CORON PROBLEM FOR FRACTIONAL EQUATIONS

SIMONE SECCHI, NAOKI SHIOJI, AND MARCO SQUASSINA

ABSTRACT. We prove that the critical problem for the fractional Laplacian in an annular type domain
admits a positive solution provided that the inner hole is sufficiently small.

1. INTRODUCTION

Let N > 3 and Q be a smooth bounded domain of R. The classical formulation of Coron problem
goes back to 1984 and says that if there is a point o € R and radii Ry > Ry > 0 such that

(11) {Rl S |£L‘*l‘0| SRQ}CQ, {|$7$0|§R1}¢§,
then the critical elliptic problem

“Au=uN73 in Q,
(1.2) u>0 in Q,
u=>0 on 012,

admits a solution provided that Ry/R; is sufficiently large [6]. A few years later Bahri and Coron [1],
in a seminal paper, considerably improved this existence result by showing, via sofisticated topological
arguments based upon homology theory, that (1.2) admits a solution provided that H,,(,Z2) # {0}
for some m > 0. Furthermore, in [8, 11, 14] the authors show that existence of a solution is possible
also in some contractible domains. Let N > 2 and s € (0,1) with N > 2s, and consider the nonlocal
fractional problem

N+2s

(—A)u=uN-22 in Q,
(1.3) u>0 in Q,
u=0 in RV \ Q,
involving the fractional Laplacian (—A)®. Here, for smooth functions ¢, (—A)*¢ is defined by
: p@) —¢y) N
—A)* =C(N,s)l ———=d eR
(8o =Vl | SRS b weRY,
where
1—cos(y -t
14 C(N,s) = — 5 d ;
(1.4 v = ([ vt ac)

see [10]. Fractional Sobolev spaces are introduced in the middle part of the last century, especially in
the framework of harmonic analysis. More recently, after the paper of Caffarelli and Silvestre [2], a large
amount of papers were written on problems which involve the fractional diffusion (—A)%, 0 < s < 1.
Due to its nonlocal character, working on bounded domains imposes that an appropriate variational
formulation of the problem is to consider functions on RY with the condition u = 0 in RY \  replacing
the boundary condition u = 0 on 9Q. We set Xo = {u € H*(RY) : uw =0 in RN \ Q} and we consider
the formulation
(=A)*2u(=A)*2pde = / u%gzgpdx for all p € Xj.
RN Q

It has been proved recently [15, Corollary 1.3] that if € is a star-shaped domain, then problem (1.3) does
not admit solutions and that for exponents larger that (N + 2s)/(IN — 2s) the problem does not admit
any nontrivial solution thus dropping the positivity requirement. It is then natural to think that, as in
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the local case s = 1, by assuming suitable geometrical or topological conditions on €) one can get the
existence of nontrivial solutions. We note that Capella [3] studies the problem for the particular case
s = 1/2 by using the Caffarelli reduction to transform the problem in a local form and that Servadei
and Valdinoci [16] studies the Brezis-Nirenberg problem with the fractional Laplacian.

The main result of the paper is the following Coron type result in the fractional setting.
Theorem 1.1. If (1.1) holds, then (1.3) admits a weak solution in Xy for Re/Ry sufficiently large.

We roughly recall Coron’s argument [6] for the case s = 1. Although the corresponding Rayleigh quotient
does not attain the infimum value, say S, the global compactness theorem due to Struwe [17] implies
that it satisfies the Palais-Smale condition at each level in (S,2%/VS). He introduced a test function
defined on a small ball which contains the small hole of €2, and he showed that under assumption (1.1),
the maximum value of the test function is less than 22/VS. If there is no critical point of the Rayleigh
quotient in (S,?z/ NS), he showed that the small ball can be retracted into its boundary, which is a
contradiction. For the case s € (0, 1), one of the main difficulties that one has to face is to get a uniform
estimate for the energy of truncations of the family of functions
N—2s

- 9 2 N
(1.5) Us.(x) = (762 - z|2> , z€RY, >0,

which are precisely obtained in Propositions 2.1-2.2. We note that U, , satisfies (—A)*u = u(N+29)/(N=25)

in RY up to a constant, and U.,. with the constant factor is called Talenti function for the fractional
Laplacian. The other difficultly for the case s € (0,1) is global compactness. We give a compactness
result which is sufficient for our arguments.

2. PRELIMINARY RESULTS

We define ) o
H*(RY) = {u € L7 (RY) : ||u|| < oo},

)|2 %
fall= ([, 2 o)
We also define

e // |xf))|(ﬁ(ﬁ)s_”(y” didy for cach u,v € H*(RY).

where

Then we know that H* (R™M) is a Hilbert space with the inner product above, it is continuously embedded
into L2N/(N=28)(RN) and it holds

2 .
m/ (=A)*2u(=A)*?vdx  for each u,v € H*(RY),
) RN

where C'(N, s) is the constant given in (1.4); see [10]. We set
Xo={ue H*RY):u=0inRY\Q}.

Since it is a closed subspace of H* (RM), Xy itself is also a Hilbert space, and we use the same symbols
(,-y and || - || for its inner product and norm. We note

"LL |2 1/2
[[ul] = |N+25 T Nia. drdy for each u € X,

where Q = R?V \ ((Q x CQ).

Since we have (2.1), for the sake of simplicity, we will find a positive weak solution of
(—A)su = 70(27’8) |u\ﬁu in Q,
u=0 in RV \ Q,

(2.1) (u,v) =

(2.2)

which is equivalent to find a weak solution of (1.3). Here, we say u € Xy is a weak solution to (2.2) if

it satisfies
// )(go(x)— #(y)) dxdy = / | N wp dx for each ¢ € Xj.
‘x — [Nt 0

Without loss of generality, we may assume (1.1) with o = 0 ¢ Q, Ry is fixed with Ry > 10 and
Ry = 6 € (0,1/20] which will be fixed later. We set B, = {z € RY : |z| < r} for » > 0. Without loss
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of generality, we may also assume QN Bs = () and Bs \ Bss/2 C 2. Let @5 : RN — [0,1] be a smooth
radially symmetric function such that

0 if0<|z| <2§and |z| > 4,
ps(x) = .
1 if 46 < |z| < 3,
|Vps(z)| <671, for x € By, |Vs(x)] <2, for x € CBs.
For 0, € € (0,1/20] and z € By, we set
Us e,z (%) = @5 (2)Ue 2 (2),
where the U, . were defined in (1.5). The next estimates will be crucial for the proof of Theorem 1.1.

Proposition 2.1. There exists C1 > 0 such that

5 N—2s 5 N+2—-2s
23) wk¢n2§|wa42%cl<(5) -(9) +5N%>
for each 6, € € (0,1/20] and z € By, and
(2.4) luse-||> < U |° + Cre¥ 7251 + 672)

for each 0, € € (0,1/20] and z € By \ By 2.
Proof. Let §, € € (0,1/20] and z € B;. We define

D = {(x,y) € (B4 xCB3) U (CB3 x By) : |z —y| > 1},

E = {(z,y) € (BsxCB3) U (CB3 x By) : [z —y| < 1},

D= {(z,y) € (Bas X (B4 \ Bas)) U ((Bs \ Bas) X Bys) : |x —y| > 6}
and _

E = (Bys X Bas) U{(2,y) € (Bas x (Ba\ Bas)) U ((Ba \ Bas) x Bas) : |z — y| < 6}

Then we have L

R?*N = FEUDUFEUDU ((Bs3\ Bas) x (Bs\ Bas)) U (CBy x CBy).
We remark that this is not a disjoint union. We can easily see that

|u5,e,z($) - u6,e,z(y)|2 . |U5,z(x) - Ua,z(y)|2 dedu = 0
|z — y|N+2s |z — y[N+2s y=
(B3\Bas)x (B3\Bas)
e (@) = s @ Uera(@) = Usaly)
Us,e,2\T) — Use,2\Y e,2\L) — Ug 2\Y
/ ( |z — y|[N+2s - o — g2 > dxdy < 0.
CB4XGB4

We shall denote by C' generic positive constants, possibly varying from line to line, and which do not
depend on §,e € (0,1/20] and z € B;. For each (z,y) € R?", we have

|u5,8,z(x) — u5,€,z(y)|2 _ |U€)Z((£) — Ue,z(y)|2

2.5
( ) |x—y|N+23 |x—y|N+2S
_ (Use o (7) + Ue 2(2) —tse - (y) = Ue 2(y)) (Use,2(2) = Ue (%) + Ue 2 (y) — us e -(y))
|z — y|N+2s
- |£E _ y|N+2s
From z € By, we have
/ [s.c.=(%) = u57512(9)|2 . |Ue,z2(z) — UE,Z(?J)F dxdy
oy PR
B4XCBg,|I*’y|>1
N—2s
£ 2
20U . (2)Ue - (y) N-2s (m)
S W dxdy S C{:‘ 2 |$ — y|N+25 dl‘dy
By xCBs, |[z—y|>1 By x(Bs, |z—y|>1
, d d o d ‘
S CEN—Qs / € — / N"Zr2s — CEN—Z:.EQ& / % S CEN_Qé.
(2 + &)= ul (L+ €2

1€1<5 [n|>1 1€1<5/e
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So we can infer

|u65z($)_uéez<y)‘2 |Ue z(x)_UE z(y)|2 N-—2s
- > — : : dzdy < C s,
té( [ — [V [ — [V e

We note

N-—-2s

VU. .(x) = —(N — 25) (6) T 22

g2+ |z — 2|2 e2+ |z — z|*’

and
|z — 2| 1

2+ |z —22 = 2

Since |Vps(z)| < 2 for |z| > 46, z € By and [tz + (1 — t)y| > 2 for each (z,y) € F and t € [0, 1],

/ (Iw,a,z(x) —use (W) |Uez(x) — UE,Z(y)|2> dzdy
E

|z —y|[N+2s |z —y|N+2e

- 2 L Vs (e + (1= t)y) - (x — y) dt|?
< [us e - () xa,z,z(y)\ da:dy:/ | Jo (Vuse o) (tx 4 ( - 2)?/) (x —y)dt| dady
E |z — y|NF2s B | — y|N+2s
1 . 2 _ 2
S/ Jo BIU - (tz 4 (1 = t)y)[* + 2|(VUL ) (tz + (1 — t)y)|?) dt dudy
B |I‘ y‘N+2572

N —2s dxdy
BT — y|N+25 2

< C€N 29/ / N+25 5 —C&N_QS.
|€]<4 In|<1 |TI|

From (2.5), we also have

/~ (|U5,e,z(33> R ) R ) Us,z(y)|2> dudy

CANNFEFRES N

Uaz 5 ) 2 d{I?dy
<2/ ‘JZ‘— |N+29 dx d EN_25 5|$_y|N+2s

C / / dn <5>N‘25
< %= dg v =0 (- :
N2 Jigcas T Jpnpse NIV €
Since |Vps(z)| < 1/6 for x € Bys, we have

[ (o)t P Wesle) Vs ) o,
E

|x_y|N+28 |$_y|N+2s

|u56 2(w) — Us,e Z(y)|2

< = g dxdy
| fo Vugs )tz + (1 —t)y) - (x —y) dt|2 dady
|z —y|[N+>e

dxdy

/fo (1/0)*Ue,z(tz + (1 = t)y)[* + |(VUe,)(tz + (1 — )y)[*) dt

|z — y[N+25-2

dxdy
<C(525N 2s EN 2s )/ |x_y|N+25 2

1 1 dn
(o 27555) [y
§2eN-2s T gN+2-2s | [ <o N F25=2

(™)

IN
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By the inequalities above, we obtain (2.3). Let z € By \ By/. In order to obtain (2.4) we need to
consider the integrals on D and E. We have

|u5,s,z(x) - u&,s,z(y)|2 _ ‘Ua,z(x) - Ue,z(y)|2 dxdy
|z —y[N+2s |z — y|N+2s

(B4\Bas) X Bas, |z—y|>d

N —2s
2Ue,2(2)Ue (z5po=p)
= |;—(y)|N+2() drdy < Ce™ 3 W dady
(Ba\Bas) % Bas, |z —y|>0 (B4\Buas)X Bas, |[zr—y|>d

< CEN—QS/ L/ L

- €1<s (e2 4 €]2) s [nINT2e
X ) X d X X
_ C&_N—256—25 . 523/ % _ CEN—256—25.

lel<s/e (14 [€]2)7 =
Hence

s, (2) —use (W) |Uez(x) = Ue o (y)]? N—2s5—2
bhett) 1< _ l il d d < C 56 S.
= oy ) ST

Since [Vs(z)| < 1/6 for z € RN, z € By \ By s and [ta 4 (1 — t)y| < 56 < 1/4 for each (z,y) € E and
t € 10, 1], we have

[ (sl toca e = Do

E |z —y|V+e |z —y|V+2e

|u65z( ) Udsz(y”z
< / o gV dxdy

/|f0 vu&ez t:c+(1—t)y)-(:t—y)dt|2dxdy

|z — y[N+2s

(1/6)*|Ue o (tz + (1 = )y)|? + (VU2 (tx + (1 — t)y)|?) dt
<2/ Jo ((1/8)?) ( x)_)ylmlz(s2 )(tz + (1 —)y)[")

N 255 d(Ed’y
‘Jj _ y|N+29 2

N 2s N-—-2s N-—-2s
0~ / / = (C(ed) <Ce .
|€]<46 In|<s \77|N+2S 2

Thus, we obtain the second desired inequality. O

dxdy

Proposition 2.2. There exists Cy > 0 such that

S\N
(2'6) / |U6,s,z| ¥om dx > / |U€7Z‘ Vo5 dx — C2<<*) + 5N>
RN RN e
for each 8, € € (0,1/20] and z € By, and
(2.7) /\mWﬁ%WZ/ U 2| %75 da = Cye™
RN RN

for each 0, € € (0,1/20] and z € By \ By 2.
Proof. Let §, € € (0,1/20] and z € B;. We have

[ e de [ s
R R
€ N € N S\ N
< ) s ) w<co(l) 4N,
loj<as \E2 + |z — 2|2 >3 \ &2 + |z — 2|? €

which yields (2.6). By a similar calculation, we can obtain (2.7) as well. O

Let I : H*(RN) — R be given by

1 o N —2s
I(w) = 5 Jlul” -

2N

Ju2N/N=29) d for u € H¥(RY),
N
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and let Iy : Xg — R be its restriction to Xy, i.e.,
Ip(uw) = I(u) for u € Xy.
Next, let us define Z: H*(RN)\ {0} — R by

2
[[u]

N (u)’

RH(u) =

where
N —2s

(2.8) N (u) = (/ uf#5 dz)
RN
We also define A5 and %, by the restrictions of 4" and Z to X \ {0}, respectively. That is,
Mo(u) = A (u) and Zo(u) =Z(u) foru e Xp\ {0}

Lemma 2.3. %, € C*(X(\ {0}), and if Z}(v) = 0 with v € Xy, then I5(A\v) = 0 with some X > 0.
Proof. We can easily see Zy € C(X \ {0}). Let v € Xp. Since we have

245 (v ff (v(z) v(y) (90( ) () dady — 2||v||2AG(v)~ %fﬂ Mﬁvspdx
Zo(v)(p) = VACE

for every ¢ € Xg, we have %6(11) = 0 if and only if, for every ¢ € Xg,
_ 2
// (s;(fz)g e(y)) ddy — HUII / (0| ¥ v d
yl Jo vl om d

I?

Setting A by

(2.9) AFom — Hv#’
Jo 0|7 dx

we have I{)(Av) = 0. This concludes the proof. O

We define a manifold of codimension one by setting

(2.10) ///{UGXO:/|U|N2N25dx1}.
Q

Lemma 2.4. Let {v,}, C .# be a Palais-Smale sequence for %o at level c. Then
Up = Anvn, ATL = %O('Un)(N72S)/(4S)
1s a Palais-Smale sequence for Iy at level (S/N)CN/(2S)'

Proof. By following the computations of Lemma 2.3, if A, is defined as in (2.9), we have

1, // v (@ _Zn_)iz(v%i)_@(y)) /|v |y, da

for every ¢ € Xy. Hence, in turn, by multlplymg this identity by A,,, we conclude that

un () — un(y))(p(z) — ¢(y)) ST
If (un)( // - g dxdy — Q|un|Nf SUnp do
for every ¢ € Xy. Recalling (2.8) and (2.9), we have
N—2s N—2s
An = |lon |77 = Zo(vn) 5.

From %o(v,) = ¢+ 0o(1) and {v,}n C A, {vn}, is bounded in X and so is {A,},. In particular, it
follows that I)(u,) — 0 in X{, as n — oco. Moreover, {u,}, is bounded in X, as well, yielding

of1) = Tolun) ) = | = [ Jun |5

These facts imply that

7 i, Bo(on) "

)NQ—NZS _ jcz\r/@s)7

lim Iy(uy,) = 2 lim / \un|N " dy = N hm )\N = _
Q

n—00 N n—oo

concluding the proof. O
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Let us set
= inf{#(u) : u € H*RY)\ {0}}.
By [7], we know that
#(U..)=S foreache>0and z € RV,

only these functions with any nonzero constant factor attain the infimum,
S = inf{%o(u) : v € Xo\ {0}},

and the infimum is never attained in the latter case. We also have the following result for sign-changing
weak solutions.

Lemma 2.5. Let u € Xg be a sign-changing weak solution to (2.2), then |lul|?> > 2SN/(2%). Moreover,
the same conclusion holds for sign-changing critical points of I.

Proof. We have u* € X, \ {0} and
[u(z) = u(y)* = Ju™ () = (Y)] + [u™(2) = u” ()] + 20" (Y)u (2) + 20" (2)u (y)

for every z,y € RV, where v~ (x) = — min{u(z),0}. This, in turn, implies

HMP—HUWP+HuH2+4//| lNHsddy

By multiplying equation (2.2) by u* easﬂy ylelds

||u+||2+2// To = g |N+2S dxdy—/ |u+|N % dx,
e A

Combining these equalities with S[|u® |2,y v _2s) < [[uf]|?, yields [, [uF|2N/ (V=28 > §N/(29) conclud-
ing the proof. (]

Now, we show the following compactness result. In order to show it, we follow the arguments in [18,
Section 8.3], which treat the case s = 1.

Proposition 2.6. Let {u,}, C Xo be a Palais-Smale sequence for Iy at level ¢ with

S 2s
7SN/(28) < 7SN/(28)
c< N

If (s/N)SN/29) < ¢ < (25/N)SN/29) then {u,}, converges strongly to a nontrivial constant-sign weak
solution to problem (2.2) up to a subsequence, and if ¢ = (s/N)SN/25) ' then there exist a nontrivial
constant-sign weak solution v € H*(RY) to problem
C(N,s)

2
{zn}n CQand {r,}, C (0,00) withr, — 0 such that {u, — i )/2v((~—xn)/rn)}n converges strongly
to 0 in H*(RYN) up to a subsequence.

[v] oy in RY,

(2.11) (—A) =

Proof. First, we note that {u,}, is bounded and Iy(u,) = (s/N)|lun||? + o(1). We may assume that
{un}n converges weakly to u in Xy. Then u is a possibly trivial solution to (2.2) and

N
Jul® < lim [lu,||?> = = lim Io(u,) < 28N/39).
n— oo § n—oo
From Lemma 2.5, u is not sign-changing. By a similar argument as in [18, Lemma 8.10], we have
N
I'(up —u) =0, I(up—u)—c—Iyu) and |u, —u|*— e [|u] 2.
s

If ||un — ul| pon/v—20) — 0, we can infer that |lu, —ul| — 0, (s/N)SM (%) < ¢ < (2s/N)SV/(25) and u
is a nontrivial constant-sign solution to (2.2). From here, we consider the case ||un, — || p2n/(v—26) 7 0.
Taking small § > 0, we may assume that I]RN [y, — u|>N/N=29)dg > §, for each n € N. As in the proof
of [18, 2) and 3) of Theorem 8.13], we can choose appropriate sequences {zy}, C Q and {r,}, C (0, 00)
such that the sequence {v,}, C H*(RY) defined by

vp(x) = rﬁlN_zs)/z(un —u)(rpx + x,)
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converges weakly to v € H*(RY)\ {0}. We have

N

(2.12) o] < Tim [jon | = Jim [un —ul® = = - [ul]? < 28M/ @) — |ju]%.
n— oo n—0o00 S

By the boundedness of  and v # 0, we may assume 7, — 0 and =, — ¢ € Q. We may also assume

that {dist(xy,dQ)/r,}n has a limit value in [0, 00]. Assume that this limit value is finite. Then v is a

solution to the problem

(a)w =

70(];’ S) |U‘ N v

in a half-space. From [9, Theorem 1.1 and Remark 4.2], v is locally bounded (although the boundedness
of a domain is assumed in [9], the proof works for our case). Then, in light of [4, Corollary 3] (see
also [12, Corollary 1.6]), we know that the above problem in any half-space does not admit a nontrivial
constant-sign solution. So v must be sign-changing, but then by a similar proof of Lemma 2.5, we have
lv]|? > 28N/(29)  which contradicts (2.12). So we find that dist(z,,,2)/r, — co. Then we can see that
v is a nontrivial solution of (2.11). Using (2.12) again, we find that v is constant-sign and wu is trivial.
Setting

wi () = up (@) — N P0((@ — 20) /ra),

we have
Nec

I'(wy) =0, I(w,)—c—I(w) and |Jw,|> - — —SN/@9) < N/,

If ||wy, || pon/v—20 # 0, repeating the argument above, we can obtain a contradiction. Hence, we have

lw,|| — 0 and ¢ = (s/N)SN/(29). Therefore, we have shown our assertion. O
We define %, 25 : Xo \ {0} — Xo by
iy VAo() _
o(u) = Zo(u) = VR (u) — (V%o (u), % (u)) %(u) for each u € X\ {0}.

VA (u)]’
Here, V Ay (u) and VZy(u) are the elements of X respectively obtained from A¢ (u) and %) (u) by the
Riesz representation theorem. We note that

(2.13) (Z5(u), VAo (u)) =0 and  (Z5(u), VRo(u)) = || Zo(u)||* for each u € 4.

The next proposition essentially says that |, satisfies the Palais-Smale condition at any level in
(S,22%/NS). In the last section, we give a negative gradient flow of %y|.z; see (3.2).

Proposition 2.7. Let {v,}, C .4 which satisfies 24(v,) — 0 in Xo and Zo(v,) — ¢ € (S,225/NS).
Then {v,}n has a convergent subsequence.

Proof. For each u € .#, we have
126 (w)[I* = V%o (u) = (VRo(w), Zo(u)) Zo(w)||* = |V (w)l|* — (VZo(u), o (u))*
(2.14) (Fo(w),u)” __2|VR(w)|)”

> |VZ, 2 = .
e W e ME N AOIE

From our assumptions, we can infer that V%y(v,) — 0. By virtue of Lemma 2.4, the sequence u,, =
Ann, where A, is defined as in (2.9), is a Palais-Smale sequence for Iy at level (s/N)cN/ (%) According
to Proposition 2.6, there exists a subsequence of {uy}, which converges strongly in X,. Since we have
Ap — ¢(N=29)/(45) from Lemma 2.4, we can see that our assertion holds. [l

For the reader’s convenience, we give the following lemma.

Lemma 2.8. Let n > 0 and u € A with %o(u) < S+ n. Then there exists v € A such that
lu— vl < /i, Zo(v) < Ro(u) and |Z4(v)]| < /(1 +1/VS).

Proof. By Ekeland’s variational principle, we can find v € .# such that [ju —v| < /7, Zo(v) < Zo(u)
and Zo(w) > Ho(v) — /nN||lw — v|| for each w € 4. Fix z € Xo with [|z]| = 1. For each s € R with
v+ sz # 0, there exists unique ¢(s) > 0 satisfying t(s)(v + sz) € .#. Then we can easily see

——/ |U|N4—S2svzdx.
Q
From

Ro(v+ sz) — Ho(v) = Zo(t(s)(v + s2)) — Zo(v) > —/n|t(s)(v+ sz) — t(s)v + t(s)v — v,
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we obtain

1 Z5(0)(2)] < Villz + ¢ (0)o]| < /(1 +1/VS),
which yields ||} (v)|| < \/n(1 + 1/VS). 0

3. PROOF OF THEOREM 1.1 CONCLUDED

In the following proof, we will repeatedly use the fact that % (ou) = Z(u) for every o > 0 and every
u € H¥(RN)\ {0}. We write, for u € H*(RYN)\ {0},
U
Mu) = ———.
( ) ||U||L2N/(N—2,s)

From Propositions 2.1 and 2.2, we can find C3 > 0 with
[T 0| + Cae™N 2

(fRN |Urol ™5 dar - CQ&N)
for each € € (0,1/20], § € (0,£2] and z € B;. Hence, we can find & € (0,1/20] such that
B (M(ug z.)) < w22/NS  for each z € By,

A (M(use,.)) < v < Z(Urp) + Cae™ 72

N

where 2% < w < 1. Now, we fix § = £2 and we define a kind of barycenter mapping
B(u) = / 15, (z) zju(z)|¥% dz for each u € H*(RN) with ||ul| pan/v—20) = 1,
RN

where K = sup{|z|: x € Q} + 1 and 1p, is the characteristic function for Bx. We also define
¢=inf{Zo(u):ue . #,p(u)=0}.

Then, ¢ > S. If not, there is a sequence {v,}, C .# such that S(v,) = 0 and Zo(v,) — S. From
Lemma 2.8, we have % (v,) — 0. Then by Proposition 2.6, taking a subsequence if necessary, there
exist {A\,}n € (0,1) and {z,}, C Q such that A\, = 0, z,, = z € Q and

either |lv, —II(Ux, ., )| =0(1) or v, +I(Ux, »,)|| =0(1) asn — .

From B(v,) = 0 and B(v,) — 2z, we obtain 0 € €, which is a contradiction. Now, from Propositions 2.1
and 2.2, we can find a map f: By — .# which satisfies

Zo(f(2)) < w2?/NS  for each z € By,

Zo(f(2)) < ? < ¢ foreach z€ 0B,

and
(3.1) 1B(f(2)) — 2| < % for each z € 0B;.

Such f can be obtained by setting f(z) = uz2 j_()2|),» With sufficiently small ¢ > 0, where

he(t) = g for 0 <t <1/2,
)20 —t)E4+ (2t —1)e for1/2<t <1,

and we can show (3.1) by a similar argument above which shows ¢ > S. Then, for each ¢t € [0, 1] and
z € OBy, we have [(1—t)z+t8(f(2))| > |z| —t|8(f(2)) — 2| > 1/2. So by using Brouwer’s degree theory,
we have deg(f o f,Int(B1),0) = 1. Defining

c= Helg HéaBX %0(9(37))7 G= {g € O(Bh%) 9= f on 8Bl and deg(ﬁ Og7lnt(B1)aO) = 1}7
g9 rcha

we have
S<eé<e< w2/,
Now, we will show there is v € .# such that V% (u) = 0 and %(u) = c. Assume not. By Proposition
2.7, we can choose a positive constant 77 > 0 such that (S+c¢)/2 < ¢—2n, c+2n < w22/VS and Z5(u) # 0
for each u € A4 with |%o(u) — ¢| < 3n. We also choose a locally Lipschitz function « : .# — [0, 1] such

that

)1 for each u € A4 with |Zo(u) — c| <
alu) = 0 for each u € A with |Zo(u) — c| >
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Then we can define v : [0,1] x .# — .# by

(3.

o A 2wl
2) W0wy=uand  Ga(tu) = —art

° Zo(y(t,w));

see (2.13) and (2.14). Let g € G such that max,cp, Zo(9(z)) < ¢+ n. Then we can easily see
~(t, g(2)) = g(2) for each (¢,z) € [0,1] x OBy, which yields deg(5(v(1, g(-))), Int(B1),0) = 1. Moreover,
we can find Zy(v(1,9(z))) < ¢ —n for each z € Bj, which contradicts the definition of ¢. From
Proposition 2.6, we can find that this contradiction proves the existence of a nonnegative weak solution

to

(2.2). By [13, Theorem 2.5], the obtained solution is positive in . O
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