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Abstract. The semiclassical regime of a nonlinear focusing Schrodinger equation in pres-
ence of non-constant electric and magnetic potentials V, A is studied by taking as initial
datum the ground state solution of an associated autonomous stationary equation. The con-
centration curve of the solutions is a parameterization of the solutions of the second order
ordinary equation ¥ = —VV (x) — X X B(x), where B = V X A is the magnetic field of a
given magnetic potential A.

1. Introduction

The aim of this paper is the study of the asymptotic behaviour of the solutions of

the semilinear Schrodinger equation with an external magnetic potential A,

. 2

[Isa,d)s =3 (5V —AW) ¢ + V@0)pe — I¢eP e, xR 120,
¢e(x,0) = ¢o(x), x € RV,

in the semiclassical regime of ¢ going to zero, by choosing a suitable class of initial
data ¢9 which is related to the (unique) ground state solution r of an associated
elliptic problem. We will show that the evolution ¢, (¢) remains close to r, in a
suitable sense (and with an explicit convergence rate), locally uniformly in time,
in the transition from quantum to classical mechanics, namely as ¢ vanishes. This
dynamical behaviour is also known as soliton dynamics (for a beautiful survey on
solitons and their stability, see [54]). Here, i is the imaginary unit, ¢ is a small
positive parameter playing the role of Planck’s constant, N > 1,0 < p < 2/N and
V:RN - R, A: RN — RY are an electric and magnetic potentials respectively.
The magnetic field B is B = V x A in R? and can be thought (and identified) in
general dimension as a 2-form H? of coefficients (9; A j — 0jA;). The magnetic
Schrodinger operator which appears in problem (P) formally operates as follows

& 2 2 2¢e 2 e .
(Yv — A(x)) 9= Ap — —AR) - O+ AP~ dive A, (1.1)
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and it has been intensively studied in works by Avron, Herbst and Simon around
1978 (see [4—6,45,49] and references therein). If A = 0, then equation (P) reduces
to

. 2
iedipe = =5 Ade + V() — ||’ x € RN, 1 >0,

g (x.0) = do(x), RN (12)

For Eqn. 1.2, rigorous results about the soliton dynamics were obtained in various
papers by Bronski, Jerrard [9] and Keraani [38,39] via arguments purely based
on the use of conservation laws satisfied by the equation and by the associated
Hamiltonian system in RY built upon the potential V, that is the Newton law

i=-VV(@), 0)=£&, x(0)=xo. (1.3)

For other achievements about the full dynamics of (1.2), see also [30,31] (in the
framework of orbital stability of standing waves) as well as [36,37] (in the frame-
work of non-integrable perturbation of integrable systems). Similar results were
investigated in geometric optics by a different technique (WKB method), namely
writing formally the solution as u, = U, (x, t)eie(x”)/s, where U, = Uy + €Uy +
e2U, ..., where 6 and U ; are solutions, respectively, of a Hamilton-Jacobi type
equation (known as eikonal equation) and of a system of transport equations.

It is very important to stress that, in the particular case of standing wave solu-
tions of (1.2), namely special solutions of (1.2) of the form

be(x.1) = ue(0)e %, xeRY, reRY, (BeR),

where u, : RY — R, there is an enormous literature regarding the semiclassical
limit for the corresponding elliptic equation

2
-5 Aue +V(x)u, = lug|*Pu,, x eRVN.

See the recent book by Ambrosetti and Malchiodi [2] and the references therein.
Moreover, there are various works admitting the presence of a magnetic potential
A, and studying the asymptotic profile of the solutions u, : RN — C to

% (?V - A(x))z ug + V(xX)ue = |u8|2pu87 x e RV,

as ¢ goes to zero (see e.g. [3,7,18-21,40,47] and references therein).

In the special case A = V = 0, the orbital stability for problem (1.2) was
proved by Cazenave and Lions [16], and by Weinstein in [58,59]. Then, Soffer
and Weinstein proved in [50] the asymptotic stability of nonlinear ground states
of (1.2).

See also the following seminal contributions (in alphabetical order): Abou
Salem [1], Buslaev and Perelman [10,11], Buslaev and Sulem [12], Frohlich,
Gustafson, Jonsson, Sigal, Tsaiand Yau [25-28], Gustafson and Sigal [32], Hol-
mer and Zworski [33,34], Soffer and Weinstein [51,52], Tsai and Yau [55-57].
See also the references included in these works.

Now, in presence of a magnetic, some natural questions arise: what is the role
played by the magnetic field B? if B plays a significant role, what is the correct
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Newton equation taking the place of (1.3), which characterizes the concentrating
curve and drives the dynamic in the semiclassical limit?

As known, a charged particle moving in a magnetic field B feels a sideways
force that is proportional to the strength of B as well as to its velocity. This force,
which is always perpendicular to both the velocity of the particle and the magnetic
field that created it (a particle moving in the direction of B does not experience
a force) is known as the Lorentz force. Hence, charged particles move in a circle
(or more generally, helix) around the field lines of B (cyclotron motion). During
the motion, B can do no work on a charged particle (cannot speed it up or slow it
down) although it changes its direction (See Figs. 1 and 2).

As a consequence, with the expectation (which arises from the magnetic-free
case) that in the semiclassical limit the dynamics is governed by the classical New-
tonian law, one is tempted to say that, in presence of an external magnetic field B,
the right counterpart of (1.3) is given by the following Newton equation

¥=—-VV(x)—% x B(x), %0) =&, x(0) = xo, (1.4)

agreeing that x has to be interpreted as a matrix operation (H5x) if we are not in
R3.

Only after full completion of the present paper the author discovered that a first
result (mass and momentum asymptotics) in this direction was obtained, indepen-
dently, with decay assumptions on B, by Selvitella in [48], showing that, in fact,
the above guess is the correct interpretation, in the transition process from quantum
to classical mechanics.

On the other hand, in this paper, we improve the result of [48], proving a stronger
result, which is precisely the one predicted by the WKB method. Roughly speaking,
under suitable regularity assumptions on V and A, we show that, given the initial
position and velocity xg, & in RY, and taking as initial datum for (P)

X — X i
Po(x) =r ( . 0) eE[A(XO)'(X*xOHx'So]’ ¥ e RN, (I

where r € HY(RY) is the unique (up to translation) real ground state solution
(bump like) of the associated elliptic problem

1

—EAr+r=|r|2pr inRY, (S)

then there exists a family of shift functions 0, : RT™ — [0, 277) such that

be(x. ) =r (x__x(’)) AHAGE) GO E OO | o ¢ ¢ RN, 150,
e

(1.5)
locally uniformly in time, as & goes to zero, where we have set [|wg ||, = O(e),
and being ||¢ ||§{£ =&>"N|IVo|7,+& N9l ,. In particular, with respect to [48],

the convergence rate is explicit and of the order ¢ and, as a direct consequence,
the concentration center in the representation formula (1.5) (expressing the soliton
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dynamics as guessed by the WKB method) is exactly x(t) (in [48] formula (1.5) is
not achievable, being the convergence rate undetermined).

The magnetic potential A contributes to the phase of the solution, and x(¢) is
the concentration line (which can be considerably influenced by the presence of
B, see the phase portraits in Figs. 1, 2). Initial data (/) should also be thought as
corresponding to a point particle with position xo and velocity &.

In the case where & = 0 and xy is a critical point of the potential V, as Eqn.
(1.4) admits the trivial solution x(¢) = x¢ and &£(¢) = 0 for all t € RT, formula
(1.5) reduces to

— X i
Ge(x,t)=r ( 0) el A G=20)+0:01 )  x e RN, 1 >0,
e

locally uniformly in time, as & goes to zero (see Remark 2.5). In turn, the concentra-
tion of ¢, is static and takes place around the critical points of V, instead occurring
along a smooth curve in R". This is consistent with the literature for the standing
wave solutions mentioned above.

Organization of the paper

In Sect.2, we introduce the functional framework, the tools and the ingredients
needed to write the statement of the main result of the paper, Theorem 2.4. In
Sect.3, we collect various preparatory results concerning the characterization of
the energy levels of the problem, in the semiclassical regime. In Sect.4, we state
the main approximation estimates for the solutions. In Sect. 5, we get two integral
identities for the evolution of the mass and momentum densities. In Sect. 6, we
obtain the approximation results for the mass and momentum densities. In Sect.7,
we obtain an error estimate. In turn, we conclude the proof of the main result of the
paper, Theorem 2.4. Finally, In Sect. 8, we summarize the results obtained.

Main notations

The imaginary unit is denoted by i.

The complex conjugate of any number z € C is denoted by z.
The real part of a number z € C is denoted by Nz.

The imaginary part of a number z € C is denoted by 3Jz.

For all z, w € C it holds M(Zw) = R(zw).

For all z, w € Citholds I(Zw) = —J(zw).

The symbol R™ means the positive real line [0, co).

The ordinary inner product between two vectors a, b € R" is denoted by a - b.
The standard L2 norm of a function  is denoted by |lull 2.
The standard L° norm of a function u is denoted by |[u|| .
The symbols 9; and 9; mean 3; and " respectlvely

SOV XN R WD =

—_

The symbol A means -~ + -+ 3‘1—22
N

_.
N
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13. The symbol C”(R™), for m € N, denotes the space of functions with contin-
uous derivatives up to the order m. Sometimes C" (RVM) is endowed with the
norm

glen = D" I1D“]l L < oo.

loe|<m

14. The symbol [ f stands for the integral of f over RY with the Lebesgue mea-
sure.
15. The symbol C%* denotes the dual space of C2. The norm of a v in C>* is

[v]lc2e = sup H/as(x)vdx t ¢ e CPRY), [plle2 < 1].

Clearly, C?* contains the space of bounded Radon measures.

16. C denotes a generic positive constant, which may vary inside a chain of inequal-
ities.

17. The first and second ordinary derivatives of t — x(¢) are denoted by X and X.

18. We use the Landau symbols. In particular O(¢) is a generic function such that
the lim sup of g ! O(e) is finite, as & goes to zero.

2. Statement of the main result
2.1. Functional setup and tools

It is quite natural to consider operator (1.1) on the Hilbert space H4 . defined by
the closure of C° (RV; C) under the scalar product

(u,Vu,, = ER/(DSM - Dfv 4+ V(x)uv)dx,

where D*u = (D{u, ..., Dju) and Dj = i_183j — Aj(x), with induced norm

I
luly,, = / ‘TW — A

2
dx +/ V() |ulrdx < oo.

The dual space of Hy . is denoted by H/, ¢ While the space Hi’ . 1s the set of u
such that

ey =tz + 1 (59 = A) uls < 00
w, ~ Il I 12 =%

Moreover, to problem (P) it can be naturally associated the functional E: H4 .—R
[see also formula (2.4)]

1 2 1
E(u) = —/‘EVM —A(x)u‘ dx +/V(x)|u|2dx _ —/|M|2p+2dx.
2/ p+l
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Finally, we consider the functional £ : H'(RY; C) — R associated with ()

1 1
Ew) = —/|Vu|2dx——/|u|2”+2dx.
2 p+1

Itis a standard fact that the solution r of (5) is the unique (up to translation) solution
of the following minimization problem

Er)y=min{Eu) :u € HI(RN), lullz2 = lIrllz2}- 2.1
We also set
m = ||r|7. (2.2)

Also, r is radially symmetric and decreasing, belongs to C>(RY) N H2(RY), and
it decays exponentially together with its derivatives up to the order two, that is

|D%r(x)| < Ce °Fl, x e RV, (2.3)

for some 0, C > 0 and all 0 < || < 2 (see e.g. [8]).

2.2. Well-posedness and conservation laws

We recall that in [15, Sect. 9.1] (see also [23]), in the particular case N = 3 and
when the external magnetic field B = (b1, b, b3) is constant (thus A is linear
with respect to x), the (global) well-posedness of problem (P) in the (natural)
energy space Hy . as well as the Hgy .-Tegularity of the flux for Hﬁy -initial data
was investigated (see Proposition2.2 below) by Cazenave, Esteban and Lions.
Furthermore, in general dimension N and for a general (smooth) vector potential
A, the (local) well-posedness in the energy space H,4 . has been recently studied in
[42] by Michel. We also wish to cite earlier papers by Nakamura and Shimomura
[43], Nakamura [44] as well as the important paper by Yajima [60]. In particular,
in [43], if B has decay assumptions at infinity, the problem is locally solved in
the weighted space X(2) ¢ H*(RV; C) of functions f in L?(RY; C) such that
||x°‘D5f||Lz < oo for all «, B with ||, || > 0and 0 < | 4+ B| < 2 (notice that,
via the decay (2.3), the initial datum ¢ in (/) belongs to the space ¥ (2)). Finally,
see also [15, Theorems 4.6.5 and 5.5.1] and an abstract result, Lemma A.1, in the
Appendix of [17], by Cazenave and Weissler.

In order to prove the main result of the paper, we will assume (among other
things) that A is globally bounded (together with its higher order derivatives).
Clearly with this assumption the well-posedness and regularity features for (P) get
easier to study. On the contrary, if A is unbounded, there are genuine regularity
problems and the situation gets more involved [22].

Definition 2.1. We say that a (sufficiently smooth) vector potential A : RY — RV
is admissible with respect to problem (P) if the following Proposition 2.2 holds
for A.
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Proposition 2.2. [well-posedness statement] Assume that 0 < p < 2/N. Then,
forevery e > 0and all pg € Ha ¢, there exists a unique global solution

¢e € CRT, Hae) NC'(RY, HJy )

of problem (P) with sup ||¢.(¢)|lm,, < 00. Moreover, the mass associated with
9:(0), -

Ne(t) = SLN / e (1) Pdlx,
as well as the total energy E¢(t) = ¢~V E(¢ (1)) associated with (P)

1 2
E0) = 5o [ [596:00 ~ as.0 24)

! / (e ()PP 2,

1 2
oy [ V0P —

are conserved in time, namely
Ne(t) = Ne(0), Ec(t) =E.(0), forallt e RT.
Finally if ¢o € Hy ,, then ¢ € C(RT, H; ) N C'(R*, L2RY; C)).

Remark 2.3. From Proposition 2.2, due to the choice of the initial data (/), the mass
N (t) is also independent of ¢. Indeed, via the mass conservation and formula (2.2),

1 1
/\/gu):Ng(O):E—N/|¢g(x,0>|2dx=g_fv/”(

foralle > 0and 7 € RT.

2
X—X(
- )‘ dx=||r |7 ,=m.(2.5)

2.3. The driving Newtonian equation
Given the initial data xo, & € RY, we consider
x(), @) : Rt - RV,

being the (unique) global (under the regularity assumptions on V and A indicated
below) solution of the first order differential system

(1) = £,
E(t) = —VV () — £(1) x B(x(1),

x(0) = xo. (2.6)
£(0) = &,

namely the second order ODE (1.4). Notice that, setting
1
H() = Elé(l)l2 + V@), reRY, 2.7)
‘H is a first integral associated with (2.6), namely

H(t) = H(0), forallt e RT.

In general dimension N, this follows by the elementary observation that, as H2 (x)
is a skew-symmetric matrix, we have £(¢) - HE (x(1)&() =0forallt e RT.
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2.4. The main result

We consider the following assumptions on the external electric and magnetic poten-
tials, V and A.

(V) V e C3RN) is positive and IVcs < oo.

(A) A e C3RN;RV) with ||A s < 0o and A is admissible (cf. Definition 2.1).

Consider H'(RV; C) equipped with the scaled norm I, »

Iplg, =& NIVl +e Vol
The main result of the paper is the following

Theorem 2.4. Let r be the ground state solution of problem (S) and let ¢, be the
family of solutions to problem (P) with initial data (I), for some xo, & € RV.
Let (x(t),&(t)) be the global solution to system (2.6). Then there exist § > 0
and a locally uniformly bounded family of maps 0, : R™ — [0, 2w) such that, if
|Allc2 < 6, then

X —x( i
be(xit) =1 ( - ( )) CHAGO)-GoxO)+E0+:01 4, (2.8)

locally uniformly in time, where w, € H, and |wellm, = O(e), as e — 0. Fur-
thermore, without restrictions on ||A| c2, we have

e (x, )| = r (X_Tx(t)) ol (x, 1), (2.9

locally uniformly in time, where &, € H, and ||(Z)£ g, < O(e), ase — 0.

Some comments are now in order.

Remark 2.5. If xq is a critical point of V and &) = 0, then the solution of sys-
tem (2.6) is (x(1), £(t)) = (xo,0) for all #+ € RT. Then, the conclusion of the
previous result reads as

X — X i
¢e(x,t)=r (TO) eg[A(XO)-(X—XO)'F@g(t)] + .,

locally uniformly in time, where w, € H and ||we ||z, = O(¢) as & — 0. In par-
ticular, this is consistent with the literature of the standing wave solutions of (P)
in presence of a magnetic potential A (see e.g. [3,7,18-21,40] and references
included).

Remark 2.6. In the framework of Theorem 2.4, by the exponential decay of r, it
holds

o =)
[pe(x, )] < Ce™ 7o + |we(x, 1)].

For an arbitrarily small § > 0, the solution ¢, of (P) is expected to decay expo-
nentially in the set Ps = {x € RV : |x —x(t)] > 8 > 0, forall + € R} faster and
faster as ¢ — 0, namely ¢, rapidly vanishes far from the concentration curve x ().
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Fig. 1. Phase portrait of system (2.10) with w; = 1, wp = 1.4, w3 = 1.2, b = 0 (left, no
magnetic field) and b = 5 (right, weak magnetic field)

Remark 2.7. A typical situation in R> is when the external magnetic field B =
(b1, by, b3) is constant. Without loss of generality, up to a rotation, one can assume
that B = (0, 0, b) for some b € R. Hence, the corresponding vector potential is
Ax,y,2) = g(—y, x, 0). In this case, for harmonic external potentials V, namely

|
V(x1, X2, x3) = E(w%x% + w3x3 4+ w3x?), wj €R,

system (2.6) reduces to

x1(t) = & (1),

(1) = &),

X3(t) = &(1),

£1(1) = —wixi (1) — béa(1),
£(1) = —w3xa (1) + b1 (1),
£(1) = —w3x3(1).

(2.10)

It is clear that, setting some fixed values of w; and choosing some initial data,
enlarging the value of the third component b of the magnetic field B (say, from O to
60), the original periodic orbit turns into a more and more helicoidal pattern. See
Figs. 1 and 2.

Remark 2.8. By complicating some arguments, assumption (V) could be relaxed.
For instance V can be written as V| + V», being ||V} |3 < oo and V sufficiently
smooth. The idea is to use the cut-off function indicated in (3.5), which is nonzero
in the ball of RY containing the region where the orbit x () is confined (see [39]).

Remark 2.9. As remarked in [39], the soliton dynamics behaviour breaks down
in the critical case p = % Indeed, in this case, if we choose xog = & = 0,
Vix) = %|x|2 and A = 0, then the modulus of the solution of problem (P) with
initial data ¢o(x) = r(2) is given by |¢.(x, )| = (cost)~N/2r(-Z-) for all
x € RV and 1 € [0, %) (see also [13]).
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Fig. 2. Phase portrait of system (2.10) with w] = 1, wp = 1.4, w3 = 1.2, b = 20 (left) and
b = 60 (right). The eftects of the magnetic field increases

3. Preliminary facts

In this section we collect some preliminary result which will allow us to prove the
main result, Theorem 2.4.

3.1. Magnetic momentum

The following vector function is useful to pursue our goals.

Definition 3.1. We define the momentum of the solution ¢, depending upon the
vector potential A, as a function p2 : RY x Rt — RV by setting

pe (e, 1) =~ ($e(x, D(EVe(x, 1) iAW (x, 1), x € RY, 1 € RT.
First we state the following

Lemma 3.2. Let ¢ be the solution to problem (P) corresponding to the initial data
(I). Then there exists a positive constant C such that

2
< ceV,
L2

|5v6. .0 = 4@ 1)

forallt € RY and any & > 0.

Proof. The total energy E.(t) is conserved (see Proposition 2.2) and it can be
bounded independently of ¢ (see Lemma 3.5). Then, since V is positive, defining
Le(x) 1= ¢e(ex), it follows that, for some positive constant C,

2
_—ClaC, DTS < C. 3.1)
L

1
H TVEC 1) — Alex)Le (. 1)

By combining the diamagnetic inequality (see [23] for a proof)

\Y
(T - A(8X)) Ce

IVIgell < , ae. inRY
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_ _PN

= 3,72 € (0, 1), we obtain

with the Gagliardo—Nirenberg inequality, setting ¢
1-0 9
186G, DllL2p2 = NGO 2 IVIEC O

\Y
(T - A(8X)) e, 1)

By the conservation of mass (see Remark 2.3), we deduce that || (-, t)||i2 =
Ne(t) = m, independently of ¢. Hence, for all & > 0, we get

9
1—9
< g0l

L2

1 PN
leeC. 0I5 <€ ”;m(-, 1) — A(ex)Ee (- 1)

L2
Since pN < 2 by assumption, the assertion readily follows from (3.1) and rescal-
ing. O

‘We have the following summability property for p? (x,1).

Lemma 3.3. There exists a positive constant C such that

sup /p?(x,t)dx <C.

teR+

Proof. Taking into account the inequality of Lemma 3.2 and the mass conservation
law, by Holder inequality we get

‘/ p?(x, t)dx

A 1 - e
S/ng (x,Ndx < 8_1\//"’58(’“’0' ‘;V%(x,t)

— A(X)e(x, )| dx

1 1 £
< o0l oy H;vd)g(., £ — A ;)‘

<C,
L2
for all t € R*. The assertion follows by taking the supremum over positive times.
O
3.2. Energy levels in the semiclassical limit

Let us recall a useful tool (see e.g. [39, Lemma 3.3]), which reveals useful in
managing various estimates that follow.

Lemma 3.4. Assume that g : RN — Ris afunction of class C*(RN), ||g lc2 < oo,
and that r is the ground state solution of (S). Then, as € goes to zero, it holds

/ glex + y)ri(x)dx = / g (x)dx + O(e?),

for every y € RN fixed. Moreover, O(e?) is uniform with respect to a family
F C C*>(RN) which is uniformly bounded, that is supger lIgllc2 < oo



472 M. Squassina

In the next lemma we compute the value of the energy associated with (P)—(1),
in the semiclassical regime.

Lemma 3.5. Let E. be the energy associated with the family ¢. of solutions to
problem (P) with initial data (I). Then, for every t € R, it holds

E.(1) = E(r) + mH(t) + O(e?),
as & goes to zero.

Proof. Notice that, for all x € RN, we get

(iv — A(x)) (r (x _ xo) e;[A(xo%(xxo)er'éo])
1 &

_ L iaco oopesol g, (" - XO)
1 &

+r (_x _ xo) g%[A(xo)-(X—xo)-&-x-%‘o][A(XO) + &)
&

—r (ﬂ) o HTAGO) (=30 +x-80] 4 ().
&

Hence, it follows that

(iv _ A(x)) (r (x - XO) e;[A<xo>-<xxo>+x~so])
1 &

1 X — X0 2
= 8_N Vr e dx

1 X —X 1 X —Xx

+—N/r2( 0) |A(x0) + &ol2dx + —N/r2( 0) |A(x)|2dx
& & & &
2

2 X — X0
-2 r( - )A(x)~<A<xo)+so)dx

2
dx

1
N

=/|Vr(x>|2dx+|A(xo>+so|2m+/r2(x)|A<ex+xo)|2dx

—Z/rz(x)A(sx + x0) - (A(xg) + &y)dx.
In view of Lemma 3.4, we have

/ ()| Aex + x0)Pdx = |AGxo) Pm + O,

/ r?(x)Aex + x0) - (A(xo) + £0)dx = A(xo) - (A(x0) + &)m + O(e?).
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Then,

/' -V —-Ax) ( ( ) L[AGx0)-(x— xo)+x€ol)‘2dx

=/|Vr(X)| dx + |A(x0) + &l*m + |A(x0) |*m — 2A(x0) - (A(x0) + Eo)m
+0(?)
=/|Vr(x)|2dx+m|$0|2+(9(82).

It turn, by combining the conservation of energy (see Proposition 2.2) and the
conservation of the function H [see Definition (2.7)], we get

E.(t) = E;(0) = E, (r (ﬂ) e;[A(XO)'(XX0)+X'SOJ)
&

2eN i e

+ [ veoreorten g | Ir(x)|2p+2dx

2
dx

-3 / IVr (o) dx + / V(xo+sx>r2(x>dx - / Ir (o) PP+ dx
2 r+1
1
+5mléol® + O(e?)
= S(r) +/ V(X() + sx)rz(x)dx —+ %m|50|2 + 0(82)

:am+mvu@+%mgﬁ+0@%
= E(r) + mH©0) + O(?)
=E(r) + mH(@) + O?),
as & goes to zero. O

Lemma 3.6. Let ¢, be the family of solutions to problem (P) with initial data (I).
Let us set, foranye > 0,1t € RT and x € RN

Yelx, 1) = ¢ EOTR O TACOI g (e 4 (1), 1) (32)
where (x(t), £(t)) is the solution of system (2.6). Then

|¢s(x nl?

1
E(Wa(t))=Es(t)—/V( )—x§ —dx + mIE(t)+A(X(t))|2

—EM +Ax@) - / pA(x, Hdx

2
‘4ﬂ0+A@Q»‘/A(ﬂ%@tﬂ

+—/Mﬁwﬁiﬁlﬂh+/A@yﬁ@JML
2 £
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Proof. By a simple change of variable and Remark 2.3, we have

1
1We @72 =lpe(ex + x(1). DlI72=— lge D], =Ne(t)=m, t € R
I3
(3.3)
Hence the mass of ¥ (¢) is conserved during the evolution. Let
1 _
P, 1) = =N (@ (x, DV (x, D), x € R, t e RT,

be the magnetic-free momentum. A direct computation yields
1 1
EWe) = 55— / Ve (0)2dix + oml&(1) + AGx ()

SNp+1/|¢e(t)|2p+2dx EMB 4+ Ax(@)) - /pg(x 1)dx

- / Ve — A9 (0] dx

2eN

1 _
—2—N/|A(x)| |¢a(f)|2dx+ﬁ/A(x)'S‘(cbs(l)V%(l))
1
FamlED + AP~ o —— / 16 (D7 2dx — (1)

FAG()) - / e, 1)dx.

Then, taking into account the definition of E,(¢), we obtain

DR, 1
£ () = Egm—/w >'¢ O SmIED + AP

—(E0 + A(x@)) - / pe(x, 1)dx

—N/ |ACO)Ple (x, )] dx + / Ax) - pe(x, )dx.
Finally, since
_ A -N 2
pe(x, 1) = pg(x, 1) + & 7 A (x, DI,
we obtain the desired conclusion. O
Next we introduce two important functionals in the dual space of C2.

Definition 3.7. Let ¢ be the family of solutions to problem (P) with initial data (/)
and let peA be the corresponding momentum. For any ¢ € R™, let us define an ele-
ment Hé (-, t) in the dual space of C%(RN; R") and an element Hg(-, t) in the dual
space of C2(RY; R) by setting

Vo € C?(RY; RN):/ M) (x, 1) - pdx = /fp - pA e, dx — me(x(1)) - £(1),

2
v e CRYm: [ mnpar = [0S - mpwa,
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and all + € R™. Here x(t), £(¢) denote the components of the solution of sys-
tem (2.6).

We recall a property of the functional 6, on C2(RN) (see [39, Lemmas 3.1,
3.2]).

Lemma 3.8. There exist three positive constants Ko, K1, Ko such that, for all
y,z € RV,

Kily —z| = 118y = 8:llc2« = Kaly — zl,
provided that |8y — 8; || c2« < K.

For a fixed time Ty > 0 (to be chosen later on), let p be a positive constant
defined by

p = Ky sup |x(t)| + Ko (3.4)
[0,7o]

where x(¢) is defined in (2.6), the constants Ko and K are defined in Lemma 3.8,
and let xy be a C™® (RN ) function such that 0 < y < 1 and

x(x)=1 if|lx| <p, x&x) =0 if|x| > 2p. (3.5)
Let us now set, forallt € RT and ¢ > 0,

Wi (1) = / E@) + Ax(®) - TTi(x, Ddx,

w2 (1) = /A(x) Sl (x, rdx,

@ (1) :=/|A<x>|2ni<x,r>dx,

wi(t) = / E@) + A @) - AT (x, )dx,

Wl (1) :=/V(x)n§(x,z)dx,

2
Ve () i= mx() _/XX(X)WE(SX—[dex,

where x is as in (3.5).
On the functions w?, we have the following estimate.

Lemma 3.9. There exists a positive constant C = C(V, A) such that

5
D el ()] < Q) (3.6)
j=1
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where the function Q. : Rt — R is defined as Q. (t) = Qg(t) + pf (1), where

Qg(t)::‘/ I} (x, H)dx|+ sup /gang(x,z)dx +lye@)], teRT,
lplles <1
(3.7)
p2(t) = ‘/ A(x) - T (x, dx|, teRT. (3.8)

Moreover
Q:(0) = O,
as € goes to zero.

Proof. Estimate (3.6) is a simple and direct consequence of the definition of w} (¢),
Q¢ (1), of the uniform boundedness of £(7), A(x(¢)), namely |£(¢)|+|A(x(¢))| < C
and of the fact that || V|| -3 <ocoand || A|| -3 <00. Let us now prove that 2, 0)=0(?),
as ¢ — 0. Recalling that the initial data ¢ is r((x — xg)/&)el/c[AG0)-(r—x0)+x-5o]
in light of Lemma 3.4, for any ¢ € C2(RY; R") such that lollc2 < 1, we infer

/ @(x) - T} (x, 0)dx / 9(x) - pA(x, 0)dx — me(xo) - &
1 -
= =1 / P(x) - 3 (¢e(x, 0) Ve (x, 0))
1
~5 / P(x) - A(X)|ps (x, 0)[*dx — me(xo) - &
1 2 X — X0
8—N/<.0(x)'(14(x0)+§0)r ( - )dx

1 _
—S—N/W) A (x 8“) dx — me(xo) - &

/ @ (x0 + £x) - (A(x0) + £0)r* (x)dx

- / @ (x0 + £x) - A(xo + ex)r’ (x)dx — me(xo) - &

me(xo) - (A(xo) + &) — me(xo) - A(xo)
—mg(xo) - &0 + O(?) = O(e?),

as € goes to zero. In a similar fashion, for any ¢ € C3(RN) with lellcs < 1, we
get

1
/ Q)2 (x, 0)dx = pud / @) |e (x, 0)*dx — me(xp)
= / @ (x0 + ex)r? (x)dx — me(xg) = O(e?).

Finally, as x (xo) = 1, wehave |y (0)] = [mxo — [ (xo +ey)x (xo +ey)r*(y)dy| <
O(e?), by Lemma 3.4. This concludes the proof of the assertion. O
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At this stage, we are ready to estimate the energy values & (V¢ (¢)).

Lemma 3.10. Let V. be the function defined in formula (3.2). Then there exists a
positive constant C such that

0= EWe(0) = £(r) = CQ(1) + O(e?),
forallt € RY and e > 0.
Proof. By combining the conclusions of Lemma 3.5 and 3.6, we obtain

|¢e(x nl?

EWe(t) — E(r) =mH(r)—/V< ) dx + m|§<r)+A(x<r)>|
— (&) + Ax(1))) - / p(x, Hdx — (E(1) + A(x(1)) -
/A(x)w)sg—]\’,t)lzdx—i—%/|A(x)|2m€(;—A’/t)|2d
T / A) - pA(x, Ddx+0(E?),

forall t € RT, as & goes to zero. Notice that

&) + A1) -/p?(x, ndx = ml|EO + mAx(®)) - E@) + w11,
/A(x) Cpi(x, )dx = mA(x(1)) - £(t) + wa (1),
/ |A<x>|2de = mAGO) + 300,
|¢>g(x e

/($(I)+A(X(t)) A(x) =m&®1) - A(x(®)) + m|ACx ()P +wa (1),

2
/ Vi )"/’S(X O 1e = mV (1)) + ws(0).

It follows that
1
EWe() —E(r) = Emlif(t)l2 +mV(x(t)) —mV(x()) — ws(t)

1
+omlé) + Ax ()

—mlE@D)* — mAx(1)) - E(t) — w1 (1) — mE() - A(x(1))
—m|A(x(0))* — ws(r)

+1m|A(x(t>)| + 3()+mA(X(f))-%'(f)+w2(t)

( ) %),

which concludes the proof in light of inequality (3.6) of Lemma 3.9.
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4. The approximation result

Let us first recall a useful and well-established stability property of ground states.

Proposition 4.1. There exist two positive constants A and C such that, if ® €
H'(RN; C) is such that P2 = lIrll 2, where r is the ground state solution
of (S), and

E(@)—-E@r) <A,

then
inf — [|& =P+ )3 <CE@ —EF). (4.1)
yeRN, 9€[0,27)
Proof. See [58,59]. O

Next, in view of the previous preparatory work, we can state the representation
result.

Theorem 4.2. Let ¢ be the family of solutions to problem (P) with initial data
(I) and let ¢ be the function defined in formula (3.2). Then there exist ¢y > 0,
a time T} > 0, families of uniformly bounded functions 6, : Rt — [0, 27),
ye : RT — RN and a positive constant C such that

i — t
6o (x, 1) = et EOIHOOHACD) (—x(1) . (xTye()) T we (D), (4.2)

where

lwe (D) |lH, < Cv/ (1) + O(e),
foralle € (0, e0) and t € [0, T)).

Proof. Since the function {r +— .(¢)} defined in formula (3.6) is continuous,
for any fixed Ty > 0 and &9, 09 > 0, we can define the time (recall here that
Q) = O(2)ase — 0)

T :=supfr € [0, To] : Q:(s) <09, foralls e (0,1)} >0, 4.3)

forall e € (0, g9). Therefore, by choosing the numbers o and &¢ sufficiently small,
by virtue of Lemma 3.10, we conclude that

0<EW:()—E(r) §CQg(t)+(9(£2) <A, foralle € (0,&0) and ¢ € [0, T}).

Since || Y. (¢)||;2 = |Ir|l 2, we are in the right position to exploit the stability prop-
erty of ground states (Proposition 4.1). Hence, there exist two families of uniformly
bounded functions 6 : Rt — [0, 27) and 3, : RT — R¥ such that

: ) A 2
|emFE@ Ol mACOI g, (o 4 x(1), 1) = O (x 4+ 5. 0)]|
< CQ:(1)+0(e?),
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forall ¢ € (0, &p) and any ¢ € [0, 7,%). In turn, by rescaling and setting 0, () :=
€0, (1) and Ve(t) := x(t) — €y (1), we get

) ) . 2
e HEOTTIACON GO (1) — et O (x_ysm') <CR+0(E),

& H,

forall ¢ € (0, go) and ¢ € [0, T), namely inequality (4.2), concluding the proof.
O

5. Mass and momentum identities

In the following lemma we obtain two important identities satisfied by the equation.
Only after completion of the present paper, that the author discovered the second
identity was independently obtained in [48]. For the sake of self-containedness we
include our proof, which uses the first identity and it is shorter.

Lemma 5.1. Let ¢, be the solution to problem (P) corresponding to the initial
data (I). Then we have the identity

1 3|¢e|?

— at(xJ):—dep?Q;O,.xeRN,tER+. (5.1
I

Moreover;, for all t € RT, we have the identity

2
/m%umw——/ﬁummew—/vw)m&”|,6&

where B = V x A is the magnetic field associated with the vector potential A.

Remark 5.2. The momentum identity (5.2), which plays an important rdle in our
asymptotic analysis, can be thought as an extension of the so called Ehrenfest’s
theorem in presence of a magnetic field B.

Remark 5.3. 1t follows from the momentum identity (5.2) that for the nonlinear
Schrodinger equation with no magnetic field (V x A = 0 in RY) and with a con-
stant electric potential (VV = 0 in RY) the momentum ¢ + [ pA(x, )dx is a
constant of motion.

Remark 5.4. Concerning the addenda in the right-end side of (5.2), in the semiclas-
sical regime, by the upcoming Lemma 6.1, as ¢ — 0,

2
/Pf(x,t) X B(x)dx+/VV( )|¢g(x t)|

~mé&(t) X B(ye(1)) + mVV (ye(1)).

We will show that y. (#) remains close to x(¢), for € small (cf. Lemma 6.3). Hence,
from the right-hand side of (5.2) the Newton equation (2.6) naturally emerges, rul-
ing the dynamics of a particle subjected to an electric force F, = —VV (x(¢)) and
to a magnetic force Fj, = —v(t) x B(x(t)), being v = x the velocity.
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Proof. By the exponential decay of r(x), ;7 (x) and al.zjr(x) given by (2.3) and the
fact that || A]| -1 < oo, the initial data (/) belongs to Hi’s. Hence, by the regularity
(see Proposition 2.2), it follows that ¢, () belongs to HY(RN: C)n Hi,s forallt >

0. By the standard Calderén—Zygmund inequality ”8i2j¢€ Oz < CllAge ()]l 2
for all ¢ (see e.g. [29, Corollary 9.10]) and since, again, ||Al|c1 < oo, for any
i,j=1,..., N we get

2
1020l = Cle®Age)ll2 = €1l (3V = 4@) g Oll2

FCIAX) - Ve ()]l 2
+CIAE) Pe ()]l 12 + Clidive ACO)Be (1)l 2
= Clige iz + Clige Ol 1 < o0,

for all # > 0. Hence ¢.(¢) € HZ(RN; C), forallt > 0. Set,for j =1, ..., N,
1 - .
(pH)j(x, 1) = 8—,\,‘3 (e (x, 1) (£djpe(x, 1) — 1A (X)e(x, 1)) .
To prove identity (5.1) notice that, on one hand, we have
N
—divy pf(x, 1) = =D 9;(p)j(x, 1)
j=1

N

1 -
= =2 Y (9j9e(x, D(E0c (x, 1) — 14 (X)pe (x, 1))

~
—_

1 -
=D S (B e )0 e (v, 1) = 10,4, (D) x. 1)
j=1
— 1A (X)) (x, 1))
2 -
FA@ -0 (Ve (x, e (x, 1))

1
eN-1

- 1
3 (e, AP (v, 1) + —dive AG)Ipe(x, DI,
On the other hand, it follows
1 3|¢s|? 2 (- 1 /e 2
S () = S («ps(x, 2 [5 (V- 40) ¢ete.n) + V@i (x.1)
— Ige (e, D7 e (x, )] )
1 - 2
= 7S (¢s(x, 0 (5V-4w) gl r))
- 2 , _

== (Be(r. AP (. D45 AG) -9 (90 (x. Ve (. 1)

1
+—dive A)Ige (x, D
&
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Now, concerning second identity, (5.2), forany j = 1, ..., N, it holds

3P _ a|¢>g|2
at

e VX (0,0,00) + TN I(P,0; (B ¢e)) — A ()

e NS (0,h0j¢e) + ' N“(a, (6.9:0¢))
a|¢>s|2

eV 39, ¢>881¢>g>— A i(x)
a|¢s|2
ot

The second term integrates to zero. Moreover, taking into account identity (5.1),
we get

267N I3, 9,0;) + VIO, (¢ga,¢8)) - —A,-(x)

2
_ / ELNA ,-(x>—a'§j' (x,0)dx = / Aj(0divy pgl (v, Ddx

—/VAj(x) - p(x, Hdx

N
N[ 38008 (Butr 039,05, 1) d
i=1

N
v [ 3 aiwaa;wis.r s

i=1

Concerning the first term in the formula for 9; pf‘) j» conjugate the equation, multi-
plyitby 2e V9 ¢ and take the imaginary part. It follows (summation on repeated
i indexes)

26"V (B,0:000) = —2 TN R(AGDj ) + VA PR (Pedj )
+e! N div, A(0)I(Pedpe) + 26N A(x) - I(Vedj )
e TNV ()R (Pe0;he) — 26V 9P R (B0 be)
. 2
—e2 VR0 (39:0:0;0.)) + &2V 9; (|a,<§5| )
+& VA PR(B:0;he) + £V dive AX)I(Pedj e )
+26 N AG) - 3(Vdj90) + N0, (Volgel?)

1
N 2 N 2p+2
_ 9:V — _3,( p )
& iV (0)|pel & 1% | e |

Notice that the following identity can be easily shown (recall that ¢, (r) € H? for
all 1),

/ dive A()S(@ed;de)dx +2 / AGx) - 3(Vdedjde)dx

N
:/Zain(x)S (4_5881'458) dx

i=1
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Then, recalling that HE = (0jA; — 0;A;);; and that the flux of ¢, is in H?2, we
infer that

a(pl); v [ )
/T — /;Ai(m (3,41 () — 3 A; () | P

N
+81_N/Zain(x)‘9?(¢_>53i¢e)dx—S_N/ajv(x)|¢€|2dx
i=1
N
_81*N/ZaiAj(x) 'S‘((l;saiqbs) dx
i=1

N
= —E*N/ZA,-(x) (0jAi(x) — 0 Aj(x)) |¢e|*dx

i=1
N -
+el =N / @A () = i Aj(x)) - 3(edicpe)dx
i=1
—8_N/8jV(x)|¢g|2dx
=/(H3pg‘(x,t)),-dx—s—N/ajV(x)|¢8|2dx.
Taking into account the formal identification of the notation — p;“ (x, t) x B(x) with

the matrix operation H? psA (x, t), we obtain the assertion. To see this in the three
dimensional case, recalling that

(B1, By, B3) =V x A =(0;A3 — 03A2, 03A1 — 01A3,01A2 — 02 A)),

we obtain the skew-symmetric matrix

0 0)A| — 01Ap 03A1 — 01 A3 0 —B3 B>
H2(x) = | 814, — 3, A, 0 3Ar —hA3 | =| B3 0 —B
01A3 — 03A1 00A3 — 03A» 0 —B, By O

Then, setting pé = ( p?)i, it follows that

0 —By B | [np! piBy— p}Bs
HE)pd(x,t)=| Bs 0 —Bi||p2|=|plBs—plBi|=-ptx,1)
—-B, B 0 p} p2B) — plB,
X B(x).

The proof is now concluded. O
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6. Mass and momentum estimates

First, we have the following control on the mass and momentum.

Lemma 6.1. Let 59 > 0, T > 0 and y,(t) be as in Theorem 4.2. Then there exists
a positive constant C such that

H |¢£(x t)|

dx —mby | [ pAED 0 0dx = mE@3y,0

(C2)* (Cz)*

< CQ(1) + O(e?),

foreveryt € [0, T}) and ¢ € (0, &).

Proof. For any v € H'(RY; C), we have |V|v|]2 = |Vv|? — % Then, if
¥e(x, t) is the function introduced in formula (3.2), by Lemma 3.10 it follows that

L[ I3 Ve
0<&(ye) - & - —
< E(¥) (r>+2/ o

forevery t € [0, ) and € € (0, g9). Moreover, as |||¥¢|||;2 = |72, by (2.1) we
have

dx < CQu(t) + O(e?),

2
/|J(1ﬁavws)| dx < CQ.(1) + O(?), (6.1)

|Wel?
for every t € [0, 7)) and ¢ € (0, g9). Now, by the definition of v, (cf. (3.2)), we
get
I3(WeVpe) 2
|Yel?
3@ (ex+x(1), eV (ex+x(1). 1) = ED+ACD)|ge (ex+x(1), D]
B | (ex+2x (1), 1)[?
[V P2 x + x(0), 1) — EDIge(ex + x(0), DI
|pe(ex + x(1), 1)

2
A(x(1))
o | P (ex +x(1),1)

_ i 2
= e o T EOP e 20, )

—2eNe@) - pAE D (ex + x(1), 1).

Hence, by a change of variable, we reach

A(x(n)
SUATSIN A e, 2
/ |1ﬁs|2 / e (x, |2 — 5 —dx +m[§(1)]7 = 25(1) -

/ pAEO) (x 1ydx. (6.2)
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Notice that by simple computations, by combining (6.1) and (6.2), it holds

A 2
/ ’SN/z Pt [ pt @ ndx [getr 0]

e (x, 1)] m eN/2

2
J P,

+m |§(1) —

(6.3)

< CQ:(t) + O(?),

for every t € [0, 7)) and ¢ € (0, g9). To prove the assertion, we estimate o, (1),
where

2
pe(t) = ‘ / wx)"”sff—N’”'dx — ()

+ ‘ / PACO (o, )Y (x) — mEO) Y (ye)

6.4)

for every function ¥ of class C? such that l¥]lc2 < 1. Taking into account that,
by the definition of €2, (¢) [cf. formula (3.7)] and ||A — A(x(?))||c3 < C, we have

'/ A (x, dx —mE@)| < | [ p(x, t)dx — m&(t)

+ ‘ / (p(x, 1) = i@ (x, 1))dx
|¢s<x e, ‘

—Co) + ‘ / (AG) — Alx(ryy) 2D

=CQ:(t) + '/(A(x) — A(x(1)))

2
5 (|¢e(§r)| _maw)) "
< CQ4 (1),
we can conclude that
/ pACO) (e )Y () dx — mE@OY (ye ()| <
< / pACOI e DY (x) — Y (e ()1dx| + ¥ (ve (1)
x / pACO) (x ydx — mé(t)

< || p2eD e, O[Y(x) — ¥ (ye(t)ldx| + CQ (1)

2
< l '/ pf(x(’))(x, t)dx‘ ‘/ de —my (ye (1))
m e
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2
+ ‘/ W(x) [p?(x(t))(x, 1) — n% (/ P?(x(’))()c, t)dx) |¢g(;cl\,/t)| :|dx'

+CQ:(1),

for all ¢ € (0,e0) and ¢ € [0, 7). Since fpf(x(t))(x,t)dx is bounded (see
Lemma 3.3) and

1 ik
/ [p?(x(t))(x, ) — — (/ p?(x(t))()f, t)dx) |¢8(Ex—N)|:| dx =0,

setting &(x) =Y (x) — ¥ (ye(2)), it holds

2 2
N T A e e

1 ik
p?(X(f))(x, l) _ E (/ p?()f(l))(x’ t)d_x) |¢6 SN d

From Young inequality and estimate (6.3), it follows

+ CQ(1).

2
pgms/ CH @] + 2 eop | e 08 6.5)
2 N
2
l N/ZPE (X(l))(-x t) 1 (/ A(X(I)) ) |¢g(x,t)|
+2/ el m\J P DA )
+CQ (1)
2
5/[CI$(X)I+%I15()C)I2] Md +CQ (1) + O(e?).

Viainequality a® < 2b°+2(a—b)* witha = e~V/?|¢.(x, 1)|and b = e N/?r((x —
ye(1))/e),

o) = 5 [ [eon+ ] (S22 av+ 5 o)

(x—yga)) 2
(=@
£

+CQ (1) + O(e2) < Q1) + O(2),

dx

for all ¢ € (0, &p) and ¢ € [0, T), by Lemma 3.4 (as @(yg (1)) = 0) and Theo-
rem 4.2. |

Next, we need to show that the distance between the points y,(¢) found out in
the proof of Theorem 4.2 and the trajectory x (¢) is controlled by 2.(z), as & goes
to zero.

Remark 6.2. We stress that in the proof of the next Lemma we will choose the value
of Tp that was introduced in formula (4.3) inside the definition of 7}".
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Lemma 6.3. Let y.(t) be as in Theorem 4.2. There exist positive constants €, 0
and Ty, namely the values introduced in (4.3) in the definition of T} such that, for
some positive constant C,

X (1) — ye(0)] < CQ () + O(e?),
forallt € [0, T)) and ¢ € (0, &).

Proof. We first show that there exists a time Tp such that |y.(¢)| < p, for every
t € [0, T}) with T} < Ty, where p is the positive constant introduced in for-
mula (3.4). Let us first prove that ||8,, ) — 8y, () llc2« < p forallty, 1o € [0, TS
Let ¢ € C?(R") be such that lellc2 < 1. Hence, taking into account Lemma 3.3
and identity (5.1), we get

2 2 1 2
/(Wg(x}vm' _ [getx. 1) )(p(x)dxz//z%am (5. Do (o)didx
£ n € at

£
153 n
= / / —p(x)divy p(x, t)dtdx = / / Vo(x) - pix, t)dxdt
1 1

%)
< ||V¢||L»o/ dt/|p?(x,r>|dx < Cllgllealt — 1] < Cliz — 1),
n

Hence, for all #1, 1, € [0, T;"), it holds

H |pe (x, t2)|2 P 02 n>|2

<Cltr — t1].
= 12 — 1]

C2*
In view of Lemma 6.1, the following inequality holds,

M8y, ) — 8y, leze < CTo + CQe(t) + O(e?) < C(Ty + 0p) + O(e?).
Here we choose the value of Ty and then of o9, g9 so small that
C(To + 00) + O(?) < min{mKo, mKoK;},

being Ko and K the constants introduced in Lemma 3.8. Hence, | y. (2) — y: (1)| <
Ko for all 11, 1, € [0, T}), and since y,(0) = x¢, we obtain the desired assertion.
We can now conclude the proof of this Lemma. The properties of the function x

imply
2
/x « )|¢e(x DI, x — mye(0)|.

In light of the first step of the proof, we have x (y.(¢t)) = 1 forall ¢ € [0, T;*) and
e € (0, gp), so that exploiting again Lemma 6.1, we conclude that

1 1
[x(@) — ye (D] < —|ye (D] + —
m m

e (x, 1)
- Je = & C - N - ye(t = &
[x(#) —ye(®)] < CQ() + Cllx x|l 2 N dx —my, () i < CQ(1)
C *
+O(e?),
which yields the assertion. O

Finally, we get a strengthened version of Lemma 6.1.
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Lemma 6.4. Let ¢9 > 0 and T, > 0 be as in Theorem 4.2. Then there exists a
positive constant C such that

|¢g(x,t)|2d A 2
TN dx—miy pe (X, dx—mED)8x() | ,, <CLO+O(E),

+
2%

foreveryt € [0, T)) and ¢ € (0, o). In particular, if || Al c2 is sufficiently small,
we have

dx—mdy(
CZ*

H |¢a(x n?

X

foreveryt € [0, T}) and ¢ € (0, &).

(1) + O(&?), (6.6)

Pex, Ddx=mEDbx | ,, = Ce

Proof. Notice that, taking into account Lemma 6.1, 3.8 and 6.3, we get

H |¢g(x HI? [gex. DI | H |¢g(x HI?
X

- méx(t)

—ndx —mdy. )
CZ* C2
+m ||5y€<f> — 85| 2 = CRe0) + O,
forevery ¢t € [0, 7)) and ¢ € (0, &9). In turn, we also get

n ”p?(w))(x’ Ddx — m&(1)8y, 1y

pgA (x, )dx — p?(x(t))(x, t)dx‘

pe(x, Ddx = mESx | , o

oo T [mE®8y ) = mE@S: )| o
|¢>s< De,

< sup
lell2<1

'+Cm@+0@)

/[A(X) Ax(O)]e(x) —Fx—

HI?

/ [AGO) — AGO)]g(x )[% b CQu)

= sup
loll2<1

+0O(@Y)

dx — m8x(t)} dx

+CQ% (1)
CZ*

< sup [[(A(x)=AE@))ex)llc2 — méx()

lpll 2=t
+0O(@?)
e (x, 1)[?
o [

e (x, 1) [?

+ CQ(1) + O(?) < CQ(1) + O(2),
C2*

— me(t)

forevery t € [0, ;") and & € (0, &9). This concludes the proof of the first assertion.
Taking into account the definitions of 2.(#) and psA (), inequality (6.6) is just a
simple consequence. O

7. Proof of the main result concluded

In this section we will conclude the proof of the main result.
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7.1. The error estimate

‘We now show that the quantity €2, (¢), introduced in (3.7), can be made small at the
order O(g?), uniformly on finite time intervals, as ¢ — 0.

Lemma 7.1. There exists a positive constant C = C(Tp) such that st(t) <
C(To)e?, for all ¢ € (0,g9) and t € [0, T}). If in addition we assume that
|Allc2 < 8 for some § > O small, then there exists a positive constant C = C(Tp)
such that Q. (t) < C(Tp)e?, forall & € (0, &) and t € [0, T

Proof. Taking into account Lemma 6.4, via identity (5.2) of Lemma 5.1, we obtain

d
‘/ —n;(x,t)dx

'/ps (x, t)XB(x)dx+/VV( )————

A
= ‘/ op: (x,)dx — mé (1)
|¢g<x r)|2

—mVV(x(t)) —mé(t) x B(x(t))‘

2
= /p;“(x,t) X B(x)d)H—/VV( )|¢s(;c )|

— /mVV(x)Sx(t)dx —m/é(t) x B(x)dxdx

IA

[ (v = me0s.0) x B

2
+ ‘/ vV (x) ("ﬁS(gx—N”' - méx(,)) dx

< lAlles | i (v, Ddx = mE3xo |,
‘|¢g<x P,
————dx

+ ”V”C - m(Sx(t)

CZ*
< CQ:(1) + O(e?),

forall ¢ € (0, &9) and ¢ € [0, T;"). Hence, recalling Lemma 3.9, it follows that

tfd
‘/ M} (x, Hdx| < +/ /—n;(x,r)dx dt
0 dt

< |/ e, 0)dx
t

< 0(82)+C/ Q. (1)dx. (7.1)
0
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Let now ¢ € C*(RY) with [|¢c3@yy < 1. Then identity (5.1) and Lemma 6.4
yield

9 |¢e(x, 1)
V |¢pe (x, )|~ (x D, x —mVe(x(t)) - £(t)

= —/w(x)divx pA(x, dx —mVo(x (1)) - £(1)

‘ / — T2 (x, Dp(x)dx| =

= /Vfﬂ(X)~pf(x,t)dx —/mvw(X) - E(1)8x(nydx

=|[ Vot (pten - me0bi)

(1) + O,

IA

lpllcs | e . dx = me x| ,, = CL%

forall ¢ € (0, g9) and ¢ € [0, 7). Hence, by Lemma 3.9, it follows that

sup
lolle3 <1

< sup
loll s <!

t
+ sup /
lello3<170

t
<0@EH + c/ Q. (v)dr,
0

(7.2)

/ T2 (x, H)p(x)dx

/ T2 (x, 0) (x)dx

d
/Eﬂg(x,t)w(x)dx dt

forall e € (0, g9) and ¢ € [0, 7). Finally, again via identity (5.1) and Lemma 6.4,

e (O] = me) + / xx )divy pA(x, )dx

= |mé&(t) —/V(XX(X)) - pi(x, ndx

= /V(XX(X))mé(f)&c(z) —/V(XX(X))~P?(XJ)dX

IA

IVGex )l 2

P Ddx —mEDbx( |, < CRe0) + O,

forall ¢ € (0, g9) and ¢ € [0, 7). This, recalling Lemma 3.9, yields

t

lye ()] < O(e?) + C / Q. (1)dr, (7.3)
0

forall e € (0, g9) and ¢ € [0, T). By collecting inequalities (7.1), (7.2) and (7.3),
we get

t
fzg(t) <O0@E) + C/ fze(t)dr
0
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forall ¢ € (0, &p) and ¢ € [0, T}*). Then, by Gronwall Lemma, we have Qg(t) <
C(Tp)e?, for all ¢ € (0, &p) and ¢t € [0, T;). Finally, recalling the definitions of
Q. (1) and p (¢) and exploiting again Lemma 6.4 concludes the proof. O

We are now ready to conclude the proof of Theorem 2.4.

Let § > 0 be as in Lemma 7.1. Let us prove the first part of Theorem 2.4.

We recall that the value of Ty > 0 was fixed in the proof of Lemma 6.3 and it
just depends on the data of the problem, such as V, A, m, N. Moreover, by virtue
of Lemma 7.1 and by the definition of 7" (see the proof of Theorem 4.2), it follows
that 7 = Tp for all ¢ € (0, g9), up to further reducing the value of £y9. Hence
Q:(t) < C(Ty)e? for all € € (0, g9) and ¢ € [0, Tp]. Now, by Theorem 4.2 there
exist two families of functions 6, : Rt — [0, 27) and y, : RT — R" such that

. 2
e (-, 1) — ef EOXHEOHAED)-(=x(1)),, (x - ye(t))
& Ha

= O(e?),

forall ¢t € [0, Tp]. On the other hand, by combining Lemma 6.3 with Lemma 7.1, it
follows that |x(¢) — y.(¢)] < Ce?, forallt € [0, Ty] and ¢ € (0, &). Then, taking
into account the exponential decay of Vr, we obtain

H (x—yga)) (x—x(z)) 2 O =P
r\———)—r{———— T S—
£ £

> = 0(eh),
He

for all ¢t € [0, Tp] and € € (0, &g). Therefore, Theorem 2.4 holds true on the time
interval [0, Tp]. Let us take x(7p) and &(7p) as new initial data in system (2.6) and
the function

V() = (x - X(To)) HAGT) =3 (T +x €T
&

as a new initial data for problem (P). Whence, by the previous step of the proof,
the approximation result holds on the interval [Ty, 27y], and hence on an arbitrary
finite time interval [0, T'], for T > 0.

In order to prove the second part of the statement of Theorem 2.4 one can follow
the argument of [48] (essentially relying on [9]). Based upon the identity

Vo
— — Av
1

Ol
uP?

the energy functional E, rewrites as

+IVIlE, pAW) =3I @(Vu —iAv)),

Eq(1) = EF*'(t) + E2 (1) + EX (1),
where we have set

|pd . )
| (x, D)2

/ e Cx, )PP 2dx.

Pl = lN [ v npax. E“(t)

3

£ = 5 [ 191l 0y = —
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Then, following the steps of the proof of [48, Lemma 3.5] (on the basis of the
quantitative estimate of the expansion of E up to a error of O(g?), cf. Lemma 3.5),
we get

0 < EX(Igel) — E2(r) < CQe(t) 4+ O(eP), (7.4)

1] pte ol
m

5 < CQ.(1) + O®D).

0 < EX@) —

In turn, the second inequality easily yields

/e
Once inequalities (7.4)—(7.5) holds true, the assertion can be proved by arguing as
before. In fact, inequality (7.4) yields

o phn (A n) gl [

e (x, )] = N | 4 s CQL (1) + O(E?). (1.5)

el = r (%(”) 17, < CQ() + O,

for some y. () € R". Instead, inequality (7.5) allows to prove inequality (6.6) of
Lemma 6.4.

8. Conclusions

We have analyzed the soliton dynamics features of subcritical (with respect to global
well-posedness) nonlinear Schrodinger equations in the semiclassical regime under
the effects of an external electromagnetic field, showing that the solutions concen-
trate along a smooth curve x(¢) : Rt — R¥ which is a parameterization of a solu-
tion of the classical Newton equation involving a conservative electric force F, =
—VV (x(t)) as well as the contribution of the Lorenz force Fj, = —x(t) x B(x(1)),
being B = V x A the magnetic field. The main results improves the results of [48],
a recent contribution that the author discovered after completion of the paper. The
technique is based upon the use of quantum (mass and energy for the PDE (P)) and
classical ((2.7) for the ODE (1.4)) conservation laws, on the lines of an argument
introduced in Bronski and Jerrard in 2000 in [9] making no use of a lineariza-
tion procedure for the equation. On the other hand, the presence of the magnetic
field introduces new difficulties that have to be handled. Finally, we wish to stress
that our results are consistent with the current literature regarding the analysis of
particular classes solutions, such as the standing waves.
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