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Abstract. We investigate the long term behavior for a class of competition—diffusion systems of Lotka—Volterra type for two
competing species in the case of low regularity assumptions on the data. Due to the coupling that we consider the system
cannot be reduced to a single equation yielding uniform estimates with respect to the inter-specific competition rate parameter.
Moreover, in the particular but meaningful case of initial data with disjoint support and Dirichlet boundary data which are
time-independent, we prove that as the competition rate goes to infinity the solution converges, along with suitable sequences,
to a spatially segregated state satisfying some variational inequalities.
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1. Introduction

Let £2 be a bounded, open, connected subset of R™Y with smooth boundary and let x be a positive para-
meter. The aim of this paper is to investigate the asymptotic behavior of a competition—diffusion system
of Lotka—Volterra type for two competing species of population of densities « and v, with Dirichlet
boundary conditions,

u — Au = f(u) — kuv?, in £2 x (0, 00),

vy — Av = g(v) — kou?, in £2 x (0, 00),

u(x, t) = Y(z,t), on 9f2 x [0, 00), P.)
v(z,t) = ((x, 1), on 912 x [0, 00), "
u(z, 0) = ug(x), in {2,
v(x,0) = vo(), in £2.

A relevant problem in population ecology is the understanding of the interactions between differ-
ent species, in particular in the case when the interactions are large and of competitive type. As the
inter-specific parameter x ruling the mutual interaction of the species gets large, competitive reaction—
diffusion systems are expected to approach a limiting configuration where the populations survive but
exhibit disjoint habitats (cf. [7,8,10,19,22,24]). For population dynamics models which require Dirich-
let boundary conditions we refer to [8,22], while for the more ecologically natural Neumann boundary
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conditions we refer to [10,15] and references therein. As pointed out in [8], the Dirichlet case presents
further difficulties compared with the Neumann case, as the boundary terms which pop up after integra-
tion by parts cannot be estimated independently of «. The classical stationary Lotka—Volterra model for
two populations

—Au = f(u) — Kuv, in {2,

—Av = g(v) — Kvu, in 2, (1.1
u =1, on 02, )
v=_(, on {2

has been intensively studied with respect to the spatial segregation limit as k — oo. If, for instance,
1 and ¢ belong to W>°(942), then there exists a sequence of solution (u,v,) to (1.1), bounded in
Woo(£2), and a limiting positive state (u,v) with uv = 0, satisfying suitable variational inequalities
and such that, up to a subsequence, u, — u and v, — v in H'({2) with a precise rate of conver-
gence (see [5]). Concerning the parabolic system associated with (1.1), in [8] Crooks, Dancer, Hilhorst,
Mimura and Ninomiya proved (also in the case of possibly different diffusion coefficients) that, for any
T > 0, there exists subsequences u,,, and v, of the solutions converging in L*(2 x (0,7)) to a
bounded state with disjoint support and solving a limiting free boundary problem. Beside this conver-
gence results on finite time intervals, in [7], in the case of equal diffusion coefficients and stationary
boundary conditions, Crooks, Dancer and Hilhorst recently studied the long term segregation for large
interactions, by reducing the system to a single equation whose solutions admit uniform estimates in k.
Typically, stabilization is based upon a variational structure yielding an energy functional, bounded and
decreasing along the trajectories (see e.g. [13,27]). Unfortunately, as far as we know, due to the coupling
term —~xuwv, the parabolic system associated with (1.1) does not admit a natural Lyapunov functional
and a direct analysis is therefore not possible. Now, system (P,) can be regarded as a variant of the
standard Lotka—Volterra model, with different inter-specific competition coupling terms. In addition, if
one considers homogeneous boundary data, then (P,) admits a natural non-increasing energy functional
A [0,0) = R

1 1 u(t) v(t) K
At = 5Hvu(t)HjJrEHW(t)Hﬁ—/Q/O f(a)da—/g/o g(a)da+§/9u2(t)v2(t).

As we will see, a non-increasing energy functional can be constructed also for general boundary condi-
tions (see the Proof of Theorem 2.11). We shall tackle the problem with techniques from the theory of
dissipative dynamical systems to show the convergence towards the solutions to the stationary system,
formally written as

—Au = f(u) — kuv?, in {2,
—Av = g(v) — kvu?, in (2,
U= Yoo, on O0f2,
VU = (oo» on Jf2.

(Sx)

A question which naturally arises is whether the solutions stabilize towards a segregated state along
some t; — oo and K; — 00, for instance in the natural case when the initial data have disjoint support
and the boundary data are stationary in time (see problem (1.2) in the next section). Some numerical
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computations in a square domain in R? have been performed in [8] (see Sections 1 and 4) for the Lotka—
Volterra model under these assumptions on the initial and boundary conditions (see also [17], where an
algorithm for parallel computing was implemented in order to efficiently track the interfaces). In [26] we
arranged a complete set of numerical experiments both for (1.2) (i.e. system (P,) with time-independent
boundary data) and the corresponding model with the standard Lotka—Volterra coupling. Although on
one hand working with (P,;) gives some advantages in the study of the long term dynamics for x fixed
as it directly admits a Lyapunov functional, on the other hand the asymptotic analysis for the solutions
of (S) is far more complicated than the study of (1.1) (subtracting the equations of (1.1) one reduces to
the single equation Au = xKu(u — ®) where @ is an harmonic function, while this is not the case working
with (S,)). For instance, the global boundedness in x of the solutions in H' will be derived from the
corresponding boundedness for the solution flow of the parabolic system uniformly with respect to «.
To show the boundedness directly on the elliptic systems seems out of reach. In addition, the blow up
analysis based on Lipschitz rescalings performed in [5] does not seem to work.

Concerning some physical motivations to consider coupling terms between the equations which are
different from the standard one uv, we refer the reader, e.g., to Section 3.3 of classical Murray’s book
[21] (looking at formula (3.14) at p. 87, our system corresponds to the choice F(N,P)=1— N — xP?
and G(N,P) = 1 — P — kN? with respect to the book’s notations). It is also useful to think about
systems of two Schrodinger [1] or Gross—Pitaevskii [9] equations modelling particle interaction (and
populations can also be thought as discrete collections of interacting particles), intensively investigated
in recent time (nonlinear optics, Bose—Einstein binary condensates, etc.), which present all the coupling
of (P,), yielding a variational structure. We refer the reader to [20] for the case x < 0, with physical
motivations e.g. from [11], and to [23] for the case where x > 0, with physical motivations e.g. from [4].
Both [20,23] deal with the semi-classical regime analysis.

1.1. The main result

The main result of the paper concerns with the long-term behaviour in large-competition regime for
the system with time-independent boundary data, that is

u — Au = f(u) — kuv?, in 2 x (0, 00),
vy — Av = g(v) — kvu?, in 2 x (0, 00),

u(x,t) = P(x), on 912 x [0, 00), (12)
v(z,t) = ((x), on 952 x [0, 00), )
u(z,0) = uo(x), in (2,
v(z,0) = vo(x), in (2.
Concerning the functions f,g:R — R, let:
f.g€C'([0,00),  f(s)=g(s)=0, foralls<0,
(1.3)
f(s) <0, g(s) <0, forall s > 1,
and we set

t ¢
F@t) = /0 flo)do, G@t) = /o g(o)do.
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The initial and boundary data are required to satisfy:

up,vo € H'(£2), 0 < up(z) < 1, 0<w(x) <1, ae.inf2, (1.4)
. ¢ e HX00), v=ulon. ¢ =ologn, (1.5)
0<YPx) <1, 0<((x)<1, onof. (1.6)

Under these assumptions, as well as those of Section 2, for all £ > 0, system (P,;) admits a unique global
solution u,, v, € C°([0, 00), H'(£2)) N C1((0, 00), L*(£2)). For the local existence, we refer the reader to
a paper by Hoshino—Yamada [16] (see e.g. Theorems 1 and 2, having in mind to choose § = o = v = %
in Theorem 1(i) and v = 0 in Theorem 2(ii), with respect to the notations therein). For smoothing
effects we also wish to refer to the classical book of Henry [14]. The global existence result can be
deduced by the comparison principle for parabolic equations (see, for example, the book of Smoller
[25]). For u; — Au = f(u) — kuv?, v; — Av = g(v) — kvu? with positive initial data, one can show
0<u®) <U@®) and 0 < v(t) < V(t), where U, V are solutions of Uy — AU = f(U),V; — AV = g(V)
with the same initial and boundary conditions. Since U and V exist globally in time due to assumptions
(1.3), (1.4) and (2.2) (a priori uniform-in-time L°°-estimates for the solutions hold, see Lemma 2.3), one
also recovers the global existence result (for the sake of completeness, we also mention Theorem 3 in
Hoshino—Yamada [16] for small initial data and part (iv) of Proposition 7.3.2 in [18] for smooth initial

data). In the following we set H = H'(£2) x H'(f2), endowed with the standard Dirichlet norm, and
Hy = {(u,v) € H: uv = 0a.e. in 2}.
The following theorem is the main result of the paper, regarding system (1.2).

Theorem 1.1. Assume (1.3)—(1.6) and (up, vo) € Hy. Let (uk, vy) be the solution to system (1.2). Then
there exist two diverging sequences (km), (tm) C RT and (uso, Voo) € Hy such that

(umn(tm), v,.im(tm)) — (Uoo» Vso) i the LP X LP norm, for any p € [2, 00),
as m — 0o, where

Usos Voo = 0,  —Atoe < f(Uoo), —AUs < g(Us0),  Uoolan = ¥, Vsslan = .

Moreover, in the one-dimensional case, we have

H (Unm(tm), U,{m(tm)) — (uoo, U00)||L°°><L°° — 0, as m — oQ.

Hence, starting with segregated data, the system evolves towards a limiting segregated state satisfying
suitable variational inequalities. As we have previously pointed out, in Sections 1, 4 of [8], the reader
can find very nice pictures reproducing (for the classical model) these kind of separation phenomena.
Notice that, due to the nonstandard coupling in system (S,) the H' convergence seems pretty hard to
obtain either working directly on the system (which would require precise quantitative estimate of the
rate of convergence of the solutions to u, and v,) or using indirect arguments such combining blow up
analysis with Liouville theorems (which, however, would naturally require stronger regularity assump-
tions on the boundary conditions). In Section 2, we will obtain, for « fixed, the asymptotic behaviour of
the system in the case of almost stationary boundary data. The author is not aware of any other result of
this type in the literature (see also [3]).
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2. Long term behaviour for « fixed
The goal of this section is the study of the long term behaviour of the parabolic system (P,), for any
k > 0 fixed. We cover the general case of boundary data depending on time. Finally, in the particular
case of segregated initial data and time independent boundary conditions, we will prove a stronger global
boundedness result.

2.1. Assumptions and main result

Concerning f and g we will assume condition (1.3). Moreover, the initial and boundary data are
required to satisfy (1.4) and

¥, ¢ € C°([0,00), H'2(892)),  1(0) = uo|on, €(0) = wolon, (2.1)
0< Y@<, 0<(@t)<1, ondf x [0,00). (2.2)

We will assume that:

V1) — oo and  C(o1) — (o in H'/2(002) ast — oo, (2.3)
P, & € L0, 00, H/2(962)) N L2(0,00; HV2(092)), (1), Gi(1) — 0 ast — oo,  (2.4)
Yi(-,0) = G(-,0) = 0, (2.5)
i, Gt € LI(O,OO;H_I/2(39))- (2.6)

Under the previous assumptions we have the following result.

Theorem 2.1. Let (ug,vo) € H and k > 0. Then for every diverging sequence (t;,) C RT there exist a
subsequence (t;) C R* and a solution (i, ) € H to system (S,) such that

H (U,{(tj), Un(tj)) — (U, @I{)HH — 0, asj— oo.
Moreover, the convergence holds in the LP x LP norm for any p € [2, o0).
Strenghtening the assumptions we obtain the global boundedness uniformly in «.

Theorem 2.2. Assume that (uy,vy) € Hy and the boundary conditions are time-independent. Then, in
addition to the conclusion of Theorem 2.1, we have

sup sup ||(ux (1), v ()||lm < oo,
>0 x>0

namely (uy, Vi) is bounded in H (and in any LP x LP space), uniformly with respect to k.

This second achievement will be of course an important step in order to prove the main result of the
paper.
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2.2. Some preliminary results

From a direct computation, we have positivity and a priori bounds for the solutions to (Py), uniformly
with respect to .

Lemma 2.3. ' = [0, 1] x [0, 1] is a globally positively invariant region for system (Py), uniformly with
respect to k, namely

0 < uplx,t) <1, 0< vz, t) <1, aexef2,t>=0.
Proof. Testing the first equation of (P,;) with —u, and using (1.3), (1.4), (2.1) and (2.2), we easily
obtain that u,, > 0, while testing the same equation with (u, — 1)™ we deduce similarly that u,, < 1.
An analogous manipulation of the second equation in (P,) yields the corresponding bounds for the

component v,,. O

Let A = —A be the Laplace operator on L?(§2) with domain 2(A4) = H}(£2) N H?({2) and consider

the hierarchy of Hilbert spaces H® = Z(A*?), a € R, with |ju||ge = [|A%/?ul,. We recall an

exponential decay property of the heat kernel operator e*.

Lemma 2.4. Let oo > 0. Then there exist w > 0 and C,, > 0 such that
HetAH,C(LZ,HZO‘) < Cae_th_a, t> 0. (27)

In particular,

o A
g
e sy dor < o0

provided that o € (0, 1).

Proof. As the real part of the spectrum of A is bounded away from zero by a positive constant w, by
[14, Theorem 1.4.3, p. 26], for o > 0 there exists C, > 0 such that A% 4| ;12 12) < Coe 7,
for all ¢ > 0. Hence, [|e®®(| ;12 20y = [[(=A)*e™||p12.12) < Coe™t™2, for all t > 0. The second
assertion follows by (2.7). O

Next we provide a compactness result for the trajectories of (Py).

Lemma 2.5. For any (ug,vg) € H, k > 0and 7 > 0 the set {(u(t), ve(t)): t = T} is relatively compact
in HL

Proof. Let U and V' denote the solutions to the linear problems

U(x,t) = ¢(z,t), ondf2 x (0,00), (2.8)

{Ut—AU:O, in 2 x (0, 0),
U(x,0) = Up(x), in {2,
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and

Vi — AV =0, in £2 x (0, 00),
V(x,t) = ((z,t), ondf2 x (0,00), (2.9)
V(z,0) = Vo(z), in {2,

where Uy, Vy € H'(12) satisfy

—AUy =0, in §2, —AVy, =0, in §2,
Uo(x) = (x,0), on 912, Vo(x) = ((x,0), on 012

By assumption (2.2) and the maximum principle for harmonic functions, 0 < Up(x) < 1 and 0 <
Vo(x) < 1 fora.e. x € (2. Hence, arguing as in the proof of Lemma 2.3, we have 0 < U(x,t) < 1 and
0< V(z,t) < 1forae. x € 2andt > 0. Now, the functions

Uy (x,t) = uk(z,t) — Uz, 1), Ug(x, 1) = ve(a, t) — V(z, 1) (2.10)

solve the system with homogeneous boundary conditions

()t — Al = [l + U) — Kl + U)0 + V)P, in 2 % (0, 00),
()t — AV = g(U + V) = 605 + V(s +U)?,  in £2 % (0, 00),

(7, 1) = Dz, t) = 0, on 02 x [0, 00), (P.)
U(x,0) = ug(x) — Up(x), in {2,
Vi(x,0) = vo(x) — Vo(x), in (2.

Denote now by ¥ = ¥(x;t) € C°([0, 0o), H'(£2)) the family of harmonic extensions to {2 of 1)

{ —AU(z;t) =0, in{2, (2.11)

U(x;t) = Y(x,t), ondf2,

and set U(x,t) = U(x,t) — ¥(x;t). Then U solves the nonautonomous problem with homogeneous
boundary and initial conditions

Uz, t) =0, on 912 x (0, c0), (2.12)

{ U, — AU = —¥;, in 2 x (0,00),
U(z,0) =0, in £2.

Notice that U(z,0) = 0 since Uy(x) and ¥(x;0) are both harmonic functions with the same boundary
conditions. From (2.5)—(2.6) and classical regularity theory for harmonic functions,

Hg/tHLOO(O,oo;LZ(Q)) < C||¢tHL°<>(o,oo;H*1/2(aQ)) < ||’¢)ttHL‘(O,OO;H*I/Z(GQ))’

By Duhamel’s formula U is given by

B t
Ut) = — / e, (o) do.
0
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If « € (1/2,1), in light of (2.7) of Lemma 2.4, since ¥, is in L°°(0, oo; L*(02)),

sup||[U®)|| y2a < 0. (2.13)
t>0

Of course the same control holds for V (¢). Let now ¥, denote the harmonic extension of 1), the limit of
Y(t) in H'/2(042) as t — oo according to (2.3) . By standard regularity estimates, ||¥(t) — Wy | HI(Q) <
cl[h(®) — Yool g1/290)» S0 that ¥(t) — Uy in H'(£2) as t — oo. Of course the same control holds for
the boundary extensions of (. Also, by Duhamel’s formula we have

t
() = e (ug — Up) + / e'"4¢! () do,
0
t
Ue(t) = e vy — Vi) + / e'"22 (0) do,
0

where

®,.(0) = f(un(0)) — kug(OWp(o),  Pa(0) = g(va(0)) — Kvg(o)ui(0).

By means of Lemma 2.3, we have 915,2, @i € L(0,00; L*=(£2)). If € (1/2,1), then again by (2.7)
one obtains for any 7 > 0

sup|| @ ()| ;20 < 0. (2.14)

t>7

As H?** is compactly embedded in H'(£2) and u,(t) = @, (t) + U(t) + ¥(t) the assertion follows by
(2.13)—(2.14) for the component u,. The same arguments works for v,,. O

Remark 2.6. By strengthening the regularity assumptions on the boundary data, say W!>°(942) in
place of H'/2(812) in the assumptions at the beginning of the section, and defining —A over L9(£2)
for any ¢ > 2, the previous result can of course be improved, yielding compactness of the trajectories
in W224({2) for any ¢ > 2, and hence into spaces of Holder continuous functions. Unfortunately the
estimates are not independent of x and in order to have H' bounds uniformly in x we shall need to
exploit energy arguments.

For every 7 > 0 and every function A : (0, 00) — H'(§2), let us set
hT(t)=ht+71), t>0.

The following result gives a stabilization property for the solutions of the linear parabolic equation with
nonhomogeneous time-dependent boundary conditions.

Lemma 2.7. Let U be the solution to the problem (2.8). Then U(t) — Uy in H'(§2) as t — oo, where
Us € H'(02) is the solution to

{ —AUy =0, in {2, 2.15)

Uso = Voo, on0f2.
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Proof. With the notations introduced in the proof of Lemma 2.5, we consider, for 7 > 0, the functions

W(t) = UT(t) — U(t) and o(t) = W(t) — &7 (), which satisfy

W — AW = o(t), in £2 x (0, c0),
{ Wi(x,t) =0, on 9f2 x (0, 00),
W(x,0)=U(r) — Uy +¥(0) — ¥(r), in {2

By multiplying the equation by —AW, we get
d 2 2
&HVVV(?E)H2 + [[AW @), = - 5 o(AW (t).
By applying Holder and then Young inequalities on the right-hand side, we have

d 2 1 2 1 2
IVl + S 1AWl < 3wl

(2.16)

Let A be the positive operator on L?(§2) defined by A = —A, with domain D(A) = H?(2) N HL(£2).
Due to the (compact and dense) injection H2(£2) N H}(2) = D(A) — D(AY?) = H}(£2), we have

-1/2

IVW2 < o "7||AW]|, for some oy > O (see e.g. Henry [14]), so that

d o 2 1 2
divwa+ L vwolR < el

Finally, Gronwall inequality entails

t
WOl < IWO[e + e [ e oo as,

for some o > 0 and ¢ > 0. In turn, we readily obtain
c
Vo

In view of (2.3) and standard elliptic equations, we deduce

Jim [JU7() = U 11 < ~= 1im [[27.0) = 0], + lim [970) — #)].

U7 —U®)||gn — 0, ast — oo.

(2.17)

The same argument shows that {U(?)};>0 is bounded in H 1(2). Let now (t;,) C R* be any diverging
sequence. Since {U(t)};>; is relatively compact in H 1(£2), there exists a subsequence, that we still
denote by (¢1,), such that U(t),) — Uy in H'(£2). Let n € C°(£2). By integrating the equation for U on

(tp,tp + 1) x £2, yields

tp+1 th+1
/ /Um+/ /VU~V77]:O.
th N ty 2

lim
h
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On one hand, we have

tp+1
[
th 2

Moreover, there exists (sp) C RT with s, = t, + &5, 0 < &, < 1, such that by (2.17)

lim < lim / Ut + 1) = U Il < clim|[U" ) — U], = 0.
2

tp+1
/h /VU-Vn:/ VU(sh)-Vn:/ VU®t) - Vi +o(l),  as h — oo.
4, Jo Q 0

Hence, taking the limit as h — oo, we get [, VU - Vi = 0. Moreover, from the convergence of
U(ty) to Us in H'(£2) we deduce that U(tp,) oo — Uso|an in H'/?(912). From (2.3) we deduce that
Uso = Yoo on 912, Therefore Uy, solves (2.15). Since (2.15) has a unique solution, we actually deduce
the convergence of the whole flow U(¢). O

Next, we obtain a summability result for the solutions to (2.8).
Lemma 2.8. Let U be the solution to (2.8). Then U; € L'(0, co; H'(£2)).
Proof. As in the proof of Lemma 2.5, U is the solution to (2.12). Hence, taking into account (2.5), it

turns out that ﬁ(:ﬂ, t) = Uy(x, ) is a solution to

U(x,t) =0, on 912 x (0, c0), (2.18)

{ Uy — AU = Wy, in 2 x (0, 00),
U(x,0) =0, in 2.

By assumption (2.6) it follows ¥;; € L'(0, co; L?(£2)). In addition, we have ¥, € L'(0, oo; H'(2)). By
Lemma 2.4 we have ||etAH£(L2(Q)’Hé(Q)) < Ce“t~1/2 for some C',w > 0. Hence,

Ut) = — /0 e, (0) do
and we obtain
0w <C [ | [ 070 = 02 (o] ao
=C /0 @it [ / e — )12 dt} do
_ c( /0 ESEIE da) (TP

Hence U € LI(O,oo;H(}(Q)), which yields Uy € LI(O,oo;Hd(Q)) and, in turn, taking into ac-
count (2.4), also U; € L'(0, 00; H'(£2)), concluding the proof. O
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Lemma 2.9. Let u,, and v, be as in system ]5,.6. Then

T ~ 2 T ~ 2
Z;H@UAUN2¢7<CQ, Z;H&vdam2&7<oq

forany T > 0.
Proof. Setting 1'(x,t) = f(tx(x, 1) +U(x, 1)) = k(lx(x, ) + Uz, )(0x(2, 1) +V (2, 1))* for any = € 2

and t > 0 and m(x) = ug(x) — Up(x), it follows that 4, is the solution to

. (x,t) =0, on 012 x [0, c0),

{ O, — A, =71, in £2 x (0, 00),
U, (x,0) = m(x), in 2.

Hence, since m € H}(£2) and T € L*0,T, L*(£2)) for any T > 0 (as 0 < ux, v, < 1 and f is
continuous), the desired summability for d;, follows, e.g., by [12, Theorem 5, p. 360]. The proof for
04Uy 18 similar. O

Let us recall a useful elementary Gronwall-type inequality.

Lemma 2.10. Let g € L'([0, 00), [0, 00)). Assume that T : [0, 00) — [0, 00) is an absolutely continuous
function such that

t
T <eta | goVT@ds t>0
0
for some cy,cy; > 0. Then
T(t) < 2¢1 + 6|9l 71000y =0

Proof. Let ¢t > 0 and consider ¢ € [0, t] such that 7°(t) = max{2(c): o € [0,t]}. Hence

— E — —
Tt) <+ Cz/o g(o)v Y(o)do < e+ 21/ T(t)HgHLl(o,t) <c + CZ\/T(t)HgHLl(o,oo)a

so the assertion immediately follows by Young inequality and 7°(¢) < 1°(¢). O
Next we obtain an H! stabilization result for the solutions (u,, v,) to (P,.).
Theorem 2.11. Assume that (ug, vg) € H and set
p = lluovoll3 + 1%l ioceizzcn + 12l L1 0.00:222)- (2.19)
Then there exists a positive constant R = R(ug, vy, ¥, () independent of k such that

| (ue(®), ve®) ||z < R+ kp, forallt > 0. (2.20)
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Moreover, for any 19 > 0 and k > 0,

lim sup Hu,ﬁ(t +7)— un(t)HHl =0, hm sup Hv,ﬁ(t +7)— v,&t)“Hl =0.

£=00 710,791 0 r€[0,70]

Proof. Let 75 > 0 and « > 0. Let us first prove that

lim  sup |Jue(t +7) — ux(®)|, =0, hrn sup vk + ) — ve(@®)||, = 0. (2.21)

t—=00 r€10,70] 0 r€[0,79]

According to the proof of Lemma 2.5, let again U (resp. V') be the solution of the linear problems
(2.8) (resp. (2.9)), where Uy (resp. Vp) is the harmonic extensions of ¢(0) (resp. ((0)). Then . (z,t) =
ug(x,t) — U(x,t) and vx(x,t) = ve(z,t) — V(z,t) are solutions to system (FP,) having homogeneous
boundary conditions. Let now € € (0, 1) and, taking into account Lemma 2.9, introduce the auxiliary
energy functional A, : [0, 00) — R defined by setting:

1 1
Au(t) = 5||vaﬁ(t)||§ + 5||Vf;ﬁ(t)uj — /QF(aK(t)jL U(t)) — /Qc:(@ﬁ(t)Jr V()

Kk ~ 2/~ 2 t .
+3 /Q (e +U®) (0:(t) + V()" +2 /0 { /Q Vu,i(a)-VUt(o)} do

_ /Q VU() - Vi (t) — /0 t Hl/2<a“”(a) e )> do

H1/2

+ 2/0t [/Q V(o) - VV%(O'):| do
_ /Q TV () - Vi(t) — /0 tH1/2<a“”(") o )> o

t t
n g/o |0riin(o)|> do + 5/0 10150 do

We prove that A,; is nonincreasing and there exist two constants o, € R and 5, € R (which we will
write down explicitely) such that a,; < Ax(t) < B, for all ¢ > 0. By multiplying the first equation of
(JSN) by O;u, and the second one by J,v,, using the fact that U and V' solve problems (2.8)—(2.9), and
adding the resulting identities, we reaches

— @) = —(1 — €)Hatun(t)H2 (11— E)Hatvn(t)Hz (2.22)
In particular, {t — A,(t)} is a nonincreasing function. Hence,
1 1
A(t) < Ax(0) = —||V(u() - Uo)Hi + —||V(vo - V())Hi - / F(up) — / G(vo)

— [ VU0Vt~ U~ [ TV Teo o+ 3 [ uied
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for all ¢ > 0, namely A, is bounded from above, uniformly in time and (3, is of the form
2
Bk = P+ klluowol|5, P = P(ug,vo, 1, ). (2.23)

Now, using the trace inequality, the first equation of (]5,.;), the L°°-boundedness of the solutions and the
Young inequality, we find ¢ > 0 and ¢ > 0 such that

¢ ~
[ (e o) do
0 gH-1/2 aV HL/2

t t
< [ 1@ 90 do + [ lai@)]#16@)]|,do

t t t
< [19a@ v, 40 + [ |orin, |0 do + ex [ )], do

t
0

t
< [ 1@, V@], do +< [ 0@ do

t t
+c€/0 y|wt(a)||§da+cn/0 [@(0)|, do,

where ¥, is the harmonic extension of ¢ to {2 (see formula (2.11)). Analogously, we reach

/t <%”(0),Q(0)> do
0 H-1/2 31/ H1/2

t t
< [I95@ LIV 2@, do + [ |03 do

t t
—1—05/0 ||zt<a>||§da+m/0 1)), do,

where, instead, Z; denotes the harmonic extension of (; to {2, namely

—AZi(x;t) =0, in {2,
Zi(x;t) = G(x,t), on 0f2.

From the above estimates, the definition of A, (1.3), Lemma 2.7 and assumptions (2.4) we obtain that
t
[Van®l: + V.0l < 1+ Co [ [V L [NV, + [T, ] do

t
+Cr [ V5@, [IVViko)], + [T Zdo)]] do,

for some positive constant C; = C|(x) independent of t,

Ci(k) = Q + kp, Q= Quo, vo, ¥, 0), (2.24)

for (5, C5 independent of ¢ and «, where . has been defined in (2.19). Hence, by the Cauchy—Schwarz
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inequality

t
Va0l + 98015 < 01+ Cs [ IVan@l + [Vau@l;
< [[VU), + [IVZ@], + [V, + [V 2o, do

for all ¢ > 0, for some positive constant C4 independent of ¢ and x. From Lemma 2.10 it follows that,
forallt > O,

_ 2 . 2
V@], + [ VI@®)5 < 2C1 + CFIIV U 11 00ecz2c2y + IV L10.00:1202))
2
+ HVVtHLl(O,oo;Lz(.Q)) + ||VZt”Ll(o,oo;L2(Q)ﬂ s

which, by Lemma 2.8 and assumption (2.4), yields boundedness of (u (%), Ux(¢)) and, consequently of
the sequence (u (1), vk (t)) in H, with the estimate appearing in (2.20).

In particular, from the H boundedness of (u,(%), 7,(t)) we deduce that A, is bounded from below
uniformly with respect to ¢, with a constant «,; of the same form as the one appearing in inequality (2.20)
(say, Ax(t) = —M — Nxrp, for some constants M, N > 0). To prove this it suffices to repeat the estimates
that we have obtained above (see the inequalities following formula (2.23)) on the term which appear in
the functional as time integrals, using the H " bound of @,, and ¥,., uniform in time. Notice that the time
integrals ¢ [ ||0;@i.(0)||3do and € [y |0,8,(0)||3 do which appear in the estimate of the boundary term
are balanced by the corresponding term in the definition of A,. More precisely, we obtain

t
2\ / /Q Vitg(0) - VU(0) do| < 2R + k) [ VUl 1 gocstay < A+ Brips,
0

'/ VU(t) - Vﬂ,{(t)' < (R + k) sup||VU(®)|, < C + Dkp,
%) >

as well as

! duy(o) ! Ov,(0)
_/() H1/2< 81/ ,¢t(0)>Hl/2 do — /0 H1/2< 81/ ’Ct(o-)>H1/2 do

t t
+e/0 ||8tﬂ,{(a)]|§da+€/0 Byt ()2 dor

> —(R+ KM)”VWtHL](O,oo,Lz(Q)) - Cs||¢tHzLZ(o,oo,L2(Q)) - C“HWtHLl(o,oo,U(Q))
— R+ &V Zel| 1100022y — €l Ze| 720 00,1202 — Ml Zel| L 00022002 = —E — Frips,
for some constants A, B, C', D, E, F' > 0 independent of x and t. Now, for all 7 € [0, 79],
a5t = af; + 50 — 20

t+1 t+1
:/Q|1];(t)—&H(t)|2+/fz|ﬁ;(t)—ﬁn(t)]2 ST/t |\atan(a)||§da+f/t 1845 (0)||3 do

t+7

1—¢J; do —€
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where we exploited Holder inequality, Fubini’s theorem and identity (2.22) (in the spirit of [6]). Hence,
we obtain

[ul(t) — un(®)||3 + [[07) — va(t)|[2
<2([[ag®) — ax®|; + [55® — 503 + [UT®) = U5 + [[V7() = V)|3)

27'()
<

- [Ax(t) — At + 70)] +2||UT () — U(t)Hi +2||[V7 @) — V(t)||§. (2.25)

Since A is nonincreasing and bounded from below at fixed &, it follows that A, (t) admits a finite limit
as t — oo. Therefore, letting ¢ — oo in (2.25), and taking into account Lemma 2.7, we obtain (2.21).
Now, assume by contradiction that, for some gy > 0,

lus(tn + 7h) — un(tp)|| g = €0 > 0,
along a diverging sequence (t;) C R and for (7,) C R™ bounded. In light of Lemma 2.5, there exist @
and % € H'(£2) such that, up to a subsequence that we still denote by (t1,), ux(ty, + 7,) — @ in H'(£2)
as h — oo, and u(ty) — % in H'(§2) as h — oo. In particular, || — |1 > g9 > 0, while (2.21)

yields |4 — @||;» = 0, thus giving rise to a contradiction. One argues similarly for v,;. This concludes
the proof of the theorem. O

Next we have an important consequence of the previous lemma, proving Theorem 2.2.

Corollary 2.12. Assume that (ug,vy) € Hy and that the boundary data are stationary. Then the se-
quence (ug(t), v.(t)) is uniformly bounded in H' with respect to t and . Moreover, the energy func-
tional which appears in the proof of Theorem 2.11 is bounded below and above by constants which are
independent of k.

Proof. If (ug,vg) € Hy, since upvg = 0 and ¢y = (; = 0 by (2.19) we have that u = 0. In turn, by
(2.20), the sequence (u(t), v4(t)) is uniformly bounded with respect to ¢ and «. By inspecting the proof
of Theorem 2.11 it is easy to check that the auxiliary energy functional satisfies

—M — Nkpu < Ax(t) <O+ Pru, t=0,

for some constants M, N, O, P > 0 independent of . Hence, being p = 0 it follows that A, has bounds
uniform in time and in k. O

2.3. Proof of Theorem 2.1 concluded

Let k > 0 and let (t,) C R™ be any diverging sequence. Then, by virtue of Theorem 2.11, we have

lim Hu,.;(th + 1) — u,.i(th)HHl =0, lim H’Uﬁ(th + 1) — v,.i(th)HHu =0, (2.26)
h—o0 h—oo
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for every sequence (1) C [0, 1]. Let us fix n,§ € C2°(§2). By integrating over (t,t, + 1) x (2 the
equations of (P,) multiplied by 7 and ¢ respectively, we reach

th+1 th+1 th+1 th+1
/ / 6tu,477+/ Vu,.C Vn — / f(u,.g)n—i-/i/ / u,{v,{n}
th+1 th+1 th+1 th+l
iiml [ [ o+ [ / Voo Ve [ [ o [ [ vae] o
th th tp th

Regarding the first terms in the previous identities, we obtain

tp+1
/ / 81%“/477

th+1

lim
h

lim
h

hm/ lu(th) — we(tn + D||n| < hmcHuH(th) — .ty + 1)||2 =0,

atvnf
(0]

< h}an/Q’Un(th) — vty + D[E] < li}ILnCHUn(th) — v, + D, =0.

Moreover, there exist two sequences (sp,), (r,) C RT such that
th<sp<th+1, th<run<tn+1l, sp=th+pprh="th+pp
with (p;), (p3) C [0, 1], and
th+1
/ / YV, -V — f(u)n + kugvpn = / Vue(sp) - Vn — f(u(sp)n + kus(sp)va(snn,
th+1
/t / Vo - VE — g€ + ruguilé] = / V() - VE — g(0ar))€ + Kug(ru ()
h

In turn, we get
li}an {/Q Vu(sy) - Vn — /Q [ (uk(sn))n + KJ/Q Un(Sh)Ui(Sh)ﬁ} =0,

lim { / Vu(ry) - VE — / g(ve(rp))€ + K / vﬁ(rh)ui(rh)f] =0.
h |LJ0 n 07
On the other hand, in light of (2.26), there holds

liignHVu,{(sh) — Vautpll, = lillanVu,.g(th + 1) — Vuetn)ll, =0,

h}ILHHVUn(Th) — Vu(tn)|, = li}gnHVv,{ (tn + pi) — Vu(tp)|, = 0.

Hence [,(Vu(sp) — Vue(ty)) - Vp — 0 and, as f, g are C'on[0,1]and 0 < uy, v, < 1,

\ [ (5 nto) = F anttn) < csupl o) st = O
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as h — oo, and finally,

'/Q(Un(sh)vi(sh) - Un(th)vi(th))n’ < ¢||ux(sn) — ue(tn)||, + c||lva(sn) — va(tn)||, — 0,

as h — oo, the positive constant ¢ varying from line to line. Of course, the same conclusions hold for
the limit involving the sequence v, (). In conclusion, we reach

li’En {/Q Vu(ty) - Vn — /Q [ (us(tn))n + /i/Q un(th)vi(th)n] =0,

11}1111{ /Q Vue(ty) - VE — /Q g(vs(tn))E + K /Q Un(th)ui(th)g} =0.

Again in view of Theorem 2.11, we can assume that, up to a subsequence, which we shall denote again
by t5,, we have that u,(t;) — 1, and v.(t,) — 0, weakly in H'(£2). Up to a subsequence, in light of
Lemma 2.5, this convergence is actually strong. Notice also that

U lon = li}ILnun(th)lan = h}lln¢(th)|8(2 = Voo,

Uklon = 1i}£n ve(tn)|on = 1i}§n C(tn)lan = Coos

where we exploited the compact embedding H'(2) — H 1/2(9£2). Moreover, by Lemma 2.3 and the
Dominated Convergence Theorem, as h — oo, we get

| Vi V= [ fGon+ s [ aiin=0. vieHY.
(] (9 (]
| Vin Ve~ [ g@agtn [ beaze=0.  vee HY.
(9) (9) (93

Hence (4, 0,) € H s a solution to (S,). The convergence occurs of course in LP({2) for any p € [2,2%).
For p > 2*, taking € > 0 and using the bounds 0 < u,(ty) < 1and 0 < 4, < 1, we have

2% —g
2*76,

Up(th) — Uk

ﬂz|un(th) - '[Ln|p < 2p+6_2*

concluding the proof.

3. Proof of Theorem 1.1

Before concluding the proof of Theorem 1.1, we provide the convergence of the sequences (., V)
in any LP space with p > 2 towards a segregated state. Notice that the solutions (i, ) to (Sx) pop
up as H' limits of the solutions to (1.2), and the boundedness of (ii., 0,) in H' is inherited by the
boundedness of (u,(ty), v.(ty)) in H' uniform in ¢ and  (in the case (ug,v9) € Hy). Without this
information it would not have been clear how to show the boundedness of (4, 0,;) working directly on
the elliptic system (instead, for system (1.1), this is an easy task, cf. [5], Lemma 2.1).
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Lemma 3.1. Assume that (ug, vg) € Hy. Let (Ui, V) € H be the solution to system (Sy) as obtained in
Theorem 2.1 for k > 0. Then there exists (U0, Voo) € Hy with

Usos Voo = 0, —Aso < f(Uo), —Av < 9(Ve0)
and uso|p0 = U, Voolon = C such that, up to a subsequence, as k — o0,

(T, Vi) — (Uoos Voo)  in the LP X LP norm for any p € [2, 00).
Proof. By virtue of Corollary 2.12 the sequence (u,(ty), vx(ty)) is bounded in H, uniformly with respect
to . Hence, since (1., 0,.) is the H'-limit of (u,(t,), v.(ty)) as h — oo, we deduce that (@, 0,) is
bounded in H and 0 < 4x.(z) < 1,0 < 04(z) < 1, for a.e. z € (2. Taking into account that some terms
in the functional A, introduced within the proof of Theorem 2.11 vanish under the current assumptions
(stationary boundary conditions) and that the terms ¢ [ ||0;it.(c)||3 and & [ ||0;0,(0)||3 were artificially
attached to make things work (notice that the original /A, is decreasing also in the case ¢ = 0, see formula

(2.22)), we now just consider the natural energy functional (for the sake of simplicity we do not change
the name)

1 B 1 N "
At = 5 |V + 5V} - /Q F(an(t) + U))
~ K ~ 2/~ 2
— /Q G0, +V(@®) + 5 /Q (au(t) + U®) (0,0 + V()"
Then, we have
p /Q (U (t) = 2A4u(ty) — |[Vantn)| — | Vouttn)| +2 /Q F(un(tn) + G (ux(tn).

Since by Corollary 2.12 the right-hand side is uniformly bounded with respect to x, we have
/i/ Wi < O, (3.1)
¢

for some positive constant C' independent of . Let us, € H'(£2) and vy, € H'({2) be the weak limits, as
K — 00, of U, and ¥,, in H'(§2) respectively. Or course, by the compact embedding H'(£2) — L*"(£2),
up to a further subsequence, i, — Uso and U, — Vo in LP(§2) for any p € [2,2%) and 0 < uo(x) < 1,
0 < vo(x) < 1, forae. z € £2. In the case p > 2%, let € > 0, so that

2% —g

/n it — woo|? < 27757 |t — uool3 7,

yielding again the convergence. Due to inequality (3.1), we get

- 2252 2,2 _
lim Qu,{vn—/nuoofuoo—o,

K—00
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which yields toovo = 0 a.e. in £2, namely (U0, Voo) € Hy. Moreover, for each k > 0,
_A'LAL/{ < f(ﬂn)’ _A@n < g(@n)’

which pass to the weak the limit, yielding —Aus < f(us) and —Avy, < ¢(vso). By the compact
embedding H'(2) — H 1/ 2(012), also the boundary conditions are conserved. O

3.1. Proof of Theorem 1.1 concluded

We can now conclude the proof of Theorem 1.1. Let (ug,v9) € Hy, p € [2,00) and let (t,) C RT be
any diverging sequence. In light of Theorem 2.1, for every x > 1, there exist a solution (i, ) of (Sk)
and a subsequence (t},) C R such that,

|| (s (t), 0 (7)) — (ﬂmﬁn)HH — 0, ash — oco.

Moreover, by Lemma 3.1, there exists (uco, Voo) € Hy with the required properties, such that, up to a
subsequence,

(| (G, D) = (oo, Vo) || oy pp — 05 @S K — 0.

Now, let m > 1 and let k,,, > 1 be such that

1
2m

H(a’im’@ﬁm) - (UOO’UOO)HLpXLp <

Then, there exists tZZ > 1 such that

L 1
H (uﬁm (tz;n)’ Vkm (tZ:)) - (u”m’ /U’fm)HprLT’ < %
In turn, setting ¢,,, = tZ:, and combining the previous inequalities, we get

I
s (o), s (En)) = oo, V50) | o o < —

which concludes the proof of the first assertion. In the one dimensional case, by means of Morrey theo-
rem, for every z,y € {2, we have

‘unm(tm)($) - unm(tm)(y)‘ < 4Hvul€m(tm)H2\/ ’[E - y‘ < C\/ ‘ZII - y|’

together with |u,, (t)(z)| < 1, yielding the convergence to (uso, Vo) in the L x L norm via Ascoli’s
theorem.
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