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Abstract: In this paper, we consider a class of fractional Schrodinger—Poisson systems (—A)*u +
AV(X)u+ ¢u = f(u) + |u>"2uand (—A)t¢ = u? in R3, where s, t € (0,1) with 2s +2t > 3,1 > 0
denotes a parameter, V : R} — R admits a potential well Q £ intV~1(0) and 2} £ ﬁ is the
fractional Sobolev critical exponent. Given some reasonable assumptions as to the potential V and
the nonlinearity f, with the help of a constrained manifold argument, we conclude the existence of
positive ground state solutions for some sufficiently large A. Upon relaxing the restrictions on V and
f, we utilize the minimax technique to show that the system has a positive mountain-pass type by
introducing some analytic tricks. Moreover, we investigate the asymptotical behavior of the obtained
solutions when A — +oco.
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1. Introduction
1.1. Overview

In this article, we investigate the existence and concentration of nontrivial solutions
for the following fractional Schrodinger—Poisson system with critical growth

x € RS,

{ (=AY u+AV(x)u+ pu = f(u) + |u/>2u, )
x € R3,

(—A)'¢=u?,

where s,t € (0,1) with 25 +2t > 3, A > 0 denotes a parameter, V : R> — R admits a
potential well Q £ intV~1(0), and 2; £ ﬁ is the fractional Sobolev critical exponent. The
fractional Laplacian (—A)? is a nonlocal pseudo-differential operator which is defined by

(—A)u(x) = CSP.V./ ulx) = uly)

R |x —y[3t2 dy = Cs lim ulx) —uly) u(y)d

0t Jevgio) [x—yPrE Y

where C; is a normalization constant and P.V. is the Cauchy principal value. For the

potential V, we will first make the following assumptions

(V1) V € C(R3,R) with V > 0 on R3;

(V3) There is a constant ¢ > 0 such that the set & £ {x € R%: V(x) < ¢} has a positive
finite Lebesgue measure;

(V3) Q = intV~1(0) is nonempty with a smooth boundary with Q = V=1(0), V-1(0) &
{x:V(x) =0}
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In celebrated papers, Bartsch and his collaborators initially proposed the above hypotheses
to study the nonlinear Schrédinger equations; see [1,2]. Asis generally known, the harmonic
trapping potential

Vix) = wi|x1[? + w2 * + wsxs]* — w, if [(Veworx, waxy, Jwsxs)|* > w,
0, if [(y/wrx1, \/@2Xa, \/w3x3) |* < w,

with w > 0 satisfying (V1)—(V3), where w; > 0 is called the anisotropy factor of the trap
in quantum physics and the trapping frequency of the ith-direction in mathematics; see,
e.g., [3-5]. Indeed, the potential AV, instead of V, given assumptions (V;)-(V3) can be read
as a steep potential.

Over the past several decades, considerable attention has been paid to the standing, or
solitary, wave solutions of Schrodinger—Poisson systems of the type

.0 N '
Zaif =AY —W(@X)p+ ¢y +3(lp)p, inRY xR, 2

—0¢ = ¢l in R,

where ¢ : R® x R — C is the time-dependent wave function, W : R® — R stands for the
real external potential, ¢ represents an internal potential for a nonlocal self-interaction of
wave function, and nonlinear term g(y) £ g(|y|)ip describes the interaction effect among
particles. By inserting the standing wave ansatz §(x, t) = exp(—iwt)u(x) with w € R and
x € R?into (2), then u : R3 — R satisfies the Schrodinger—Poisson system

—Au+W(x)u+ ¢u=g(u), inR3 3
{ —A4) = 1,[2, inR3, ( )

where and in the sequel W(x) = W(x) + w for all x € R3. We refer the interested readers
to [6,7] and the references therein for more about the physical background of (2). There
are many interesting works about the existence of positive solutions, positive ground
states, multiple solutions, sign-changing solutions and semiclassical states to system (3),
see, e.g., [8-15] and references therein.

In [16], Jiang and Zhou first applied the steep potential well to the Schrodinger-Poisson
system and proved the existence of nontrivial solutions and ground state solutions. Subse-
quently, by using the linking theorem [17,18], the authors in [19] considered the existence
and concentration of nontrivial solutions for the following Schrodinger—Poisson system

—Au+ AV (x)u + K(x)pu = |u|P~2u, x € R3, @
—Ap = K(x)u?, x € R3,

under the following conditions:

(V) V € C(R3R) and V is bounded from below;

and (V,)-(V3) with some suitable assumptions on K : R® — R for4 < p < 6. Itis
worth mentioning that in particular, they investigated the existence and concentration
of nontrivial solutions to (4) by the monotonicity trick due to Jeanjean [20] under the
conditions (V1)-(V3), K € L (R3) N L2(R3) and

loc

(V) V is weakly differentiable such that (x, VV) € LP1(IR®) for some p; € [3, 0], and
2V (x) + (x,VV) > 0forae. x € R,

where (-, -) is the usual inner product in R3.

(K) Kis weakly differentiable such that (x, VK) € LP2(R?) for some p; € [2, ], and

2(79;73)I<(x) + (x, VK) > 0 fora.e. x € R3,
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Whereas, the related research on fractional Schrodinger-Poisson systems like (1) are
not as rich as the classic Schrodinger-Poisson system (3). Actually, we shall reach the
system (1) by supposing s = t = 1 and K(x) = 1 for each x € R3 in the system (4). As
a consequence, one of the aims in this paper is to generalize the corresponding results
obtained in [19] to the fractional case, which makes the studies interesting.

When it comes to the fractional-order operators, the following fractional Schrodinger
equation

(=A)*u+V(x)u = f(x,u), x € R, (5)

is usually used to study the standing wave solutions (x, t) = u(x)e " for the equation

ih%—lf = (A" g+ W(x)p — f(x,9), x € RY,
where 7 is the Planck’s constant, W : RN — R is an external potential and f is a suitable
nonlinearity. Because the fractional Schrédinger equation appears in problems involving
nonlinear optics, plasma physics and condensed matter physics, it is one of the main
objects of the fractional quantum mechanic. Equation (5) has been firstly proposed by
Laskin [21,22] as a result of expanding the Feynman path integral from the Brownian-like
to the Lévy-like quantum mechanical paths. In [23], Caffarelli and Silvestre transformed
the nonlocal operator (—A)* to a Dirichlet-Neumann boundary value problem for a certain
elliptic problem with local differential operators defined on the upper half space. This
technique is a powerful tool to deal with the equations involving fractional operators in the
respects of regularity and variational methods; please see [10,24] and their references for
example. When the conditions (V;)—(V3) are satisfied, Yang and Liu [25] established the
multiplicity and concentration of solutions for the following fractional Schrodinger equation

(=A)*u+AV(x)u = f(x,u) + g(x)|u|*u, x € RV,

involving a k-order asymptotically linear term f(x,u), where s € (0,1), 25 < N,
1<k<2-1="ZFandg ¢ L7 (RN) with 1 < v < 2. There exist some other
meaningful results in [26,27] and their references on fractional Schrodinger equations.

Recently, Teng [28] contemplated the existence of ground state solutions to the follow-
ing fractional Schrodinger—Poisson system

(=AY u+V(x)u+ ¢u = |ulP~2u+ plu|>2u, xc R,
(—=8)'¢ =u?, x e R,

where the potential V : R® — RT satisfies some technical assumptions, ¢ = 1 and
2 < p < 2;. Later on, Shen and Yao [29] improved the corresponding results for the case
# = 0. In the meanwhile, the authors in [30] disposed of the semiclassic ground state for
the following fractional Schrodinger-Poisson system

e2(—AYu+V(x)u+u = f(u)+ [u|>2u, xcRS
(=Nt = u?, x € R3,

Other meaningful results of the fractional Schrodinger-Poisson system could be found
in [28,30-34] and their references therein.

1.2. Main Results

Motivated by all the works above, particularly by [32], we shall focus on the existence
and concentration results for (1) with steep potential well. Because we are interested in
positive solutions, without loss of generality, we assume that f € C°(R,R) vanishes in
(—o0,0) and satisfies the following conditions
(f1) f € COR,R*)and f(z) = o(z) as z — 0, where RT = [0, +-c0);
(f2) |f(z)] < Co(1+ |z]771) for some constants Cy > 0and 2 < g < 2%;
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(f3) There are some p € <4§Ift,2;‘>, fi > 0and po > 0such that F(z) > fizP — poz? for all
z e Rt;
(fs) There is a v > 421? such that zf(z) — yF(z) > 0 for all z € R*, where
F(z) = [g f(s)ds;
(f5) The map z — % is nondecreasing on z € (0, +0).
z s+t
Our first main result can be stated as follows.

Theorem 1. Let s, t € (0,1) satisfy 2s + 2t > 3. Suppose that (V1)—(V3) and (f1)—(f5) as well
as the following conditions hold

(V) V is weakly differentiable and satisfies the inequality below
(s+t)(y—=2)V(x)+ (x,VV) >0;

(Vs) The map 6 — 625[(2s + 2t — 3)V(8x) — (VV(0x), 0x)] is nondecreasing on 0 € (0, +0)
and (2s + 2t — 3)V(x) > 2(VV,x) > 0 forall x € R3.
If one of the following assumptions on p and I appearing in ( f3) holds true

(1):s>2, %<p<2:andforallﬁ>0;

3 4s+ 2t < 4s

I :s > g Sg'tél i Zt_ 37 and for all sufficiently large 1 > 0; (6)
s

I : = <z == 2k for all 71

(1) 2<S_4, STt <p<2;andforall i >0,

then there exists a A > 0 such that the system (1) admits at least one positive ground state solution
(namely, it has the minimum energy among the set M defined in (19) below) for all A > A.

Remark 1. There exist many functions f that satisfy the assumptions ( f1)—(fs) above, for example,
f(z) = |z|" 2z forall z € R* and f(z) = 0 for all z < 0. Obviously, it would occur that v < 4
which results in some unpleasant difficulties. As to the potential V, without loss of generality, we
are indeed assuming that it is of class C' at almost everywhere at the point in R3 and provide an

example as follows
0, if x| <1,
V(x) = { |x|25+%t73, if x| > 1.

The reader is invited to infer that the restriction (6) is just used to restore the compactness. Moreover,
we prefer to believe that the example on V above is not sharp, but it reveals that the existence result
in Theorem 1 seems reasonable.

Inspired by the results in [1,19], we obtain the following concentration result:

Theorem 2. Let (uy,¢u,) € H*(R3) x DY2(R3) be the ground state solution obtained by
Theorem 1, then uy — ug in H(R3) and ¢y, — ¢u, in DY*(R3) along a subsequence as
A — 00, where ug € Hi(QY) is a ground state solution of

(—A)u+ ct</ Lﬂ(y)dy)u = f(u) + |u>"%u, inQ,

o fx—yP2 ?)
u=020, on 0Q).

Here, c; > 0 is a constant given by (15) below.

As pointed out in Remark 1, the assumptions on f and V required in Theorem 1 are
somehow restrictive. It is natural to ask that whether the existence result remains true
when (f5) and (V5) are absent. Thus, our next main result shows an affirmative answer.
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Theorem 3. Let s, t € (0,1) satisfy 2s + 2t > 3. Suppose that (V1)—(Vy) and (f1)—(fy) hold. If
one of the assumptions in (6) holds true, then there exists a A > 0 such that the system (1) has at
least one positive solution for all A > A.

Remark 2. [t is worth pointing out here that even if we only consider the case s = t = 1 in
Theorem 3, in contrast to ([19], Theorem 1.3), there are three main contributions:

(1) Firstly, the more general nonlinearity is dealt with and it needs some more careful calculations;

(2)  Secondly, the critical term in the nonlinearity is involved and so we have to take some deep and
delicate analysis to restore the compactness;

(3)  Last but not the least, we do not assume a weight function K in the front of the Poisson term in
(1). Actually, if we follow the arguments adopted in this quoted paper, the weight function K

6
with K € L5523 (R3) seems indispensable. So, we can relax the constraint assumption in
this direction.

Proceeding as the same way in Theorem 2, we can also derive the asymptotical
behavior of solutions obtained in Theorem 3. More precisely, we shall demonstrate the
following result whose detailed proof is omitted.

Theorem 4. Let (u), ¢u, ) € H¥(R®) x D"?(R®) denote the positive solution in Theorem 3, then
uy — ug in H¥(R3) and ¢pu, — ¢u, in D¥*(R3) along a subsequence as A — oo, where
ug € H{(QY) is a positive solution of (7).

As far as we are concerned, the main results in this article seem new by now. Alterna-
tively, it should be mentioned that this paper could be regarded as a continuation of our
latest work in [35], where the existence and concentrating results of a planar Schrodinger—
Poisson equation with steep potential well were established. Here, there are two essential
differences. On the one hand, due to the different geometry structures of the two variational
functionals, we must take advantage of sone new techniques to restore the compactness.
On the other hand, since we consider the existence of ground state solutions in Theorem 1,
a suitable constraint minimization argument will be used instead of depending on the
mountain-pass theorem in [35]. Finally, when the critical term |u|> ~2u in the system (1)
disappears, one may be curious about the case that the potential is strongly indefinite
according to [36]. Of course, we are also working hard in this direction, and it would be
contemplated in our further studies.

The paper is organized as follows. In Section 2, we mainly introduce some preliminary
results. In Sections 3 and 4, we show some crucial lemmas and exhibit the detailed proofs
of Theorems 1, 2 and 3, respectively.

Notations: From now on in this paper, unless otherwise mentioned, we ultilize the
following notations:

. C,C1,Cy, - -+ denote any positive constant, whose value is not relevant and
Rt £ (0, +c0).

e Let(Z, || |lz) be a Banach space with dual space (Z~!, || - || ,-1) and @ be functional
onZ.

e The (PS) sequence atalevel ¢ € R ((PS). sequence in short) corresponding to ® means
that ®(x,) — cand ®'(x,) — 0in Z~! as n — oo, where {x,} C Z.

* | |, stands for the usual norm of the Lebesgue space LP(RN) for all p € [1, +c0], and
I || i« (v denotes the usual norm of the Sobolev space H*(RN) fora € (0,1).

e FPoranyo>0andeveryx € R3, B,(x) £ {y e R®: |y — x| < o}

*  04(1) denotes the real sequences with 0,,(1) — 0 as n — +o0.

“ — ”and ” — ” stand for the strong and weak convergence in the related function

spaces, respectively;
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2. Preliminary Stuff
2.1. Variational Setting

In this section, according to the explorations about the fractional Sobolev spaces in [37],
we first bring in some necessary variational settings which permit us to treat the problems
variationally. We denote the fractional Sobolev space W*? (RN) for any p € [1,+c0) and
a € (0,1) by

P
a,p (MmN 4 N |
WP (RY) = {uEL (R /RN /]RN |x—y|N+"‘F’ dxdy<+oo}

equipped with the natural norm

1
_ y)IP g
lull e ey = (/RN/RN ’x_mNW By + [ Julrdx

In particular, the fractional Sobolev space W*2(RN) would be simply relabeled by H*(RN)
if p = 2. As a matter of fact, the Hilbert space H*(RN) can also be described by the Fourier
transform, that is,

H @) = {u e PRY): [P RE) R+ 7(@)RdE < oo,

where 71 denotes the usual Fourier transform of u. When we take the definition of the
fractional Sobolev space H*(RN) by the Fourier transform, the inner product and the norm
for H*(RN) are defined as

(1,0) ey = [, 1P R(EDE) + RED(EE, ¥u,0 € HY(RN).
and

Il = [ JGPIREPR + )P4 ), w0 € (RN

Thanks to the Plancherel’s theorem, we have |u|, = |ii], and |(—A)Zul, = ||&|*7i],. Hence,

1
o 7 o
el e vy = (/RN I(—A)Sul + |u|2dx) , Yu € HY(RY). 8)

We can infer from ([37], Proposition 3.4 and Proposition 3.6) that

o= ([, i) = (s [ [, 2 M'dedy);-

showing that the norm in (8) makes sense for the fractional Sobolev space. Moreover, we
introduce the homogeneous fractional Sobolev space D%?(RN) by

and N > 3,

D2(RY) = {u e LERY): [ga(e) € LRV | with 2 = 2

which is the completion of C°(RN) under the norm

gy = [ -8 ) = ([ ePae) ), v e D2(RY),
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Taking into account the imbedding theorem H*(RN) < L"(RN) for every r € [2,2%),
there exists a constant C, > 0 such that

[[]| pa mvy < Crlualy, Vu € H*RN)and 2 < r < 2} )

Also, there exists a best constant S, > 0 (see, e.g., [38]) such that

6= i Jeel(8)2uPdx

inf P (10)
ueD*?(RN)\{0} (o [u|%dx) %

Throughout this paper, for s € (0,1) and the dimension N = 3, we define the space
E-& {u € H*(R%) : /3 V(x)uldx < +oo}.
R

By using (V}), it is easy to verify that it is a Hilbert space equipped with the inner product
and norm

(u,0)p = /R3(—A)%u(—A)%v+V(x)uvdx and |lu||g = (/ [(—A)2ul? + V(x)uzdx> i

RS

for any u,v € E. Particularly, one can deduce that the imbedding E < H*(R?) is continu-
ous. Indeed, combining (V,) and (10), one has

2

1 2;;2 * Z
/ uzdx:/ uzdx+/ u?dx < */ V(x)utdx + || % (/ |u|25dx>
R3 R3\Z by C JR3I\Z by
1 232
< max{ 4,12 %}l

where |X| stands for the Lebesgue measure of a Lebesgue measurable set ¥ C R?. As a
consequence of (9) and (10), there exists a constant d, > 0 such that

lul, < d,||\u||lg, Yu € Eand 2 <r < 27. (11)

For any A > 0, define the Hilbert space Ej £ (E, || - ||g,) with inner product and norm
given by

Nlw,

(u,0)g, = /H%S(—A) u(—A)20 4+ AV (x)uvdx and lullg, = (/]R3 |(7A)%u‘2+)LV(X)|u‘2dX)E

forall u,v € E. Obviously, if A > 1, one sees ||u||g < ||u||g, forallu € E. Using (V;) again,

¥2 22

2~ - =
[ P < 217l < 2| s ul,

1 7 1 1
27, « L 27, < 7/ 200 < Syl
/Rs\2|u| dx < o /R3\ZAV(x)|u| dx < o [ AV luPdx < -l

From which, for any r € [2,2f], there holds

25 —r

LT =2
/ |u|rdx < </ |M|2dx> 25 -2 (/ u|2;‘dx> 25 -2
R3 R3 R3

2% —r r—2

22 q A x| 252
< (max st ) (s i)
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Hence, for all r € [2,2%], we reach

*
r 25

28-r ¢ 252
/R3 ul"dx < |Z] % S ?||u|k;, whenever A > cHz| E S, (12)

When the work space E, is built, we turn to find the variational structure of system (1).
Following the classic Schrodinger-Poisson system, it can reduce to be a single equation.
Actually, according to the Holder’s inequality, for every u € H*(R3) and v € D*?(R3),

one has
12 6
/ w?vdx < (/ |u3+2tdx> </ |v|32tdx>
R3 R3 R3

_1
< Syl oy ol praes) < Cllule g 12l prages, (13)

where we have used the continuous imbedding H®(R3) — L3z (R3) since 4s + 2t > 3 and
te (0,1).

Given u € H*(IR3), one can use the Lax-Milgram theorem, and then there exists a
unique ¢!, € D"?(IR3) such that

/R3(—A)t4>{,vdx = /R3(_A)%¢;(_A)%vdx :/

, u?vdx, Yo € D"*(R?), (14)
R
showing that ¢!, satisfies the Poisson equation

(=Nl =u?, x e R3.

In view of [37], its integral expression can be characterized by

2
u
([)L(x) = Ct /R3 |x:;:|V3)_2tdx, X € R:)’, (15)

which is called the ¢-Riesz potential, where

r-2
r)

It follows from (15) that ¢!, (x) > 0 for all x € R3. Taking v = ¢}, in (13) and (14), we derive

34
=7 22 2t

19 lprees) < Clluli g (16)
Substituting (15) into (1), one can rewrite (1) in the following equivalent form
(=AY u+ AV(X)u + ¢hu = f(u) + |ul>"2u, x € R3. (17)
The variational functional I) : Ey — R associated with the problem (17) is given by

1 1 1 :
() = 5l +1/RS ¢{,u2dx—_/R3F(u)dx— E/Rs u|% dx. (18)

It would be simply verified that I is well defined in E, and belongs to C'(E,, R) whose
derivative is given by

Nlw

I (u)o = /R3[(_A> u(—A)%v—l—)\V(x)uv]dx—i—/]R3 ¢! uvdx — /Rs(f(u) + Ju|? ~2u)vdx

for any u,v € E,. It is clear to see that if u is a critical point of I, then the pair (1, ¢!,) is a
solution of system (1).
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Ga(u)

2.2. Basic Lemmas

It is similar to the proof of ([28], Proposition 2.1) that we can derive the following

Lemma 1 (Pohozaev identity). Let u € E) be a critical point of the functional I,, then the
identity Py (u) = 0 holds true, where the functional Py : E, — R is defined by

A3—2 2t+3
Py (u) & S/R3|( A uldx + = /3v - (VV,2)]jufPdx + 22 + /¢f 12dx

J— [ — 25
3/ dx 2;‘/R3|u| dx.

Now, let us define the functional N : E; — R by

= /R3 ¢t u?dx, Yu € E,.

We gather the results in ([29], Lemmas 9 and 10) to introduce the properties associated with
N below.

Lemma 2. Lets,t € (0,1) satisfy 4s + 2t > 3, then the following properties are true:

(1) Forall u € E) and we set ug(-) = 0°Ttu(8-) for 8 € R*, then N(uq) = 6+ 3N (u).

(2) P4y =P +y) forally € R,

(3) Ifu, — uin E), then N(un) — N(up —u) — N(u) = 0,(1) in E5, N'(uy) — N'(uy —
u) — N'(u) = 0,(1) in (Ey)~?

We conclude this section by the following vanishing lemma associated with the frac-
tional Sobolev space.

Lemma 3 (see, e.g., ([39], Lemma)). Assume (u,) is a bounded sequence in H*(R3) with
€ (0,1).1If
lim sup |up|?dx =0
"0y er3 /Boly
for some ¢ > 0, then u, — 0in L1(R3) forall 2 < p < 2}.

3. Existence and Concentration

In this section, we focus on the existence and concentration of ground state solutions
for (1). First of all, to look for a ground state solution, we shall consider the following
minimization problem

A
my = inf I 19
A= nf L), (19)

where M = {u € E)\{0} : G)(u) = 0} with the functional G, : E; — R defined by

- W/ |(—a)%u|2dx+E/SM<ZS+2t—3)V(x> = (VV,x)Judx
R R

4s+2t

*
/ oLy — / [(s + £) () — 3F(u)]dx — % /RS u[% dx.
: .
Recalling the functional Py in Lemma 1, one sees that G, (1) = (s + t)I} (u)u — Py (u) for all
u € E,. In other words, if u € E, is a critical point of I, then we are derived from Lemma 1
that G, (1) = 0. As a consequence, the set M is a natural constraint, and we then begin
showing some properties for it and the minimization constant m,.
Before exhibiting them, we need the following elementary facts:

1— 94s+2t—3

N _ g2s+2t-3y,(p-1.) _
EO0,x)=V(x)—0 V(0™ x) P Ta—

[(2s+2t —3)V(x) — (VV,x)] >0 (20)
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for all (6, x) € (0, +c0) x R3 and
51— gt2=3 —3p(pgs+t
2(0,z) = 45HLT_3[(ert)f(z)z—31—“(2)]+9 F(6°™'z) — F(z) > 0 (21)

forall (6,z) € (0,400) x RT.
Actually, since V is weakly differentiable by (V}), one uses (V5) to see that
(25 +2t —3)V(0~1x) — (VV(6~1x),0 1x) }
92s

0
90

(6, x) = oF+2- 4{[(25 +2t=3)V(x) — (VV,x)] —

<0, iff e (0,1]
>0, if6e€[l,+).

Hence, the function 6 — (6, x) is decreasing on (0,1) and increasing on (1, +c0) for all

x € R3, which indicates that &(6, x) > Ig\i(r)lé‘(Q,x) =¢&(1,x) =0forall (6,x) x (0, +c0) €
>

R3. Similarly, we are able to apply (fs) to derive

889 (0,2) = 0 (s 4+ t) f(65T'2) 05z — BF(6°T2)] — 0% 2 ~4[(s + 1) f(2)z — 3F(z)]

(s+8)f(6°T'2)0° 'z —BF(6°"'z) (s +1t)f(2)z —3F(2)
(6s+tz) S5 P=a

_ ghstat—4,

<0, iff e (0,1]
>0, iffe[l,+).

It therefore infers that {(6,z) > reniglg(G,z) ={(1,z) =0forall (0,z) x (0,+00) € RT.
>

Lemma 4. Let s,t € (0,1) satisfy 2s + 2t > 3. Assume (V1)—(V3) with (Vy)—(Vs) and
(f1)-(f3) with (f5) hold, then for any nonzero u € E,, there is a unique 6 = 0(u) > 0 such
that ug = 6°T'u(6-) € M, for suitably large A > 0, where I) (ug) = max I\ (ug). In particular,
there holds
=dy£ inf I
my =d, ue}ir;\(  max A(ug).

Proof. For any u € E)\(0) and 6 > 0, we define 7(6) = I, (uy), where

@4s+2t—3 s o @2s+2t—-3 2 4s+2t—3 ; 2
w(0) = — /Rg\(—A)zu| dx+ o [ AV Pdx+ [ glatdx
02 (s+1)=3 .
—07 [ RE iy ———— [ jufFdx.
R3

S

It is simple to observe that
7(0) =0 <= 071G (1g) = 0 <= G (1p) = 0 <= ug € M,.

Since 4s + 2t < 2¥(s+t) and elir(r)1+ 6-3F(6°+z) = 0 for all z € R by (f3), we can derive
—
91ir61+ 7(0) > 0. Without loss of generality, we are assuming that 0 € Q) in (V3) and thus
—
glim Jrs AV(0~1x)u?dx = 0. Adopting 4s + 2t < 2i(s +t) and (f3) again, it holds that
—r 00

elim T(0) = —o0. As a consequence, with the above two facts in hands, we take advantage
— 400

of 45 + 2t < 2¥(s +t) and (f3) to demonstrate that 7(6) possesses a critical point which
corresponds to its maximum; that is, there exists a constant 6 > 0 such that /() = 0. We
next verify that 6 is unique. Arguing it indirectly, we would assume that there exist two
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constants 6,60, > 0 with 6 # 60, such that ug, € M fori € {1,2}. It concludes from some
elementary computations that

64115+2f—3 o 64215+2t—3
(4s + 2t — 3)p7s 273

617+ 3 02 1.\ 2 3 02 psit
=1 /R3€<91191 x>u dx + 6 /R3€(91’91 u)dx

) 45+2t—3

3 [25(5+t)—3]—|—<91> -1 /R3|u\5dx

I (ug,) — In(ug,) — Ga(ug,)

and
pist2t=3 _ GzlLs+2t—3

(4s + 2t — 3)pls 23 Ca(uey)

= o / z il Orx | uldx 4 653 / Z O gstty ) dx
2 R3 92/ 2 R3 92/ 2

PR3 | 1 — <‘i1)4s+2t73 0.\ 2 (s+)-3 .
2 [2:(s+t)—3]+( 1) -1 /3|u|25dx.
R

I/\(uez) - I)L(u91) -

+

0>
2% 4s+2t—3 0,

S

In view of (20) and (21), combining the above two formulas with G, (ug,) = 0 fori € {1,2},
we arrive at a contradiction if 1 # 6. Finally, the result d, < m, is a direct consequence of
the inequality

1— 94S+2t73

_— >
45 2r—3 CA(W) 20, Yu € Eyand 6 >0, (22)

Iy (u) = Iy (ug) —

we immediately finish the proof of this lemma. O

The following results can be found in [28].

Lemma 5. Let u, be defined by (28) in the proof of Lemma 6 below, then
s.12 % 3-2
[ 1(=8)5udx < 57 +0E>), (23)
R
and
2 % 3
/3|u£| fdx = SZ 4 O(). (24)
JR
Forall q € [2,2%), there holds
O 53_¥‘7), forg > ﬁ,
3
/RB|ug|‘7dx: o] €2|log£|), forq = ﬁ, (25)
3-2s 3
Ole q), forq<ﬁ
According to Lemma 4, we know that M is a nonempty set for some suitably large
A > 0. The following lemma ensures that the minimization constant m, would be well

defined. More precisely, we further show that m, is uniformly bounded from below and
above by some positive constants which are independent of some suitably large A > 0.
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Lemma 6. Let s, t € (0,1) satisfy 2s + 2t > 3. Assume that (V1)—(Vs) and (f1)—(fs) hold, there
is a p > 0 independent of A > Ag such that

f > 2
/\gll\o my =2 p, ( 6)

%2
where Ag = max{1,c 1| % Sg}. If in addition one of the assumptions in (6) holds true, then

3
sup m, < ESSZS. (27)
/\>A0 3

Proof. Forallu € M,, we are derived from (f;) and (VV,x) > 0 forall x € R3in (Vs) that

I)\(M) = ﬁ@\(u)
— (S;[(tg’i—t)gfs_-;]zt) (_A);u’%—’_Z[(S-l-tl)’)’—?)]/IW A[(S—i—t)(’y—Z)V(x) 4 (VV,x)]uzdx
(s+1t)y— (4s+2t) S+t 2 oy .
4[(S+t Y- 3 / 47 )’)/ 3 Jr3 [uf(u)i F(u )]dermhdz;«
(s+1t)y— (4s+2t)HuH
2y -3

It follows from (f1)—(f2) and (12) that

25 +2t -3
s+ 0 fyu=3F)dx < == (ull?, + Callullf,

From which, combining (2s + 2t —3)V(x) > 2(VV,x) > 0 for all x € R3 in (Vs) and (10),

we see that
2s+2t—3

4

yielding that [|u|[g, > C; for some C; > 0 independent of A. So, we arrive at (26).

On the other hand, we begin verifying (27). Without loss of generality, we are assuming
that 0 € Q. Because () is an open subset of R?, it holds that B,,(0) C Q for some ry > 0.
Given a constant 75 > 0 which will be determined later, we choose a cutoff function
¥ € C3(R3) in such a way that (x) = 1if |x| < #p and ¢(x) = 0if |x| > 27. Foralle > 0,
we define

2
s
lul2, < Callulll, +8. % lul%, vu e My,

e (x) = p(x)Ue(x), Vx € R?, (28)
1
5o Ul x/s&
where us(x) = giiTSu* (%), u* (X) = 7HUH* and U(X) # with x 7& 0 and
% (2+]xP2) "2

T > 0. Due to Lemma 4 and (26), there exists a 8, > 0 such that

0 < my <maxly(ug) = Ir((ue)g,)-
0>0

Next, we shall prove that there exist two constants 6., 6 > 0 such that 6, < 6, < 6*.
First, we claim that 6, is bounded from below by a positive constant. Otherwise, there is a
sequence €, — 0 such that 6, — 0. Then, we conclude that (u, )¢, — 0in E,. So, we have

0< my < I)\((Mg)gf) — IA(O) =0,
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a contradiction. Taking some similar calculations in the proof of Lemma 4, one has
. lim I,((ue)p,) = —oo which is absurd, too. Thus, we conclude the claim. Letting
e —>+00

7o = %9*1’0, then

V(0 %) uldx = / V(0 x)uldx + V(0 'x)udx =0
Jpveectonax= [ veetadaxs [ vt

from where it follows that

92&54—21?—3 s ) 215—1—21‘—3 i
L(ne)e) = Z5— [ (=8 el + % [ of, u?dx
3 [ s+t xRt —3 2
-0 '/R3P(9 us)dx_T./MWE' sdx.

3
Clearly, the proof of (27) would be complete if I, ((u¢)g,) < 55¢° for some suitably small
e > 0. Let us adopt the useful estimates in Lemma 5 and apply (f3) to reach

gis+2t—3 9£(S+t)2;‘*3 3 - ) .
D((ue)g,) < | = - 55° +0(e77) + Cluely + Clue[ 45— Chluelp

2 2;
5.2 _ N
< 355+ 0 %) + Cluely + Cluelhp = Ctluel,

where we have used the following inequality

342t
Lo o\ 3
, Py ugdx < C - || 32 dx
R

To continue the proof, we divide the following three different cases.
Casel.2 < ﬁ which is equivalent to s > %. Then,

s 2 _ .
((ue)e,) < 355 +0(7%) + Cluel’yy — Ctluclp.
342t
Case 2.2 = ﬁ which is equivalent to s = 3. Then,
S .2 N
I((e)o,) < 585 +O(e¥[logel) + Cluel o = Ctluel
Case 3.2 > 3_—325 which is equivalent to s < 3. Then,

s 3 R
I((ue)e,) = 355 +0(e%) +Clus|‘% — Ctfue] .

3s+t 2 _ 3 3 35+t 2 _ 3
We note that it < 373 = 33 — 1 for any s > 7 and T 2 3o = 305 1 for any

s < %. Thereby,
(a)If s > % in Case 1. It follows from (25) that

O(s4s+2t_3)

. _ 12 3
gt gli%h P TR 0, 312 ~ 325/
Ue| 10 _ 342t
lim 22 < lim O(e"*23)|loge| & _ 0 12 _ 3
es0+ 3725 — e0+ 3—2s Y 342t T 3-2s
2(3-2s
im 2E° ) 72 < 225
Jrv I ' 312F < 325
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: 4s
Moreover, since 75

3—2s
) 3= p) 4s 6
ll—r}(l)‘u 3—2s = too, 3—2s < p < 3—2s”
3—2s
O ) 3 4s
i filuelh _ EIE(I}J‘ &= 75 <PS 35
e—0t €372 lim _O(=7277)| logs| _ 3
0+ . 283 2s 3-2s”
O(€ 2 Sp) 4s
. ~ +2t 3
Jm = s+t <P <3zx%
Choosing fi = €25, then the above three unknown limits would also be +oo.
(b) If s = % in Case 2. Since % >2— 55 2 , there holds

|”s| 12 ) O(£4s+2t73)

1 3+2f —
e—0t €25|loge| ~ 0+ 25| log ¢

By 525 =2 < £+ < p forany 1 > 0, we have that

ﬁ|”8‘5 . .O(e 325) 45 + 2t 6

ST = = — <p< .
e—0+ €25|log e en0l 25| log ¢ s+t P S35

7

3 : 3 4542t
(0)If s < 3 in Case 3. Since 525 € (3,2), then3+2t>3 - and 5o < B2 < p <

6
3795 Hence,

|”£|412 O(ghs+2t-3
: 3 : (¢ ) _
£l—l>r(l;Er €2 = f:1—1>I(I)’l+ €2 =0
and for any #i > 0, there holds
. p 3352
 Pluelp O( ) 4s + 2t 6
1 =lmjl———= = .
s—1>r(r)Er e2s eg(}# too, s+t <P 3—2s

At this stage, we will apply Point (a) to Case 1, from (I) and (II) in (6); Point (b) to Case
2 and Point (c) to Case 3, from (III) in (6); there exists a sufficiently small € > 0 to arrive at
the desired result. The proof is completed. [

As a by-product of Lemma 6, we conclude that 1, is well defined. Before looking for
a minimizer for it, we shall derive the following result which permits us to show that the
weak limit of the minimizing sequence of m, is nontrivial.

Lemma 7. Let s, t € (0,1) satisfy 2s + 2t > 3. Assume that (V1)—(V5) and (f1)—(fs) hold. Let

A > Agand (u,) C E) be a minimizing sequence sequence of m,, then there exist r € (2, 38 zz))

and oy > 0, independent of A, such that |uy|, > oy, foralln > 1.

Proof. First of all, we can show that (u,) is uniformly bounded in n € N for all A > A,
see, e.g., Lemma 8 below in detail. Let us divide the proof into intermediate steps.

STEP I: Let A > Ag and (u,) C E) be a minimizing sequence of n1,, then there exist
re (2, 3:55_5)) and o = g(A) > 0 such that |u,|, > o foralln > 1.

2s

Suppose, by contradiction, that u,, — 0 in L"(R3) for each r € (2, 3§3_E:) ) Due to

the boundedness of (1) in E,, we see that (u,) is uniformly bounded in L7(R3) for all
g € (2,27), too. As a consequence, one simply arrives at
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lim /3 9l u3dx =0, lim /R3f(un)undx —0and lim [ F(un)dx=0. (29)

n—oo JRR: n—oo JRR3

Without loss of generality, we could assume that ||un\|%A — las n — co. Obviously,

we derive I > 0. Otherwise, ”””H%A — 0 and hence |un|§§ — 0as n — oo by (10).
Combining these facts and (29), it holds that m, = nlgn I)(uy) = 0, which is absurd

because of (26). Now, we claim that nlgrolo [y |§§ = . Indeed, according to G, (u,) = 0, (29)

and 4s+%t_3 =% (S;t)% with (V5), we obtain the desired result. Using (10) again, then

2% 3
1<S; 2 15 which gives that/ > 5. So, it follows from (29) that
— 1 — 1 1 Zs
reaching a contradiction with (27).

STEP II: Conclusion.

Letr € (2, é 25> ) be as in Step L. Suppose by contradiction that the uniform control

from below of L’(R3)—norm is false. Then, for every k € N, k # 0, there exist Ay > Agand a
minimizing sequence (uy ,) of m, such that

1
[t nlr < o definitely.

Then, by a diagonalization argument, for any k > 1, we can find an increasing sequence
(ng) in Nand u,, € Ej,, such that

Up, € M/\k/ ]nk(“nk) = My, +0(1), |“nk|r = or(1),

where 0y (1) is a positive quantity which goes to zero as k — +co. Then, we are able to
arrive at the same contradiction in Step I with (27), again. The proof is completed. O

Lemma 8. Let s, t € (0,1) satisfy 2s + 2t > 3. Assume that (V1)—(Vs) and (f1)—(fs) with one
of the assumptions in (6) holding, then there is a A > 0 such that m, can be attained for all A > A.

Proof. Let (u,) C M, be a sequence satisfying I (u,) — m, as n — oo. First of all, we
claim that (u,) is uniformly bounded in E, with respect to n € N for all A > Ag. Indeed,
since (u,) C M gives that G, (u,) = 0 and so

1

my = Iy (un) + 0 (1) = L) (un) — #GA(”H) + 0n(1)

_ (sHt)y—(4s+2t) 5, 1 ) - i 2y
= Sy +2[(S+m 3}/ Alls + ) (y —2)V(x) + (VV, x)]u2d
(s+1t)y— (4s+2t) st
4[(5—1—15’)/ 3 / 4714,, n —I—t)’)/ 3 Jgs [unf(un)f'yl:(un)]dx+on(1)
2 —

v /}R3 |un\25dx+on(1)

EEDEE

S (s+1t)y—

(4s 4 2t) (s+1t)y— (4s+2t)

2[(s+1t)y—3]

(=)t B+ D[ gl ou() (30)

4[(5—1—1‘)7 3]
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which together with (27) implies that |(—A)3u,]|; is uniformly bounded in 1 € N for all
A > Ag. By means of the interpolation inequality, for g € (2,27), we combine (10) and (12)
to derive

v)

2%(
ol < Jaeal3 a5 < CllullE a3

< Cllunl| B (=8)2unl3™ < ClluulE,, (31)

where v = %g:g € (0,1). Therefore, using (f1)-(f2), it follows from (31), (10) and (27) that

N

1 e 2%
A () +0n(1) = Zllunll}, — Clunlf = Cl(=8)2unly
1
> 2llunllz, = ClluallE; - C,

yielding that (u,) is uniformly bounded in E, with respect to n € N for all A > Ay since
¢ € (0,1). So, up to a subsequence if necessary, there is a u € E) such that u, — u in E,,
uy — uin Ll (R3)forall2 < p < 2; and u, — u a.e. in R3.

Secondly, we shall find a suitably large A > 0 such that u # 0 for all A > A. Owing to
the above discussions, we know that ||u, H%A < C* for a suitable C* > 0, for any n > 1 and

A > Ag. Letr > 2 and 0y > 0 be given as in Lemma 7, recalling (V3), there is a sufficiently
large constant R > 1 such that

/ o [uy|"dx < %, forall A > Agand foralln > 1. (32)
B (0)N%

TR
Since V(x) > c on X€ by (V3), we have

*

/ lun|?dx < )3 / AV (x) |up |*dx < <
BE(0)Nxe ¢ JBe(0)nze Ac

It easily infers that

/BC (0)rze funl"dx < (/f(o)mzc |u"2dx>
R R

and so one can find a A > Ay such that

1
2

</B (0)nze |u”|2(r_1)dx> '
R

N—

/ o [un|"dx < %, forall A > Aand foralln > 1. (33)
B (0)Nxe

Finally, we fix A > Ay, if u, — u = 0, we can deduce that

/ [t | dx < @, for all n sufficiently large. (34)
B(0) 4
Clearly, (32), (33) and (34) are in contradiction with Lemma 7.

Finally, we conclude that u,, — u along a subsequence as n — oo for all A > A. Define
wy £ u, — u, then thanks to Lemmas 2-(3) and the Brézis-Lieb lemma,

Jim T (wn) = Hm 1) (un) = I (u)] = mp — Ip () (35)
and
lim Gy (wy) = lim [Gy(un) — Ga(u)] = —Ga(n). (36)

We claim that G, (u) < 0. Otherwise, it has that nlgr.}o G)(wn) < 0 by (36). Without loss

of generality, we are assuming that G, (w,) < 0 for all n € N. From which, one knows
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that w, # 0 and so Lemma 4 permits us to determine a 6,, > 0 such that G, ((wy)g,) = 0.
Combining (22) and (35) and (36),

1 1

ma = L) + g3 O = i, [ @) = g5 Galwon)]
) @ds+2t—3 )
> lim [1((wn)a,) = z-557 =5 Cr(wn)] > lim Li((wn)g,) = my,
which gives that
1

It is similar to (30) that we would obtain a contradiction. Hence, we have arrived at
G (u) < 0. Adopting Lemma 4 again, there exists a 6 > 0 such that 1y € M,. Owing to
(22) and Fatou’s lemma,

1 1
— i = 1i —_— > -
my = Hm I(u,) = lim [I) (un) 45+2t_3G/\(un)] = (1) = a3 Gau)
94s+2t—3
> 1 SO > 1 >
> D(ug) = gy =3 Ga () = L(ug) > my,

which yields that u, — u in E,. Consequently, I, (u) = m, and G, (1) = 0. The proof is
completed. [

4. Proof of Main Theorems
4.1. Proof of Theorem 1

Now, we are in a position to show the proof of Theorem 1.

The proof would be complete if 1 obtained in Lemma 8 satisfies I} (1) = 0 in E;l.
Motivated by [40], we argue it indirectly. If I} (1) # 0, there exists a ¢ € CF(R?) such that
I'(u)@ < —1. Let € > 0 be small enough and satisfy

1
I (ug+ 1) < —5 for |0 — 1|+ |7 <e. (37)

Let x € C5°(R, [0,1]) be a cut-off function satisfying x() = 1 for every |# — 1| < § and
x(0) =0forall |§ — 1| > e. For any 6 > 0, we define

A Ug, 1f|9—1| 28,
n(0) = { ug+ex(0)e, ifl|60—1| <e.

Obviously, 7 € C(E,) and one can fix ¢ > 0 sufficiently small such that ||57(8)||g, > 0 for
|6 — 1] < e. By (37), it is easy to show that

max I, (7(0)) < m,.
6>0
Proceeding as the proof of Lemma 4, we have G,(77(1 —¢)) > 0 and G,((1+¢)) < 0.
Since G (17(0)) is continuous, there exists 6y € (1 —¢,1+¢) such that G, (17(6p)) = 0, which
isn(6p) € M. Therefore, my < I)(17(6p)) < max I)(n7(0)) < m,, which is a contradiction.
>

As to the positivity of u, it is standard and we omit it here. The proof is completed.
Next, we will deal with the concentrating behavior of ground state solutions obtained
in Theorem 1. For any u € H§(Q)), we denote by i € H*(IR3) its trivial extension, namely

e u inQ),
0 inQf = {x:x e R\Q}.
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We now define Iy|q : Hj(Q)) — Ras

2 ()42
2 Ct u? (x)u”(y) _/ 1 / 2
In|a(u 2/ [(—A)3ul dx+—4 /0/07|x—y|3*2t dxdy Qf(u)udx 2 Q|u\ dx

and consider the minimization problem

m0|0é mf Ip|a(u)
Mola

where
Molo = {u € Hy(Q)\{0} : Go[n(u) = 0}

denotes the corresponding manifold and Gyl : Hj(Q)) — R is given by

4S—|-2t 4S+2t
Gola(u) = /| A)2uldx + ——— //Q I — y|3 thxdy

2% (s +t) -3 .
- s+t)f(u)u —3F(u dx—sif ul|% dx.
/Q[< )f(0)u — 3F(u)] 7 J b
We note that up to the above trivial extension, there holds that M| C M, forall A > 0.
For each A > A, we denote by u, € E, a ground state solution of system (1); that is,
IY (up) = 0and I, (1)) = m). Then, we prove Theorem 2 as follows.

4.2. Proof of Theorem 2

Let A, — +o0asn — +ooand (u,,) C E,, be a sequence of ground state solutions of
system (1); that s, I j‘n (up,) =0and I, (u,,) = m,,. Up to a subsequence if necessary, by
(26) and Mol € M,, forall A > 0,

4

0 <p < lim Iy, (uy,) = i < mola < +oo. (38)
Clearly, (u,,) is bounded in H*(R3). Thereby, up to a subsequence if necessary, there
is a ug € H*(R3) such that uy, — ug in H*(R3) and u,, — ug a.e. in R3. By means of
Lemmas 2-(3), we conclude that Iy|f, (u9) = 0. We claim that u = 0 in Q°. Otherwise, there
is a compact subset @,, C QF with dist(®,,, Q) > 0 such that 1y # 0 on ©,, and by
Fatou’s lemma

. . 2 2

higgggf s w,dx > /MO ug-dx > 0. (39)
Moreover, there exists g9 > 0 such that V(x) > ¢¢ for any x € ©,, by the assumptions (V)
and (V,). Combining (f4) with v > 2 and (38) and (39), we reach

R2ae_ =4 L 2!
cq > 11’2{30&{ / AV dx 1 (P”/\n 2y Jeo iy, |~ dx
> w/ up?dxliminf A, — € = +oo,
2q ¥ n—oo

a contradiction, where C > 0 is independent of n € N. Therefore, 1y € H(Q) by the
fact that 0Q) is smooth and Iy|,(u#p) = 0. Similar to the proof of Lemma 8, one knows
g # 0. Proceeding as the proof of Lemma 1, it holds that Gy| (19) = 0. In view of (38), by
ug € Hj()), we use Fatou’s lemma to obtain

1
> A = limi - -
mola = fiig = Hminf\ [y, (1)) = z=7r—2 G, (1n,)

1

T A a =1 >
s 721 =3 C0ln (o) = bla(ue) = mola

> Ip|a(uo) —
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yielding that 1), — ug in H*(R3) and Ip|q(uo) = mo|q. The proof is finished.

4.3. Proof of Theorem 3

In this section, we are going to contemplate the existence of positive solutions for
system (1) with a wider class of V and f. Without (V5) and (f5), one could not take
advantage of the minimization constraint manifold method explored in Section 3. Whereas,
because of (fy), it seems impossible to prove that the (PS) sequence is uniformly bounded.
As a consequence, we shall depend on an indirect approach developed by Jeanjean [20].

Proposition 1 (see ([20], Theorem 1.1 and Lemma 2.3)). Let (X, || - ||) be a Banach space and
T C R* be an interval, consider a family of C! functionals on X of the form

®,(u) = A(u) — uB(u), VueT,

with B(u) > 0 and either A(u) — +oco or B(u) — +o0as ||u|| — +o0. Assume that there exists
two points v1, vy € X such that

cy = inf sup @, (v(0)) > max{®,(v1), Py(v1)}, VpeT,
1€l gefo,1]

where
I'={y € C([0,1], X) : 7(0) = v1,7(1) = v2}.
Then, for almost every p € T, there is a sequence (1, (p)) C X such that

(a) (un(p)) is bounded in X;
(b) @p(un(p)) — cyand CD;A(un(y)) —0;
(c) themap y — c, is non-increasing and left continuous.

Letting T = [0, 1], where 6 € (0, 1) is a positive constant. To apply Proposition 1, we
will introduce a family of C! functionals on X = E, with the form

Bl = 5 [ -8R+ AV uPldx+ 5 [ phaddx—p [ G, (o)

where and in the sequel G(z) = F(z) + 5-|z|* forall z € R. Define I ,, (1) = A(u) — uB(u),
where |

1

Au) = 3 Jas

=83l + AV ()Pl + 5 [ ghadx = +ooas |ulls, - +eo
R

B(u) = /RB G(u)dx > 0.

Clearly, I, , is of class C ! functionals with

NIw

I/’W(u)v = /R3[(—A) u(—A)%v—l—/\V(x)uv]dx—i—/R3 ([J’;uvdx—y/RS g(u)vdx

for all u,v € E,, where g(z) = f(z) + |z|> 2z forallz € R.
For simplicity, from now on until the end of this section, we shall always suppose the
assumptions in Theorem 3 when there is no misunderstanding.

Lemma 9. The functional 1, ,, possesses a mountain-pass geometry, that is,

(@) Thereexists v € E) \ {0} independent of u such that I, ,,(v) < 0 for all y € [6,1];
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(b) capu= 1r€1£ sup Iy, (v(n)) > max{Iy,(0), I ,(v)} forall u € [6,1], where
7€ 9el0]

I'={n € C([0,1], Ex) : #(0) = 0,5(1) = v}.

Proof. The proof is very similar to the calculations on finding the existence of critical points
in the proof of Lemma 4, so we omit the details. [

Repeating the arguments explored in Lemma 6, there is a constant § > 0 such that

3
p < 1nf ch < sup ¢y < izS SF, Vuels1]. 41)
A>Ag 3u =

Lemma 10. Let (uy) be a bounded (PS) sequence of the functional I ,, at the level ¢ > 0, then

for each M € (c, ——SF ) , there exists a A = A(M) > 0 such that (u,) contains a strongly
],[ 25

convergent subsequence in E, forall A > A.

Proof. Since (uy) is bounded in E,, then there exists a u € E, such that u, — u in E,,
Uy — uin LfOC(R3) with p € [1,2¢) and u,, — u a.e. in R3. To show the proof clearly, we
shall split it into several steps:

Step1: I} ,(u) =0and Iy, (u) > 0.
To show I} (1) = 0, since C°(R?) is dense in E,, then it suffices to exhibit that ;w (u)p =0
for every ¢ € C{(R3). Thanks to Lemma 2-(3), it is a direct conclusion. Because u is a
critical point of I, ,, according to Lemma 1, there holds P, , (#) = 0, where

A3—=2 2t+3
Py () 2 25/ (=A)u2dx + / BV () + (VV, x)fufdx + = /¢f W2dx

—3;4/ x——/3|u|25dx.

Moreover, one easily sees that I " (u)u = 0and so

Dy (1) = Dy (u) = ( 3L+ O, ()u—Pyyu(u)] =0

s+ t)y—
proving the Step 1.

Step 2: Define v, = u, — u, then there exists a A = A(M) > 0 such that v, — 0 in
L9(IR3) for all g € (2,2%) along a subsequence as 1 — oo when A > A.

Actually, since (v;) is uniformly bounded in n € N for all A > A, then we have one
of the following two possibilities for some r > 0:

(i) lim sup |0n\2dx >0,
%wyeH@ B v

(i) lim su |0, [*dx = 0.
it yeﬂg By "

As a consequence, the conclusion would be clear if we could demonstrate that the case (i)
cannot occur for sufficiently large A > 0. Now, we suppose, by contradiction, that (i) was
true. Proceeding as the very similar way in Lemma 8, there is a constant > 0 independent
of A > Ag such that
lim sup/ |0, [2dx > 8

Br(y

n—co yeR?

for some r > 0. Since (u,) is uniformly bounded in E,, without loss of generality, we can
assume that lim I H%A < O forsome ® € (0, +o0). Clearly, there holds Jlim |vn H%A <40.
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Recalling v, — 0 in L?OC(R3) with g € (2,2%) and |Ag| — 0 as R — +oco by (V3), where
Agr = {x € R3\Bg(0) : V(x) < c}, we can determine a sufficiently large but fixed R > 0
to satisfy
)
. 2 v
lim sup ) |on|“dx < 1 (42)

n—oo BR(

and
q

5 -2 22¢-g)
|AR|<<ffg)> [z, 3)

Combining (12) and (43), one sees that
2(25—q)

2
2 o .
lim sup |0, [2dx < limsup(/A |vn|qu)q|AR| i <40IZ| %9
R

n—oo  JAR n—o00

> S

-2
SoUAR| T < - (44)

Let us choose A = max{l, Ao, 1{?? }, then for all A > A, we reach

lim sup |vn\2dx < limsupi/ AV(x)|Un|2dx < 46 < é, (45)
Ac JBy 4

n—co R n—oo Ac

where Bg £ {x € R¥\Bg(0) : V(x) > c}. We gather (42), (43) and (45) to derive

5 < lim sup |0, [2dx < limsup/ |0, [2dx
n—oo yeR3 +(y) n—oo R3

.
— 1 / 24 +/ 24 > <%
leolip( ks T Joio) ) <

which is impossible. The proof of this step is completed.
Step 3: Passing to a subsequence if necessary, u, — uin E) as n — oo.

Since v, = u, — u, by Lemma 2-(3) and the Brézis-Lieb lemma, one has
Ly (on) = Iy (un) — Ip (1) + 0, (1) and I}W(vn) = Iﬁ,y(un) +oy,(1). (46)

According to Step 2, we take advantage of (14) and (f1)-(f2) to deduce that

lim /]R3 ¢h, vAdx = 0 and Jlim /R3 f(vn)vpdx =0

n—o0

jointly with Lemma 2-(3) and the Brézis-Lieb lemma indicate that
2
on(1) = I (ttn) (1t — ) = I3 () (1t — 1) = [[0ul|Z, — ptlonl:-

Let us suppose that ||v, ||%A — land y|vn|§:; — | along some subsequences and so

e > Iy(u) = lim (v,) = (;—21)1 (47)

S

where we have used Step 1 and (46). In view of (10), it holds that
2
(D= <s7 (48)

o 3
IfI # 0, thatis, [ > 0, then[ > y*%sgs by (48). As a consequence, with the help of (47),

3
we arrive at ¢ > —§—5 5%, a contradiction. Therefore, | = 0 which is the desired result. The
T

proof is completed. []
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Let us recall Proposition 1 and Lemmas 9 and 10; there are two sequences () C [J,1]
and (u,) C E5\{0} such that

I/’\/M(un) =0, I, (tn) = cap, and py — 17 (49)

With (49) in hand, we are able to derive the proof of Theorem 3.

Proof of Theorem 3. First of all, since I}\ i (un) = 0, we are derived from a similar argu-
ment in Lemma 1 that Py ,, (un) = 0, where

A 3—-2s s 2 1 2 2t+3 t 2
Py, (0) 2 252 [ |(=a)bunPx+ 5 [ [3V()+ (VV, )P+ = [ of, uddx

Hn 28
73“"./}1%3 F(up)dx — E./H@ || dx.

Proceeding as the proof of Lemma 8, one sees that (u,) is uniformly bounded in E, for all
A > Ag.

Then, we claim that (u,) is a (PS)., ; sequence of the functional I} = I, ;. Actually,
taking into account y, — 1~ and Proposition 1-(c),

lim I) 1 (u,) = < lim Iy, () + (pn — 1) /]R3 G(un)dx> = lim ¢y, = a1,

n—o00 n—o0 n—oo
where we have used the fact that (G(u,)) is uniformly bounded in L' (R3). Similarly,

L)yl D, )+ (i — 1) [ga 8 (utn) x|
= = lim

lim =
nseo l9lg, n—eo 1¢llE,
—1 d
< tim Mo U o slepdx] g
n—eo 1$llE,

As a consequence, one has that (u,) is a (PS), , sequence of the functional I = I, 1.
Finally, combining the above two steps and (41), we can apply Lemma 10 to finish
the proof. O

5. Conclusions

In this paper, we have considered the existence and concentrating behavior of positive
solutions for the following fractional Schrodinger—Poisson system with critical growth

(=AY u+AV(x)u+du = f(u) + |u|>2u, xcR3,
(=)' =u?, xeR,

where s,t € (0,1) with 25 +2t > 3, A > 0 denotes a parameter, V : R3 — R admits a
potential well Q £ intV~1(0) and 27 £ 58 is the fractional Sobolev critical exponent.
Combining the constrained manifold argument and minimax techniques, we introduce
some new analytic tricks to prove that the system possesses a positive ground state solution
and a mountain-pass type solution, respectively. Actually, what we want to mention here
is that the restrictions on V and f play some crucial roles in the existence of solutions.
Furthermore, we believe that the studies in this paper would prompt related research on

fractional Schrodinger-Poisson systems.
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