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Abstract We study an eigenvalue problem in the framework of double phase variational
integrals, and we introduce a sequence of nonlinear eigenvalues by a minimax procedure. We
establish a continuity result for the nonlinear eigenvalues with respect to the variations of the
phases. Furthermore, we investigate the growth rate of this sequence and get a Weyl-type law
consistent with the classical law for the p-Laplacian operator when the two phases agree.
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1 Introduction
1.1 Overview

While the theory of linear eigenvalue problems is a well-established topic of functional analy-
sis [16], in the last few decades many contributions were devoted to the study of nonlinear
eigenvalue problems. As pointed out by P. Lindqvist in his monograph [44], the work [37] by
E.H. Lieb was probably one of the first containing an interesting result about the minimum
of a nonlinear Rayleigh quotient in several variables. Subsequently, and especially in the first
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years of the nineties, various papers were written by P. Lindqvist on the subject, we recall
here [28,38,40-42] and the comprehensive overview contained in his monograph [44].

1.1.1 p-Laplacian

More precisely, if 2 C R” is a smooth bounded domain and p > 1, for the quasilinear
eigenvalue problem

— div(|Vul?2Vu) = Aul?Pu, ue WyP(Q), (1.1)

existence, regularity, qualitative properties, and stability of eigenpairs (u, A) with respect
to p were investigated. The physical motivations that lead to the study of the eigenvalue
problem (1.1) are mainly within the context of non-Newtonian fluids, dilatant for p > 2 and
pseudoplastic for 1 < p < 2, nonlinear elasticity and glaciology. Of particular relevance
is the investigation of the properties of the first eigenpair (u}?, A },), which corresponds to a
solution to the nonlinear minimization problem

1 . : . 1, .
Ap(82) = ”ér}\gp IVulh,  Mp={ue Wy :lul,=1}.

In the one-dimensional case, (u },, )\;) is explicitly determined by solving the corresponding
ODE boundary value problem. If Q = (a, b), then

1
hp = (ap/b—a)P™!,  w, ::2<p—1>1/1’/ (1 —sP)~!/7ds,
0
and

up(x) = (p—1)"Psin, (7, (x —a)/(b — a)),

where sin,, is a 27 ,-periodic function that generalizes the classical sine function [43]. Of
course an analogous analysis is not possible in the higher-dimensional case. The existence
of a sequence of higher eigenvalues (u';, A7) can be obtained as a solution to

AD(Q) :=inf max [[Vul},
KeW;," uek

where
WZ’ = {K C M,: K symmetric (K = —K) and compact, y(K) > m}, (1.2)

and y (K) denotes the Krasnosel’skil genus of K. We recall that for every nonempty and
symmetric subset A of a Banach space X, its Krasnosel’skii genus is defined by

y(A) := inf {k € N:3 a continuous odd map f : A — Skfl} , (1.3)

where SK1 is the unit sphere in R*, and with the convention that y(A) := 400, if no such an
integer k exists. Actually one can define, in a similar fashion, a sequence of higher variational
eigenvalues by replacing the Krasnosel’skii genus with any other topological index i which
satisfies the properties listed at the end of Sect. 4. It is unknown whether these topological
constructions exhaust the spectrum or not, which is the case for linear eigenvalue problems.
This is, in fact, one of the main open problems in the field since the appearance of these
results. The sequence of eigenvalues (A’];') depend continuously, in smooth domains, on the
value of p (cf. [12,21,22,40,42,50]) and, fixed the value of p, they grow in m according to
a suitable Weyl-type law, )\Z‘ ~ CmP/" for m large, consistently with the celebrated Weyl
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law for the linear case p = 2, see e.g., [29,31]. For a complete investigation of the Stekloff
spectrum for the pseudo p-Laplacian operator >"; D;(|D;u|? ~2D;u), we refer the reader to
[10].

1.1.2 Fractional p-Laplacian

We wish to point out that, very recently, a nonlocal version of the p-Laplacian, the fractional
p-Laplacian (—A)°,

— -2 -
(—A,) u(x) =2 lim lu@x) — uNI"" @) —u))

y, xeR' (1.4)
N0 R\ B, (x) |x — y|rtsep

was introduced in [38], where properties of the first eigenvalue are investigated. Subsequently,
Weyl-type laws were studied in [33] (an optimal result, consistent with the local case, is not
available yet, due to the strong nonlocal effects in the analysis) and a complete analysis
about the stability of variational eigenvalues was obtained in [8], with particular reference
to the singular limit s ' 1 toward the eigenvalues of the fractional Laplacian (—A)* =
F~1 oy o F, where F is the Fourier transform operator and .#; is the multiplication by
|€]?5. A rather complete analysis about the properties of the second eigenvalue was carried
on in [9].

1.1.3 p(x)-Laplacian

Motivated by nonlinear elasticity theory and electrorheological fluids, problems involving
variable exponents p(x) were also investigated, especially in regularity theory (see e.g., [1,2,
23] and the references therein). Quite recently in [28], nonlinear eigenvalues were investigated
in this framework. If p : Q@ — R is a log-H6lder continuous function and

1 <p- ::igfpfp(x)fsupp::p+<n for all x € €,
Q

the m-th (variational) eigenvalue A’I’j( 1) can be obtained as
AT = inf  osup [|[Vull p, (1.5)
p(x) KEW;)"(X) ek p(x)
where || - || (x) is the Luxemburg norm defined by
u(x) p(x)
lull p(x) = inf y>0:/ dx <1¢.
Ql Vv

and W;’f(x) is the set of symmetric, compact subsets of

1,
Moy = {u € WP ()« ull pooy = 1}

such that i (K) > m, where i denotes the genus or any other topological index satisfying
properties (i1)—(i4) listed in Sect. 4. In [28] existence and properties of the first eigenfunction
were studied. The stability with respect to uniform perturbations of p(x) was recently inves-
tigated in [13] (see also [7]). Finally, the growth rate of the sequence in (1.5) was investigated
in [52], getting a natural replacement for the constant case.
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1.1.4 Double phases

Given two constant exponents ¢ > p > 1, one can think about the case of a variable
exponent p(x) being a smooth approximation of a discontinuous exponent p : 2 — (1, 00)
with p(x) = pif x € Qq and p(x) = ¢q if x € Q», where Q2 = Q] U 5. In some sense, this
situation can be interpreted as a double phase behavior in two disjoint sub-domains of Q. A
different kind of double phase situation occurs for the energy functional

U / H(x, |[Vu(x)|)dx, Hx,t) :=t’ +a(x)t?, g>p>1, a(-) >0, (1.6)
Q

where the integrand switches two different elliptic behaviors. This defined in (1.6) belongs
to a family of functionals that Zhikov introduced to provide models of strongly anisotropic
materials, see [60,62,63] or [61] and the references therein. Also, (1.6) settle in the context of
the so-called functionals with nonstandard growth conditions, according to a well-established
terminology which was introduced by Marcellini [45,46], see also [17-19,47]. In [61], func-
tionals (1.6) are used in the context of homogenization and elasticity and the function a drives
the geometry of a composite of two different materials with hardening powers p and g.
Significant progresses were recently achieved in the framework of regularity theory for min-
imizers of this class of integrands of the Calculus of Variations, see e.g., [3-5,14,15].

1.2 Main results

The main goal of this paper is to introduce a suitable notion of eigenpair associated with the
energy functional (1.6) consistently with the case p = g and a = 1, to prove the existence
of an unbounded sequence of eigenvalues and, furthermore, get continuity of each of these
eigenvalues with respect to (p, ¢) and a Weyl-type law consistent with the classical (single
phase) case. Let W&’H(Q) be the Musielak—Orlicz space introduced in Sect. 2 and

Mo = (u € Wy (@) lull = 1),

where €2 is a bounded domain of R”. In the sequel, we shall denote this set simply by M.
In the next theorems, we assume that 1 < p < g < n and that the following condition holds

1 _
4 <14+ - 02 and a:Q — [0, 0o) are Lipschitz continuous. (1.7)

p n’

The following are the main results of the paper.

Theorem 1.1 (The first eigenpair) The first eigenvalue

1 .
Aoy = iInf ||Vu
b= inf ([ Vullg

is positive and there exists a positive minimizer ”;1 € M N L*®(2) which solves

L
—div (p Tu

=2 yy

3 ) = AS)(plul?"2u + qa(x)|ul!*u),

s

Vu+ @)
— a(x
5 q

Y
(1.8)
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q
/ (P‘% )dx
Su) = =% .

/Q<p|u|1’ + qa(olul9)dx

with A = A%{, where
Vu

P
+ ga(x) T

(1.9)

The first eigenvalue A;{ is stable under monotonic perturbations of Q2. If a = 1, furthermore,
balls uniquely minimize the first eigenvalue among sets with a given n-dimensional Lebesgue
measure. Finally, if a = 1 and, given a polarizer H with 0 € H (resp. 0 € 0H), the
domain Q coincides with its polarization QH (resp. its reflection Qy ), then there exists a
first nonnegative eigenfunction having the symmetry u = u®l.

The previous theorem is a consequence of a Poincaré-type inequality, which has been
proved in the general framework of Musielak—Orlicz spaces in [26,32].

It is important to stress that, due to the presence of the term S(u), Eq. (1.8) turns out to
be nonlocal. A similar nonlocal character arises in the case of the p(x)-Laplacian.

It would be interesting to investigate the simplicity of the first eigenvalue as well as
understanding if an arbitrary eigenfunction of fixed sign is automatically a first eigenfunction.
These issues are known to hold in the cases of the p-Laplacian and the fractional p-Laplacian,
but, to the authors’ knowledge, no result seems to be available in inhomogeneous settings
like the p(x)-Laplacian or the double phase operators.

In what follows, i denotes the genus or any topological index satisfying (i1)—(i4) in Sect. 4.

Theorem 1.2 (Nonlinear spectrum). If WY, is the set of symmetric compacts K of M with
index i (K) > m, then the sequence
Ay = inf sup [[Vullp,
KeWq uek

is nondecreasing, divergent, and for every m > 1 there exists u,, € M solving Eq. (1.8),
with L = A%,

The result provides the construction of a variational spectrum for the double phase integrands
which is consistent with the single phase case p = g, see e.g., [21,22]. The proof relies on
the properties of the topological index i and is based on the fact that the even functional
Kipm 1 u € M — ||Vu|x satisfies the (PS) condition. As for the p-Laplacian, it is not
known whether the variational spectrum (i.e., the sequence of variational eigenvalues (17}))
exhausts the whole spectrum (i.e., the set of all eigenvalues of (1.8), see Definition 3.3) or
not. In Theorem 3.12, we prove that the spectrum is a closed set. While the following two
results concern only the variational spectrum.

Theorem 1.3 (Stability) Let (pn, qn) \ (p, q) as h — o0o. Then

hli)rrgo)\"ﬁh =My, foreverym >1,

where Hp (x,t) := tPh + a(x)t? and H(x,t) :=tP + a(x)t4.

The result implies, in particular, that each element of the sequence of nonlinear eigenvalues
()L;"ih) for the double phase case converges to the corresponding nonlinear eigenvalue for the
po-Laplacian operator, whenever (py, gn) \( (po, po),ash — oo. The proof of Theorem 1.3
uses some recent results of [21] and involves the I'-convergence of a class of even functionals
defined in L' ().
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In what follows, for any £ C N, we shall denote by fE the number of elements of E.
Furthermore, A C R” is called quasiconvex if there exists a constant C > 0 such that for all
X, y € A there is an arc joining x to y in A having length at most C|x — y|.

Theorem 1.4 (Weyl law) Let Q2 be quasiconvex and let us set

1 1
w =1+ |alleo + 1€2], O‘Z=I’l(*—*).
V2

Let )Y, be defined either through the genus y or through the Z-cohomological index g.
Then, there exist C1, Co» > 0, depending only on n, p, q, such that

ClIRIG /w1 < g {m e N:2j, < i} < Gl w177,
for & > 0 large. In particular there exist D1, D> > 0 depending on n, p, q, a and |2| with
Dlm(lfa)/n < )L% < Dzm(l+a)/n
for every m > 1 large enough.

The result provides a consistent extension of the Weyl-type law for the p-Laplacian. We
point out that, in the limiting case when p = ¢ and a = 1, the Euler-Lagrange Eq. (1.8) [see
also the formulation (3.3)] reduces to the usual quasilinear problem (1.1) involving —A ,,

but the eigenvalues A%, and A7), in light of their definition, do satisfy

1
= @5)r forallmeN.

Hence, the estimate for the growth of (A%) of Theorem 1.4 for the case p = ¢ (formally
corresponding to o = 0)

Dlml/n < )\.;n_t < Dzml/n

should be compared with the estimate DymP/" < k’;} < DymP/™ and, thus, it is consistent
with the results obtained in [29,31]. For the linear case ¢ = p = 2 anda = 1, we mention the
pioneering contribution by Weyl [58], from which these types of estimates inherit the name.
The proof of Theorem 1.4 relies on the properties and on the relations among three different
topological indices (i.e., the genus, the cogenus, and the cohomological index) and is an
adaptation to the double phase setting of an idea developed in [52] for the p(x)-Laplacian
operator.

1.3 Plan of the paper

In Sect. 2, we give some basic definitions and useful results on Musielak—Orlicz spaces
and in particular on the spaces generated by the N-function H as in (1.6). In Sect. 3, we
derive the Euler-Lagrange equation corresponding to the minimization of the Rayleigh ratio
IVull4¢/llu]l7 and we prove Theorem 1.1 concerning the first eigenpair (k%{, u%{) and some
useful properties of the spectrum, such as its closedness and the behavior of the first eigenvalue
for large exponents p and g. Section 4 contains the definition of the variational eigenvalues of
(1.8) and the proof of Theorem 1.2, while Sect. 5 is devoted to the proof, via ['-convergence,
of the stability of the nonlinear spectrum (Theorem 1.3), i.e., the continuity of the eigenvalues
with respect to the variation of the phases p and g from the right. Finally, in Sect. 6 we study
the asymptotic growth of the variational eigenvalues and prove Theorem 1.4.
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2 Preliminary results

2.1 Musielak—Orlicz spaces

We recall here some notions on Musielak—Orlicz spaces, see for reference [48], Section 2 of
[23], and also Section 1 of [27]. Let 2 C R” be a bounded domain.

Definition 2.1 A continuous, convex function ¢ : [0, c0) — [0, 00) is called ®-function if
¢(0) =0and ¢(¢) > 0 forall r > 0.

A function ¢ : Q x [0, 00) — [0, 00) is said to be a generalized ®-function, denoted by
¢ € ©(), if (-, t) is measurable for all # > 0 and ¢(x, -) is a O-function for a.a. x € Q.
@ € ©(Q) is locally integrable if ¢(-,t) € L' (Q) forall ¢ > 0.

¢ € ©(2) satisfies the (Ay)-condition if there exist a positive constant C and a nonnegative
function & € L1 () such that

©(x,2t) < Cp(x,t)+ h(x) fora.a.x € Qandallr € [0, 00).

Let ¢, ¢ € ®(R2). The function ¢ is weaker than v, denoted by ¢ < ¥, if there exist two
positive constants Cy, C, and a nonnegative function 4 € L(€2) such that

ox, 1) < C1y¥(x,Cat) + h(x) fora.a.x € Qandallr € [0, 00).
Given ¢ € ®(RQ), the Musielak—Orlicz space L?(2) is given by
LY (Q) = {u : @ — Rmeasurable : 3y > 0s.t. gp(yu) < oo},

where

0p (1) = /Q p(x, Jul)dx
is the modular, while

lully :=inf {y > 0:0,(u/y) <1}
is the norm defined on L¥(R2).

Proposition 2.2 (cf. [48, Theorem 7.7]) Let ¢ € ®(K2), then (L%, || - |ly) is a Banach space.

Proposition 2.3 (cf. [48, Theorem 8.5]) Let ¢, W € ®(2), with ¢ < V. Then
LY(Q) — LY(Q).

Proposition 2.4 (unit ball property) Let ¢ € ®(S2), then the following properties hold.

(i) If satisfies (A2), then L?(Q2) = {u : Q@ — R measurable : g,(u) < oo}, (cf. Theorem
8.13 of [48]).

(ii) If u € LY(R), then g,(u) < 1 (resp. = 1; > 1) & lull, < 1 (resp. = 1; > 1),
(cf. Lemma 2.1.14 of [23]).

Remark 2.5 As a consequence of the homogeneity of the norm and of the unit ball property
(Proposition 2.4-(ii)), we have the following implications:

I () RN (e
= Q = :Q .
o vl “ vy

@2.1)

u

vl

lullgy = llvlly, = '
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Definition 2.6 For ¢ € ®(Q), the function ¢* : Q x R defined as

©*(x,s) = sup(st —@(x,t)) fora.a.x € 2 and alls € [0, 00)
>0

is called conjugate function of ¢ in the sense of Young.

Proposition 2.7 (cf. [23, Lemma 2.6.5]) Let ¢ € O(R2), then the following Hélder-type
inequality holds

/ luvldx < 2lullpllvilgs, forallu € LY(Q) andv € LY ().
Q

Definition 2.8 ¢ : [0,00) — [0, 00) is called N-function (N stands for nice) if it is a
®-function satisfying

1 t
lim w:o and lim w:oo

t—0+t ¢ t—o0 f
A function ¢ : Q2 x R — [0, 00) is said to be a generalized N-function, and is denoted by
¢ € N(Q), if ¢(-, t) is measurable for all € R and ¢(x, -) is an N-function for a.a. x € Q.
Remark ¢ € N(2) implies ¢* € N(L).

Definition 2.9 Let ¢, v € N(2). We say that ¢ increases essentially more slowly than
near infinity, and we write ¢ < ¥, if for any k > 0
¢ (x, ki)
im
=00 Y. 1)

=0 uniformly fora.a. x € Q.
For ¢ € ®(£2), the related Sobolev space WLe(Q) is the set of all L¥(£2)-functions u having
|Vu| € L?(€2), and is equipped with the norm

lulli,p = llullp + IVullp,

where || Vu||, stands for || [Vu] ||,. Furthermore, if ¢ € N (£2) islocally integrable, we denote
by W(;’(ﬂ(Q) the completion of Cgo(Q) in Whe(Q).

Proposition 2.10 (cf. [48, Theorem 10.2], [27, Proposition 1.8]) Let ¢ € N(2) be locally
integrable and such that

inf ¢(x,1) > 0. 2.2)
xeQ

Then the spaces whe(Q) and W(}’(p(Q) are Banach spaces which are reflexive if LY (2) is
reflexive.

2.2 The double phase N-function

The function H : 2 x [0, o0) — [0, c0) defined as
H(x,t) :=tP +a(x)t? forall (x,1) € Q x [0, 00),

with 1 < p < gand 0 < a(-) € L'(Q), is a locally integrable, generalized N-function
satisfying (2.2) and

H(x,2t) <29H(x,t) fora.a.x € Q and allt € [0, c0),
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that is condition (Aj). Therefore, in correspondence to H, we define the Musielak—Orlicz

space (L(Q), | - 1) as
LH(Q) = {u : @ - R measurable : gy (u) < oo},
lull3 :=inf {y > 0:0n(u/y) < 1},

where we recall that

or(u) :=/ H(x, |u])dx.
Q

Remark 2.11 In the next lemma, we provide an explicit expression for || - ||7¢. To this aim,

for every function u with a(x)|u|? € L'(R) and ||a1/‘1u||q > 0, we set

49
||al/‘1u||q ) q-p

llullp

Op.q W) = (
We observe that the convex function
W(t) =tP + 19, t € [0, o0)

is invertible in [0, 0c0). We have the following result.

Lemma 2.12 Let 1 < p < q. Then, for every u with a(x)|u|? € L'(Q) and ||a1/‘1u||q > 0,

there holds

”“”p ®p,q(’4)

lulln = —W”(@p,q(u)l’)'

Proof Let y > 0 be admissible for the problem defining ||u||7, i.e.,

1 1
—/ Iulpdx—l——/a(x)lul"dxf 1.
vl Ja v? Ja

We now perform the change of variable

7/:1 (/ Iul”dx) (/ a(x)lulqu)_ . 1>0,
t Q Q

for some « € R that will be chosen later. Then (2.4) becomes

l—ap op
t? (/ |u|”dx) (/ a(x)|u|qu)
Q Q

—og 1+agq
+19 (/ lu|? dx) (/ a(x)|ul? dx) <1.
Q Q

If we choose

the previous inequality becomes

__Prq_ rq
A? +19) a ully T ullj7 < 1

This can be finally rewritten as

W(t) < Opqw)?.

(2.3)

24
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This shows that
1

(/ a(o)lul? dx)w
Q

()

By using that W is strictly monotonically increasing in [0, o), we get the expression
(2.3). O

We recall here the following definition.

1
lulln = inf[? >0 : W(t)f@,,,q(u)p].

Definition 2.13 A function ¢ € N(R2) is uniformly convex if for every ¢ > 0 there exists
8 > 0 such that

4+ N s
|t —s| < emax{t,s} or <p(x, +Y)§(1—6)w

2
forallt,s > 0Oand a.a. x € Q.
We endow the spaces whH(Q) and WOI’H(Q) with the norm

el = llullm + [ Vuliz.

Proposition 2.14 The spaces LT(Q), WL(Q) and WOl ’H(Q) are uniformly convex, and
so reflexive, Banach spaces.

Proof By Propositions 2.2 and 2.10, L™(2), W' (), and W, 7*(£) are complete. For the
second part of the thesis, it suffices to prove that L7 () is reflexive. Since by Propostion 2.2,
L™ () is a Banach space, if we prove that L™ () is uniformly convex, the reflexivity follows
by the Milman-Pettis theorem. By Theorems 2.4.11 and 2.4.14 of [23], in order to prove that
L™ () is uniformly convex, it is enough to show that the N-function  is uniformly convex.
Lete > O and ¢, s > 0 be such that |t — s| > ¢ max{z, s}. By Remark 2.4.16 of [23] there
exist §,(¢), §;(¢) > 0 such that

P q
(ﬂ) 5(1_51,(8))’“2”17 and (HTV) 5(1—5q(e))tq+sq,

2 2
thus
t P t q P 14 4 P q
) o () = (= mings ), 8, (o A ST AN
2 2 2
This concludes the proof. O

In the following, the notation X < Y means that the space X is continuously embedded into
the space Y, while X <> < Y means that X is compactly embedded into Y.

Proposition 2.15 (Embeddings, I) Put p* := np/(n — p) if p < n, p* := +00 otherwise,
and

LI(Q) = [u : © — Rmeasurable: / a(x)|ul?dx < oo] ,
Q

1/q
litllga = (/ a(x)lulqu) .
Q

Then the following embeddings hold:

endowed with the norm
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(i) LH(Q) — L"(Q) and W(}’H(Q) > Wol‘r(Q)for allr € [1, pl;
(it) if p # n, then

Wy TH(Q) < L"(Q) forallr € [1, p*J;
if p = n, then
Wy TH(Q) = L"() forall r € [1, 00);
(iii) if p < n, then
Wy TH(Q) > L7(Q) forall r € [1, p*);
if p > n, then
WOI’H(Q) > LO(Q);

(iv) L™(Q) — LI(Q);
(v) ifa € L®(RQ), then L1 (Q) — L™ ().

Proof Put Hp,(x,t) := t” forallt > 0 and x € Q. Clearly, H, < H, hence by Propo-
sition 2.3, LH(Q) < LP(Q) and W) (Q) — W, ”(RQ). Therefore, (i) follows by
the boundedness of 2. While, (ii) and (ii7) follow by the embedding results on classical
Lebesgue and Sobolev spaces. Now, let u € LH(Q), then

/a(x>|u|qu 5/(|u|ﬂ+a(x>|u|q)dx = on ).
Q Q

Therefore, if u # 0,
] \?
a(x) dx <1,
Q lleell#¢

lullg.a < el

and so we conclude

which proves (iv). Finally, forall r > 0 and a.a. x € Q, ifa € L*°(2), we have
Hx, 1) < (1 +19) +a)t? <1+ (1 + |lalleo)t?,
so (v) follows once again by Proposition 2.3. O

Although we will not use it explicitly, the next lemma could be useful in some situations.

Lemma 2.16 Let (up) be a sequence in LM(Q) such that up — u € L™(Q). Then, there
exist a subsequence (un;) and a function v € L™(Q) such that
Up; > u ae. in 2,

lup;| <v forall j, a.e. in 2.

Proof By Proposition 2.15 L™(Q) < LP (), hence up to a subsequence uj, — u a.e. in 2.
We prove now the second part of the statement. Since (u,) is a Cauchy sequence in LT(Q),

we can find a subsequence (un;) for which Neth; y —un;lln < 2=/, Forallm > 1 we define

Fn) =D lun e, () = up ()]

Jj=1
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which satisfies
I fmlle <D lMun,y —unllee <1 forallm e N
j=1
and by the unit ball property
or(fm) <1 forallm € N.

Clearly, f,,,(x) < fin41(x) forallm, a.e. in , and so, by the monotone convergence theorem,
there exists f € L'() such that f,, — f a.e.in . By virtue of Lemma 2.3.16-(b) of [23],

on(f) = lim 01 (fm),
m— 00
whence f € LM (R2). Now, forallm > £ > 2 and fora.a. x € Q

[, (X) — wp, ()| < |up, (X) = tp,_ G+ -+ lup,, (x) — up, (x)]

= fm—1(x) = fe—1(x). (2.5)

This implies that for a.a. x € €, (un; (x)) is a Cauchy sequence in R and so it converges to
some #(x) € R. Furthermore, passing to the limit for m — oo in (2.5), we get for all j > 2
and fora.a. x € Q

i (x) — up; ()] = f(x). (2.6)

Thus, by Lemma 2.3.16 (¢) of [23], we obtain Up; = iin L™(Q), and sou = i a.e. in .
Finally, (2.6) yields

lup; ()| < lu@x)|+ f(x) foraa x e,
and the proof is concluded by taking v := |u| + f € LT(Q). O
From now on in the paper, unless explicitly stated, we shall assume that
l<p<gq<n.

Definition 2.17 For all x € Q denote by H1(x, ) : [0, 00) — [0, co) the inverse function
of H(x, -) and define H;l 1 Q2 x [0, 00) — [0, 00) by

H 1 (x, 1)
-1
L (x,8) = / S D/n ——————drt forall (x,s) € 2 x [0, 00).

The function H, : (x,1) € Q x [0,00) — s € [0, 00) such that H;l(x,s) = t is called
Sobolev conjugate function of H.

Proposition 2.18 (Embeddings, IT) Assume that (1.7) holds. Then the following facts hold.

(i) WhH(Q) — LM+ (Q).
(ii) IfK € N(R2), K : Q x [0, 00) — [0, 00) is continuous and such that K < Hy, then

W (Q) > LE(Q).
(iii) 'H < Hs, and consequently
WHH(Q) > LT(Q).
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(iv) The following Poincaré-type inequality holds
lullze < ClIVullye,  forallu € Wy ™ (), @7

for some constant C > 0 independent of u.

Proof We refer to Theorems 1.1 and 1.2 of [26]. It suffices to prove condition (2) of Propo-
sition 3.1 of [26], i.e., that there exist three positive constants 6 < 1/n, co and #p such
that

OH(x,t
‘—3¥ﬂfmmuﬁﬂ” 2.8)
axJ'
forall j =1,...,n,x € Q for which Va(x) exists, and t > 9. If we put 6 := ¢g/p — 1 and
¢qa > 0 the Lipschitz constant of a, we get
OH(x,t
‘# < cat? < cq(t? +a(x)t9)?P foraa.x € Qallt>0,andj=1,...,n,
Xj
that is (2.8) with ¢cg :==c¢4,6 :=¢q/p — 1 < 1/n and any 7y > O. m}

Remark 2.19 Poincaré-type inequality (2.7) has been proved also in [32] under the more
general assumption

Q2 is quasiconvex and a € c%%(Q), with 4 <1+ ¢ forsome @ € (0,1]. (2.9)
p n

We wish to stress that the bound on ¢/ p given in (2.9) was required for the first time in the
papers [3,5] dealing with regularity of local minimizers for double phase variational integrals.
Furthermore, we observe that, since p* > p(1 + 1/n), both (1.7) and (2.9) imply g < p*.

As a consequence of inequality (2.7), if either assumption (1.7) or assumption (2.9) holds,
we equip the space WO1 77 (2) with the equivalent norm

IVulln.

3 The eigenvalue problem

3.1 Derivation of the Euler-Lagrange equation

Put

K@) = [Vulp, ko) = llully forue WgT'@), M= [uew)™@:kw=1}.

Let us consider the Rayleigh ratio

K@) _ Vulln
k(u) lleell

3.1)

and define the first eigenvalue as

I . Vulln .
H = inf = inf K(u). 3.2)
uewl Moy Il ueM
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We claim that the following equation

i |Vul \P 2 Vul\77%| Vu
- ”(Kw)) +q“(x)(1<(u>) K o)
3.3)

B lul \7~ Jue] u 1M
—”“‘)["(k(u)) w0 (i) }k() ¢ e

is the Euler-Lagrange equation corresponding to the minimization of the Rayleigh ratio (3.1).
In (3.3), we have denoted by S(u) the following quantity

ol Gean) + oo (i) ] -
/[ (kl( l)) ()(kl( |)) ]dx

We note that Eq. (3.3) reduces to (1.8) if u € M, since in that case K (1) = A, k(u) = 1 and
S(u) reads as in (1.9).
In order to prove the claim, we define for all u € Wé’H(Q)\{O} and v € WOI’H(Q):

S(u) =

A lul u
——uvdx
/Q (k( )) aat )(k( )) }k(u)”
(A(), v) : = m m ,
d.
/[(k()) ”(k())]x
/ i (|W|) (|Vu|)q 21 wu
P\ = qa(x) -Vudx
a| "\ K@) K (u) K (u)
(B(u),v) : = = .

Ll () oo (5 e
Q K (u) K (u)
Proposition 3.1 k € C' (W, 7' (Q)\{0}) with k' (u) = A(u) for all u € Wy " (2)\{0}.

Proof Reasoning as in Lemma A.1 of [28], we get

Jim w = (A(u), v).

e—>0t

) ::/ [ (k|( ')) e )(k|( ')) ]dx for all v € Wy'™()\{0).

We observe that, being 1 < p < ¢ and by the unit ball property,

Q) _QH( ) L. 3.5)
k(v)
By Holder’s inequality and by Proposition 2.15, it results that

p p-1 q 1/q'y,1a-1,1/4
k(u)P—l/QM |U|dx+k(u)‘1—1/9a [ul?"" a4 |v|dx

p p—1 q g—1
= k(u )]7*1 ”M”p ||U||p + W”M”qﬂ ||v||q,a

S p— 1 qaq
<
< (k( ™+ e )||v||1,H,

Put

[(A(u), v)| <
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where S), Sy« > 0 are the Sobolev constants for the embeddings of Wé’H(Q) in L”(£2) and
in LL(Q), respectively. Therefore, A (1) belongs to the dual space (WOl ’H(Q))’ of WOl ’H(Q)
and k is Géteaux differentiable in u, with k'(u) = A(u) for all u € Wy "' (Q)\{0}. It
remains to prove that k’ : W&’H(Q) — (WOI’H(Q))’ is continuous, i.e., that given a sequence
(un) C Wy ' (Q)\{0) such that uy, — u # 0 in Wy "'(Q),

sup  [(K'(up) — k' (u),v)| > 0 ash — oo.
vew, (@)
ol ¢ =1

Forallv € W&’H(Q) with [|v]]1,# < 1 we get

(K (un) — K (), v)]|

/ (|uh|)” up / (|u| )1’2 u
p vdx P vdx
o \k(up) k) Jo" \k(w) k(u)

B S (un) J )
q—2 )
/qa(x)( Jun] ) ll vdx /qa(x)( Jul ) “ vdx
|/ k) k) g k) k)
S (un) [

<pI1" 441,

where

I(h)._/lvl 1 (luhl )p_z up 1 (Iul )p_2 1y
S SQup) \k(up) k(up)  f(u) \k(u) k(u)

x
Iz(h) :=/a(x)|v|
Q

X.

L () ()
S un) \k(up) kQup)  fu) \k(u) k(u)

We show that Iz(h) — 0 as h — oo, the proof for / l(h) is identical, with a(-) replaced by the
constant function 1 and ¢ replaced by p. We get by Holder’s inequality

1/q q—2 q—2

o /a(x) Ol (|uh|) ] _(M) el |
> = ran ‘O k) ke " Gw)  rw |
1 1

/g 14 “")ql _ dx
+/Q“(X) vlato) (k(u) Fen ~ f@
= vl /a(x) ( ll )q—z lunl (Wl)q_2|“|
- g k(up) k(up)  \k(u) k(u)

1 lul \¢ 1/q'
(/Q“(x) (k(u)) d’“)

1
fun)  fQ) k(u)
< 8@ +gM),

q 1/q'

+ lvllg.a
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where
q—2 q—2 q/ '
I(h) — / ( 1] ) [un| _ (M) M
M) kan k) k@
1 1 lul \* )W
"= - — ) dx .
7 ’f(uh) F ) (/Q“(x) (k(u))

First, we estimate "), We pick a subsequence (u n;)- Since by Proposition 2.15 WOI’H (RQ) —
LE(Q), thus up, — uin LI(RQ), ie., a'uy; — a'/9u in L9(Q). Up to a subsequence,
up; — ua.e. in  and there exists a function w € L4(2) such that ¢!/4 lun;| < wae. in
for all j. Therefore, for j sufficiently large and for ¢ € (0, k(u)),

aoy (L] " _(lui)‘ﬂ“q
Ky ) Ky \k@w) kG
" AR AR
q'—1 J
=7 [(k(uh_,)) (ki) }
a q
i (L)
: [(k(uh_») kw

'_1 1
<24 +
- (k(u) —e)d  k(u)?
where in the last inequality we used the fact that k(u;;) — k(u) # 0. Consequently, by

the dominated convergence theorem, 7 ")) - 0as j — oo and by the arbitrariness of
the subsequence, 7 (" s 0as h — oo. Now, in order to prove that also J M 0, it is
enough to prove that f(u;) — f(u) as h — oo. By the facts that WOI’H(Q) — LP(2) and

W(} ’H(Q) <> L%(), and by the dominated convergence theorem, we easily get
P P
lim / ] dx=/ LI
h—oo Jo \ k(up) o \(k(u)

. lunl \? . lue| \?
m o ato (k(uh)) dx_/gza(x) (W) &

This proves that f(u,) — f(u) and so J () _ . Therefore, (Iz(h)) converges to zero as
h — oo and the proof is concluded by the arbitrariness of v. O

} w! e LY(Q),

As a consequence of the last proposition, M is a C' Banach manifold. By using analogous
techniques as in the proof of Proposition 3.1, it is possible to prove the following result.

Proposition 3.2 K € C' (W, "' (Q)\{0}) with K'(u) = B(u) for all u € Wy " (Q)\{0}.
Reasoning as in Section 3 of [28], we find that a necessary condition for minimality of the
Rayleigh ratio (3.1) is
(K'(w).v) _ (K'(w), )
Kw k)

Together with Propositions 3.1 and 3.2, this yields the claim with A = K(u)/k(u), and
justifies the following definition.

for all u, v € Wy (), u # 0.
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Definition 3.3 We say that u € W&’H(Q)\{O} is an eigenfunction of (3.3) if
Vu -2\ vy
pPl— -Vudx
Q K(u) u
u =2\ g
=AS(u)/ p‘— ——uvdx
Q k(u) k(u)

forall v € C§°(R2), where S(u) is defined as in (3.4). The real number A is the corresponding
eigenvalue. The set

p—2
+ga(x)

K(u)

(3.6)

-2
p u

k()

+qa(x) ‘

A = {A € R: A is eigenvalue of (3.3)},

is called spectrum.

We remark here that, by a standard density argument, we can take any v € WO1 H (£2) as test
function in (3.6). Testing Eq. (3.6) with v = u yields

. K (u) ’
k(u)

so that if u € M, then A = ||Vu| 1 and Eq. (1.8) holds.

3.7

3.2 L°°-bound of eigenfunctions

Assume that condition (1.7) on p, g, a and 2 holds. If # € M is a weak solution to the
Euler-Lagrange equation

\%
—div(p‘:

with A = ||Vull3 > 0and S(u) is as in formula (1.9), then by following a standard argument
it is possible to prove that there exists a positive constant C(n, p, A, a) such that

=2 yy

P2 yy
— ) = AS@)(plulP"*u + qa(x)|ul?%u),

+ ()Vu
Vu oo |V
P Py

Y
(3.8)

lullze@) < Cn, p, A, a).

Observe that S(u) < g from formula (1.9) and A = ||Vu||x. Forallt > 0 and k > 0, we set
tr := min{t, k}. Forall r > 2, k > 0, the mapping ¢ — t|t|2_2 is Lipschitz continuous in R,
hence v = u|u|2_2 € Wg’H(Q) and we have

Vo= (r— Dul, *Vu, iflul <k, Vv=|ul] *Vu, if |u] > k.

We choose it as a test function, getting (recall that |s|; < |s| for any s and k),

Vu
(r—l)/Q(P‘T

< S /Q (p 1l + ga) Jul?) [ul}~2dx

p

_ Vu
|”|Z : +qa(x) o

q
|”|272) X{lul<k)dx

=C / (P2 4 w97 2)dx (3.9)
Q

@ Springer



1934 F. Colasuonno, M. Squassina

for some positive constant C’ which depends only on p, ¢, a. Taking into account thata > 0
and using Fatou’s lemma (by letting kK — 00), it follows that

r — 1)/ |Vu|P|u) ~2dx < C/ (ulP 2 + u|? " ?)dx, (3.10)
Q Q

with C depending on p, ¢, a and A. In light of condition (1.7), we know thatg < p*. Butthen
this is exactly the estimate that is usually obtained to get the L™ -estimate for any m > 1 for
the p-Laplacian problem —A ,u = f(u) in  and u = 0 on 9£2, for a subcritical nonlinearity
f : R — R which satisfies the growth condition

[f&)] < Cls|P~'+Cls|?" foralls eR, 1<gq < p*.

For the explicit computations following inequality (3.10) and the bootstrap argument yielding
u € L"(2) foreverym > 1, one can argue, e.g., as in [59]. Then, similar bootstrap arguments
allow to prove the L°°- estimate.

3.3 On the first eigenvalue

Throughout this subsection, we shall assume the validity of condition (1.7) and we endow
WOI’H(Q) with the L™-norm of the gradient. First of all, we seek ground states, i.e., least
energy solutions, of (3.3). In particular, the ground states of (3.3) are the minimizers of K |4
and the corresponding energy level is the first eigenvalue k;{. Minimizers u, if they exist, must
satisfy the Euler-Lagrange Eq. (3.6), obtained for minimizers of the quotients ||V v+ /||v|lx«
among nonzero functions. Since u € M, then Eq. (3.6) can be reduced to (1.8) since it turns
out that [Vu||s¢ = X by formula (3.7). After giving the proof of Theorem 1.1, we shall collect
some properties of the first eigenvalue.

e Proof of Theorem 1.1. By the Poincaré-type inequality (2.7), there exists C > 0 independent
of v for which

Vol _ 1

Z J—
vl — C

for all v € W, " (2)\{0}. Thus A}, > 0. Now, let (v4) C M be such that
lim ([ Vopllg = by
h—o00

Clearly, (vy) is bounded in the reflexive Banach space WOl ’H(Q) and so we can extract a
subsequence (vy;) weakly converging to u in W(;‘H(Q). Therefore, by Proposition 2.18-
@10), llva; e — llull as j — oo, and so [lullx = 1. Since the norm is weakly lower
semicontinuous,

.. 1
IVull3 < liminf ||Vvh./ Il = Agy-
j—o00

This proves that « is a minimizer of (3.2). Clearly also |#| > 0 is a minimizer, so we may
assume u > 0 a.e. Also, the Euler-Lagrange Eq. (1.8) is satisfied. Taking into account that
S(u) > 0, we get

VulP~2 Vuli=2\ V
/Q (p7| ):’;'_2 +qa(x)| )\lzl_z ) TM Vedx >0 forallg € Wy (), ¢ >0, 3.11)
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namely u is a nonnegative supersolution for the equation

Vu
—div —
Considering now radii rp > r1 > 0, k > 0, a cutoff » withn = 1 on B,, and n = O on Bf2

and choosing the bounded test function ¢ := (u/x — k)_n4,if h(x, 1) := P~ a(x)rdt,
recalling that p < ¢ it holds

2 [Vul\ (u 4 [Vul
q hx, (f —k) IVoln?= dx>=p [ H|x, 0 Xgus<ky dx.
B A A - B, A

2
(3.13)

P2 yy Vu

T TaeewE

-2 vy
- =0 (3.12)

Young’s inequality with exponents (p’, p) yields for some ¢;(p, g) > 0,

—1
2 [Vul\" (u g-1
a (k ) (%) 1vamm* " ax

2

)4 IVul\? . _ u P
<2 [ (5) v et ama [ (5 k) varas
2 /s \x 5, /-

2
p IVul\" , u p
<= — ) " xup<kydx +ci1(p, q) (* - k) IVnllpe ) dx,
2 /s, \ % 5, \\L e

where we have used that p’(qg — 1) > g, since ¢ > p by assumption. Analogously, using
Young’s inequality with exponents (¢, ¢) also yields, for some ¢ (p, g) > 0,

Vul )
qZ/B a(x)(|/\u|) (5 -#) 1vnm* " ax

n

p |Vul\?
< 5/ a(x) (T N7 X{usn<ky dx
B,

u q
+cz(p,q)/3r2a(x) ((X —k) ||Vn||Loo) dx.

Whence, by absorbing the first two terms of the right-hand sides into (3.13), we conclude

that
|Vu| u !
, —/— <kpdx < , AT —k d
/B’.]H(x . )X{u/u} x=c(p.q) BQH(X (k )_(rz_rl)) *

for some positive constant c¢(p, ¢), since || V7| is of order (rp — ry )~ It follows that the
function u /A belongs to the De Giorgi class DG _ (cf. Section 6 of [5]). Then, in turn, by a
slight modification of Theorem 3.5 of [5] (in order to allow supersolutions of Eq. (3.12)), u
satisfies the weak Harnack inequality, yielding

1 1/¢
inf u > — uf(y)d ) ,
By (x) ¢ (%BZr(x) e

for some constants ¢ > 1 and ¢ € (0, 1) and for every ball By, (x) C . This immedi-
ately yields u > 0, by a standard argument. The boundedness of eigenfunctions follows
by Sect. 3.2. Finally, the stability and symmetry properties follow by Theorems 3.5, 3.6
and 3.8. O
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Remark 3.4 IfQ C €, then forall u € W&'H(Q), the extension by zero
. u in Q,
i = N
0 in Q\Q
belongs to W&’H(fz), where H(x, 1) := t? + a(x)t? for all (x,1) € Q x [0, 00), and @

extends by zero a in Q\Q. Indeed, being WOI’H(Q) — Wé’p(Q), we can use a classical
result in Wol’p(Q) (see e.g., Proposition 9.18 of [11]) to obtain that

- Vu in €,
Vu = ~
0 in Q\Q.

Since u € WOI’H(SZ), there exists a sequence (¢,) C C3°(2) such that |[Vg, — Vuly — 0
as h — oo. By Proposition 2.1.11 of [23], norm convergence and modular convergence are
equivalent, thus 04 (Vg — Vu) — 0 as h — oo. Extending by zero a and each ¢, in Q\Q,
we have (¢) C Cgo(f?), and so

o (Vo — Vi) = / (Ve — Val? + a(x)|Von — Vul?)dx
Q
- / (Ven — Vil? +a() Ve, — Vil')dx = g (Von — Vi).
Q

Therefore, |Vop — Vii|| — 0Oash — ooandsou € Wol’ﬂ(ﬁ).

LR ()

Theorem 3.5 (Stability in domains) Let (25) be a strictly increasing sequence of open
subsets of R" such that

Q.

0
[
(@

=
Il

Then
lim A, (Q) = Ay,
h— o0

(we omit the dependence when the domain is <2).

Proof Extending the functions u € WOl ’H(Qh) as zero in Q\$2;,, by Remark 3.4 we get
u e WOI’H(Q) and clearly

Mg (Q1) = My () = -+ = Ay (3.14)
On the other hand, by density, A;{ = infugcgo(g)\{o} IVull#/llull- So, fixed ¢ > 0, we can
find ¢ € C;°(2) for which

AL
T el

Since the support of ¢ is compact, it is covered by a finite number of €2;,’s, hence for A
sufficiently large suppy C €2;,. Whence,

(3.15)

IVelng, _ IVellx
A () < )

||§0||LH(Qh) llollr
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and by (3.15)
A%_( > k%{(Qh) — ¢ for h large.
By the arbitrariness of ¢
Age = lim ()
which, combined with (3.14), gives the conclusion. O

Theorem 3.6 (Isoperimetric property) Let a = 1 and Q* be the ball of R" such that |Q2*| =
|2]. Then, we have

M (QF) <AL, (3.16)

Moreover, if equality holds in (3.16), then 2 is a ball. In other words, balls uniquely minimize
the first eigenvalue among sets with given n-dimensional Lebesgue measure.

Proof Let us prove (3.16). Let u™ be the Schwarz symmetrization of a given nonnegative
functionu € WOI’H (£2), namely the unique radially symmetric and decreasing function with

Hx e Q" :u*(x) >t} = |{x € Q:u(x) >1t}| forallt > 0.
Since a = 1, by (i) of Proposition 2.15, we have
Wyt @) = WP @),  WoHQ) = W)
Then, in light of the Pélya-Szeg6’s inequality, we get u™ € Wol’p(Q*) N Wol’q (2*) and

03, (Vi) =/ (Vu*|? + |V [9)dx s/(|w|p+|Vu|q>dx — 0r(Vu),
Q* Q

sou* € Wy TH(Q*). Foru € Wy ™ (2)\{0},

Vu* 1 1
Q'T—( ( “ ) = p / |Vu*|pdx + 741/ |VM*|qd)C
Vall Vully, Jar Vully, Jar

Silp/IVMldeH" 1q /IVMlqu:QH( i )21
Vullz Ja Vullz, Jo Vaulln

which gives, by the unit ball property,

IV 7y < IVul.
On the other hand, since Schwarz symmetrization preserves all L”-norms,
o} ") = /Q*(m*v’ + lu**)dx = /Quuv” + lul)dx = o3 (w).
Thus, again the unit ball property gives
e | 7 ey = llullze.
Hence, if we take u = u%{ > ( a.e., we obtain

\% Ml * *
< ” ( H) ”LH(Q

Vul
) < l HHH _ ,1}_"

s ey~ Nl

A (2)
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which concludes the proof. Assume now that equality holds in inequality (3.16) and consider
a first nonnegative eigenfunction w for k%_[. Then, recalling that ||w* L7 e = lwlin, we

conclude by the very definition of A%{ that | Vw™ L@ = IVwlin. This, in light of (2.1)

gives
Vw* Vw
0} (—) = on (—) (3.17)
T\ IVwllx IVwllx

Since, separately, we have

/ |Vw*|de§/ |Vw|Pdx, / |Vw*|qu§/ |Vw|4dx,
* Q Q* Q

we deduce from identity (3.17) (in which the denominators agree) that
IVw*llLr ) = IVWlLr (@)

This implies (see e.g., [30]) that the superlevels of w are balls and, thus, €2 is a ball, completing
the proof. O

Remark 3.7 Theorem 3.6 represents an extension to the double phase case of the so-called
Faber-Krahn inequality (cf. [30] for the single phase case). It was firstly shown by Faber
and Krahn [24,35,36] that the first eigenvalue of —A on a bounded open set of R? of given
area attains its minimum value if and only if is a disk, namely the gravest principal tone is
obtained in the case of a circular membrane, as conjectured by Lord Rayleigh in 1877 [55].

A subset H of R" is called a polarizer if it is a closed affine half-space of R", namely the set
of points x which satisfy « - x < S for some o € R” and 8 € R with |a| = 1. Given x in
R" and a polarizer H the reflection of x with respect to the boundary of H is denoted by xg .
The polarization of a function u : R" — R* by a polarizer H is the function u” : R" — R*
defined by

W () = [max{u(x), ulxy)), ifx e H a18)

min{u(x), u(xg)}, ifx € R"\H.

The polarization C C R" of a set C C R" is defined as the unique set which satisfies
XcH = (xc)™, where x denotes the characteristic function. This operation should not be
confused with Cy which denotes the reflection of C with respect to d H. The polarization
u™! of a positive function u defined on C C R” is the restriction to C# of the polarization
of the extension i : R” — R™ of u by zero outside C. The polarization of a function which
may change sign is defined by u’ := |u|", for any given polarizer H.

Theorem 3.8 (Partial symmetries) Let a = 1, H C R" be a half-space and assume that

Q = QY. Then, there exists a nonnegative first eigenfunction u € W&’H(Q) such that

M=MH.

Proof Letu € WOI’H(Q) with u > 0 a.e. be given. Then, since u € Wol’p(Q) and u €
Wol’q (2), by Proposition 2.3 of [57], we have

on(Vu') =/Q<|WH|P+|WH|‘1)dx =/Q<|Vu|1’+|w|‘1>dx=.QH(W),

soull e WO1 ’H(Q) and by the unit ball property

IVu |3 = I Vull3.
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Analogously, we have ||u®? |7y = ||lu||7. We want to apply the symmetric Ekeland variational
principle with constraint (see Section 2.4, p. 334 of [54], see also [53]) by choosing

X :=wyQ), §:=w,THQ,RT), Vi=LP(Q), f):=|Vuly, ueX.
Let (vy) C M be a nonnegative minimization sequence, namely
Jim (Vv llzg = Az,
Then, there exists a new minimization sequence (v,) C M such that
Noul™ = oll, — 0, ash — oo. (3.19)

Up to a subsequence (¥;;) converges weakly to u in WOI’H(Q) and, in light of Proposi-
tion 2.18-(iii), we obtain IIﬁhj — ullx — 0as j — oo (and hence IIﬁhj —ull, = Oas
Jj — o0) so that |u|ly = 1. This easily implies that « is a minimizer of (3.1). Finally,
observing that (standard contractivity of the polarization in the L”-norm)

~ H H ~ ~
o, 17 = 1l Nl p < Wvn; | — lulllp < 0n; —ullp > 0, ash — oo,
which, taking into account (3.19), yields
H ~ H H ~ H _ ~ ~
ael™ —wllp < Won; 1™ — [l ™l p + MVn; 17 = On;llp + N0, —ullp = 0, ash — oo,
which yields |u|" = u. Hence u > 0 and u’ = u, concluding the proof. O

3.4 Large exponents

The next result concerns the behavior of the first eigenvalue )»;_‘, when the exponents p and
q of the N-function H are replaced by hp and hq, respectively, and & goes to infinity. The
passage to infinity was first studied in [34] for the p-Laplacian operator and then in [28] for
the p(x)-Laplacian.

Clearly, in order to study the oo-eigenvalue problem, we do not require any bound from
above on the exponents g, we only assume that 1 < p < ¢. Furthermore, throughout this
subsection, we use the rescaled modular

1
oru) = 7/(Iu|” + a(x)|u|?)dx
12| + llalli Je
and we denote by ||| - ||| the corresponding norm. It is easy to see that ||| - ||| is equivalent

to || - |4, more precisely, by (2.1.5) of [23] and by the unit ball property,

el < el < AL+ NalloNullz, if (2] + llally = 1,

. (3.20)
(A2l + llallDMulllr =< Nl < Wullz, i 12+ llalli < 1.
We introduce the distance function
8(x) :=dist(x, 92) forall x € Q.
We recall that § is Lipschitz continuous and that Vé = 1 a.e. in 2. We define
A e Ve (3.21)

uewl @\ llulleo
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Proceeding as in Section 4 of [28], it is easy to see that the minimum in (3.21) is reached on
the distance function and so

1 1 1
)\'OO == —,
I6lc R

where R is the so-called inradius, i.e., the radius of the largest ball inscribed in 2.
Forall 4 € N, put

(hH)(x, 1) := "7 4+ a(x)t" forall (x,1) € Q x [0, 00).
Lemma 3.9 Letu € L°°(Q) then
hll)rgo el = Nulloo-
Proof First, we want to show that

lim sup [[|ull |+ < llulloo- (3.22)

h—o00

To this aim, it is enough to consider only those indices % for which |||u||p > ||u]lcos

i
- u T u ha 1 h
L= lam (—2—)|" = / v dx
(el o \ Helllnr 121 + llally
h i
P p
< /( llulloo ) 1 +a(x) |l = llull oo .
@ \lulllnr 12] + llally (el

This implies (3.22). Now, in order to prove

hp

u
+a(x) ‘
Izl ne

lim inf [|[u|llpr > llulloo,
h— 00

we assume that ||u||so > O (the other case is obvious). Then, given ¢ > 0, we can find a set
A C @, with |Ag| > 0, such that |u(x)| > |lu|lco — € forall x € A,. We consider only those

indices A for which |||u|||n > |lu|leo — € and we have
1
hq 1 hp
dx
|2+ llall

- u # u u
I = [QhH ( )] > / ‘ +a(x) ’
[Heell 177 Ao \ | el [Heell 1n7
h ™ L
/ (||M||oo —8) r 1 ’ ( [Ael )’“F lulloo — €
> dx = ,
Ao \ Hulllnr 12| + llall1 [2] + llally el Tn

which gives lim inf, o [||u|||n¢ > llu|lco — € and by the arbitrariness of ¢ we conclude. O

hp

We remark that the same property stated in Lemma 3.9 holds if we endow the space L (£2)
with the standard modular o7, and the corresponding norm || - || 7¢. Furthermore, if we consider
the norm in L" ()

= e

roo= s
(Il + llal)/r

the classical result lim,— o |||u|||; = ||#||co continues to hold.
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Theorem 3.10 There holds

lim A}, = Al

hggo hH 00
where
IVl

Mgy = .
uew! Moy el

Proof By the definition of 5‘}:71’ using 4 as test function, we have

. Vs
i, < VOl o h e .

18112
Thus, passing to the limit superior and taking into account Lemma 3.9, we obtain

- Y
lim supk}m < IVélloo = A;o.
h—o00 ”6”00

(3.23)

Let (u#;,) be the sequence of first eigenfunctions corresponding to X}IH, with || |up|[|lp = 1
for all /. Pick any subsequence (uhj.) of (uy). Then, ):,lle = |Vuhj I |th and, by (3.23), the
sequence ([|[Vup, [[ln+) is bounded. Therefore, in correspondence to any r € [1, co) there
is an integer j, such that hjp > r for all j > j,, and consequently

Wy ") > WL (@) e LT(@) forall j > j,.

Hence, (u;) is definitely bounded in the reflexive Banach space Wo1 ""(€2) and we can extract
a subsequence, still denoted by (u hj)s for which

Vup, = Voo and up; — us in L' ().

By the arbitrariness of 7 and the fact that €2 is bounded, we get u, € WOI’OO (€2). In particular,
Up; —> Uoo also in L™ (2), since, by Proposition 2.15-(ii), up; € L*>(Q2) for j large. By
Holder’s inequality, for all u € L"(2)

r hip—r
r hjp nip 1 %,7
or (1) =/ de < (/ de) ! (/ L(x)dx) P
o 182[+ llalh o 18]+ llall o 18]+ llall
< @n @),
whence

el < Wullln; 7 forall j = jp, (3.24)

by the unit ball property. We know that u,; € L>°(Q) for j large, so

hjp hjq
~ Up; Up; Up; 1
Oh;H < +a(x) dx =
ln, oo ) = Jo \ | T, oo lien, llos Q0+ llall;
(e} e.¢]
By the unit ball property, we obtain
L= 1lun; Mnr < Nlun; lloo- (3.25)
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By the weak lower semicontinuity of the Wol’r (2)-norm and by virtue of (3.24) and (3.25),

Vu Vuy,. Vup |ln:
Il °°”|r<liminf”| e e TV un

ool J=oo  un Il j=oo llun; |l

.. It |l oo u P
511m1nf(|||Vuhj|||th ! _ ool liminf &} 5,
J—> 0 J

et 1 Nucollly j—o0
Hence,
Vu . Vu - . u P R
pl < Wtoelloo i MVuooll -y Mtoolloo yoinest  — iminf 51 .,
lusollo — r= |llusollls = r=o0 [[lucollly j—oo ™ j=oo

which, combined with (3.23), gives
Moo = i Rj 5.

J—>00

Finally, we conclude the proof by the arbitrariness of the subsequence. O

Remark 3.11 By (3.20), in terms of the first eigenvalues k}m, Theorem 3.10 gives

S TaT M = liminf 2l < limsupil < (91 + lall ik, 121+ lall > 1
- —00
1
1 1imi 1 : 1 1 .
(S8 Nl < G b = P b = T g, e 1191l <1

3.5 Closedness of the spectrum
Theorem 3.12 (Closedness of A) Assume that (1.7) holds, then the spectrum is a closed set.
Proof Let (Aj) C A be a sequence of eigenvalues of (3.3) converging to a certain A < 0.

Let us denote by (u,) the sequence of the corresponding eigenfunctions such that ||u ||+ = 1
for all h. Then, we have

p—2 q—2
/[p('juh') e qute) (221) }dx
Q h h h (3.26)

= AhS(uh)/ (plunP~2 + ga(o)|up|?~2) upvdx forallv € Wy "' () and h € N,
Q

and, by normalization, Ay = [|Vup||%. Therefore, (1) is bounded in the reflexive Banach
space WOI’H(Q) and it admits a subsequence (un;) such that Up; — U in WOI’H(Q) as
J — oo. Thus, by Proposition 2.18-(iii), up; — u in LM () strongly as j — oo, yielding
llull7¢ = 1 (which, in particular, provides u 7# 0). We claim that u is an eigenfunction with
corresponding eigenvalue A, i.e., that the following distributional identity is satisfied for all

ve CP(Q).
) g ()2 v
flr () e (52) 50w

= AS(u)/ (plul?~2 + ga()|ul??) uvdx.
Q
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In order to prove that, we shall pass to the limit in (3.26). First, being LT(Q) < LP(Q), by
the dominated convergence theorem,

/|uhj|p_2uhjvdx—>/ lul?2uvdx forall v e C°(RQ) (3.27)
Q Q

up to a subsequence. Moreover, being LTQ) — LI(Q), a'/"uhj — a4y in L9(Q) and
so, up to a subsequence, there exists w € L9 (£2) such that |al/d up;l <o for all j. Therefore,

alup, 197 o] = a TV, 1970 v] < 0?7 a ] € L1(Q) forall j,
and so, the dominated convergence theorem implies

/a(x)|uhj|‘1—2uh,.vdx—>/a(x)|u|q—2uvdx for all v € C§°(R). (3.28)
Q ’ Q

Therefore, by (3.27)-(3.28), there exists a subsequence, still denoted by (un;), for which the
following limit holds for all v € C§°(R2),

lim [ (plun, 1P~ + qa)|un;|*72) up, vdx =/ (plulP= + ga(x)ul?™?) uvdx.
Q

VindeSEo)

(3.29)
. uh,‘ u
Now, by (3.26) with v = — — —, we get
)»hj A
Vu,, |77 Vi 1“7\ Vg,
/ —|  +gqax) : !
Q An; Mhj An;
( ‘Vu p72+ ) uqz)Vui| v(uhi u)d
—\prl— qga(x) |— — - —L — — Jdx
A A A Ai s A
ki (3.30)

— _ up . u
:khjS(uhj)/(pluhj|p 2+ ga)lup; | 2)Lthf( - )dx
Q hj A

v -2\ v ny
_/ bl u MUY LR P
Q A A )\.hj A

e
Passing to the limit under integral sign (we can reason as for (3.27) and (3.28)), and observing
that S(up;) < g forall j,

p—2
+qga(x)

. p—2 q-—2 Uh; u
tim A, SGun) | (s, 177 + gao)lun, 12, | 2 — 2 )ax =o.
J—=>00 Q

)\‘hj A
. Vuh,' Vu H . H
Furthermore, since = — - in [L"*(2)]" and being L"*(2) — LP(L2), we have
hj
VulP2v up, vV
im [ |22 g - Y ) g —o.
jooofo| A A A, A

Analogously, L (Q) < LI () and for the dual spaces the reverse embedding holds. It is
easy to see that the functional
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q " Vu |’ Vu
F:fellLs(Q)] — a(x)|— — - fdx
o A A
q / H Qi - Vup,  Vu. g
belongs to ([L4(2)1")" < ([L"*(£2)]") . Since in particular . — - in [Lg(2)]", we
hj

get

Vu
A

-2y u,, Vv
Yy thy _YH dx = 0.
A Ay, A

lim a(x)
j—>0 JQ

Then, by (3.30),

p—2
) Vuy . Vuy. Vuy .
lim p . +ga(x) ! 2
= Jq An; An; An;
Vu|P? w72\ Vu Up, u
- — +qga(x)|— — |-V < — = )dx =0,
(p‘ Y 9409 |5 Y ;A

and consequently

-2
lim Vi, |7 V| Vu |72V (g )
j—oo Jo vy An; A A Anj o A ’
3.31
42 . (3.3D)
. V“hl’ Vuhj Vu q Vu uhj u
lim [ ga(x) —L = — | -v{ —<L—-=-)dx=0,
j—oo Jo )»;,j )\hj A A )\h_,- A

since, by convexity, the integrands are nonnegative. Now, we estimate the term

=2 yy Up; u
Rq = | qax) — |-V — — = )dx.
Q A An; A

We recall that the following inequalities hold for all s, # € R” (cf. inequalities (I) and (VII)
of Section 10 of [39]),

-2
1 Vuh_,‘ Vu
)th A

Vuy
A

Jj

J

ls — 19 < 2972(|s|97 2 — [t197%0) - (s — 1), ifq >2, (3.32)

-4 ) -2 o2 2,544 .
Is =119 < (@ =D 2 [(s19 2 = 117720 - s =] (sPP+ 111D 77 2, ifl<q<2.
(3.33)

Therefore, if ¢ > 2, by (3.32),

q
uy .
/qa(x) v - L) dx <202R,. (3.34)
Q Anj o A
If 1 < g < 2, Holder’s inequality gives
q—2 ) %

VHh,- V”hj Vu |17 Vu Up; u
ga) (|5 == -|5| S| vl:2-7
Q )th )“hj A A )\‘hj A
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Q2—q)q
2 uhl VM 2
(ga(x))a - dx
)»hj A
_ 2—q
2 2
q Vuy,. Vu
<Rg /qa(x) / — dx
Q An; A
_ q 2—q
q Vuy. Vul? 2 q
=Ry /qa(X) ! =1 )x < MRZ,
/e An; A

where M < oo bounds from above the term in square brackets for all j, being (|Vup|/Ap)
bounded in L7 () and so in L% (). By (3.33), this implies that
q
dx < — Ry. (3.35)

q
Up; u
vl —L — =
/QQa(x) ()‘h.i )\) = a1t

Analogous estimates as (3.34) and (3.35) hold for the term in p, therefore, by (3.31), this

implies that
q
) dx=0.

. vuhj Vu . /
lim ox — — )< lim p
j—o0 An; A j—=ooJg

By Lemma 2.1.11 of [23], the norm convergence and the modular convergence are equivalent
in the space L™ (), so we obtain

M

b Vup,  Vu
An . A

J

Vl/lhj Vu
)th A

Vuy, . \Y4
Mo L@,
A A

J

and we can pass to the limit in the left-hand side of (3.26) under the integral sign (as it was
already done for (3.29)) to obtain

p—2 q=2
) Vuy, . Vuy, . Vuy.
lim / p Vi | + ga(x) [Vin;| L. Vudx
j—=oo Jo An; Ahj An;

J

(3.36)

Vu|\" 72 vul\%| v
:/ |:p(| ul) —I—qa(x)(l u') i|u-Vvdx forall v € C§° ().
Q ) A )

Vuyp

J

Since Up; = u in L™ () and — Tu in [LT()7", by dominated convergence we

J

1Vun, 1\ Vaun, |\
/Q [p()\hj ) +qa(x)(/\hj ) dx

also get

lim S(up;) = lim = S(u).
e e / [Plun; |1” + qa(xo)lup, 1] dx
Q
Together with (3.29) and (3.36), this proves claim, concluding the proof. ]
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4 Variational eigenvalues

Throughout this section, we assume that (1.7) holds and, unless explicitly stated, we consider
WO1 H(Q) equipped with the L™ -norm of the gradient.

Lemma 4.1 Let u € L™(Q)\{0}. For all v € L™ (Q) the following inequality holds
|(K' (), v)| < qllvl.

Proof For v = 0 the thesis is obvious, hence we suppose v # 0 and have by virtue of (3.5)
and by Young’s inequality

, Ju lul N7 vl
|<k(u>,v>|s||v||H/[ (k( )) ()(k( )) :|k(v)d
_ vy (LT 1 Tl
—||v||H[/Qp" () P
+ / (qa(x) =D/ ('”')q_ (qatens 1L gy
o k() k(v)
() e L)
70 ) P ke o \k(v)
) Lot e fon(it)
1 — d
+( q)/"“(k()) “O\iw)
< vl | (g — Dow (k( )) (@)]zqnvnﬁ.

This concludes the proof. O

Theorem 4.2 K = K } A Satisfies the (PS) condition, i.e., every sequence (u) C M such

that E(uh) — ¢ for some ¢ € R and E’(uh) — 0in (WOI’H(Q))’ admits a convergent
subsequence.

Proof By hypotheses there exist ¢ € R and a sequence (c;) C R such that
K(up) — ¢ and K'(up) — epk’(up) — 0in (W, "1 (). (4.1)

It is easy to see that (K'(up), up) = K(up) and (K’ (up), up) = k(uy) = 1, so (4.1) implies
that ¢, — c. Since (uy,) is bounded in WOI’H(Q), up to a subsequence, uy — u in WOI’H(Q)
and u, — u in L™(Q). Thus, by Lemma 4.1,

[k un), up — u)| < qllup —ullyg — 0,
and so the second limit in (4.1) implies
(K'(up), up —u) — 0 4.2)
as h — oo. Now, by the convexity of the C ! functional K, we obtain for all &
IVupllee < IVulle + (K un), up — u).
Hence, (4.2) and the weak lower semicontinuity of the norm give

limsup [[Vup |l < [Vulln < 11m1nf IVunll#,
h—o0
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whence

IVunll = [ Vulln as b — oo.
Clearly, also |lup||7¢ — |u|l7. Therefore, being (WOI’H(Q), Il - Il1,7¢) uniformly convex by
Proposition 2.14, we get u, — u in WOl ’H(Q) and conclude the proof. O

The previous result allows us to define a sequence of eigenvalues of (3.3) by a minimax
procedure.

Definition 4.3 For m € N, we define the m-th variational eigenvalue 1, of (3.3) as

My o= inf sup [|Vu|lx, 4.3)
KeWd uek

where W} is the set of compact subsets K of M := {u € WOI’H(Q): lull = 1} that are
symmetric (i.e., K = —K) and have topological index i (K) > m.

The topological index i can be chosen as the Krasnosel’skil genus or the Z,-cohomological
index of Fadell and Rabinowitz, and the results below hold with any index i satisfying the
following properties:

(i1) if X isatopological vector space and K C X\ {0} is compact, symmetric, and nonempty,
i(K) is an integer greater or equal than 1;

(i) if X isatopological vector space and K € X\ {0} is compact, symmetric, and nonempty,
then there exists an open subset U of X\{0} such that K € U and i (12 ) < i(K) for any
compact, symmetric, and nonempty K cU,;

(i3) if X, Y are two topological vector spaces, K < X\{0} is compact, symmetric, and
nonempty and 7 : K — Y\{0} is continuous and odd, we have i (7 (K)) > i(K);

(ig) if (X, | - ||) is a normed space with 1 < dimX < oo, then

i(fu € X:lu|l =1}) = dimX.

We remark that the new definition of )L%{ is consistent with (3.2), by virtue of property (i1)
and the fact that K is an even functional.

e Proof of Theorem 1.2. By virtue of Theorem 4.2, we can apply Theorem 5.11 of [56] (see
also Propositions 3.52 and 3.53 of [51]) to prove that the values defined in (4.3) are actually
eigenvalues of (3.3) in the sense of Definition 3.3. Furthermore, since Wﬁ*l C Wy for all
m, (k',’fl) defines a nondecreasing sequence. Finally, )\"ﬁ /1 ooasm — 00, beingi(M) = oo
by (i4) and (ip). O

5 Stability of variational eigenvalues

In this section, we assume again the validity of condition (1.7) and endow WOI’H(Q) with
the L™ (Q)-norm of the gradient.

For any couple of real numbers (p, g) suchthat 1 < p < g < n, we define the corresponding
N-function H(x, t) := t? + a(x)t9 for all (x,t) € Q x [0, o0) and the related functionals
&n : LY(Q) — [0, 00] as

5.1

. ILH
Vully ifue W, "(Q),
En(u) = { I~
400 otherwise
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and g : L'(2) — [0, o0) as

w) lullz ifue L™(Q),
u) =

e 0 otherwise.
Proposition 5.1 The following properties hold:

(i) g is even and positively homogeneous of degree 1;
(ii) for every b € R the restriction of gy to {u € LY (Q): & (u) < b} is continuous.

For the proof of Proposition 5.1, we refer the reader to Proposition 2.3 of [13], where a similar
result is given in the case of functionals defined in variable exponent spaces.

Definition 5.2 ((p;.qn)) C R? is an admissible nonincreasing sequence converging to
(p, q), and we shall write (ps, grn) \ (P, q),if q1 < n, p, < gy forallh € N, p N\ p and
qn \ q as h — oo.

Lemma 5.3 Let ((pn, qn)) be an admissible nonincreasing sequence converging to (p, q).
Then, for all w € Cé(Q),

lim Vw3, = [Vwlix,
h— o0

where Hy, is the N-function corresponding to the exponents py and gy, for all h.

Proof First, by Fatou’s lemma we get that

on(Vw) = / (IVw|? +a(x)|Vw|?)dx < 1iminf/ (IVw|P" + a(x)|Vw]|?)dx
Q h—o00 Q
= liminf g7, (Vw). 5.2)
h—o0

Now, let o := liminf,_, « [Vw|l3, < oo (in the case @ = oo this part of the proof is
obvious) and take y > «. There exists a subsequence (Cpnjsqn;)) for which ||Vw||th <y

for all j, and so by the unit ball property and by (5.2)

Vw Lo Vw
o | — ) <liminfoy, | —) =<1
14 j—00 J 14

and so |Vwl|y < y. By the arbitrariness of y we get

IVwll# < liminf [|[Vw||,.
h—o0

It remains to prove that
Vw3 = limsup Vw3, - (5.3)
h—o00

If [Vwll# = 0 the conclusion follows immediately. Let us assume that |[Vw|| > 0 and
take any y € (0, 1). By the boundedness of 2 we get

Ph qh

yVuw yVuw

IVwll#
Hence, by the dominated convergence theorem and by (2.1.5) of [23]
yVw

) yVuw g yVw
lim o, = dx=on |-
h—o0 Vwll o \[IVwlix IVwll# IVwll

v
<vonu 2 =y <l
IVw]l~

yVuw

+a(x)‘

< +a)) (1+‘

)e LY(Q).

IVwll# IVwll#

yVw |?

+a(x)‘
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Therefore, for A sufficiently large 07, (y Vw/||Vw|%) < 1 and by the unit ball property

|l <
IVwii 4,

thatis Vw4, < [[Vwll/y. Whence,

. IVwllx
limsup Vw4, <
h— o0

which implies (5.3). ]

forall y € (0, 1),

Lemma 5.4 Pur H(x, 1) := t? + a(x)td forall (x,t) € Q2 x[0,00). If p<pandq < q,
with 1 < p < g < n, then LM (Q) — LM™(Q), with constant embedding less than or equal
to |2 + |lall1 + 1. If furthermore p < 2p and g < 2q, the embedding constant is less than
or equal to

=D ~ ~
pP—Pp P .9 )4
7(|§2|+||a|| )+( ) if = <—,
Cr ., = p p ) qg P
HH - . q=q
—_ q
=919 + Jal) + (u) otherwise.
q q

(5.4)

In particular, if (pn,qn) & (P,q), then Cy, x — 1 as h — oo, where Hy(x,t) =
tPh 4 a(x)th.

Proof In what follows we shall use Young’s inequality in this form,
ab < ea” + C,b? foralla,b>0, p>1,¢>0, (5.5)

with p’ = p/(p — 1) and C, = ¢~ P~V By (5.5), for all (x,1) € Q x [0, 00) and & > 0

1 -
P p
et Gt
a(x) g

q
aWrt sea) + Gon

Thus,

Hx, 1) < el +a(x)) + H(x, 1)

min{eP—P)/P gld—1/4)

and in turn for all u € Lﬁ(Q)

or(u) < (|22 + llall) + 07y (u). (5.6)

min{e(@=P)/pP g@—a/q}
First we put ¢ := 1 and we get for u # 0, by (5.6) and by the unit ball property,

u
OH (7) < |Q[+llal +1,
lluell

and consequently, by (2.1.5) of [23],

u 1 u
OH =< OH ( ) <1,
((IQI + llalli + 1)”’/‘”7.2) [2] + [lall1 + 1 el
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which again by the unit ball property gives

lullze < (K1 + llalls + Dllully; forallu e L™(<).

For the second part of the statement, if /g < p/p, we fixe := (p — p)/p € (0, 1) and we
get

B - - p—p
rP—pr q9—9 —_ P
min[g o ]: (u) ,
)4

otherwise we fix ¢ 1= =4 ¢ (0, 1) and we get

q
p=p  q= g — q
min [appp,sqqq] = (u) .
q

Now, by the unit ball property and by (5.6),

on (L) <y forallu e LF@)\(0).
Il |

Therefore, being p < 2p and ¢ < 2gq, Crp>1 and so

u - 1 ( u ) <1
oH < oH <
Crpllullg Can lull s

The unit ball property then gives,

lullze < Cppgllully forallu e L),

that is the thesis. O
We now recall from [20] the notion of I'-convergence that will be useful in the sequel.

Definition 5.5 Let X be a metrizable topological space and let ( f3) be a sequence of functions
from X to R. The I"-lower limit and the I"-upper limit of the sequence ( f;,) are the functions
from X to R defined by

(F — lim inf fh) (u) = sup |:1im inf(inf{fh(v) ‘v e U})] ,
h—o0 UeN (1) h—o0

(F — lim sup fh) (u) = sup |:lim sup(inf{fh(v) TV E U})] ,

h— 00 UeN(@u) L h—o0

where N/ (1) denotes the family of all open neighborhoods of u in X.. If there exists a function
f : X — R such that

I' — liminf f;, = — limsup f;, = f,
h—o00

h— 00

then we write I' — hlim fn = f and we say that (f3) I"-converges to its I'-limit f.
— 00

Theorem 5.6 If (pi, q1) \, (p, @), then

Ex(u) = (F — Ilim gﬁh) (u) forallu e LI(Q).
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Proof Letu € L'(S). First we prove that
Ex(u) > (F — lim sup (E”'Hh) (u). 5.7
h—o0

If & (u) = oo, (5.7) is immediate. Then, we suppose & (#) < oo and take b € R, b >
En(u). Let 5 > 0and w € C(IJ(Q) be such that ||lu — w|; < §, with |Vw]|x < b. By
Lemma 5.3 we get [[Vw||y, — [[Vw]l and so

b > & (w) = lim [|[Vwlly, = lim &y, (w)
h— o0 h—o00
and in turn

b > lim sup(inf{&, (v): lv — ull1 < 8}).

h— 00

By the arbitrariness of b, we conclude the proof of (5.7). Now, we want to prove that
Ex(u) < (F — lihm inf @@Hh) (). (5.8)
—00

Suppose that (F — liminf;,_ o é’m) (u) < oo (otherwise the conclusion is obvious) and take
beR,b> (F — liminfy,_ éa'}-‘h) (u). By Proposition 8.1-(b) of [20] there is a sequence
(up) € LY() such that uj, — u in L}(Q) and

(F — liminf gﬁh) (1) = liminf &y, (up).
h—o0 h— o0

Therefore, there exists a subsequence (( Phjsqh;)) such that gﬁhj (un;) < b for all j. Let
(vj) C C}() be such that

1
”vj _th”l < ;, 6571,1]_ (Uj) <b forall j € N.

Then, v; — u in L' (£2) and by Lemma 5.4, for j sufficiently large,

Vvjlix

b > “ij”Hh- > .
J CHhi,H

(5.9)

Furthermore,
IVvjllz < 6121+ llalli + 1),

thus (v ) is bounded in the reflexive Banach space WS’H (£2), and so there exists a subsequence

(vj,) such that v;, — u in WOI’H(Q). By (5.9), by the weak lower semicontinuity of the
norm, and by the fact that CH,,/. H— 1,

L Vu;
b > lim inf 1 Vin 7
m—00 H”im’H

= IVuln = éx(u).

Thus, (5.8) follows by the arbitrariness of b. m]

Lemma 5.7 Let (pp, qn) \{ (p,q), and (u) C WOI’H(Q) be a sequence such that

sup || Vuy|ln < oo.
heN

@ Springer



1952 F. Colasuonno, M. Squassina

Then, there exist a subsequence (un;) and a function u € WO1 ‘H(Q) such that

lim oy, (up;) = or(u).
Jj—00 J

Proof By hypotheses (uy,) is bounded in the reflexive Banach space WOI’H(Q), thus there
exists a subsequence (un;) weakly convergent to u € W(}’H(Q). By Proposition 2.15-(iii),

WOI’H(Q) s> LP'E(Q) fore > 0 sufficiently small. Hence, uj,; — u in LP"~¢(2) and,
up to a subsequence,

up; —> u ae. in 2,
lun;| < v forall j € N, ae.in
for some v € LP"~¢(2). Now, for j sufficiently large, if we take & < (p* — ¢)/2, we get
Phy <qn; <q+e<pt—e,
and consequently
lun, 17+ a()un, 1" < 1+ )P + lalloo(1 + [v]7 ) € L'(R).

Finally, by the dominated convergence theorem, we obtain

Lim [ (Jun )™+ aCo)lug,; | ") dx =/ (lul? + a(x)|ul?) dx.
Q

j—>oo JQ

m}

Theorem 5.8 Let (pn, gn) i (p, q). Then, for every subsequence ((pn;, qn;)) and for every
sequence (uj) C LY(Q) verifying

sup &, (uj) < 00
jeN /

there exists a subsequence (uj, ) such that, as m — oo
wj, — u in L'(),
8H,, (wj,) = gr(u).
Proof Putb := supy é”th (u ;) and for all j we get by Lemma 5.4
IVujll < (122 + llally + Db < oo,

that is (u ;) is bounded in the reflexive Banach space W&’H(Q). Thus, there exists a subse-
quence (u ) such that u ;, — win Wy " (), uj, — u in L' () by Lemma 2.15-(iii), and
uj, —> uae.in Q.

For the second part of the statement, we have to prove that ||u, ||thm — |lully up to a
subsequence. In correspondence of

y > liminf |u, 7, .

we can find a subsequence, still denoted by (( Phjy, s Gh,, )), for which ||u j, ||th < y forall
m. Therefore, [y (u},/v) < 1 and by Fatou’s lemma

AE
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By the unit ball property |lu#||7¢y < y and by the arbitrariness of y, we conclude that
lully < liminf [luj, 7, -
m Jm

It remains to prove that |lu|l7 > limsup,, [|u,|l7~,. .Now, in correspondence of y <
m
lim sup,, [|u, ||thm , we can find a subsequence, still denoted by ((ps,, , h,,, )), for which

Il ||H;,jm >y

p
+a(x)

Ph

Jm

and consequently o7, (uj,/y) > 1 forall m. By Lemma 5.7, up to a subsequence
d quentl ” (uj,/y) > 1forallm.ByL 5.7 b
U jm

q Qh-m
/(‘E 4 )dx:lirn ( j)dle.
o \|y y m—oo Jo \| ¥ y

We conclude the proof by using the unit ball property and the arbitrariness of y as before. O

We are now ready to prove Theorem 1.3.

e Proof of Theorem 1.3. By Proposition 5.1 and by the definition of &%, the functionals &%,
&1, 81 and g3, for all b e N satisfy the structural assumptions required in Section 4 of
[28]. Furthermore, Theorems 5.6 and 5.8 prove that all hypotheses of Corollary 4.4 of [28]
are verified and consequently

lim inf sup &y, = inf sup &,
h— 00 Ke£’7"_[h uek g KeLl% ek

where
£§”1 ={K C LI(Q) N {|lulln = 1}: K compact, K = —K, i(K) > m} forallm e N

(here i is defined with respect to the L' (£2)-topology), and the sets E’;f(h are defined analo-
gously for all 2 € N. Finally, by virtue of Proposition 5.1 (b), we can apply Corollary 3.3 of
[28] to get that the minimax values with respect to the L' (£2)-topology are the same as those
with respect to the WOl H (£2)-topology and conclude the proof. O

6 A Weyl-type law

Throughout this section, we assume that condition (1.7) is verified and that €2 is quasiconvex.

Lemma 6.1 Forall u € W4 (Q)\{0} we have
1 IVul, _ IVl _ IVally

< < ;
w o ullg lleell lluell p

where w := 1+ |lalle + |2].

Proof Forallu € LT(Q)

/ |u|Pdx S/(Iul" + a(x)u|)dx = ox (u).
Q Q

Hence, o (u/|lull,) > 1 for u # 0, and by the unit ball property [lull7 > [ull,. On the
other hand, for all u € LY(2)

on(u) = /Q(Iulp +a()|ul)dx < /Q[l + (1 + llalloo) lul?]dx = 1] + (1 + llalloo) 1l
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and so, if u # 0,
u
on |7 ) =1+ llalleo + 1€,
llullg

whence, by the unit ball property and being 1 + ||a|loo + [2] > 1,

lulle < (1 + llalloo + 12D llullg-
Hence, for all u € L9(2)

lullp < llullx < (1 + llalloo + 12D llullg,

which gives the thesis. O

Lemma 6.2 Let 0 < § < 1, consider the homothety 2 — 8, x + 8x =: y, and write
u(x) = v(y). Then, for all u € W4 (Q)\{0}
IVullg o1 IVullg IVull, o IVullp

vl lullp vllg lullg

(:-4)
whereo ==n{— — — ).
P q

The proof of the previous lemma follows by straightforward calculations. Furthermore, we
notice that o € (0, 1), being p < g < p*.
We introduce now the auxiliary problem in W17 ()

i |Vul\ P2 Vul 72| Vu

o "(m) +"“(x)(L(u>) L)
o ul "7 ul N7 _u
= ”(m) *q““‘)(m) W'

where L(u) := [|Vully, £(u) := |lul|, and

Lo (E2Y o (E2) o

Q P L(u) q L(u)

ul \? Wl 77,
/Q[" (m) et (ﬁ) }dx

The eigenvalues and eigenfunctions of this problem on

Noi={ue W@ tw) =1}

T(u):=

are critical values and critical points of L:= L| . Furthermore, we set for every A, u € R
K' ={ue M:Ku) <A}, L*:={ueN:Lu)<pu},
K@) := Vully foru e M= {W&’q(Q): lull, =1},
L) = |Vul, forueN :={ue W' (Q):||ul, =1},
K ={ue M:Ku) <A} and L*:={ueN:Lu) < u}.
Forall A € (A%, k;”_[“], i(K*) = m, (see Proposition 3.53 of [51] and [29]). Therefore,

i(K*) =t{m: 21, <} forallx e R. (6.1)
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We recall here the definitions of two topological invariants of symmetric sets which will be
useful in the next proofs.

Definition 6.3 For every nonempty and symmetric subset A of a Banach space X, its cogenus
is defined by

y(A) = inf {k € N : 3 acontinuous odd map f : skl A} , (6.2)
with the convention that 7 (A) := 400, if no such an integer k exists.

Definition 6.4 (cf. [25]) For every closed symmetric subset A of a Banach space X, we
define the quotient space A := A/Z, with each u and —u identified. Let F : A — RP>®
be the classifying map of A toward the infinite-dimensional projective space, which induces
a homomorphism of the Alexander-Spanier cohomology rings f* : H*(RP™®) — H*(A).
One can identify H* (R P°°) with the polynomial ring Z>[w] on a single generator w. Finally,
we define the cohomological index of A

sup{k € N: f*(" 1) #£0}, if A #£0,

§(4) = [0, itA =0,

In what follows the topological index i used in definition (4.3) will be denoted by y, when it
stands for the Krasnosel’skii genus, and by g, when it stands for the Z,-cohomological index
of Fadell and Rabinowitz.

By the monotonicity—property (i»)—and the supervariance—property (i3)—of the coho-
mological index, and by the fact that g(S*~!) = k, for any symmetric subset A of a Banach
space X, with finite genus, cogenus and cohomological index, it results

V(A) < g(A) <y (A). (6.3)
Proposition 6.5 C®(Q) is dense in W-H(Q).

Proof By Proposition4.1 of [32], there exists a suitable extension H of H toall of R” x [0, Q).
Foru € WhM(Q), let it € W!-TL(R") denote an extension of u such that

||ﬁ||W1_ﬂ(Rn) = C||”||W1-H(Q)~

By Theorem 5.5 of [32], Cg°(R") is dense in Wlﬁ(]R"), so we can find (it,) C C§°(R")
such that i, — i in W (R"). Therefore, put uy 1= uy ‘Q for all 4 and have

lu = wnllyrregy < 1 = dinly 15 gn — 0 ash — oo.
This proves that uj, are the required approximating functions. O
For an alternative proof of the previous result see also Theorem 2.6 of [6].
Lemma 6.6 Forall A € R
YK <yKY, y@H <y @,

Proof By Lemma 6.1, the maps

u

and L*NWh(Q) — LY, u>

KMw K* ur—
fleell 2 llully
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are well defined, odd, and continuous. Moreover, by Proposition 6.5 and by the fact that
wha(Q) — WOI’H(Q) (cf. Proposition 2.15-(v)), W4 () is dense in W1-7($2) and so the
inclusion L* N Wh4(Q) c L* isa homotopy equivalence by virtue of Theorem 17 of [49].
The conclusion follows by the definition of y and y. O

Lemma 6.7 If Q| and Q2 are disjoint subdomains of Q2 such that Q1 U Qy = Q, then
7(Ky) +7(Ky) < 7K"Y, y(@" <y@h) +yLy,) forallr <X,

where the subscripts indicate the corresponding domains and we drop the subscript when
the domain is Q.

The proof of the previous lemma can be obtained reasoning as in the proof of Lemma 3.2 of
[52], by simply replacing p* with ¢, p~ with p and p(x) with H(x, t), hence we omit it.
We can now prove the last result of the paper. The proof relies on the argument produced for
Theorem 1.1 of [52], we report it here for the sake of completeness.

e Proof of Theorem 1.4. The proof is split in two steps, first we prove the statement for
n-dimensional cubes and then we approximate the domain €2 by unions of cubes.

Step 1. Let Q be the unit cube in R”, fix Ag > max{inf I/(\Q, inf ZQ}, and set

r=v(Ky). s=y@LY.

Then, take A € (Ao, ) and any two cubes Q,, and Op,, of sides @, = (ho/M)V/ A+ 1
and by = (Ao/M)/1=9) < 1, respectively. By lemma 6.2, it is easy to check that the

functions

~ ~ v o~ o~y v
Kgonga , u+—> —— and L’B’—)L’\Ql ,
2 vl ¢y llvllg

are odd homeomorphisms, and so, by property (i3) of the topological index, we obtain

7Ky, ) =r vy, )=s.

Therefore, by Lemma 6.7, if we denote by Q, a cube of side a > 0,

Aol 7@y ya@y <s([£]+1)
aj — Qu’? Q4 — b}\’ ’

Whence, for A" and A large
Cia" Wt <y(Kp),  y(Ly,) < Caa" ()17, (6.4)
with Cy = r/kg/(l+”) and C; := s/kg/(l_a) depending only on n, p and q.

Step 2. Let ¢ > 0 and let ., Q¢ be finite unions of cubes with pairwise disjoint interiors
such that

M, M¢*
Qs—UQJCQCQSZUQ/J
j=1 j=1

and |Q°\Q2,| < e. Then, by (6.4), Lemma 6.7 and the monotonicity of

M,
CiIQW 1 < > Y(Kp ) < 7(Kg) < 7(KY),
j=1
ME
y(LH =y @) = X v(Ly) = GG,
=1 :
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By Tietze theorem, we can extend continuously a(-) to all of R” and obtain a nonnegative
function having the same L°°-norm as a(-). Thus, by the arbitrariness of ¢ > O and of A" > A,
we get

C]|Q|)\Il/(1+0') 57(1’{\)\) 57(1’("1,0)») f g(k’wl)
< g(L") < (L") < (@) < CoQY (w2 1=2),

where we have used Lemma 6.6, inequalities (6.3), the fact that K* c L*, and the monotonic-
ity of g. Finally, the conclusion follows by (6.1). O
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