp (—c‘f — Ze
€ €

for all z € R3 and € € (0, ¢*).
Recalling u, = G71(v.) < v, by Lemma 2.1-(1), the proof is com-
pleted. O

5. Nonexistence of ground states

In this section, the nonexistence of ground state solutions to Eq. (1.1) will be
investigated. As what we have done before, to this aim, we shall dispose of
the nonexistence of ground state solutions to Eq. (1.12). Explaining it more
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clearly, we are going to demonstrate that the ground state energy c. cannot
be attained for all ¢ > 0. For simplicity, the notations of this section shall
remain unchanged from those in the previous sections.

Let us start with the following lemma.

Lemma 5.1. Suppose (g), (H1) — (Hs) and (H), then cc = moo for all € > 0.

Proof. According to the definition of c., for all ¢ > 0, there exists a v, €
N, such that c¢. < Je(v,) < ¢c + 0. In view of Lemma 2.3-(ii), one shall
conclude that J.(v,) = maxy>o Je(tv,). Moreover, a similar argument in
Lemma 2.3-(ii) guarantees a t, > 0, such that t,v, € Now and Ju(tovs) =

max;>o Joo (tv,). With these discussions, it follows from (H) that:
o S Jso(lovs) = o (tvg) < (tvg) = Je(vo €
Moo < Joo(toVs) r{lzagcJ (tve) I?ZagcJ(v) Je(vg) < cc+o

yielding that ms, < ¢ by tending o — 07. In the following, we are going to
verify that c. < meo-

By Lemma 3.1, Eq. (2.14) possesses a ground state solution v € Moo,
such that Joo (Vo) = Moo. Let (z,) C R3 satisfy |x,| — co as n — oo and set
Un (%) £ Voo (x—2,,). Owing to the assumptions that lim inf |, V(z) = Va,
lim| |~ Q(7) = Qoo and lim || K(7) = Ko, we are derived from the
Lebesgue theorem that

lim [V(ex + exn) — Vao]|GH(veo ) [Pdr = 0,

n—oo [ps
WG~ (vso))
lim Qlex + exp) — Qoo —/————=
A J Qe em) = Qucl e )
lim / (K (ex + ex,) — Koo)|voo|®dz = 0.
n—oo [ps
Therefore, it holds that J.(v,)(vy) = 0,(1). By exploiting Lemma 2.3-(iii),
there exists a t,, > 0, such that t,v, € N, and lim,,_,o. t, = 1. Proceeding
as (5.1), one has that

Voodz =0, (5.1)

lim [V(ex + exy) — Voo |G (tnvoo)|?da = 0,

n— o0 3

n— 00 3

lim f [Q(ex + exp) — Qoo H(G™ (oo ))da = 0,
R

from where it follows that:
Ce < Je(tnvy)

1
5/ [V(ex + €xn) — Voo |G (tnrne) Pd
R3

- /RS [Qex + exy) — Quo| H(G ™ (thveo))da

16
- gn [K(ez + ex) — Koo |voo|®dz — Joo (Vao) = Mo,
R3
showing that ¢, < mq,. The proof is completed. O

With the help of Lemma 5.1, we are ready to present the proof of The-
orem 1.4.



62 Page 32 of 39 L. Shen and M. Squassina

Proof of Theorem 1.4. Suppose it by a contradiction, we would assume that
there exist g > 0 and vy € H*(R?), such that J,(vo) = ¢¢, and J/ (vo) =0
as well as J, (vg) = max¢>g Je,(tvo). Proceeding as Lemma 2.3-(ii), there
exists a constant to > 0, such that tgvy € Ns. In view of Lemma 5.1, that is,
Moo = Cey, ONE has

Moo < Joo(tovo) < Je, (tovo) < max Jey (tvo)

- JEO(UO) = Ceyg = Moo,

which indicates that Joo(tovo) = Je, (tovo). Alternatively, we can apply (H)
to get
2

oo (tovo) = e (fovo) + %0 /R Vo — Vieon)] |6 o) d
+ / [Q(e0w) — Quo) H(G™(to0))da
RS
£
< Jeo(tOUO) = Joo(t()’l)o),

a contradiction. The proof is completed. O

+ [K (e0r) — Koo] [vo|da
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Appendix A. Some technical lemmas

In this section, we mainly show some results whose detailed proofs have been
left above.

Lemma A.1. Suppose (g), (V), (Q), (K), and (Hy) — (Hy). If vg € HY(R?) is
a nontrivial solution of Eq. (1.13) for all € > 0, the vo(x) > 0 for all x € R?.

Proof. Proceeding as the very similar arguments used in Lemma 3.1, we are
able to deduce that vy can be obtained by looking for critical point of the
variational functional 7, : H'(R?) — R given by



Concentration of ground states for quasilinear Kirchhoff type Page 33 of 39 62

J(v) = %/RS [a|Vv|2 + Viex) |G*1(v)|2} dz + Z (/}R3 |V02dx>2

1
- Qex)H(G (v))dax — =~ | K(ex)vT|%dx,
R3 6 Jr3
where vt = max{v,0}. Let us define v, = min{vg,0}, then J/(v)(vy) = 0
implies that

/Rz {a|Vv0_|2+V(ex)g(C;_ll(g}go_)))v5} dz+b (/R Vv|2dx) (/R vvo—|2dx)
=0,

where we have used the fact that h vanishes in (—o0,0]. Recalling (V) and
Lemma 2.1-(1), it holds that

/ (alVvy [* 4+ Volvg [7) dz =0
R2

yielding that v; = 0, and hence, vy = ’uar is a nonnegative solution of Eq.

(1.13). Consequently, the strong maximum principle and the fact vy # 0 imply
that vgp > 0 in R2. The proof is completed. O

Lemma A.2. Suppose (g), (V), (Q), (K), and (Hy) — (Hy). Let w, be defined
as Lemma 4.2 for all € € (0,€*), then there is a constant C > 0 independent
of € € (0,€*) such that |we|s < C. Moreover, we have that w. € Cj.X(R3) for
some x € (0,1) as well as

[We|oo > 7 and  lim  w(z) =0 uniformly in € € (0,€"),
|z|—+o00

where T > 0 is independent of € € (0, €*).

Proof. For every R > 0 and 0 < r < %, we choose a cut-off function 7 €
Cs°(R3,[0,1]), such that n(z) =1 if |z| > R, and n(z) =0 if |[z| < R —r as
well as |Vn| < 2. Given € € (0,¢*) and L > 1, define

— ’UJE(LL'), we(l') <L,
we,L(x) - {L’ we(.’IJ) = L7

and

2(9-1) )19—1

Pe, L. = 772(we,L) We and ,(/)G,L = nwe(we7L
with ¥ > 1 to be determined later. Some simple calculations show that

Vel < Cr0? (n(we )20V V2 + [Vnf2(we )20 D we?) . (A1)
and
VwEVLpE,Lda::/ 7 (we.)? 0~V |V, [*dz
R3 R3

+2/ n(we.r)* " Vw.Vw Vndz.
RN

+2(9-1) / (wg,L)2§_3n2w6VwEng7de. (A.2)
RS
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In view of (2.7) with e = Vi > 0 and p = ¢ € (2, 6) which is determined later,
there holds

Jer + eye, we)we < V0|w6|2 + C§|ws|q' (A.3)

Denoting A, £ a + b/ |Vwe|*dz > a, then we are derived from (4.4) that
R3

o Awe _ f(ex + Eysawe) — V(GSC + Eys)we + K(E‘T + 6y€)|w€|4w€ in RS.

Ac A
(A4)
Taking ¢, 1 as a test function in (A.4), we apply (A.2) and (A.3) to obtain

/ nz(wE7L)2(1971)|Vwe|2dz < 2/ n(w€7L)2(ﬁ71)we|Vwe||V77|d:L'
R3 R3

_ K
490 [ PP D e+ 20 [ w0V,
a R2 a R3

from where it follows the Young’s inequality that:

| PO Ve <4 [ (o0 Ve VaPds
R

RS
2C; - 2K
+—= nz(we,L)Q(ﬂ_l)|we|qu+ 0/ 772(w57L)2(19_1)\w5|6dx.
R3 a R3

a
(A.5)
We gather (1.15), (A.1), and (A.5) to conclude that
([, 1wenlbar)’ < cus 102 [ (10D Ve + 9312 w0V e )
R3 R3
< 02192</ (wE,L)%ﬂ*U\wE\?\vanx+/ n*(we, 1)V |we|Tdz
R3 R3

+f n2(we,L>2W*”|we\6dx)
R3

§C2792</ |w€\2”9dz+/ (106)2(19—1)|w€|édm
R—r<|z|<R Jz|ZR—r

+ L2(0-1) |w€|6dx>.
|z|>R—r

In what follows, we shall fix t = ¥/r > %, Y= @ >1and ¢ = M As
a consequence

% % T
(/ |¢€,L|6dx) < 02792{ (/ |w€6dx> (/ dx)
R3 R—r<|z|<R R—r<|z|<R

t—1

1
= T
—+ / |we|°da: / |we|*da:
|z|>R—r |#|>R—r
+L2(19_1)/H>R w€|6dm}

t—1
T
</ |w6|6da:> + L2(7971)/ w€|6dx] ,
|z|>R—r |z|>R—r

(A6)

< Cy,0°
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where we have used the fact that |w.|3 is uniformly bounded associated with
e € (0,€%).
Since e 1, = nwe(we, )", we are derived from (A.6) that

1

3 3
/ e d | < / 17 wel® e, 150~z
|z|>R |z|>R
1
3
s(/ |we,L|°’dm)
]R3
t—1

t
< Oy 92 ( / |w56dx> + L2 / lwe|®dz | . (A7)
|z|>R—r |z|>R—7r

Recalling the proof of Lemma 4.3, we have showed that w. — wq in H(R3).
Therefore, for the given L > 1, we can increase R sufficiently large to satisfy

1
/a:|>R—r e de < L (A-8)

Combining (A.7) with 9 = @ > 1 and (A.8), by tending L — +o0, we

find that
1 1
, 925 1 95
/ lwe|” *da <O0Fi9v / lwe|%*dx |,
|z|>R ' |x|>R—r
where s = f_—tl Therefore, proceeding this iteration procedure m times and

multiplying these m + 1 formulas,

Ot T g i

i
[Wel pom+1e 01> ) < [welo (/> R-r),

and so
m 19*7: mog—i
[wel L (el < Ca= " OZ5 0 | 6 (5 r—r)- (A.9)

Adopting again w, — wg in H*(R3), one observes that w.(z) — 0 as |z| — oo
uniformly in € — 0% if we let R — oo in (A.9). Analogously, there exists a
T > 0, such that |we|oo > 7. Otherwise, we could suppose that |we|oc — 0 as
¢ — 07 in some sense of a subsequence, and so, wy = 0, which contradicts
with wgy # 0 concluded in the proof of Lemma 4.2. Finally, we take some very
similar calculations exhibited above to prove that |we|. < C for some C' > 0
independent of € € (0,€*). In addition, we are able to follow [12] to conclude
that w, € CLX(R3) for some y € (0,1). The proof is completed. O

loc

Lemma A.3. Suppose (g), (V), (Q), (K), and (Hy) — (Hy). Let w, be defined
as Lemma 4.2 for all € € (0,€*), then there exist ¢,¢ > 0 independent of e,
such that

we(x) < @ exp(—¢|x])

for all e € (0,€*) and x € R3.
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Proof. Without loss of generality, we could assume that there is a constant
C > 0 independent of € € (0,¢*), such that |w.||?> < C. According to (2.7)
and (K), we apply ‘ ‘Hm we(x) = 0 uniformly in € € (0, €*) to reach
z|——+00
lim flex + eye,we) + K(ex + eye)|we|*we

|z|—o0 We

= 0 uniformly in € € (0,€*).

Therefore, there is an R > 0 which is independent of € € (0, €*), such that

2
flexteye, we)+ K (ex+ey.)|w[*w. < 2(@2—‘:01)(3)1”67 Ve € (0,€") and |z| > R.
(A.10)

a® +bC

In view of (A.4), since a < A, <
(A.10) and (Vp) that:

for all € € (0,€"), it follows from

aVp .
—Aw, + mwe <0, Ve € (0,€") and |z] > R.
Let $(x) = & exp(—&'|]) with @, > 0, such that ()2 < = __ and
’ ’ 2(a? 4 bC)
we(x) < & exp(—¢R) for all |z|] = R. Some simple calculations provide us
that
aVp 2¢
CAY+ 20 20 @245 0, forall [z > R.
Y+ 2a +bC)1/} (4 22 + C) — (@) + 7] or all |z| >

We define ¥ = {|z| > R} N {w. > ¢} and choose ¢ = max{w. — 9,0} €
H}(R3\Bg(0)) as a test function in
aVop

—A(we — 1) + A2 +1C)

(we — 1) <0, for all || > R

to conclude that

.
> . 2 aVo o 2 dz > 0.
02 [ (19— Vo 4 50— ol ) o 20

Therefore, the set ¥ = (). From which, we know that w. < 9 (z) for all |z| > R
and

we < Y(x) = exp(—c’|z|) for all |z| > R.
Exploiting Lemma A.2 again, |we|» < C, and so, the above inequality holds
true for the whole space R® by increasing & to be large if necessary. The
proof is completed. O
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