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We investigate the soliton dynamics for the fractional nonlinear Schrodinger
equation by a suitable modulational inequality. In the semiclassical limit, the
solution concentrates along a trajectory determined by a Newtonian equation
depending of the fractional diffusion parameter.
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AMS Subject Classifications: 35Q51; 35Q40; 35Q41

1. Introduction

In the last years, the study of fractional integrodifferential equations applied to physics as
well as other areas has constantly grown. In [1-3], the authors investigate recent
developments in the description of anomalous diffusion via fractional dynamics, and many
fractional partial differential equations are derived asymptotically from Lévy random walk
models, extending Brownian walk models in a natural way. In particular, in [4], a fractional
Schrodinger equation was derived, extending to a Lévy framework a classical result that
path integral over Brownian trajectories leads to the standard Schrodinger equation. We also
refer the readers to [5] and to the references therein for further bibliography on the subject.
Let N >1,s € (0, 1] and

O0<p<—.
P=N
Let i be the imaginary unit and let V denote a smooth external time-independent potential.

The goal of this paper is the study of the behaviour of the solution u®: RN — C, ¢ > 0, to
the Schrodinger equation involving the fractional laplacian (—A)*

igaai: = Szﬁ(—A)sug + V(x)uf — [u®|*Puf in (0, 00) x RV,
u(0, x) = Q(m>eé<x,uo> (1.1)
) - ,
in the semi-classical limit ¢ — 0, where Q > 0 is the ground state of
1
SN0 +0 =07 inRY, (12)
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and xo, vo € R", are the initial position and velocity for the Newtonian type equation
¥=—sEPEVV(x), x(0) = xp, x(0) = vp. (1.3)

In the limiting case s = 1, rigorous results about the soliton dynamics of Schrodinger
Equation (1.1) were obtained in various papers, among which we mention the contributions
by Bronski and Jerrard [6], Keraani [7] (see also [§—10] where a different technique is used)
via arguments based upon the conservation laws satisfied by Equation (1.1) and by the
Newtonian ODE

X=-VV(x), x(0) = xg9, x(0) = vo, 1.4)

combined with the modulational stability estimates due to Weinstein [11,12]. Roughly
speaking, the soliton dynamics occurs when, choosing an initial datum behaving like
O((x — xp)/¢e) the corresponding solution u®(¢) mantains the shape Q((x — x(¢))/¢),
up to an estimable error and locally in time, in the semi-classical transition ¢ — 0. For a
nice survey on solitons and their stability features, see the work by Tao [13]. Concerning
the well-posedness for these type of problems and a study of orbital stability of ground
states, we refer the reader to [14,15] for some results. On the other hand, since the local
uniqueness of solutions is currently unavailable for the pure power nonlinearity, we shall
assume Equation (1.1) be locally well-posed.

To the best of our knowledge, in the fractional case s € (0, 1) neither modulational
inequalities nor a soliton dynamics behaviour have been investigated so far in the literature.
Recently, there have been many contributions concerning the properties of the solutions
to problem (1.2), with a particular emphasis on the their qualitative behaviour such as
uniqueness, regularity, decays and — more important for our goals — the nondegeneracy,
namely the linearized operator associated with (1.2) has an N-dimensional kernel which is
spanned by {0Q/0dx;}j=1,.. N

For these topics and the description of the physical background, we refer the reader
to the works by Lenzmann and Frank [16] in the one-dimensional case and the work by
Lenzmann, Frank and Silvestre in the multi-dimentional setting.[17] See also the study of
standing wave solutions in [18,19], including symmetry and regularity features.

Let £: H*(RY, C) — R be the energy functional defined by

._1 ANS 2 1 2p+2
Eu) := 2/l( A)2ul —p+1/|u|

and || - || s denote the H* (R, C)-norm. Then we have the following

TaeoreMm 1.1 Assume that

2s
O0<s<l1, O0<p<—.
N

There exist positive constants B, C, such that

E@)—EQ@)=C inf ¢ —e?0¢ — 0%,

xeRN, 9€[0,27)

for every ¢ € H*(RN, C) such that ||¢|l2 = | Qll2 and E($) — £(Q) < B.

This inequality is the fractional counterpart of an inequality which follows as a corollary
of the results by Weinstein on Lyapunov stability for the nonlinear local Schrodinger
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equation, see [11,12]. A corresponding inequality for the nonlinear equations with a Hartree
type nonlinearity was obtained in [20] based upon the nondegeneracy of ground states
proved in [21].

Denoting || - ”%'li = 51V+2s||(_A)% . ||% + SLNH . ||%, we prove the following

TueoreM 1.2 Assume that V € C*(RN) and

2s
O0<s<1, O<p<—.
N

Let u®(t) € H*(RN; C) denote the unique solution to the Cauchy problem (1.1). Then,
there exists a positive constant C, independent of € € (0, 1] and s € (0, 1), such that

I(=A)2uf ()l < Ce" 7, (1.5)

for every t > 0 and every ¢ > 0. Moreover, for any ¢ > 0 sufficiently small and every
s € (0, 1) there exists a time T**° > 0 and continuous functions

55 [0, T > R, z: RN >R, &£:[0,75%) x (0,1] x (0,1) > R,
such that, uniformly on s € (0, 1],
£, e, 5) = O@E)

and

. ) 4055 0) o (X =2 OV |12 2 es
U (1) —et (5 Q(—)HH < CE@t. e.5)+O@E?) forallt € [0, T).
e :

Here, 75 (1) = x(t) + €255 (¢) for some continuous function 25° : RN — R, where x(t) =
X5 (1) is the solution to the Cauchy problem (1.3).

Hence, on a suitable time interval, the solution remains close to the initial profile with a
term of order O (?). It is expected that this qualitative behaviour be preserved throughout
the motion on finite time intervals and also that z%*(¢) can be replaced by x(¢) (solving
problem (1.3)) as in the local case. On the other hand, the proof of this claim seems out of
reach because of the technical complications related to the nonlocal nature of (—A)* (see
also Remark 4.7).

Furthermore, we have the following

TueoreM 1.3 Let T > 0 and assume that V = V| + Vo with V| € C3(RN), DYV, e
C%2(RN) for every || = 2, V5 is bounded from below and

2s
O0<s<1, O<p<—.
N

Let uf(t) € H* (RN; C) denote the unique solution to the Cauchy problem (1.1). Then it
satisfies inequality (1.5). Furthermore, there exist a positive constant C and a continuous
function
&[0, T] x (0,1] x (0,1) — R,
such that
lim «7(t,e,5) =0, forallt [0, T]ande € (0, 1]

s—1-
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and
2

i - o(EX0) ks

where x(t) = x4(t) is the solution to (1.3).

= Ce® + ||lul(r) — uﬁ(z)u?ﬂé + (e, ),

for allt € [0, T,

Hence, on finite time intervals and precisely on the trajectory x (¢), the closeness estimate
holds at the weaker rate £>* and in terms of the distance between the semigroups u§ and uf.

Remark 1.4 A major difficulty in our analysis is the lack of a point-wise calculus for
fractional derivatives. In particular, the fractional laplacian does not obey a point-wise
chain rule, nor a point-wise Leibniz rule for products. Only approximate versions of the
fractional chain rule hold: see for instance [22, Lemma A.10, Lemma A.11, Lemma A.12]
and the references therein. This makes the analysis hard and we can prove the closedness of
us to the orbit Q((x —x(t)/e) only when s approaches the limit value s = 1. We conjecture
that the norm ||u§ (t) — uf (1) l1#s vanishes in the limit s — 1, but the proof seems out of
reach so far, as a regularity theory for the solutions to the fractional laplacian equation is
still missing.

Remark 1.5 1If x(t) solves (1.3), then it is readily seen that the energy ¢ +— %|)'c(t)|2s +
V(x(t)) is a constant of motion. The Cauchy problems (1.3) and (1.4) are different from
a dynamical viewpoint. For instance, (1.3) could fail to have uniqueness of solutions in
the case s € (1/2, 1] since |& IZ_ZSVV(x), where & = x, could fail to be locally Lipschitz
continuous. Also, it could admit heteroclinic connections, while (1.4) does not, as easy
examples in the case N = 1 show. To compare the behaviour of systems (1.3) and (1.4) in the
physically relevant situation of harmonic potentials, let N = 2 and V (x1, x3) := %xlz + 2x22.
Then, (1.3), for s € (0, 1] is

x| =&,
Xy =&,
£ = —%(&% +EH ", (1.6)

. 4
& = —;(&% + D 5,

with initial datum x1(0) = 1, x2(0) = a, £ (0) = 1 and & (0) = b for some a, b > 0. See
Figures 1-3 for the solutions to (1.6) for the cases s = 1, 1/2, 1/4, respectively and data
a=1,b=1/2(eft)and a = 1/2, b = 1 (right). Clearly, the complexity of the solutions
increases as s gets small. For any s < 1, the system admits the stationary solutions of the
form (¢, B, 0, 0) for «, B € R, while for s = 1 it only admits the trivial stationary solution
0,0,0,0).

Remark 1.6 A numerical analysis of the soliton dynamics behaviour according to
Theorem 1.2 is currently under investigation and it will be the subject of a forthcoming
manuscript.
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s=1,a=1b=0.5, ty =20 s=1,a=05b=1, tyu =20

£

-1 -0.5 0 0.5 1
T

Figure 1. Solutions to (1.6) fors = 1 witha =1, b=0.5anda =0.5, b = 1.

s=0.5,a=1,b=0.5, tpa = 20 s=05,a=05b=1, tya =20

05 R
0.5 (“ Qs}i\\\\\ -

AN
AN
N “‘1‘(‘!‘

NN

-1.5 -1 -0.5 0 0.5 1 1.5

Figure 3. Solutions to (1.6) for s = 0.25 witha =1, b =0.5anda = 0.5, b = 1.

1.1. Fractional laplacian and notations

For the reader’s convenience, we collect here some information about the fractional laplacian
(—A)* in RN, We define it as the pseudo-differential operator acting on u € . (RV, C) as

(=AY u = F (1§ Fu®)),
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where F stands for the usual isometric Fourier transform in L2(R", C)

/ e 18y (x) dx.

As shown in [23, Section 3], equivalent definitions are

Fw)(€) = @V

u(x) —u(y) . u(x) —u(y)
—A)u(x) =C(N,s) P.V. | ————="dy =C(N,s)1 ——==d
(FA 00 = CW. 9 v N9 iy RN\ B0, ¥ — yNE
1 u(x +y) +ulx —y) —2u(x)
——scws | e dy,

where
1 —cos ¢ -1
e =(f )

Remark 1.7 Insome papers, the fractional laplacian is defined without any reference to the
constant C(N, s). This is legitimate when s is kept fixed, but we will see that the behaviour
of C(N, s) as s — 1 will play a crucial rdle in Section 4.
The fractional Sobolev space H*(R", C) may be described as the set
1
H @0 = i e 2@V 0| [ (1+316) I Fu) P de < +oo].
endowed by the norm

1 I .
llall3gs = llull3 + §/|5|23|fu<s>|2ds = llull3 + §||<—A>fu||%.

An identical (squared) norm is

. 2
hull2 + C(IZ,S) // [u(x) —u(y)| dxdy.

x — y| N+

and, see [23, Section 3],

C(N,s) .  C(N,s)
im , lim
s=0t s(1 —5) s—>1-s5(1 —)

€ (0, +00).

In the sequel, we will mainly work with the norm ||u ||% + % [(—A) Su ||%. From the previous
definitions, it follows that |v/=Au|, = |Vull for any u € .7 (RV).
Remark 1.8 By Equations (2.8) and (2.9) in [23] and some elementary interpolation, we
also deduce that the embeddings of H*(RY, C) have constants that can be considered
as independent of s € [4, 1], § > 0. This fact will be used several times in the sequel.
Again from [23], we have that (—A)*u converges pointwise to —Au as s — 17, for all
u € C°(RY). Furthermore, for u € H'(RV, C),

lim [[(—A)2ully = [[Vulla.
s—1-
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As a consequence, the fractional norms |u«|| remain bounded as s approaches 1 and the
Sobolev-Gagliardo-Nirenberg interpolation inequality

lullzpr2 < Cllull§l(=A)2u|}™,  forallu € H*(RY,C), 1.7

for a suitable « € (0, 1), holds with a contant C which is independent of the choice of
s € (6, 1].

Notation

(1) The usual euclidean scalar product of RY will be denoted by (x, y) = Z?’:] Xjyj.
(2) The space C will be endowed with the real inner product defined by
2w = Re(zw) = w (1.8)

for every z, w € C.
(3) We will denote by || - ||, the L”-norm in RY, and by || - ||+ the H*-norm in RY.
These norms come from the inner products

1 s T3
(u, v)r = S‘ie[uﬁ and (u,v)gs = E%e/(—A)fu (—A)7v+9‘iefui,

respectively.

(4) Integrals over the whole space will be denoted by |

(5) Generic constants will be denoted by the letter C. We shall always assume that C
may vary from line to line but it is independent of s and & unless explicitly stated.

(6) If L is a linear operator acting on some space, the notation (L, u#) denotes the value
of L evaluated at u. There is no confusion with the euclidean scalar product.

(7) C™(RY) is the space of functions which are continuously differentiable up to the
order m. C"(R™) stands for the space of u € C"(RY) with |[ullcn = Z|a|<m
[D%ull L~ < oo.

2. Properties of ground states

A standing wave solution of the problem

01 s

— — —(=A)* P =0,

Lry 2( Yo+
(0, x) = ¢o(x),

is a function of the form

o(t, x) = e'u(x),

where u: RV — C solves the elliptic equation

1
5(—A)Su+u = [u|*"u. 2.1
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Definition 2.1 A solution z: RN — C of (2.1) is called nondegenerate if the set of
solutions u of the linearized equation

1
S Ut u=Cp+ DIz u
is the N-dimensional subspace spanned by the partial derivatives of z.
We recall the following facts from [17,24].

THeEOREM 2.2 Consider Equation (2.1) for0 <s < 1 and 0 < p < pmax(s), where

2s

Pmax(s) = § N —2s
+00 otherwise.

if0<s<N/2

Then the following facts hold.

(i) Existence. There exists a solution Q € H*(RM) of Equation (2.1) such that Q is
radially symmetric, positive and decreasing in |x|. Moreover, Q is a ground state
solution, namely a minimizer of the functional

(f 1(=A)"2ul?)

f |u|2p+2

(ii) Symmetry and monotonicity. If Q € H*(RY) solves (2.1) with Q > 0 and Q not
identically equal to zero, then there exists xo € R such that Q(- — xo) is radially
simmetric, positive and decreasing in |x — xg].

(ili) Regularity and decay. If Q € H*RN) solves (2.1), then Q € H>TI(RN).
Moreover we have the decay estimate

PN
2s

2\ % (2s—N)+1
]S,P(u) — (f|’4| ) )

Cc
Q)]+ |x - VO(x)| < TE >

for all x € R and some constant C > Q.
(iv) Nondegeneracy. Suppose Q € H*(RY) is a solution of (2.1), and consider the
linearized operator at Q

L —l(—A)S—l—l—(Z 1)Q??
+=3 p+1hHO

acting on L>(RN). If 0 = Q(|x|) > 0 is a ground state solution of (2.1), then

0 a
ker L4 = span —Q,...,—Q .
3xl axN

(v) Uniqueness. The ground state for (2.1) is unique (up to translations).
(vi) Stability. For every so € (0, 1] and Q = Qj, we have

sup | Qslloc <00, sup [|Qsllz <00, sup [[(—A)/2Q,]lus < 0.
se(sg, 1] se(sp, 1] se(sp, 1]

Remark 2.3 In the sequel, we will often write Q instead of Qg, when s is kept fixed.
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Let us introduce some notation.
1 1
1) = SE@w) + > ull3
{u e H'®Y) | Jul3 = v}
Ke ={c<0|&Wu) =2¢c, VY, Em) =0 for some u € M, }
Kg ={ue M, | Vr,Ew) =0, Eu) < 0}

={m eR|I(u)=mand I'(u) = 0 for some u € \'}
ue./\f|l’(u)=0},

where

N = {u e H'RY) | (I'(w), u) = o}

is the Nehari manifold associated to (2.1). For future reference, we record that, for any
£ e H*(RY,C) and any ¢ € H*(R", C) there results

@ cw =i~ 2 [ (€2 € 08) o~ [eec @)
where we have used the notation introduced in (1.8).

Definition 2.4 In the sequel, given a function u and A, u € R, we will write u“’)‘(x) =
u(Ax).

LEmMA 2.5 Givenu € H*(RN), the following scaling relations hold true:

a2 2 ~Ny. 2
1213 = 2N u)3,
13073 = uzl’*zr”uunzﬁ”

2p+2°
I(=A) 2w 3 = w222V (=A)2ul)3.

Proof The three identities follow from a direct computation. Il
Lemma 2.6  Assume that
O<s<l1, O<p<—.
P=7N
Then, there is a bijective correspondence between the sets K & and K.

Proof Let us pick v € M,, such that (E'(v),v) = —Ly and E(v) = 2c < 0. Then,
Ly —4c = (E'(w)v) —2E(W) = p+1 ||u||§gi§ < 0, and therefore £ > 0. We can define
amap T**: M, — N by T**(v) = v**, where y and ) are defined by the condition

1 L
)\‘:Z_TS’ M:Z 2p

It is easy to check that vr e K 1. Viceversa, if u € K 1, then we choose £ > 0 such that

1_N 1
2s Y

1
= Yo ok, p=t%, (2.3)
llell3
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so that u"* € M, and Vq,EuH*) = 0. Hence (T/"*)f1 = T/m1/* concluding the
proof. U
LemMma 2.7 Assume that

2s

0 I, 0 —.
<s< <p<N

Then there exists a bijective correspondence 7 : K; — Kg defined by the formula

2s,

T 25D
T _ N 1 ysp %—Np [ 1\ Z-Np
m=(5-) (5o — :
s p 2(p+1)s—Np m

Proof Pick m € K. Then, there is some u € N such that I(u) = m and I'(u) = 0.
Therefore,

m=1(u)— ! <1’(u),u>=l P llul|%s > 0.
2p+2 2 p+1 "

Forc € K¢ NR™ we select v € M,, corresponding to c. In turn, there exists £ > 0 such that
J(=AY v —|v|*Pv = —Lv. Letus set TH*(v) = vt with o = €7/ and p = ¢/,
Then, T** maps M, into N and v+ solves %(—A)Sv“')‘ + vt = [ur 2Pyt The
Pohozaev identity yields

N —2s
4

s N N 2p+2
/ [(—A)ZvH* 2 + EHU"’)‘H% = mllv/‘skﬂziu'

But v* € N, namely

1 s
||v“')‘||%+§/|(—A)2v“’}‘|2=/|v"’)‘|2p+2_

Hence

N —2s N s N N
— —A)2pHot 2 o 1A 2 =,
( 4 4p+4> I(=A)2 ”2+(2 2p+2>”” I2

and

1 .Y L1
- —A)2 k2 - w2 =m,
(4 4p+4> I(=A)20% 1z + (2 2p+2> o™l = m

where m = I (v**). After trivial manipulations, we discover that

s 2Nm
I(=A)2v" 5 = T

fos g = 22w £ D = Nmp

2 sp ’
W 2p+2 2m(p +1)
ot g3 = 2P D,

p



Downloaded by [Universitadegli Studi di Torino] at 00:48 26 June 2014

1712 S. Secchi and M. Squassina

Recalling Lemma 2.5, we write the previous identities as:
2

%
)LN72s ”

2 +2
P / | |2p+2 ﬁ
)LN 2p +2 ’

2m(p + 1)s —mNp
sp '

s 2 mN
(=A)2v]5 = 5

= ol =

But v € M,,, and hence

y = 1ol? = 657% 2m(p + 1)s —mNp
2 sp

and

25—Np _ ysp
~ 2m(p+1)s —mNp’

1
Since A = E’%, w =~ 2, we find

2s,
AN 2mN _ ( ysp )Hbf\/zv 2N _ 2

—m 25—Np
ur s 2(p+ 1)s — Np

I(=A)zv|3 = .

Similarly,

2s 2sp
I ”2p+2 _ N om _ 1 ySsp I+ 5=p 1)\ 2= T-Np
2p +2 22 w22 p 7 p \2(p+1)s — Np m '

To summarize, if ¢ < Ois a constrained critical value of € on M, and m is the corresponding
critical value of I, then c is given by

N 1 Vsp 52y 1\ 5ok
“\2s p)\2(p+1)s—Np m '

This concludes the proof. |

We also have the following

CoROLLARY 2.8 Assume that

2s 2(p+1)s — Np
O<s<l1, O<p<—, Www=my——m,
N sp

= inf IT(u). 24
my =t (w). (24)

Then we have

my = inf I(u) =:m,,.
N ueMy, @) "

Furthermore, any ug € N with I (uy) = mps satisfies ||u0||% = yo and E(ug) = infue/\/(y0
Eu).
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Proof Observe that, taking into account the monotonocity of .7, we obtain

1
my, = inf ES(u)—}— % =T (my) + %

ue My,
ST U T LS T
2s  p/\2(p+1)s —Np mAas 2 ’

after a few computations and by the value of yy. This concludes the proof of the first
assertion. Now, given ug € N with I (ug) = m s, by repeating the argument in the proof of
Lemma 2.7 (namely by combining the energy, the Pohozaev and the Nehari identities) and
by the definition of yy we get ||u0||% = yp (notice that, from (2.3),itholds £ =1 = A = u,
ie. TH* = TV®1/% = Id). The last assertion then follows immediately from ms =
My, ]

CoroLLARY 2.9 Let Q > 0 be the unique ground state solution to problem (1.2) and let
s, p and yg be as in (2.4). Then, we have

£(Q) =min{€(q) : ¢ € H'®RY,0), llglla = o = 1Ql2}, 2.5

and min{E(q) : g € H*(RN, C), |lgll2 = | Qll2} admits a unique solution.

Proof The assertion follows by Corollary 2.8 and by the uniqueness of ground state
solutions. Il

3. Spectral analysis of linearization

In this section, we perform a spectral analysis of the linearized operator at a nondegenerate
ground state Q

1
Li=2(=0)+1-@Qp+1DQ¥
acting on L?(R", C). Let us introduce the closed subspaces of H*(RY, C)
V= {u e H*RY,C) | (u, Q) = 0]

8Q>
2

VOZ{MGHS(RN,@)W, Q>2=<u,H(Q)§ =0, j=1,2,...,N},
J

where H(Q) = 2p + 1) Q??.

LemMma 3.1 Assume that

2s
O<s<l1, 0<p<—
N
and define
o =inf {{(L4(u),u) | u € Vo, llul2 =1}.
Then o > 0.

Proof  Firstly, we claim that o > 0. Indeed, dQ/dx; € V foreach j =1,..., N, and

(L+(8Q/0x)),00Q/dx;) = 0.
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In addition, since (see Corollary 2.8) Q minimizes £(u) over the constraint M = {u €
HS@®RYN,C) | lull2 = || Qll2}, it follows that Q also minimizes 21 (u) = £ (u) + ||u||% over
the same constraint. In particular, Q is a constrained critical point of /, and a direct com-
putation shows that the second derivative I”(Q) is positive semi-definite on V. Therefore,

inf {{Ly(u),u) |ueV}=0. 3.1)

Since
o> inf {<L+(M), M) | ue V} )
the claim is proved. We assume now, for the sake of contradiction, that « = 0. Pick any

minimizing sequence {u,}, for «, so that ||u,l|» = 1 for every n € N, u,, € Vy and
(L4 (up), uy) = o(l) as n — oo. On the other hand,

(L (un), tn) = %/|<—A)%un|2+/|un|2—<2p+1)f92”|un|2,
and hence
/ (=AY < € <0(1) b2+ 1>f Q2P|un|2) <c+ Cf ual? < C.
RN

The sequence {1, }, being bounded in H* (R", C), we can assume without loss of generality
that u, — u in H*(RN, C), and u € V) because V) is weakly closed.

Notice that the operator {u — H (Q)u} is a multiplication operator by the function Q*?
which tends to zero at infinity. Given p > 0, let us write

@) 1 if x| <p
X) =
Xe 0 if x| > p.

It follows that

2
/QZ‘”IMIZ— %0 0| P|u|2=f 0% u> < sup Q(x)zf’/lulz.
RN\ B(0,p)

xeRN\B(0,p)

Then, the compact embedding of H*(B(0, p)) into L?(B(0, p)) yields the compactness
of the multiplication operator H (Q) (see also [25, Theorem 10.20]) and the convergence
(un, H(Q)ty)2 = (u, H(Q)u)z + o(1). As a consequence,

0= (L), u) < liminf (s — (n, H(Qun)2) = T (Lo(utn), n) =0,
n—+4o00 n—+0o00
forcing (L4 (1), u) = 0 and (L4 (uy), un) = (L4 (u), u) + o(1). By lower semicontinuity,
we get

2 .. 2 . 2 .
”u”HS = ngfg ”u”“HJ = 121—1:_?_25 ”Mn”]-[s = nl}I_POO(LJr(un), un) + (un, H(Q)uy)2

= (L (), u) + (u, H(Q)u)s = |lull3s.

So far we have proved that u,, — u strongly in H*(RY, C) and that u is a minimizer for
«. From now on, for ease of notation, we assume that N = [; the general case is similar,
but we need to replace Q' with either any partial derivative or with the gradient of Q in
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the following arguments. Hence, the assumption reads as p < 2s. Let A, u and y be the
Lagrange multipliers associated to u, so that, for all v € H*(RV, C),

(Lyu, v) = A{u, v)2 + u{Q, v)2 + y (H(Q)Q', v)2.

Choosing v = u € 1 immediately yields A = 0. Instead, choosing v = Q' and recalling
also that Q 1. Q" in L>(RV, C), we find

0= (Lyu, Q') = 1(0. Q)2+ y(H(Q)Q'. 0')2 = y(H(Q)Q', ).
Now,
(H(Q)Q'. Q') = 2p + 1>f 0|0/ > 0,

and this yields y = 0. Hence, Lyu = Q. To proceed further, we compute

Li(xQ) = %(—A)‘ xQN+x0' - 2p+ DO (xQ")
and we use the commutator identity (see [26, Remark 2.2] or [16, Lemma 5.1])
(=AY (x - Vu) =2s(=A)’u +x - V(=A)u
with u = Q, which implies
(=AY’ (xQ") = x(=A)' Q" = 25(=A)* Q.
But 3(—=A)*Q’' + Q' — (2p + 1)Q?’ Q' = 0 and hence
Li(xQ) =s(=A)°Q. (3.2)
Similarly,

L(lo)=tcariorio-@ptnorio="(-2p070) = ~250""".
p 2 p- P p

s
P (3.3)

Putting together (3.2) and (3.3) we see that
L+(xQ’ + iQ) — —250.
p
As a consequence,
s
Liu=p0= L+(— 2ﬁ<xQ’ + —Q)).
S p
But Q is a nondegenerate ground state, namely ker L = span{Q’}, and there is ¥ € R
with i s
w4 —(xQ’ n —Q> =90
2s )4
We claim that ¢ = 0. Indeed,
u=-2(x0'+20)+90,
2s p
and multiplying by (2p + 1) QP we get

Q2p+ 1)Q*u = —é’“—s(zp +1)0¥xQ — %(2;9 +1O¥ 4+ 2p+ 10?0
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Since u € V),
(2p+1)0*u, QY2 = (u, 2p +1)0* Q') = 0.

Since Q is an even function, Q' is an odd function, and this implies
(H(Q)0, Q2= (2p+1) / Qo' =0
(H©)Q. 0 = 2p+1) [ @Fx(@) =0.
On the other hand,
(H(Q)9Q' Q)2 =(2p+ 1)9/ Q°7(Q')* > 0,
and we conclude that ¢ = 0. Hence,

-he+io

O=/uQ=—§L—S/xQQ/—%/Q2.

It is readily seen that u© # 0. Moreover, an integration by parts shows that
1
/ xQQ'=— / 0*
2
1 1
G-
2p 4s

Since p < 2s, we deduce Q = 0, which is clearly impossible. The proof is complete. [

and

and thus

Remark 3.2 Actually the previous proof yields a positive constant o such that
(Ly(v), v) > a0||v||§ for every v € V.

Hence, V) becomes a complete normed space with respect to the norm v +— /(L1v, v).
Now the Closed Graph Theorem tells us that, for a suitable & > 0,

(Ly(v),v) = @|v|%s forevery v e V. (3.4)
LemMa 3.3 Suppose ¢ € L2(RN | C) satisfies |¢|» = || Qll>. Then

2 ~ 2 1 2
(Q.Re(p— D)2 = <|I9‘ie(¢> — O3+ 19m(p — Q)IIz) =—5ll¢—-Ql3. 35)

1

2
Proof It follows from a direct computation and the fact that Q is real valued. O
ProrosiTION 3.4  Assume

O<s<l1, 1<p<—.
P=7
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Let us take ¢ as in (3.5), such that

<%d¢—@Jﬂ@ig>=Oimj=LlnqN. (3.6)
ij 2

Then

(Ly(Re( — Q)), Re(p — Q) = C|Re(d — O)I3s — Cillg — Qllsys — Callp — Ol

3.7
for suitable constants C, C1, C> > 0.

Proof 1Tt is not restrictive to fix || Q]2 = 1. We decompose U = Re(¢p — Q) as U =
U+ Uy, where Uy = (U, Q)>Q. By formula (3.5), we get

=AU I3 < 20(=A) 2 Uy + 201 (—A) 3 UL |3

1 4 EX 2 s 2
=516 = Ulzl(=2)>Qll; + 2l (=A)> ULl

so that
CAVULR > A=A R = Lo — olti—a)iof?
I(=2)2ULlz 2 SI(=A)2Ull; = 7ll¢ = Ql2[(=A)2 Q3. (3-8)
The symmetry of L implies
(L U, U) = (Ly Uy, Up) + 2(Lp UL, Up) + (Le UL, UL). (3.9)

But (U, H(Q)0Q/dxj)2 = 0, hence also (U1, H(Q)dQ/0x;)» = 0 by (3.6). As a
consequence, U € V. We deduce from (3.4), (3.5) and (3.8) that

(L+UL,UL) = C (101 — 19 - 01I3) (3.10)
Again, from (3.5), we get
1
(LyUL U)) = (Q. V(L4 UL, Q) = =516 = QI3(UL. L+Q)
= Zlig — 013(e /(—A)S”U(—A)S/ZQ — (U, Q=AY Q13)

= 216 = QI31=2)"(¢ = Q2 (=8)2Ql2 = ~Cll¢ = Q13-
(3.11)

Finally, we get

_ 2 _1 4 __p 2 4

(LiU), Uy) = (U, Q)7(L+Q, Q) = leqﬁ — Qlx(L+ 0, Q) = —EIIQIIH.YII¢ = Ql>-
(3.12)
Putting together (3.9)—(3.12), we complete the proof. O

Let us denote by L_ the imaginary part of the linearized operator at Q, namely

1
L_=§eAf+1—Q@.
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ProrosiTioN 3.5 There results

) (L-v,v)
o Tl
v V|5

(v.0) s =0 "

Proof It suffices to prove that
L— ’

inf # > 0. (3.13)
v#0 vz

(v.0) s =0

First of all, let us recall that lim|,|_, 1 o0 Q(x) = 0. Since, as claimed in [16, Section 3.2],
1 i
Oess (E(_A)s + 1) = [1, +00)

and since the multiplication operator by Q27 is compact, we deduce that
Oess (L—) = [1, +00)

It now follows that L _ has a discrete spectrum over (—oo, 1) which consists of eigenvalues
of finite multiplicity. Of course Q € ker L_, so that O is an eigenvalue of L_ and Q is
an associated eigenfunction. But Q never changes sign, and we deduce from the proof of
Lemma 8.2 in [17] that O is the smallest eigenvalue of L_. In particular, L_ is a nonnegative
operator. Once itis proved [17] that the heat semigroup H, (¢) = exp{—t(—A)*}is positivity
preserving, namely its kernel is a positive function, standard arguments (see [27, Section
10.5] or [25, Theorems 10.32 and 10.33]) show now that this eigenvalue is simple. Therefore,
ker L_ = span Q. Let us set

= inf ((L_v,v) | vl =1, (v, Q)p= = 0},

and assume for the sake of contradiction that w = 0. If {v,}, is a minimizing sequence for
w, it follows from the regularity properties of Q that {v,}, is bounded in H*(R, C), and
we can assume without loss of generality that this sequence converges weakly to some v;
as a consequence, (v, Q)ys = 0. Again, the compactness of the multiplication operator by
0?7 entails

0 < (L_v,v) < liminf (||vn||;p _ / szvg) — lim (L_vy,vp) =0,
n—-400

n——+00

and thus (L _v, v) = 0. But then

2 C 2 . 2 . 2p. 2
v||%s < liminf ||v s <limsup ||v s = lim (L_v LUn) + pv)
ol < timinf ol < Tim sup ol = Tim (¢ v, vn) + [ Q2]

—(Low. v)+/Q21’v2 < [oll.

We have proved that v, — v strongly, and that v solves the minimization problem for w.
Therefore, A and p being two Lagrange multipliers, we have that

(L_v,n) =M, n)2 + u{Q,n)us,

for every n € H*(R, C). Choosing n = v yields A = 0; choosing n = Q and recalling
that L_Q = Oyields 0 = (v, L_Q) = (L_v, Q) = /L||Q||2 s. Hence © = 0, and we
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conclude that L_v = 0. Since we know that ker L_ = span Q, for some 6 € R we must
have v = 6 Q. Butthen 0 = 0| Q||%IS, a contradiction. This shows that v > 0, namely the
validity of (3.13). U

LemMmA 3.6 Fix¢ € HS (RN, C) such that |¢|l» = || Q|l» and

inf |l —e” Q¢ —x)lms < 1Ol as- (3.14)
xeRN
9 €[0,2)
Then _
inf ¢ — PO — 1), (3.15)
xeRN
9 e[0,2)

is achieved at some xo € RN and 9y € [0, 217). Moreover, writing ¢ (- +x¢)e 170 = Q + W
where W = U 41V, we have the relations, for j =1,2,..., N:

<U,H(Q)%> =0 and (V,Q)ps =0. (3.16)
J12

Proof The variable 9 € [0, 27r) is clearly harmless, since e!” describes the compact circle
S! < C. We can therefore assume that % = 0. Consider the auxiliary function n: R¥ — R
defined by setting n(x) = |[¢ — Q(- — x)||%15. Plainly, n is a continuous function, and

n(x) =203+ I(=A)2 Q13 + I(=A)2 9|3
—2me [ 50100 —0dy = e [ CAT00I-2)F00) dy

because [|¢]l2 = || Qll2. Since both Q (-—x) and (—A)% Q(-—x)decay tozeroas |x| — +o00
(thanks to Theorem 2.2 and using the equation satisfied by Q), we deduce that they also
converge weakly to zero as |x| — +oo. It easily follows that
im v @) =21013 + (=8 QI3 + (=2 213 > QI

On the other hand, assumption (3.14) entails that, for every § > 0, there exists a point
xs € R with n(xs) < || Q||12L[S + §. As a consequence, the function n attains its infimum on
some ball B(0, R), for a suitable R > 0, and the proof is complete. Finally, we compute
the Euler-Lagrange equations associated to the variational problem (3.15) by differentiating
with respect to 6 and to x;:

(6 = e™0( —x0), =i (- —x0)) =0 (3.17)

HS

. o0 0
<¢ _ ™0 — xo). _elﬁong(. _ x°)>m —0. (3.18)

Equation (3.17) yields

Re / (6= e™0¢ —x0)) =ie™0( = x0)

1 s . 5 -
+ 5 / (=) (¢~ €™0( ~x0)) (—A)F (i Q( — x0)) =0,
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namely
[ o= xo3m (seim) 5 [arior - wam (-t () =0

or (Q, V)ps = 0. Similarly, Equation (3.18) yields

Re / (¢ —e"0(—x0) —eil’o%c — x0)

J

n %%e /(—A)% <¢> — Q. — xo)) (—A)2 (—eiﬂog—Q(' - xO)) =0

Xj
or
/U—+/Q f( A)ZU<A>2—+ /( A>2Q<A>—Q=0.
0x; dx
Since
00
/Qa——o—/( A)?Q (- A)Z—
Xj
and using the fact that
1 YaQ a0 90
( Ay ¥, 8x., (Q)ax,
we finally deduce <U, H(Q)(fF;TQj>2 =0. O

LemMma 3.7 If p € (0, 1), there exists a constant C > 0 such that
‘|Z|p712 - |w|p71w‘ <Cl|z—plP, foreveryz, w e C.

Proof Letz,w € Cbe givenandlet 9 € [0, 277) be the angle between them. Without loss
of generality, we may assume that = |z|/|w| > 1. Since we have

||Z|p71Z—|w|p71w| (t2P + 1 — 2P cos ) /2
< < 400,
|z — w|P tell.oo) (1241 —2tcos )’
9el0,27)
the assertion follows. O

ProposiTioN 3.8 Let W(u) = [|ul>’2. Then W is of class C* on H*(RN,C) for

0<p<£.

Proof Since W” is a symmetric bilinear form on the real Hilbert space H*(R", C), its
norm as a bilinear form equals the norm of its associated quadratic form, see for example
[28, Lemma 2.1, p.173]; therefore we prove that

W (u)(h, h) — V" (v)(h, h)

o, sup 112, =0
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From (2.2) we know that W”(u) splits into two terms (we drop some multiplicative
constants),

W (u)(h, h) :=/|u|2PhE and WY (u)(h, h) :=/|u|21’*2(9%e(uﬁ))2, h e H (RN, 0),

which we shall treat separately. Let {u,}, C H® (RV, C) be such that u, — u strongly as
n — oo. Then, in the case 2p < 1, by the Holderianity of the map s > s2” we obtain that

| () (hy h) — W] () (h, B)| < c/ i 2P — [u*P||h|* < C/ ltn — ul*P ||

By applying the Holder inequality with admissible exponents (g, ), respectively,
N _ N ( N )

9 N —2s

=—>1, r=——¢€
p(N — 2s) 2ps+ (1 —p)N
it follows for every h € H*(RY, C) with ||h||gs < 1

[ ), ) = W] @), ] < Cllag =l 113, < Cllun =l

N-2s N-2s

since [|All2, < C||h|lgs < C, concluding the proof for W'". The opposite case 2p > 1 can

be treated similarly. Let us now come to the treatment of \Ilé’ . We notice that, for p < 1, we
get

P2 R, ) — P2 (Re k)
= 20h max {Juea |7, ]} |lea |~ Re ) — ]~ Re wh)
< Cmax {jun|”, |ul”} luy — ul? 2],

where we used Lemma 3.7. Now we can proceed as before and conclude the proof. O

3.1. Proof of Theorem 1.1

We consider the action I (¢) = 1&(¢) + %I|¢||% and we control the norm of w in terms of
the difference I(¢) — I(Q). Using the scale invariance of I, recalling that (I'(Q), w) =
0, the orthogonality conditions (3.16), Propositions 3.5 and 3.5, and taking into account
Proposition 3.8, by virtue of Taylor formula, we have

1
1) = 1(Q) = 1(Q+w) = 1(Q) =(I'(Q), w) + 5(1”(Q)w, w) + o(llwlFs)

1 1
= {Lyu,u) + (L v, v) + o(lwllFs)

Cllullys + Cllvlls +o(lwle) = Cllwl%s + o(lwll%s).

v

To complete the proof of Theorem 1.1, we observe that for every ¢ > 0 there exists § > 0,
such that if € H*(RY, C), ||¢]l2 = [|Q]l2 and E(p) — E(Q) < &, then

inf lp —e? Q¢ —x)lus < e.
xeRN  9€[0,27)
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Then, choosing £(¢) — £(Q) small enough, Theorem 1.1 follows. By the uniqueness of

solutions to min{E(q) : ¢ € H*RY,C), llgll2 = ||Qll2} (see Corollary 2.9) the above
implication follows by Lions’ concentration compactness principle as in [29]. U

4. Dynamics of the ground state
We first recall the following (cf. [24, Lemma 2.4]).

LEmMa 4.1 Lets, 6 € (0,11 and 8 > 2|6 — s|. Then, for any ¢ € H*@+t)(RN),

[0 = are|, = c@ 516 = sl el o,

for a suitable C (o, 8) > 0 of the form C (0, §) = % + % with C1, C; independent of 7, 6.

Let now u® be a solution of the Cauchy problem (1.1). The energy is defined as

1 [ 2 1 & 2
Eg(r)=mf|<—m2u 0P + = [ Vel

(p+1) N/'” (t, x)|2p+2

and E;(t) = E.(0) for every r > 0. Moreover, the mass conservation reads as

1
8—Nf|u£(r,x>|2= 10 =m 120, e>0.

Let us set
J, = —C(N.s) // 0 ) (Qx)— Qé)'cN:;))(l — cos(z, v0>)dxdz,

and define

H(t) = %mw(r)ﬂ? +mV(x(1), 1=0.
Then, we have the following
Lemma 4.2 Fort € [0, 00) and € > 0 we have
Ec(1) = E£(Q) + H(t) + O(?) + %JS.
Moreover, J; = O(1 — s).

Proof Assuming xo = 0 for simplicity, we observe that

éxvo _ Yy é<yJJo)2
eN— 2;/ 2(2)e Q(;)e ’dXdy

v — yN+s

| |Q(x)e“° o et

)C _ y|N+2s
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Recalling the identity [23, formula (3.12)]

1 — cos({z, vg) |v0|23
dz = , 4.1
/ Vs T Oy @D
we obtain, on account of [23, Proposition 3.4], the following conclusion
Qe — g et
o=y [V "
|Q (x) %) — O (x)ell¥ %) 4 Q(x)elly v — Q (y) ei<y,vo)’2
Zf |x — y|N+2s dxdy
: 2
10(x) — Q(»I? / |0 (x)]? |elfr:v0) — eity-vo) |
—————dxdy dxd
/ =y * = y|N+2S SRS
1Q(x)> (1 = cos{x — y, vp)) 2
A 3 2 dxd
C(N plcarel+ / o — N2 Dr W
[Q()|* (1 — cos(z, vo)) 2
A 3 2 dxdz + ———
C(N cavyl-rel+ / 2[NS Yt ey
I(=A)2 Q|3 +2/IQ( )| '”"'25 2
C(N 5) 2 C(N,s) C(N,s)"’
= s)(||(—A)'fQ||2+ lvol* 10113 + Is).
Therefore,
I(=2)2(Q () PN 13 = [[(=A)2 QI3 + lvo* 1 Q113 + Js. (4.2)
We know from a direct elementary computation (since [|(—A)'/?¢ll, = |Vgll2) that
il. 2
[(=M)'2(Q () ") [ = 1= Q115 + vl Q115 (4.3)

From Lemma 4.1, we learn that

I=A)2(Q ()N |3 = (=) 2(Q () ™) |3 + O(1 - 5)?),
I(=2)2 Q13 = (=) QI3 + Ol — )%,

Taking into account that [vo]® — |ug|> = O(1 —5), it follows by comparing (4.2) and (4.3)
that J; = O(1 — s5). Hence, by energy conservation, we conclude that

1 $ 2. Lo 2 2
E:(t) = E-(0) = §||(—A)2Q||2+—|v0| ||Q||2+/V(gx)|Q(x)|
2p+2
p+1/|Q| + J]
:5(Q)+§m|vo|2s+mV(0)—mV(O)+/V(8x)|Q(X)|2+%J;

= &(Q) +H{@) + / V(ex)|Q()[*dx —mV (0) + %,,]Is.
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Itis readily checked that H is conserved along the trajectory x (), in light of Equation (1.3).
Since the Hessian V2V is bounded and, by the radial symmetry of Q,

/<x, vV ©O)I0m)* =0,
we conclude that f V(ex)|Q(x)|*> — mV(0) = O(¢2). This ends the proof. O

Remark 4.3  Unlike the local case s = 1, in the cases s € (0, 1) we cannot expect a precise
conclusion as E. (1) = E£(r) + H(t) + O(?). Indeed, the fractional Laplacian does not
obey a Leibniz rule for differentiating products.

For the fractional norms of u?, we have the following

LeEmMmA 4.4  There exists a constant C > 0 such that
s N-2s
[(=A)2u(t)]2 < Ce 2,

for everyt > 0 and every ¢ > 0.

Proof Since V is bounded from below and E.(¢) is uniformly bounded with respect to
t>0,e>0ands € (0, 1] by Lemma 4.2, we deduce that, for all # > 0,

=03 (]2 < CeV 2 4 Ce~ / e (PP

Np

_ _ 2p+2-2 s Sk
< C(SN Bt 2sllug(t)Hzp =) U@y ) 4.4

Here we have used the Sobolev-Gagliardo-Nirenberg inequality (1.7) with exponent

_2s(p+1)—Np

»p+0) € (0, 1).

Recalling that ||u®(¢)]l» = \/ZEN/Z by the conservation of the mass, we can write (4.4) as

X 2p+27¥)

I8t 1 = C(eV 72 + a7 H I3t ol ) @s)

Now, setting for simplicity .4 = A" (g) = ||(—A)%u8(t)||2 > 0, (4.5) becomes
A <c (gN—z‘v L F (22 ,/V> |

We claim that ./ < C 8N%2S. Indeed, we rescale 4 = EN%ZS % and deduce that

o) Np
Ze<CU+2Z5).
Since Np < 2s by assumption, we are lead to 2 < C and the proof is complete. Il
Define now

(ex + x (1), v(t)))us(ex +x(1), xeRN, >0,

(1, x) = exp ( 1
9 . 8
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where (x(7), v(t)) is the solution to problem (1.3). Notice that the exponential function is a
globally Lipschitz continuous complex valued function with modulus equal to one. Then,
by a variant of [23, Lemma 5.3], it follows that W¢(z, -) € H*(R", C) for any r > 0 and
e>0.

We have the following

LEmMMA 4.5 Let
Mz, &, s)

:=C(N,s) // %e[ug(t, ex + x()[u (t, ex + x (1)) — ut(t, ey + x(1))]

e—ilx=yv(®) _q
X —|x D i|dxdy.

Then we have
Mz, ¢, s)

£V (1)) = %mw(r)ﬁs e

1
—N/V(x)|u£(r,x>|2+Eg<r),
&

for everyt > 0 and every ¢ > 0.

Proof Proceeding as in the proof of Lemma 4.2, we compute

3 _ \WE 2

|x—y|N+25

=1t e, 5) +1a(t, e 5) +M(,e,s),

where we have set

__C(N,s) uf (¢, ex + x (1)) — u(t, ey + x (1))
Ii(t, e,5) = > // X N dxdy
i iigy 2
C(N. 5)  |e et 0.00) _ o Heytx.0)
Ir(t,e,58) = 5 // |u5(t, ex + x(t))| | P =T | dxdy.

By changing variables, and recalling again (4.1), it readily follows that

it &, 5) =¥ N (=A)2uf (1) |3,

Lt e, 5) = e N> |u 0] = mlo@) >

Mt, e, s) = C(N,5)e™ N [ | Re |uf(t, x)[us(t,x) — uf (¢ )]w dxd
,€,8) = s u , X , X u s Y |x—y|N+ZS y.

It follows that

EWE (1) = %/I(—A)%Wa(t)lz— ﬁ/wa(mz"“

11 s g 2 1 2 1 . 2p+2 . M, e, 5)
=3 (—A)2u (t)H2 + Emlv(z)l T llu® @, )50 + —
1 Mz, ¢, . 1
= Dty + 2D — / VOl (1, )1 + Ee (1),
2 2 £

concluding the proof. (I
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Finally, we have the following

CoroLLARY 4.6  There holds

EWE (1) = E(Q) = &(1, &, 5) + O(e?),
where &(t,¢e,s) = &1(t, €,5) + &E(t, €, 5) and
M, e, s) + Js
-5
&r(t, e, 5) ==mV(x(1)) — L/ V@) [uf (1, )1,

Eit, e, 5) = mlv(t)* +

for everyt > 0 and every ¢ > 0. Furthermore & (0, €, s) = O(g2).
Proof By combining Lemma 4.5 with Lemma 4.2, we find
1 1
EWE()) = —m|v(t)|2s + 2M(t £, 5) — /V(x)|u (t, ) + Ec (1)
2s 1 2
= —mlv(t)l + M(l &,8) — V()lu®(t, x)|

+E(0) + §m|v(t)lzs +mV(x(@) + O@E?) + EJS
M, e, 5) + Js

=mlv(1)|* + f +E(Q) +mV (x(1))

- iN/V<x)|u8<t,x)|2+O(sz)
&
=&1(t,e,5)+ &(t, e, 8) + 0(82).

Now, since we have u®(0, ex + x(0)) = Q(x)eé“x“"’”"), we obtain

M0, &,
&1(0, &, 5) = mlv|** + %

_CN,s) f/ 0 (x) (Q (x) = O (x — 2))(1 —cos(z, vp))
2 |Z|N+2s

dxdz

. —i(x=y,v0) _
[[ ew[ew - et Lanay

e — y|VH2s
_ C(N, 5) Q (%) (@ (x) = Q (x —2))(1 —cos(z, vp))
|Z|N+2s

= m|vo|*

dxdz

—m|vo|2Y C(N, s)/Q (x>/cl‘l’v+2f°>d xdz = 0.
That & (0, ¢, s) = O(g?) is immediately seen. O

Remark 4.7 From Corollary 4.6, it seems evident that the quantity

dxdz

aen [ e[t 010 @ x) —ub i, x - e 0 - 1]
// |z|NF2s

_/ Q (x) (Q (x) = @ (x —2))(1 —cos(z, vo))

|Z|N+2s dXdZ’
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multiplied by C(N, s)/2, represents a nonlocal counterpart of the total momentum in the
local case, precisely (compare & and &> with the right-hand side of [7, formula 3.5])

. e & o 1 ~
—(X([), plocal(t’ )C)), plocal(t’ x) T eN-1
x € RN, 1t €0, 00).
As known, pfo cal satisfies the following identities, for # > 0 and x € RN,

3 |ut(t, x)?
ot &3

a
al,/plocdl(t x)dx

In the fractional case, a counterpart of these identities seems hard to obtain.

= - div(pf()ca] (t9 x))s

—iNfVV(x)M(z,x)Fdx.
&

4.1. Proof of Theorem 1.2

By Corollary 4.6 and by the characterization of the ground states as minima on the sphere
of L2, we have 0 < EWE@)—E(Q) =E(t,e,5)+ 0(82), where & satisfies £(0, ¢, s) =
O(e?). By Theorem 1.1 we know that there exists constants B, C > 0 such that for ¢ €
H'(R?, C) with [|¢]l2 = || Qll2, we have

E@)—EWQ)>C inf ¢ —e?0C—x)%

xeR3,0€[0,27)

provided that £(¢) — £(Q) < B. Then, introducing
75 .= sup {r € [0, Tol | £(z, ¢, 5) < B for allt € [0, t]}

and, since £(0, &, 5) = O(g?), it follows that 745 > 0 for any ¢ > 0 sufficiently small
and every s € (0, 1) there exist families of continuous functions 6¢%: R — [0, 27r) and
755 RV — R which satisfy the assertion. ]

4.2. Proof of Theorem 1.3

For s € (0, 1], consider the solution u{(¢,-) € H* (RV, C) to the Cauchy problem (1.1)
Then, taking [23, Proposition 2.2 and Lemma 5.3] into account, there exists a positive
constant C such that

‘”i(t)— 0, (%“)) jlas0)

where we have set

4
2
<CY Aities),

i=1

e

At e.s) = uf () — uf @3,
1 x —x1() v1<t> X |12
Aatts6.9) 1= g [0 - @1 ()T
x — xg(t) 500 x —x1(t)\ ;o E 2
e = oy (FRR)e g ()|
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Ag(t; e, 5) := H Qs(x_—xsm> - Ql(x_—w>“ﬁr

&

over finite time intervals [0, T'], for T > 0. Then, we have the following

ProrosiTioN 4.8 There results

(@) As(t;e,5) < Ce* foreverye € (0,1], s € (0,1), t > 0 and some C > 0,
(b) hm As(t; e,5) =0foreverye € (0,1]andt > 0;

(c) hm Ay(t;e,5) =0foreverye € (0,11 and t > 0.

Proof The proof of (a) follows immediately from [7, Theorem 1.1]. The proof of (b) is a
consequence of the fact that x;(f) — x1(¢) and vs(r) — v1(f) when s — 1, since

IR R

+ e (Ll(”)[e et a0
L0 —n0)
&

2

"
=cloio - o+ 12+ 01O E D)

(_ Jrxs(t) - xl(t)>H

<cloie) -0 QIO

where we have set
2,(x, 1) 1= P+l () _ ei<v1<z),(x+s-‘x1<z)>, t>0, x cRV.

The first term goes to zero as s — 1, forany ¢ € (0, 1] and # > 0 (see e.g. [7, p.185]).
Since |Es(x, )| < 2 and |[VE;(x, 1)| < [lvsllLe(0,1) + lvillL>(0,T), the second term goes
to zero by dominated convergence. The proof of (¢) is a direct application of [24, Lemma
2.6], since

hate) = |0, (F20) - o (RO =0 oy
concluding the proof. Il

Based upon the previous conclusions, the proof of Theorem 1.3 is complete.
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