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1. Introduction and result

Let 2 C RN be a smooth bounded domain. The aim of this note is to establish the existence, uniqueness and boundary
behavior of the solutions to the singular quasi-linear problem

—div(a(u)Du) + %”)wuﬁ —f) ing.
u>0 in £, (1.1)
u=20 onds2,

where a : (0, +00) — (0, +00) is a C! function bounded away from zero, f : (0, +00) — (0, +00) isa C' function and
there exist ay > 0 and fy > 0 such that

lim+ a(s)s** = ay, forsome0 < pu < 1, (1.2)
s—0

lim+f(s)s’” =fy, forsomey > 1, (1.3)
s—0
2f'(s)a(s) < f(s)d'(s), foreverys > 0. (1.4)

We refer the reader to [1] and to the references included for an explanation of the interest in and motivations for analyzing
these equations. In the one-dimensional case, equations such as (1.1) typically arise in certain problems in fluid mechanics
and pseudo-plastic flow (see e.g. [2,3]). In the semi-linear case a = 1, various results concerning the existence, uniqueness
and asymptotic behavior of the solutions have been obtained in the literature already (see [4-8], the monographs [9,10] and
the references therein). Under assumptions (1.2)-(1.4), for the case where d(x, 052) denotes the distance of a point x in §2
from the boundary 052, we shall prove the following:

Theorem 1.1. Problem (1.1) has a unique solution u € C?(§2) N C(£2) and there exist I, I'', I'"" > 0 with
2 2 1—y+2n
rd(x, 92)™ 2 < u(x) < I'd(x, 92)™ 2,  |Du(x)| < I'"d(x, 92) T2, asd(x, 32) — 0.
— 2 —
Moreover u € Lip(2)if 1 <y <142u, ue O -z (R2)ify >1+2nuandu e H(}(SZ) ify <3-2u.
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Hence, in some sense, the functions a and f compete for the vanishing rate of the solution and for its gradient upper bound,
near the boundary d52. Furthermore, the range for Lipschitz continuity of u up to the boundaryisy <14 2u, y # 1,and
thus enlarged with respect to the one for the semi-linear case, namely 0 < y < 1; see also Remark 2.2. In [11], the author
and Gladiali have jointly recently performed a complete study concerning the existence and qualitative behavior around
052 of the solutions to the problem

div(a(u)Du) — @wuﬁ =f(u) in$2,

u(x) - +oo asd(x, 02) — 0,

covering situations where a and f have an exponential, polynomial or logarithmic type growth at infinity and a nonsingular
behavior around the origin. In contrast, here we focus on the singular behavior at the origin for a and f with the action of the
source f being in some sense predominant at zero as regards the diffusion a, due to the constraint y > 1 > u. Without loss
of generality we assume that a grows as s* and f decays ass—P ass — +oo for some k > 0 and p > 1, in which case one can
also obtain estimates for u and |Du| valid on the whole £2, as pointed out in Remark 2.2. In the particular case where a = 1,
problem (1.1) reduces to —Au = f(u) and the above estimates reduce to I"d(x, 32)% ") < u(x) < r’d(x, 3£2)%1+v)
and [Du(x)| < I'"d(x, 382)1~7/0+) 35 d(x, 9§2) — 0, consistently with the results of [4,7]. Following the lines of [5,7],
some easy adaptations of Theorem 1.1 can be obtained to cover the case of non-autonomous nonlinearities such as q(x)f (u)
in place of f(u) and of unbounded domains of RN. We leave these further developments to the interested reader. As an
example of f and a satisfying (1.2)-(1.4) one can take f(s) = s, a(s) = s~ 2 fors < so and a(s) = 6(s) for s > sg for some
so > 0, with® € C! N L[> bounded away from zero, 0 (sy) = So 22 ,0'(s0) = —2us, 241 and sO’(s) + 2y6(s) > 0fors > sq.

2. Proof of the result

In this section, we prove Theorem 1.1. We shall assume that conditions (1.2)-(1.4) hold. In order to get information
about the existence, uniqueness and the boundary behavior of the solutions to (1.1), we convert the quasi-linear problem
(1.1) into a corresponding semi-linear problem through a change of variable procedure involving the Cauchy problem for
g € C%((0, +00)) N C([0, +00)),

1
g'(s) = ———, fors >0,
a(g(s))
£(0) =0, @1

g(s) >0, fors=>0.

Due to the requirement g > 0, the solutions of (2.1) are unique and solve ff(s) JaE)dé = s, fors > 0. The solution is
global for s > 0 since a is bounded away from zero. This procedure was also followed in [11] in the framework of explosive
solutions, although there g is C? around the origin and defined on R. Now, since g € C2%((0, 4+00)) N C([0, +00)) and it is
strictly increasing, it is readily seen by a direct computation that u € C?(£2) NC(£2) is a positive solution to (1.1) if and only
ifv =g 1(u) € C2(2) N C(£) is a positive solution to —Av = h(v) in £2, where we have set h(s) := f(g(s))/+/a(g(s)) for
s > 0. Let us now obtain the asymptotic behavior of the solution g to problem (2.1) ass — 07 depending of the assigned
asymptotic behavior of a ass — 07, given by (1.2). For every 0 < i < 1, we have

g( ) 2([L 1)

lim =(1- ,u)l ~a, (2.2)
s—0t = lt
In fact, taking into account (2.1), by 'Hopital’s rule we have
1
lim g() — (1—p) lim g()—(1—u) lim —
s—>07T Sﬁ s—0F ¢T—x s—0F ¢T—p a(g(s))
n
0 1—
— (1— ) lim g"(s) _a-w lim (S) ’
0T Jag(s)g () VI \0 5T
which yields the claim. Moreover, by virtue of (1.2), (1.3) and (2.2), we have
h(s) 1 © o
. g(s _y=n
lim —— = llm 1 f(8(5))g(s)” —foao(“ ”(1 ) e (2.3)
=0 ¢ T Va@()gs)* | s7a

Observe also that, since a(s) ~ as.s¥ass — +ooand f(s) ~ fooS P ass — +oo for some dq, foo > 0,k > O0andp > 1,if g

still denotes the solution to (2.1), we have three facts:

e Je&6) . fEk) f(g®)

< 400, lim ——— = 400, S+ ———— isnonincreasing. (2.4)

1 \/a(g(s s—0t y/a(g(s)) a(g(s))
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The first property follows immediately from the limit

2
. g0 k+2 1 e
lim =—- = ;

§=>+00 o 2 \/aoo

which was proved in [11]. The other properties follow by (2.3) and (1.4), respectively. By virtue of (2.2) we now prove that,
foreveryy > 1and 0 < u < 1, it holds that

+o0 d Cy-1 -
lim M =foag " (y = DA — ) (2.5)
5— Sq
In fact, since f J(FSO f(&)déE — 4ooforall y > 1, it follows that
fgt‘ff(é)déf w1 fE@6)  u—1 . fEs)gh(s)
m — = lim M_ = lim
=0t T 1=y =0 S age) Y 0 ST ag(5)g? ()
T a f ) fsllm f(g($))g"(s) lim g:,{yli(s)

IR N O ST U A ORI
(1—y) Jag s>ot i (1—y) Vao

y—1 y—1
= foay" ™ (y = 1)7T A — )"
Now, for every £ > 0, there exists a unique solution ¢ € C([0, +00)) N C%((0, +00)) of the problem

s—0t sTn

+o0
¢/(S)=\/€2+2f f(&)dg, fors >0,
g

(@(s) (2.6)
$(0) =0, ¢(s) >0, fors>0,

lim ¢'(s) = ¢, s—leood)(s) = 4o00.

s—>400
To prove this, taking into account (2.4), it is sufficient to apply [7, Lemma 1.3]. Notice that, in particular, the solutions to
problem (2.6) locally (namely for every fixed a > 0) solve the second-order problem
S
gy JE@O) o

a@ (@)’ - (2.7)
¢(0) =0, ¢(s) >0, forO0<s<a.

We can now prove that, forevery y > 1, 0 < u < 1and £ > 0, it holds that

221
_ THy—21 o dl—p -1 _ —
lim %Egi _ 1+y —2u f01+y 2 z‘(1+y 0 (g — 1)1+My7—12p.(‘l — M)Hlyi—yzh (2.8)
s>0F (T 2-2u
where ¢ denotes the unique solution to (2.6). In fact, by 'Hépital’s rule and (2.5), we obtain

2—-2u

2-21
4y —2p = 75— I+y—2pn
() e T | P(s) T i
lim — = lim | ——— = lim
s 0t s—>0t S soot| (PO ____dr
sl+y—2un 0 24 +00
Vg fEdE
2-2u

1+y 2;/, 1+y—2p
lim | ¢(s) o \/Ez / f(&)dg
s—0F g6()

R (52 + / (zzb(s))f(g)ds)w_ﬂzﬂ

1+y—-2un
2-2u

= lim

2 — 2[1, s—>0t ¢(S)l m

+

_ l+y 2;/, . g(siof(%-)d%- 1+y 2pL

2—-2u s—>0+ S} IZ

221
T+y—2un 1—1 -1

_ 1+y —2u 1+y‘2M 2(1+y 20) (y — )ﬁ(‘l _M)ﬁ

)
)
M)
) s

2—-2u
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We are now ready to conclude the proof of Theorem 1.1. In light of [4, Theorem 1.1], since h(s) — 400 ass — 0T by
(2.4) and h is nonincreasing for s > 0 by (1.4), there exists a unique positive solution z € c? (£2) NC(£2) to —Av = h(v).
Then g(z) € C2(£2) N C(£2) is a positive solution to (1.1). Assume that uq, u, € C2(£2) N C(£2), uy, u; > 0 solve (1.1).
Then g~ '(u1), g7 (uy) > 0 solve —Av = h(v). By uniqueness, we deduce g~ (u;) = g~ '(u,), in turn yielding u; = u,. By
virtue of [4, Theorems 2.2 and 2.5] for any solution v of —Av = h(v) there exist four constants A1, Ay, A3, A4 > 0 such
that for d(x, 9£2) small enough, A1¢(d(x, 92)) < v(x) < A¢(d(x, 062)) and |Dv(x)| < Ag[d(X, 082)h(A4p(d(x, 082))) +
¢(d(x, 02))/d(x, 8.(2)], ¢ being a solution to (2.7). On account of formula (2.8), we can find two constants @y, ®, > 0such
that, for d(x, 9£2) small enough,

2-2, 2-2
O1d(x, 92) T < P(d(x, 32)) < Od(x, 2) TV 7, (29)
which yield in turn
2-21 2-21
A1(~D1d(x, 02) =2 < p(x) < Az@zd(x, 082) THr=2m

Finally, since g is increasing and u = g(v), we have

2-21 221
g(A1@1d(x, 082) 1”/2’*) <u) < g<A2@zd(X, 082) ”V‘z")'

Finally, using (2.2), we obtain the desired controls on u. Now, from (2.9), as d(x, 02) is small,

y—1

o(d(x, 082))/d(x, 982) < O,d(x, §2) T2,
On account of (2.3) and (2.8), there exists a constant @3 > 0 such that
d(x, 02)h(A4p(d(x, 0£2)))
h(As¢(d(x, 352)))
SN0 =) /A=) (d (x, 952))

= AV Ak, 52) [A }¢<H>/““)(d<x, 982))

2u—2y __y—1
< O3d(x, 02)d(x, 02) Hr—2n = @3d(x, 0§2) Tr=2n,

-1
for d(x, 0£2) small enough, yielding |[Dv(x)| < A3(®, + @3)d(x, 0§2)" T2 . Then, we have

[Dv(x)| |Dv(x)|
D = ! D = = H
IDu(x)| = g (v(x))[Dv ()] JaGO0) \/a(g(v(x)))gzﬂ(v(x))g (v(x))
1 g' (k)

— w/(1=p) w/(1=p)
= JaG e g o) veorra-m VX IPUEOl S e @EEEIDUCl

21

wyd(x, 02) T T d(x, 2)” T = awyd(x, 9§2) T2

for some w1, w; > 0.In particular, if 1 < y < 14 2y, it follows that u is Lipschitz continuous up the boundary. If instead
y > 14 2u, by the above estimates for u and |Du|, we find ®, > 0 such that
14y =21 y=1

(] = =5 —Fu T WIDue|

=121 Iyt
< O4d(x, 02)Fr=20d(x, 02) TFr—28 = @y,

IA

1+y—2u
2

’Du

whenever d(x, d§2) is small enough. In turn, since uHVZJ is Lipschitz continuous, 0 < 2/(1 + y — 2u) < 1 and
u = (uFr=2/2)2/0+y=21 it follows that u is Hélder continuous up to the boundary 32 with exponent 2/(1+y —2u), as
desired. Finally, concerning the Sobolev regularity of the solution u, observe that in light of [7, Theorem 1.3-]J2], a necessary
and sufficient condition for v to belong to H(} (£2) is that

1
tim [ p@n@ @ < oo,

2-2
and this, since by (2.3) and (2.8) ¢(v)h(¢(r)) ~ T T as T — O, is satisfied if and only if y < 3 — 2u. In turn,
u=g) e H[} (£2) if y < 3 — 2u since g is Lipschitz continuous on (0, 400), a being bounded away from zero. This
concludes the proof of the theorem. O

Remark 2.1. We know from Theorem 1.1 that a solution u exists unique and it is Lipschitz continuous up to 952 provided
that 1 < y < 14 2u. On the other hand, if y < 1, combining (2.3) with [4, Theorem 2.25] any solution v of —Av = h(v)
is Lipschitz continuous, and so is u, since u = g(v) and g is Lipschitz continuous on (0, +00) since a is bounded away from
Zero.
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Remark 2.2. Using [7, Theorem 1.3] in place of [4, Theorems 2.2 and 2.5] we can also state some global estimates for u and
|Du| which are valid on the whole §2 and not only in a small neighborhood of the boundary d£2. To be precise, under the
assumptions of Theorem 1.1, there exist A, Ay, A3, A4 > 0 with

g(Mp(d(x, 082))) < u(x) < g(A9(d(x, 9R2))), forx € 2,
DG < As [d(x, 02)h(A49(d(x, B.Q)())(-i—))¢(d(x, 382))/d(x, ag)]’ forx e o,
au(x

where ¢ denotes the solution to problem (2.6). These formulas are obtained though the monotonicity of g and from
|Du(x)| = |Dv(x)|/~/a(u(x)) for all x € £2, and follow by the relation u = g(v).

Remark 2.3. Let v be a smooth positive solution to —Av = h(v) in £2, with v = 0 on 9£2, where h > 0 is as in the proof of
Theorem 1.1. Let us consider the map v : [0, +00) — [0, +00) defined by

S -1 400
¥ (s) .:/0 e o .:/s h()de, fors > 0.

It follows that /' (s) = 1//2#(s) > 0,¥"(s) = h(s)/(2#(s))** > 0and v satisfies " (s) = (¥'(s))3h(s) forall s > 0.Put
w = —¥(v) < 0; we have |Dv|?> = [Dw|?/(¥'(v))? as well as Aw = —v"(v)|Dv|? + ' (v)h(v) = ¥/ (v)h(v)(1 — |Dw|?),
yielding

Aw = f(w,Dw), f(w,Dw) = —¢' W~ (—w)h ™" (=w)(1 — [Dw|),

with w = 0 on 2. Whenever f > 0and z +— 1/f(z, -) is convex, one typically obtains some convexity of w if £2 is convex
(see [12]) and in turn some convexity of superlevels of u since u = g o ¥~ '(—w) and since s — g o ¥~ '(s) is strictly
increasing. See [13, Section 3] for the particular casea = 1and f(s) =s77.
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